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SMARTFIBER D3.1_AnnexI
Deliverable 3.1_Annex I: Strain and temperature derivations

1 Theoretical background on the calibration of the strain gauge factor

A fibre Bragg grating is sensitive to strain and temperature. The general Bragg wavelength for a free
fibre grating is given by:

A (6. T)=2n(e, T)A(E,T), A-1

with both the effective refractive index n(¢,T) and the grating period A(e,T) strain and temperature
dependent. If small perturbations of strain, d¢;, along the principal axis of the optical fibre, and

temperature, dT, occur, with

§=go+dg 1=123 A-2
and

T=T,+dT, A-3

the total shift of the Bragg wavelength as function of these small strain and temperature
perturbation is then given by:

dAg(dg ,dT) = 2[/|(d£i )ﬁ[(;sd:")+ﬁ(dsi)ﬁgﬁiﬁ")jdsi

_ , A-4
+2(/|(dT)d3§‘_frD+ﬁ(dT)Ma$Dde

Response to pure strain (dT=0):

In the case of an isothermal condition (dT=0) the Bragg condition is simplified to pure strain and
can then be written as:

Ay (dg) = 2n(dg)A(dg,) . A-5

By substitution of ZE(dé‘i )= s(d&) and 2/1(dg ) = e(d&) , Equation A-4 can be rewritten as:

A(de) n(ds;)
dAg(ds) (1 aﬁ(da)+ 10A(de)) A6
d(de) “(n(ds) ade  A(dg) odg |
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0N (dg
Noting that /l((d 5')) =0ddg the second term in this derivation equals 1, the Bragg wavelength as
&

function of the strain is written as:

dAg (dg on(ds
AB((de‘i )) :[ﬁ(;gi) aggi )+1Jdgi' A-7

In the case that only a pure axial strain shift is present (i.e. in the 3’ direction), we can write the
transversal strain perturbations ( de&;.,d&,.) as a fraction of the axial strain perturbation ( de,.):

dEl' :dEZ'Z_Uf d£3', A'8

with u; the Poisson ratio of the optical fibre (typical v, =0.16) and for a single mode fibre we can

assume:

SMF
M = Ny=n A-9
Filling in these relations in Equation A-7, we obtain the well known response of an non-embedded
FBG subjected to an axial strain field:

dlgy  dg,
or - Moz _ s _ q_pyqe, A-10
AB,l' /]B,Z' /]B

In which P is the strain optic constant defined by:
1_
Pzinz(plz_uf (Pt plz)) A-11

Equation A-10 can be integrated, and by defining (1-P)=S,, the longitudinal strain gauge factor,

one gets:
InAz =S,&3+C, A-12

with C being a constant of integration. The constant can be determined by filling in an arbitrary
wavelength Ag ; and the corresponding axial strain &;. 4. Accordingly, one gets:

C :ln AB,O_ng?)',O’ A'13

which yields:

nZe - S, 4¢,., A-14
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A
= Agsl = B.0 A' 1 5

where 4e; = £3. - £3.o. Equation A-15 represents a practical formula which allows easy calculation of
the longitudinal strain of a non-embedded FBG by using the strain gage factor, S,, the reference
wavelength, Ag o and the measured wavelength, A . Inversely Equation A-15 can be used to calibrate

the S, -factor.

Response to pure temperature (de=0):

In analogy to the case of pure strain, for a tension free FBG (de;=0) the Bragg condition is simplified
to pure temperature and can then be written as:

g (dT) = 2A(dT)A@T) . A-16

Ag (dT)

By substitution of 2n(dT) = AT and 2A(dT) = Ag (dT)

—= , Equation A-4 can be rewritten as:
n(dT)

dlg(@T) (1 on@T), 1 0A@T)) . AL7
Ag(dT) | A(dT) odT  A(dT) odT
or written in the typical format:
dAg(dT)
—=|a,+a; |dT A-18
g (dT) ( n f)
1 on(dT) . . - 1 9A(dT) .
where a,(dT)= is the thermo-optic coefficient and a; (dT)= is the
(A1) n(dT) odT p i () A(dT)  adT

thermal expansion coefficient of the fibre (typical 0.55010°K *for silica fibres [1]. For large
temperature ranges the thermal expansion coefficient, a,, of silica is found constant [2], however

the thermo-optic effect, a,,, is temperature dependent and is given by a, =aT +b [3].

Substituting in Equation A-18, and considering a definite integration, we can write:

I%:I(aﬂbmf)ﬂ. A-19
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The temperature T in Equation A-19 , however, can be substituted by a difference in temperature
AT=T-Tye;, in which the temperature is then given with respect to a reference temperature, Trer. The
reference temperature is defined during calibration. The definite integral can then be written as:

dA, (dAT) _ ,
IW—I(MT+b+af)dAT, A-20

with b'=b-aT . By using a wavelength interval from Ao to A, and a temperature range, To to T

(with respect to Trer), we can integrate the left and right term of Equation A-20. Its solution is given
by:

T

InA—B:[(a'f +b)AT +EAT2} . A-21
Aeo 2 T,
If we further elaborate Equation A-21, the solution yields:

Inj—B:Srl(AT—ATO)+SrZ(AT2—ATOZ), A-22

B.,0

in which the linear coefficient Sr; is the sum of a, and b’ and the quadratic coefficient St is equal to
%, and the temperature difference AT =T -T, and 4T, =T,-T,4 represent the actual and initial

temperature shifts with respect to the reference temperature during calibration. It is noted that,
once St; and Stz are determined, Equation A-22 can be used at any arbitrary starting temperature
Ty, independent of the reference temperature Tr;, defined during calibration.

To calibrate the linear and quadratic coefficients we take T, =T,y and A, = A; 4, as such the terms

AT, =0 and Equation A-22 yields:

Inj—B:SrlAT+SrZATz. A-23

B,0

Equation A-23 represents the non-linear temperature calibration formula used in D3.2 (Section 2.4)
in which the coefficients Sr; and Stz are found experimentally by fitting Equation A-23 against a
second order polynomial. An example of the non-linear calibration curve and its polynomial fit is
given in Figure 1:
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Figure 1: Example of a calibration curve plotted against AT =T —T,4 , fitted with a second order polynomial
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