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1 Summary

Category theory is a powerful language for describing mathematics. By phrasing existing mathematical tech-
niques in a categorical setting, focus is placed on the underlying abstract structures, and often a common
abstraction suggests itself from placing theories on a categorical footing. In particular, categorical formula-
tions often highlight and even formalize analogies within a field. Among the powerful current applications,
we recognize areas such as Quantum Field Theory, and the application of homotopy theory methods to
algebra, combinatorics and other areas of mathematics. In particular, the perspective of functoriality was
highlighted by Carlsson in Topology and Data as a core point of progress in the applications of persistent
homology, and this theme has been further explored in work on functorial clustering as well as in the field
of algebraic statistics. The goal of this work package is to explore categories as a fundamental abstraction
tool for topological and algebraic approaches to systems. There relate to both categories as direct tools for
dynamical systems and to category theory as an abstraction layer for persistent homology:
The goals we concentrate on are

1. Placing persistence into a categorical setting of topoi
2. Defining statistical/machine learning sheaves
3. Categorical dynamical systems

The ultimate goal of this work package is to gain a more fundamental understanding of persistence in its
numerous forms, which is a necessity if it is to serve as a foundation for complex systems. The highlights of
our progress in this year are

1. Taking important steps developing a topos of sheaves, including defining an underlying Heyting algebra
as well as work out initial examples of sheaves on this structure.

2. Developing algorithms based on sheaf-theoretic ideas as well as further as well as developing local
structures, which could be considered in a sheaf setting.

3. Two more general notions of persistence (other than the topos foundation), which are related but
complementary.

That is why we first present a current state of the foundations of persistence based on [33], followed by a
description of the of the Heyting Algebra upon which we will base our further topos. This is currently in the
stage of working notes and will the section highlights the construction. We expect a preprint to be finished
by the end of the calendar year. We then describe one construction which is sheaf-like and one which could
be used with sheaf theory in the context of stratified manifold learning. Finally we describe two generalized
views on persistence which have algorithmic and conceptual consequences.

That is why we first present a current state of the foundations of persistence based on “Sketches fo a
platypus: persistent homology and its algebraic foundations”, (available at http://arxiv.org/abs/1212.
5398). This is followed by a description of the of the Heyting Algebra upon which we will base our further
topos on. This is currently in the stage of working notes and will the section highlights the construction.
We expect a preprint to be finished by the end of the calender year.

We then describe one construction which is sheaf-like and one which could be used with sheaf theory in
the context of stratified manifold learning. The two papers upon which is based on are

e P. Skraba, M. Vejdemo-Johansson, “Parallel & scalable zig-zag persistent homology,” NIPS 2012,
Workshop on Algebraic Topology and Machine Learning - (available at http://www.cs.cmu.edu/
~sbalakri/Topology_final_versions/zigzag.pdf|). Note that the paper does not make explicit
reference to sheaves, but rather is algorithmic.

e P. Skraba, B. Wang, “Approximating Local Homology from Samples,” ACM-SIAM Symposium on
Discrete Algorithms (SODA) (accepted), 2014. (please see the attached version - there is an ArXiV
version which is out-of-date and which contains a bug)


http://arxiv.org/abs/1212.5398
http://arxiv.org/abs/1212.5398
http://www.cs.cmu.edu/~sbalakri/Topology_final_versions/zigzag.pdf
http://www.cs.cmu.edu/~sbalakri/Topology_final_versions/zigzag.pdf
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Finally, we describe two generalized views on persistence which have algorithmic and conceptual conse-
quences. The exposition of towers of persistence is based on the preprint

e H. Edelsbrunner, G. Jablonski and M. Mrozek. “The persistent homology of a self-map.” submitted
to Found. Comput. Math. (see attached version)

A more complete version of a discussion of k[t]-algebras can be found at

e P. Skraba, M. Vejdemo-Johansson, “Persistence modules: Algebra and algorithms” to be submitted,
(available at http://arxiv.org/abs/1302.2015)

Note that other than the unpublished notes, all the papers are attached to this report (including those
which are not publicly available).

2 Background

Before describing the initial stages of the construction of a topos for persistence we describe the two main
genres of foundations of persistence.

Filtered spaces Persistent homology is about the effect of applying the homology functor to a filtration of
topological spaces. Invariants describing the resulting homology diagrams help us construct tools for
visualization and data analysis eventually allowing for the inference of topological structure for point
clouds using specific constructions of filtered complexes that encode properties of point clouds.

Representations of the reals Persistent homology is about studying sublevel sets of real-valued functions
on topological spaces. Such sublevel sets have — for nice enough functions and spaces — discretizations
that allow us to adapt descriptions of finite diagrams of vector spaces to efficient descriptors. In
particular, by using the “distance from a set” family of functions we can support inference of topological
structures from point clouds.

Both these choices come with built in benefits as well as drawbacks. They give rise to different general-
izations of the fundamental inference problem for point clouds sampled from a topological space, and they
support different further constructions and proofs.

In particular, among the results that emerge from the two viewpoints, we will be discussthe following:

Stability The representations of the reals viewpoint allows us to prove a Lipschitz-style property for
the inference process underlying the theory: there is a metric, the bottleneck metric, on the invariants
of the diagrams of homology groups such that the distance between the homologies of the sublevel
sets of two different functions is bounded by the L -distance between the functions. Evolutions in the
exact definitions used for persistence lead to increasingly generous assumptions in this bound.

Sub- and super- and iso-level sets By modifying the constructions used, we can get new constructions
that allow us to study sequences of super-level sets, of iso-level sets (or level-sets), and of the result from
collapsing sub- or super-level sets to a single point. In particular, this brings us extended persistence,
where no infinite length intervals occur, and a number of topological features comes into play, including
Poincaré duality. Current technologies for iso-level sets tend to rely on zig-zag persistent homology
(see below).

Graded modules The kinds of diagrams emerging from the filtered spaces viewpoint have the structure
of graded modules over the polynomial ring k[¢]. This recognition sparked both new algorithms for
computing persistent homology with far less assumptions on the chosen coefficient ring, and a number
of extensions of the fundamental constructions that we will mention below.


http://arxiv.org/abs/1302.2015
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Relax the filtration requirement In a seminal paper, [90] proved that the tameness of the representation
theory of quiver algebras depends only on the corresponding Dynkin diagram, not on the particular
orientation of arrows in the quiver. Re-interpreting the diagrams of vector spaces emerging from the
filtered spaces viewpoint as modules over quiver algebras rather than modules over k[¢] allows for
inclusion maps that go both forwards and backwards producing zig-zag persistent homology, which
has allowed for both a topological approach to statistical bootstrapping and concrete approaches to
iso-level set persistent homology.

More directions The work by [39] on the topology of configurations of pixels in natural images relied
on being able to vary several independent variables in the construction of the intermediate simplicial
complexes studied. This inspired [14] to study how these multi-dimensional approaches can be handled.
A straight generalization from graded k[¢]-modules directs us to study modules over k[t1,ta,...,ts],
which brings a whole range of theoretical and computational problems. Nevertheless, recent research
seems promising. [100, [70]

2.1 Persistence barcodes and diagrams

Throughout there is an underlying ideal of what persistent homology should be computing, which the field
as a whole agrees on: given a filtered (and parametrized) sequence of topological spaces X, the persistent
homology H¢ (X, is the image of the induced map H;(X,) — H;(X3). In nice enough cases the collection
of all such homologies has a nice algebraic description as some sort of collection of intervals, and these
intervals with their start- and end-parameters can be used to produce diagrams that allow reasoning about
the original spaces.

There are two main such diagrams in use — both can be seen in Figure One view is the persistence
barcode — the sequence of intervals is drawn, stacked on top of another. Such a barcode can be seen in the
middle of Figure [2l The rank of any particular H J‘-L_’b(X*) is the number of intervals in the barcode that
entirely covers the interval (a,b).

The other diagram in use is the persistence diagram: the start- and end-points of an interval in the
interval decomposition of the persistent homology are taken to be x- and y-coordinates of points in the
upper half of the first quadrant of the plane. An example can be seen to the right of Figure |2 The number
of points contained in the quadrant delimited by the horizontal line at height a and the vertical line at width
b determines the rank of HJab(X*)

Either of these cases is a visualization of the underlying data of a barcode, which we can define as [76] as
a multiset in R2. The barcode is usually taken to include the uncountably many points along the diagonal
of R? as part of the barcode.

There are numerous metrics available to compare diagrams, many of which have provable stability rsults,
however, we do not cover them here.

2.2 Functions on a manifold

The study of persistent homology originates from [I8], who first define the term and provide an algorithm
for the computation of persistent homology. Taking their inspiration from a-shapes, the authors assume
that a filtered simplicial complex is provided as input, and produce a description of its persistent homology.
In a slightly later paper, [86] demonstrate that persistent homology can be applied to morse complexes from
piecewise linear functions on a manifold — the filtered simplicial complex required is given by combining the
morse complex cells with the function values at the critical points witnessing each cell.

From this point and onwards, one strongly present culture in persistent homology remains focused on
the role of a function defined on a manifold as the input data for the method. This viewpoint has proven
remarkably fruitful in the study of stability, and provides the best tools we currently have for justifying
topological inferences with persistent homology.

It is worth noting that a point cloud topology point of view fits in this framework: as is illustrated in
Figure |1} the distance to a discrete set of points produces a real-valued function on the ambient space of the
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Figure 1: The distance to a set of points, defined for any point as the infimum of individual distances to
points in the point cloud, produces a function for use in the functional approach to persistent homology.
The points at the bottom of the valleys in the graph are the points of a 1-dimensional point cloud; and the
lightly drawn cones emanating from each point correspond to the distance function from that point itself.
The lower envelope of these distances forms the distance to the entire set, thus the function for encoding
Cech complex persistent homology as a functional persistent homology.

s

b/ ] 4
Y

> >

Figure 2: Persistence of Hy of sublevel sets of a function R — R. In black, we see the three components
that appear at different times show up — in the middle in a persistence barcode, and to the right as the three
points in a persistence diagram. In red, we indicate a particular choice of height €, at which the sublevel
set has two components — drawn below the graph to the left. These two components can be read off in
both persistence visualizations — through the two intersected bars in the middle, and through the two points
contained in the shaded red region to the right.

points, with a persistent homology corresponding closely to the Cech complex homology of the point cloud
itself.

2.2.1 A functional view of persistent homology

With this viewpoint, the fundamental given datum is a geometric object X and a tame function f: X — R.
In order to study the behavior of sublevel sets of f, persistent homology is used to measure the filtration of
X given by X, = f~1((—o0,¢]).

A function f : X — R is called tame if it is continuous, all sublevel sets have homology groups of finite
rank, and there are finitely many critical values where the homology groups change.

This viewpoint, and the reasons for some of the choices made in creating algorithms are at their most
apparent when considering the 1-dimensional case, where X = R, and we consider sublevel sets of some
function R — R.

Consider Figure [2| Critical points of the function correspond to points where the sublevel set topology
changes — at minima, a new component is born, and at maxima, two components merge. To reflect these
correspondences, we pair up critical points, choosing to pair a maximum with the latest relevant minimum,
to reflect that the newer connected component merges in with the older one. The red line gives an example
of a particular choice of height; the sublevel sets are split into two components, a fact reflected in the two
bars intersected by the red line in the barcode — the number of bars at any given parameter value reflects
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Figure 3: Going from a function on a manifold to a filtered sequence of spaces. Vertices of the Morse complex
are given by the local minima, and each local maximum witnesses an edge connecting two neighbouring
minima. To the left, we see the function with critical points marked, in the middle the sublevel sets at these
points, and to the right, the corresponding filtered Morse complex. The filtered and parametrized structure
of both spaces and complexes is clearly visible.

the corresponding Betti number at that stage.

The original persistence algorithm was formulated in terms of filtered complexes, and the functional view
is fast to generate a filtered complex from the function under study. The key method to do this is described
in [86]: in a Morse theory approach, cells of a cellular complex correspond to critical values of the function,
and depending on the index of the critical point, we can read off the dimensionality of the cell.

The Morse theoretic viewpoint gives a translation dictionary between critical points and cells in all
dimensions, even where the example given in Figure |3| is working in just one dimension. The fundamental
feature to pay attention to is the indez of a critical point — the number of negative signs in the appropriate
quadratic form formulation of the Hessian at the critical point — the higher the index, the higher the dimension
of the cell corresponding to that critical point and introduced at the parameter of its function value in a
sublevel set filtration.

2.2.2 Tameness conditions

There is a family of tameness conditions enabling different strengths of statements, with inclusions of classes
of modules along the arrows:

v-tame

T
_—

h-tame

r-tame

finite ———— locally finite —— qg-tame

Here, a module M is...
finite if M is a finite direct sum of interval modules.
locally finite if M is a direct sum of interval modules, such that only finitely many span any given ¢ € R.
g-tame if the measure corresponding to M is finite over every quadrant not touching the diagonal.

h-tame if the measure corresponding to M is finite over every horizontally infinite strip H not touching the
diagonal.

v-tame if the measure corresponding to M is finite over every vertically infinite strip V' not touching the
diagonal.

r-tame if the measure corresponding to M is finite over every finite rectangle not touching the diagonal.



TOPOSYS Deliverable 3.1

T
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a0

Figure 4: Tameness-conditions schematically illustrated.

These four last cases are sketched out in Figure [} the horizontal bars above and to the left correspond to
interval modules that survive until 400 and interval modules that were born at —oo respectively.

2.2.3 Categorification

Work by [63] studies the category of functors (R, <) — Vecty, and is able to prove that the category of
persistence modules is abelian.

They leverage this to prove a generous stability theorem: for arbitrary (not necessarily continuous)
functions X — R from a topological space, and any functor H from topological spaces to a category of
real-indexed diagrams in an abelian category D, the interleaving distance between the diagrams generated
by applying H to the sublevel set filtrations of the functions is bounded above by the Ly, -distance of the
functions.

Furthermore, they prove many of the categories that emerge naturally in persistent homology are abelian.

2.3 Filtered topological spaces

The other culture present in the study of persistent homology focuses on the role of a filtered topological space
and derived algebraic objects as the fundamental notion. This viewpoint has sparked a wealth of algebraic
abstractions and given rise to several different notions of the shape of a persistent homology theory.

Connecting this viewpoint with the original study by [18], and indeed with the entire viewpoint present
in Section one may point out that for any function f : X — R, the sublevel sets f~1((—o0,2]) form a
filtration of X. For tame enough — finitely many topological critical points, finite rank homology for any
sublevel set, and similar conditions — functions, this filtration can be described by a finite filtration, or even
a parametrization with finitely many different states.

Since homology is a functor, and inclusions are continuous maps, applying homology to a filtration
produces a diagram of homology groups on the shape

HjXQ — Hle —> s —> H]Xn

and by interpreting this diagram as a module in one of a number of different possible module categories,
further generalizations are possible.

Commonly, the geometric filtrations in use in persistent homology really are parametrizations — for any
value € € R, there is some resulting space X, — that happen to generate filtrations:

X(—oo,s] = U Xs e<ée = X(—oo,s] c X(—oo,s’]

de(—00,e]
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For these cases, it is common to blur the lines between the definitions of filtered spaces and parametrized
spaces.

2.3.1 Graded modules over k[¢]

The first significant advance in the choice of underlying algebraic structure for persistence modules came
from [34]. They observe that a diagram of vector spaces

V0—>‘/i—>

can be modelled as a graded module over the polynomial ring k[t]. The module V; is taken to have V; in
degree d, and the action of multiplying by ¢ corresponds to the linear map V; — V;11. Seeing as homology
groups with field coefficients are vector spaces, and the induced maps from the inclusions in the filtration
are linear, this construction translates a persistent homology diagram to a graded module.

At this stage, [34] observe that the existence of a barcode decomposition follows directly from the fact
that k[¢] is a principal ideal domain, and therefore any module V, decomposes into a direct sum of cyclic
modules. These come in two versions: torsion modules isomorphic to k[t]/(t?) for some natural number d,
and free modules isomorphic to k[¢]. These two classes can be directly translated into free and finite intervals
[a,a + d) or [a, ).

The work in [34] also demonstrates that the persistence algorithm described by [I8] works with the same
result for arbitrary field coefficients where the original description required coefficients in the field Z/27Z.

This work has been extensively cited — to the point where the papers [I8] [34] are the standard reference
citations for the persistence algorithm, and a number of extensions to the results have been provided, as well
as numerous applications to the extension of expressive power the change of fields produces.

Results relying on non-binary fields The most obvious direct usefulness of the graded polynomial ring
module approach has been in cases where the dependency of homology on the characteristic of the coefficients
matters. This was the case in work by [39].

A study by [05] investigates the statistics of 3 x 3 pixel patches from naturally occuring images. They
find, inter alia, a high density circle in the first few PCA coordinates. This circle, they notice, corresponds
closely to linear gradient directions within the dataset.

[39] pick up the same dataset, and study it using persistent homology. They are able to recover two
additional, secondary, high-density circle shapes within the dataset. These three circles combine to form
a high-density 2-dimensional surface, which after computing persistent homology over both Z/27Z and over
7,/37Z could be identified as the Klein bottle.

The ability to compute persistent homology with coefficients in Z/3Z was crucial for this approach, and
algorithmically dependent on the graded module over k[t] approach to persistent homology.

Multi-dimensional persistence With inspiration from the several relevant parameters affecting the anal-
ysis in [39], [14] constructed multidimensional persistence. The underlying observation is that just as graded
modules over k[t] model singly parametrized topological spaces, adding more parameters corresponds to
adding more variables to the polynomial ring. Hence, a d-dimensional parametrization can be modeled in a

persistence way by working with graded modules over k[ty,...,t4].
The multi-dimensional theory has problems — chief among which is the lack of as useful a decomposition
into a small and easy to describe class of indecomposables. The category of graded modules over k[tq, ..., t4]

has no complete discrete invariant, but [I4] propose a discrete invariant — the rank invariant — turning out
to be incomplete but useful.

The theory has been further studied since:

[12] introduce Grbner basis methods for computing multidimensional persistent homology, demonstrating
that for one-critical multifiltrations, the rank invariant can be computed in polynomial time. The translation
process they use to recast the problem to a Grbner basis computation has potential exponential blowup
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behaviours for the general case. [100] demonstrate that by avoiding the mapping telescope and using more
refined Grbner basis approaches, the computation can be bounded to polynomial time in general.

The multidimensional approach has received a lot of attention from the Italian size function community.
[62 [68, [69, [66] treat multidimensional persistent homology in a size function framework as important tools
for image analysis.

Questions of stability for persistence modules have been studied, both in the size function community
([68,69]) and in the context of persistent homology by [96].

Cohomology and duality Persistent cohomology was mentioned by [43], who immediately use Lefschetz
duality to transform it into relative homology. [83], later extended by [98], produce an algorithm for comput-
ing persistent cohomology and observe connections to computing intrinsic circle-valued coordinate functions
from point cloud datasets.

This work inspired a paper by [46] in which two duality functors — M, — homy(M,, k) and M, —
homyy(Ms, k[t]) on graded k[t]-modules are studied, and how these functors affect both the persistence
algorithm itself, the ordering of basis elements in a sorted vector space approach, and how the barcodes are
modified. These two functors allow the transport of information between relative and absolute versions of
persistent homology and cohomology.

2.3.2 Modules over a quiver algebra

Another algebraic model that describes the persistent homology diagrams of vector spaces is given by quiver
algebras. A persistent homology diagram of the shape

Hy(Xo) — Hi(X1) — Hg(X2) — Hp(X3) — Hp(Xq) — Hp(X5)
can be considered as a module over the path algebra k@ for @ the quiver

e —> 0 —> 0 —> 0 —> 0 —> 0

A theorem by [90] states:

Theorem 2.1 (Gabriel’s theorem). Ein Kcher K hat genau dann nur endlich viele Isomorphieklassen von
unzerlegbaren endlichdimensionalen k-linearen Darstellungen, wenn K eine “disjunkte Vereinigung” endlich
vieler Kcher der Klassen A., D,, oder E, ist, e =1, m >4, 6 <n <8.

A quiver K has finitely many isomorphism classes of irreducible finite dimensional k-linear representa-
tions if and only if K is a disjoint union of finitely many quivers of the classes Ae¢, Dy, or E, fore =1,
m =4, 6 <n <8. (translation: Mikael Vejdemo-Johansson)

In particular, Gabriel goes on to prove that the exact isomorphism classes that show up for the quivers of
type A. — quivers of linear sequences of arrows, possibly alternating in direction — are the interval modules.
These have some connected interval along the linear sequence where one-dimensional vector spaces are
connected by identity maps — and outside this interval, all maps are and all vector spaces are zeros.

For the case of “classical” persistent homology, this recovers the barcode description for the case of a
filtered finite simplicial complex: the persistent homology decomposes into a direct sum of irreducibles, and
these irreducibles all are these interval modules. To describe each interval module, it is enough to state its
start and end index, which is the exact data that a barcode conveys.

This approach has given rise to further generalization directions.

Zigzag persistence [67] pointed out that Gabriel’s theorem has concrete consequences for topological
data analysis. In particular, the non-dependency on arrow direction for a quiver to qualify as having type
A, means that we can consider quivers where arrows alternate direction, either occasionally or consistently.
This paper introduces the fundamental idea, provides matrix algorithms for computing zigzag persistence,
and provides the diamond principle, relating how local changes along the zigzag reflect in changes to the
persistence diagram. The paper also suggests several applications where the zigzag naturally arises:

10
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Balancing different parameters In the study by [39], the p% densest points as computed with a parametrized
density estimator were used to determine the topology of the dataset. For studies like this one, it is
worth while to try to work with all possible values of the parameter determining the density estima-
tor at once — to replicate the success persistent homology has in sweeping over entire ranges for a
parameter.

Writing XP for the densest p% of the point cloud X as measured using the parameter r. Varying r
along 11 < re <--- <rp, there is a zigzag

XP v XT Xt oo XE XP oo XE Xp, v XP
SN NN SN o "~
X’IZ‘Jl X7P2 XT?S X”I‘)él X7£)N 1 X7PN

For each point cloud in this sequence, compute a geometric complex, and compute its homology — the
resulting diagram is a zigzag diagram, and its decomposition into barcodes carries information about
the variation of r in a way directly analogous to how persistent homology itself measures homological
features over varying values for a parametrization.

Topological bootstrapping Similar to bootstrapping in statistics, one may want to take a sequence of
small samples X; from a large dataset X and estimate the topology of each X; individually. Doing this,
disambiguation between local features of each X; and global features of X is not entirely transparent.

Here, the union zigzag provides a method for persisting features across several samples:

X1UX2 X2UX3 X3UX4 .o XN 1UXN

SN SN SN SN ™~
X1 X2 X3 X4 XN_1 XN

Features that are local to any one of the point clouds will not persist along the zigzag, while global
features will be carried along the zigzag to long barcodes.

This approach was further studied for practical aspects by [103], who give concrete algorithms for
the computation of the union zigzag, and demonstrate the computational behaviour on a number of
concrete examples, including the images dataset studied in [39].

The union zigzag was also further applied to dynamic network analysis by [91].

Levelset zigzag Given a space X and a continuous function f : X — R, the levelset zigzag would relate the
levelsets of f through a zigzag, introduced by [I3]:

7 ([s152)) 71 ([s2:3)) f ([sn-1,50))
f_l(sl) f_1(52) f_l(SS) f_1<5n71) f_l(sn)

where a; are the critical values of f, and s; are picked to satisfy:

— < <a <851 << < S 1<y <S5, <0

This zigzag produces a computational approach to the interval persistence introduced by [84].

[13] also elaborate the diamond principle to connect it with the Mayer-Vietoris long exact sequence,
and give a concrete graphical language for modifying barcodes between union and intersection zigzag se-
quences. This Mayer-Vietoris relation produces a large diagram from the levelset zigzag (see description
below) introduced in the paper that connects to extended persistence, and admits a stability theorem.

11
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2.4 Shapes of theories

A dichotomy such as the one we have seen above cries out for a unifying theory — everyone start out with
the same underlying problem, and believe they do approximately the same thing, there should be a way to
treat all the algebraic foundations in use as aspects of the same underlying theory. While such a unification
is not published as this paper is finalized, there are several ongoing efforts in the community that may well
lead towards a unifying theory of persistent homology.

3 Topos of Persistence

Our approach to a unifying theory of persistent homology aims to construct a topos of sheaves that anchors
the parameter variation of persistence at the level of the underlying logic and set theory.

A topos is a category that is similar enough to the category of sets that one can reconstruct constructive
logic within the new topos. Topoi have been utilized with success to model fuzzy sets, temporal progressions
in quantum mechanics, and to connect geometry, topology and logic to each other.

A corner stone to building a new logic from a topos is a foundational result: the category of sheaves
over some fixed underlying space is always a topos, and the resulting set theory takes on the shape of the
underlying space of the sheaves. In particular, one can connect the structure of the collection of subsheaves
of a single sheaf to the geometry of the underlying space.

A minimal structure that allows for the definition of a category of sheaves in this way is in fact a weaker
condition than expecting a topological space: one axiomatization of the minimal conditions required is given
by Heyting algebras. By picking a Heyting algebra, one can shape the set theory. We may recover classical
logic by picking the Heyting algebra of open sets of the one-point topological space as our underlying space.

Among the payoffs for modeling persistent homology this way would be the immediate translation of a
large swathe of results from classical topology to the realm of persistent homology: any results on simplicial
complexes that can be proven by intuitionistic logic will automatically hold true for persistent homology.
This direction also ties in directly with very recent developments on extending and refining Reeb graph
methods by de Silva, Munch and Patel (personal communications, 2013). To model persistent homology, we
want to construct a Heyting algebra that produces sets

where elements have lifetimes: an element appears, lives for a while, and then disappears. The elements
of such a Heyting algebra would be the possible lifetimes of elements, the set of elements over any given such
lifetime would be the collection of elements that exist at least for the entire duration observed.

Hence, the elements we would choose are intervals, and the ambition of this work package is to build a
Heyting algebra structure on the collection of intervals, and then develop homology of simplicial complexes
within the logic produced by the particular topos of sheaves over that Heyting algebra.

One of the achievements of the project to date is the construction of a promising candidate Heyting
algebra.

The inspiration for our approach is to some extent rooted in the exposition by Barr and Wells [3],
where sheaves of sets are described as sets with a particular shape. The shape corresponds to the shape
of the underlying site, which also describes the shape of the available truth values for the corresponding
logic. Classical logic and set theory would correspond to having two discrete truth values; fuzzy logic to a
continuum of truth values encoding reliability of a statement, and the persistent approach would encode truth
as valid over some regions of a persistence parameter, but not other. We are looking for a formulation that
would make the topos setting clear and amenable for generalization. Fundamental to such an approach is the
formulation of an underlying space, a site, such that the sheaves of vector spaces over this site correspond to
persistence modules. Defining such a site turns out to be more subtle than we first suspected, and the paper
takes us throu We first go through the requisite lattice theory to build a site over persistence diagrams.

3.1 Motivation

The similarities in definitions and in algorithms of the different flavors of persistence (i.e. multi-dimensional,
zig-zag, extended, etc.) suggest that all three should be instances of a unifying theory; We believe that
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topos-theory can provide such a unifying theory.

In particular, our inspiration draws from the presentation of time sheaves from Barr & Wells [3] as sets
with a temporally varying structure. Based on this as an inspirational source, we aim to develop the theory
of persistent homology as the internal homology of simplicial complexes over a set theory in which elements
have life-times; where elements of sets, simplices of simplicial complexes, and base vectors of vector spaces
are born, live, and die, much like the language has evolved for discussing persistent homology.

In such a setting, a filtered topological space corresponds to a topological space where parts of the space
come in at later times; the construction of the homology functor immediately provides homology groups
where elements come in and go away as time flows.

Sheaves are most often defined as diagrams with the open sets of a topological space as their shape;
but more general diagrams can be used to define them. We have chosen to focus on a model for the site
of sheaves called Heyting algebra, much used in logic. Based on this approach, a sheaf is a functor from a
particular Heyting algebra to the category of sets, or of topological spaces, or of simplicial complexes, or of
vector spaces — such that a categorical version of the sheaf axiom holds.

Our first attempt was to consider as our Heyting algebra the collection of open intervals in R, with the
analogy of union taken to be the smallest covering interval. This construction unfortunately fails. Instead, as
our next and more successful attempt, we study the Heyting algebra of collections of vertices in a persistence
diagram. In order to guarantee the axioms necessary to define a sheaf we need to allow virtual persistence:
points below the diagonal. Classical persistence will emerge as a subcategory of the resulting topos of sheaves.

The fundamental observation is that we have seen numerous cases lately where the shape of a persistence
theory matters; there has been the classical persistent homology, zigzag persistence, multi-dimensional per-
sistence. In all of these cases, there is a sense of shape to the theory, embodied by a choice of algebra and
module category that reflects the kinds of information we can extract from the method.

3.2 Preliminaries

Definition 3.1. A lattice is a poset for which all pairs of elements have an infimum and a supremum.
Whenever every subset of a lattice L has a supremum and a infimum, L is named a complete lattice.

A lattice A can be seen as an algebraic structure (L; A, v) with two operations A and v satisfying the
following properties, for all z,y, 2z € L:

(i
(ii
(ii
(i

The equivalence between this algebraic perspective of a lattice L and its ordered perspective is given by the
following: for all x,y e L, z <y iff x Ay =z if x v y = y. The natural numbers form a lattice under the
operations of taking the greatest common divisor and least common multiple, with divisibility as the order
relation.

JzAa(ynz)=(@xary)rzandz v (yv z) =(xvy) vz (associativity);
) x = 2 v z (idempotence);

) zA(xvy)=x=2xv (xAy) (absorption);

v)

xAy=yAarzand xvy=y vz (comutativity).

Example 3.2. [5] The sets O(X) and C(X) of open sets and closed sets of a topological space are both
examples of complete lattices where, in O(X) the join and meet of a subfamily {U; | i€ I} are given by

\/ U, = U U; /\ U, = interior(ﬂ U;)
iel iel iel iel
while in C(x) the join and the meet of a subfamily { A; | i€ I} are given by

\/Ai = closure(U U;) /\ U, = ﬂ Ui;.

i€l el el i€l

13
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Lemma 3.3. [22] The following are useful characterizations of the distributivity of a lattice L:
(i) L is modular iff all z,y,z withy < z are such that x Ay=xz Az andxvy=xvz implyy=z;

(ii) L is distributive iff A lattice L is distributive iff all x,y, z are such that x Ay =ax Az andxvy =z vz
imply y = z;

(iii) L is modular iff if it does not have embedded any copy of the pentagon Nj ;

() L is distributive iff if it does not have embedded any copy of the diamond M3 or the pentagon Ny .

1 1
VAN N
a b c a \
N/ AN c
0 0~
M, N;

Definition 3.4. A bounded lattice L is a Heyting algebra if, for all a,b € L there is a greatest element
x € L such that a A © < b. This element is the relative pseudo-complement of a with respect to b denoted
by a = b. A subalgebra of an Heyting algebra is thus closed to the usual lattice operations A and v,
and to =. An homomorphism between Heyting algebras must preserve both lattice operations as well as
the implication operation and both top and bottom elements. Heyting algebras and respective morphisms
determine an algebraic category.

Example 3.5. The lattice of open sets of a topological space X forms a Heyting algebras under the operations
of union U, empty set &, intersection N, whole space X, and the operation

U=V = interior of (X —U)u V.

Remark 3.6. All the finite nonempty chains (that are bounded and complete) constitute Heyting algebras,
where a = b equals b whenever a > b, and 1 otherwise. In general, every complete distributive lattice
constitutes an Heyting algebra. Fvery Boolean algebra is a Heyting algebra, with a = b given by —a v b.
Heyting algebras are examples of distributive lattices that are not Boolean algebras. Any finite distributive
lattice is the reduct of a unique Heyting algebra. More generally, the same result holds for any complete and
completely distributive lattice.

The following propositions show that Heyting algebras can be equationally defined and present several
algebraic properties of these algebras.

Proposition 3.7. [5] Let L be a bounded lattice and = a binary operation on L. Then L is a Heyting
algebra iff the following equations hold:

(i) a=a=1,

(ii) (a A (a=Db) =anb,

(iiii) b A (a = b) = b,

(i) a= (brc)=(a=b) A (a=c).

Definition 3.8. The implication operation on a Heyting algebra, sends each pair of elements a and b to
the element a = b and sends each element a to the element a* = a = 0, called the pseudocomplement of a.
The operation of equivalence < can be defined by a < b = (a = b) A (b= a).

Proposition 3.9. [5] Let L be a Heyting algebra and a,b,c € L. Then,
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(i) a= (b=1c) =(anb)=c,

(ii) a=b=11iff a<b,

(i) a<b=1iff a=0,

(iv) if b < c then (a=0) < (a = c),
(v) an(a=b)<b,

(vi) b<a* iff b A a=0 iff a < b*,
(vii) a € a™* and a*** = a*,
(viii) (a v b)* = a* A b*,
Definition 3.10. A complete Heyting algebra is a Heyting algebra which constitutes a complete lattice.

Proposition 3.11. [J] Let L be a complete Heyting algebra. Then the following identity holds:
T A \/yl = \/(a: A Yi)-
iel iel

Conversely, any complete lattice L satisfying the identity above is a complete Heyting algebra, defining the
implication operation by
z:y:\/{weLhcAaéb}.

Proposition 3.12. [5] Let P be a poset. Then, P is a complete Heyting algebra iff the following conditions
hold:

HA-1 There is a top element in P;
HA-2 Each pair of elements x,y € P has an infimum, x A y;
HA-3 Every subset {z; }icr of elements of P has a supremum, \/,.; x;;

HA-4 For every element x € P and every subset x;c; € P, x A (V;c; i) = Vs (@ A x3).

Proposition 3.13. [21] A complete Heyting algebra is any complete lattice satisfying the infinite distributive
law defined in Proposition |3.11]

Definition 3.14. A presheaf is any contravariant functor F from the opposite category of a given category
C to the category of sets Set. A presheaf E over an Heyting algebra H is a sheaf if, whenever {z; };er is a

subset of H with supremum x, x = \/,.; x; implies that

e C
E(x) e HieIE(JTi) $ HLje]E(l‘i A .CL'j)

is an equalizer (cf. [3]).
Theorem 3.15 (Stone Spaces 1977). The category of sheaves on a Heyting algebra is a topos.

Remark 3.16. For any topos E and any object A in E, the sub objects of A form a Heyting lattice. The
subobject classifier in a topos is always a Heyting algebra. The underlying Heyting lattice structure in a topos
is mainly interesting because it gives a way to observe the internal logic of a topos.
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3.3 Persistence Diagrams Lattice Representation

In the following we are going to discuss a third case where our elements are not bars but representations of
bars in the persistence diagram. In fact, as the persistence diagram has the same topological information as
the barcode, this structure has just what we need from it. Moreover, it does not include disjoint bars but
includes instead what we could think of ”negative” bars in the sense that the birth time is after its death
time (cf. [6]). We shall see that such a diagram constitutes a complete Heyting algebra. Let us assume a
persistence diagram bounded by (0,0) and (g1, &3).

3.4 Persistence diagrams as distributive lattices

Consider now the representation of barcodes in a persistence diagram. Let A = [a1,a2] and B = [by, ba],
where a; and b; are birth times, and as and by are death times. These intervals are represented in the
persistence diagram by the points A(aq,as) and B(by,by). There is a natural way to define operations
between these intervals in the barcode, presented in the following;:

Definition 3.17. Let A and B be intervals in the barcode represented in the persistence diagram P. Consider
the operations

A A B = (maz{ai, b },min{as,bs})
Av B = (min{a1,b; },maz{ag, b2 })

A

A A" CAAB

» »
» »

With the operations above we can define a lattice of intervals in the barcode, named barcode lattice. In
the following paragraphs we discuss several of its nice structural properties.

Proposition 3.18. The persistence diagram P together with the operations above determines a lattice.

This is the lattice structure of all possible bars in the persistence diagram. Thus, every persistence
diagram is a part of this lattice and, as any poset, can be completed into a complete Heyting algebra In
fact, the barcode lattice is itself a complete Heyting algebra so that all persistence diagrams are indeed its
subalgebras as we shall see later in this section.

Remark 3.19. In this case the counter-example is now an example for which distributivity holds: take
A(0,1), B(0,2) and C(2,3) and observe that Av C = (0,3) = Bv C but AnC=(2,1) #(2,2) =B AC.
In fact, (Av B) AC =(0,2) A (2,3) =(2,2) =(2,1) v (2,2) = (AAC)v (AACQC).

Theorem 3.20. The barcode lattice is a distributive lattice.
The partial order assumed here is determined by the above lattice operations as follows:

Lemma 3.21. A< B iff by < a; and as < bs.
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v

Proposition 3.22. A< B iff Ac B.

Remark 3.23. In the sense of Lemma a bar A is below a bar B in the barcode iff B is above and on
the right of A in the persistence diagram. Dually, B is above A iff B is on the right and below A.
Hence, whenever the diagram A < B < C < D s represented as below, it constitutes a chain.

A

»
>

On the other hand, this is not a total order. In fact, unrelated bars A(ay,a2) and B(b1,bs) are of such
sort that a1 < by and as < ba. Moreover, the smallest element 0 is in the right lower corner of the diagram,
correspondent to the point (¢1,0), while the biggest element 1 is on the left upper corner, correspondent to
the point (0,e2). Furthermore, if one of the coordinates is equal, then the correspondent bars are always
related. This can be interpreted by the next proposition.

Proposition 3.24. Bars with equal death time or birth time must be related.

3.5 Irreducibility

Irreducible elements are of great importance for representation theories and decomposition theorems.

Proposition 3.25. The join-irreducible elements of P are all the elements with coordinates (x1,0) or (€1, z2).
Dually, the meet-irreducible elements are all the elements with coordinates (0, x2) and (x1,€2).
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A-irreds: X = (0, z2) V-irreds: X = (1, x9)

v

V-irreds: X = (21,0)

3.6 The barcode algebra

By construction, the lattice operations defined in Theorem [3.20] can naturally be generalized from pairs of
elements to any set of elements as follows:

Proposition 3.26. The persistence diagram P, together with the operations below determines a complete
lattice.

N; Ai = (max{aq; },min{ay,; })
V; Ai = (minf{ aq; }, maz{as; })

Due to the above the next result is of great interest to the construction of a topos foundation based on
time intervals. It is a direct consequence of completeness and distributivity, due to Theorems and
respectively.

Corollary 3.27. The persistence diagram P, together with the operations defined in Theorem [3.26 is a
complete Heyting algebra. In particular, the following identity holds:

XA \/Yi=\(XrY).

el el

To the order structure determined in Corollary we will call barcode algebra (or barcode lattice when
we want to emphasize its order structure properties).

Usually, the infinite distributive law of Corollary [3.27] is compatible with the idea of the finite meets and
a arbitrary joins in topological spaces. This will permit the dual of the infinite distributive law to hold, as
well as it will make possible the existence of complete Heyting algebra homomorphisms.

Proposition 3.28. The barcode algebra constitutes a completely distributive lattice.

Corollary 3.29. The barcode algebra L can be embedded into a direct product of chains [0,1] by an order
embedding that preserves arbitrary meets and joins. Moreover, both L and its dual order L°P are continuous
posets.

Remark 3.30. As for homomorphisms, they shall preserve arbitrary meets and joins as well as the arrow
operation. Translations are examples of isomorphisms between barcode algebras: let f. : X — X defined by

flar,xs) = (@1 + ,22). Clearly fo(x Ay) = fo(@) A fely) and, similarly, fo(z v y) = fo(@) v foly). This
shows that isomorphisms can be established between distinct barcode algebras.

Proposition 3.31. Let f : L — M be a map between barcode lattices preserving sups. Then f(L) is closed
under sups in M and is a complete lattice in itself.
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Remark 3.32. Observe that the barcode lattice is not a Boolean algebra: indeed, take A(ai,as) such that
ai,a9 # 0, ap # €1 and ay # €2 where €1 and ey are the biggest values on the X coordinates and Y
coordinates. Then, for all B(by,ba), A A B = 0 implies €1 = max{ai,b1} and 0 = min{az, by}, that is,
g1 =by and 0 = by. Similarly, A v B =1 implies 0 = min{ai,b1 } and e2 = maz{ag, b2}, that is, 0 = by
and €9 = by, contradicting the latter statement. Note that the only pairs of elements with complement are 0
and 1, and (0,0) and (e1,e2), the pairs of opposite corners of the persistence diagram.

3.7 Internal logic aspects

Let us now have a look at the arrow operation. The following result describes this operation for any of the
possible four cases.

Theorem 3.33. Let A, B € Pe. Then, if A and B are (order) related,

A= B = 1=(0,e9) ,ifbi <ar andas <
B = (b1,b2) ,ifar <by and by <

Otherwise,

b1,e9 s ifa1<b1 and as < by
A= B=
(O,bg) 5 Zfbl < ap and b2 <a

Remark 3.34. In most cases the pseudocomplement is 0. Though, the pseudocomplement of (0,0) is (e1,2).
In fact, this seems to be, together with 1 = (0,e2) and 0 = (£1,0), the only pair of elements with complement.
Hence, the derived Boolean algebra is

2

{z|z=—-—2}=1{0,(0,0),(e1,2),1}.

Remark 3.35. The results given in Propositions and [3-9 give us a list of properties that we can always
use: for all A, B,C € S(I), the following statements hold,

(i) A= A=1,

(ii) (An (A= B)=AA B,

(iii) B A (A= B) = B,

(iv) A= (BAC)= (A= B) A (A= (),
(v) A= (B=C)=(AAB)=C,
(vi) A= B=1iff A< B,

(vii) A< B =1 iff A= B,
(viii) if B < C then (A= B) < (A= (),
(i) An (A= B)<B,

(x) B A* iff BAA=0iff A< B*,
(xi) A< A** and A*** = A*,
(ziii) (A v B)* = A* A B*,

These axioms will show to be useful for the construction of algorithmic applications. Recall that Heyting
algebras are the model structures for intuitionistic logic and, therefore, this particular topos is coherent with
all constructive persistence.
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3.8 On a Topos for Persistence

Complete Heyting algebras form a variety of algebras (thus closed for subalgebras, products and homomorphic
images). The class of these order structures also constitutes three relevant categories that share the same
objects and differ only on their morphisms. They are the category of complete Heyting algebras, denoted by
cHey, for which their morphisms preserve infinite joins and meets as well as the implication operation; the
category of frames, denoted by Frm, where the morphisms are necessarily monotone functions that preserve
finite meets and arbitrary joins; and most important for this paper, the category of Locales, denoted by Loc,
for which the morphisms are the opposite morphisms of Frm.

The relation of locales and their homomorphisms to topological spaces and continuous functions is well
known (cf. [26]). In fact, the set of all open sets of a topological space X constitutes a locale (X)) that
this is a part of the power set Boolean algebra P(X). In such a model, the operations A and v correspond
to intersection and union, respectively, while U = V is the largest open set W such that W n U < V', and
—U is the interior of the complement of U being the largest open set disjoint from U. Furthermore, to each
locale £ corresponds a topological space for which the points pt(L) are equivalently described by:

e a frame morphism from £ to 2;
e a principal prime ideal of L;
e a A-prime element of L.

and for which the appropriate topology is given by the open sets

¢(a) = {pept(L) |pla) =1}

for all @ € £. This permits us to construct the space of bars correspondent to each barcode, in the following.
In the case of Boolean algebras, the corresponding points are their atoms. Though, for Heyting algebras,
the points correspond to the prime ideals as in Esakia duality.

3.9 From local to global

All sheaves on locales are constituted of elements defined at various levels (cf. [10], Chapter 2).

Let £ be a locale. The classical construction of sheaves over Heyting algebras considers a presheaf
F . L — Set to be a contravariant functor. When an element is defined at some level u € L, it can be
restricted to any smaller level v < u and, moreover, if elements are defined at levels u; < u (withie I)in a
sufficiently compatible way, they can be glued together to become an element defined at the level u.

Formally, given v < u in L, py : F(u) — F(v) defined by p; () = x|,. Functionality implies x|, = ¥ and
Tpy = (:c|1,)|w; compatibility implies @y, xu; = Tjju; au;; and separability implies = y whenever x|, = Y|y,
and u = \/,;; ui.

The sheaf condition for locales establishes that, if u = \/,.; u; is a compatible family in £ and z; € F(u;),
then there exists a unique x € F(u) such that z),, = x;, i.e., z is the gluing of the family (z;)ics.

Alternatively, the sheaf condition can be characterized by: given F a separated presheaf and u = | J,.; ui,
then every compatible family (z; € F(u;))ier can be glued into an element = € F(u) such that for every i € I,
$‘ul = T;-.

Remark 3.36. Here the open sets considered are the elements of the complete Heyting algebra of bars,
i.e., the space of all persistence diagrams. In that sense, the restriction of an element x in u to an open v
such that v < u, py(x) = x),, regards the restriction to a smaller interval V- < U, where u and v are the
correspondent representations of the bars U and V in the persistence diagram.

The adopted definition of sheaf in Definition [3.14]seen as an equalizer permits us a construction motivated
by the relations between elements in the lattice. Consider a presheaf E : H — Set that assigns to each
element z € H a set E(z), and assume = = \/, z;. Take to bars A and B and their representations a and
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b in the persistence diagram. From the relation a A b < a,b < a v b one can derive the restriction maps
E(avb) —> E(a) — E(anb) and E(avb) > E(b) — E(anb) Let ¢ € L be such that a,b <d. Thenavb<c
with the restriction map F(c¢) — E(a v b) so that E(a v b) is the smallest with maps into both E(a) and
E(b). Thus, E(a v b) is the pullback of the maps E(a) — E(a A b) and E(b) — E(a A b). It seems that, in
an analogous way, F(a A b) is the pullback of the maps E(a v b) — E(a) and E(a v b) — E(b). In order to
deal with more then a pair of elements of the lattice we shall talk about equalizers instead of pullbacks and
coequalizers instead of pushouts.

E(a Ab)
VRN
E(a) E(b)
N Y

E(avb)

A topos is a category with certain properties characteristic of the category of sets. The theory of sheaves
on a locale appears as a generalized set theory, provided with an equality which takes for possible truth
values all the elements of the locale. It is well known that sheaves over locales constitute a topos (cf. [2],
Theor. 2.4). In general, for any small category C, the category of diagrams Set®”’ is a topos since it has
limits and exponentials, with subobject classifier as follows: given any object E and subobject U — F,
define u : F — ) at any object C' € C by the sieve of arrowsﬂ into C' that take e € E(C) back into the
subobject U, that is,

uc(e) ={f:D—C|f*(e)eU(D)— ED)}

for any e € E(C).

4 Sheaves

An alternative, intuitive view of a sheaf is that it assigns to open sets some algebraic structure, such that
this local information can be glued together. The limit of the these sheaves represent global sections. First
we show how in the zig-zag case, this can be exploited to compute certain zig-zags in parallel. Although we
do not give an explicit sheaf construction, the idea is sheaf-like. In the second part, we give a contruction
for approximating local homology. This is an important step in stratified manifold learning. In the future
we will use this construction along with sheaf theory to compute strata.

4.1 Pullback

We present a new viewpoint on zig-zag persistent homology and with this viewpoint achieve a naturally
parallelizable and distributed algorithm whose performance scales with the number of processors available
up to a worst case running time of O(m* log? n), which in some cases is better than other methods currently
known. Further to the benefit of the proposed algorithm, it is simple to implement, and we give some
preliminary experimental results. Its approach is sheaf-like. Recall that the global section can be phrased
in terms of categorical limits. In our context, the limits are simply pullbacks. This viewpoint in some cases
leads to gains in efficiency.

The efficiency of our approach relies on the problem being correspondingly well-conditioned. Our moti-
vating example is the case of union zig-zags of multiple independent samplings of some space, and in this type
of setting performance gains are likely. This particular approach has gained interest in the applied topology

li.e. a set of arrows that all have C' as their target
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community as a topological form of boosting. With the introduction of large data sets, parallelization and
distributed computation of homology are increasingly important.
We make use of the pullback and pushout constructions:

The pullback of a pair of linear maps A I, X & B with the same target vector space is a subspace
P c A® B consisting of {(a,b) € P : f(a) = g(b)}. It comes naturally equipped with a pair of maps
ma: P — Aand ng: P — B with the property that frs = gnpg.

The pullback can be computed as the kernel of a related linear map — the map f® —g: A®B — X
maps (a,b) — f(a) — g(b), and the kernel of f @ —g is the pullback P.

The pushout of a pair of linear maps A I, X & B s the dual construction to the pullback; in practice
it is given by the quotient of A @ B by the images of f @ —g: in the pullback, we impose the smallest
equivalence relation such that f(x) = g(z) for any z € X.

We say a zig-zag module is normalized if all arrows alternate in direction. Any zig-zag module can be
transformed into a normalized zig-zag module by introducing copies of modules equipped with identity maps
in the appropriate directions. This adds at most a factor of 2 to the number of spaces in the zig-zag. We
assume w.l.o.g. we are given a normalized zig-zag.

Suppose Z : Zy — Zy «— L1 — Zig «— -+ «— Z, is a finite length normalized zig-zag moduleﬂ Any
barcodes between points Z; and Z; can be computed using only pullbacks and localized computations.

As a first step, the homology is computed separately at
each of the points Zy, Zy1, Z1,.... The induced maps between Zor Z1o Zs
the homology modules also are computed. The computation P,
at each node takes O(m*), where m is the size of the complex  Z,
at each point. N

Next, the pullback P;;;; of the induced maps on homol- Po
ogy are computed — independently — for each of the spans
H.Z;, — HyZ;;11 <« Hy«Z;11. Each such pullback, after Fog
the computation, represents all classes in Z; and in Z;,; that
mapped to homologous classes in Z; ;11. In other words, each
basis element in Fy; corresponds to some homology class that
has a bar including at least the interval (Z;, Z;;1), but poten-
tially more.

These pullbacks are repeated — and in each new layer, pull-
backs represent bars in the zig-zag barcode that extend one step further: a basis element in Py contains
elements that persist at least from Z; to Zs, possibly all the way to Z3.

Finally, representatives for the exact zig-zag barcode may be computed by a sequence of cokernel com-
putations: Py, contains representatives for all bars that extend all the way from Z; to Z,. The cokernels
of Py, = Pyn—1 and of Py, — P, correspond to bars that only extended from Z; to Z,_; and from Z;
to Z, respectively — the elements that were present due to a bar existing in Py, have been removed by the
cokernel computation. Similarly, at any stage, the cokernel of the sum of the incoming maps removes any
bars that are also present at longer stages, leaving the essential bars of each extent in place.

LN
A Z3 Z3
e
Pis Py3

SN A
NN

Py3

N /N
NN A

Po3

Figure 5: The pullback zig-zag computa-
tional scheme

4.1.1 Half-step intervals

Careful examination shows that although we can recover the rank of any bar in the diagram, not all the bars
are represented. In particular, “long” bars which end at a Z; ;11, can not be distinguished from ones which
end at a Z;.

When the Z; ;1 are merely a way of connecting different spaces — such as the levelset zigzag or the union
zigzag — this is unimportant. However, there is a simple way to recover the missing information, should we
need it.

We augment the initial zig-zag quiver by introducing the images of the maps between the spaces. Let
fi denote im(Z; — Z; ;41), g; denote im(Z; — Z;_; ;) and po(f,g) as the pushout of maps f and g. We

2Note that the number of spaces is actually 2n
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Figure 6: Local homology as the direct limit, lim,_,o H(X, X~ B") (left) or lim,_,o H(Xn B,, X" 0B,) (right).

can construct a new zig-zag quiver of the fornﬂ fi = po(fi,gi+1) < gi+1. From the decomposition of
this quiver, in addition to the ranks of the individual spaces, we can recover the missing information. The
computation has four phases:

1. compute homology locally. This step is embarrassingly parallel.

2. compute induced maps locally. The induced map HyZ; — HyZ; ;41 depends only on the two homology
groups, all such maps can be computed in parallel.

3. compute pullbacks of all induced maps. This step has dependencies upwards in the graph — P,;, depends
on P, p_1 and P,41; where P,, represents a space with maps from step [2| above.

4. Finally we compute cokernels of the computed maps: this step for P,; only depends on the two covering
pullbacks P,_1 3 and P, p11.

4.2 Local Homology

One view of sheaves is to attach an algebraic object to an open set such that it agrees on intersections of
open sets. This allows us to “glue” together different pieces in a unique way to get a global picture. Here
we present one such structure which we will explore for use in stratification learning.

In stratification learning (or mixed manifold learning), a point cloud is assumed to be sampled from a
mixture of (possibly intersecting) manifolds. The objective is to recover the different pieces, often treated
as clusters, of the data associated with different manifolds of varying dimensions. Stratified spaces has been
studied extensively in mathematics, see the seminal work in [121] [126].

The local homology groups at a point € X are defined as the relative homology groups H(X, X—z) ([124],
page 126). In this paper, we assume that the topological space X is embedded in some Euclidean space R¢
El Let d, : R? — R be the Euclidean distance function from a fixed z € X, d,(y) := d(x,y) = ||y — z||. Let
B, = B,(x) = d;'[0,r] and B" = B"(z) = d;![r,o0) be the sublevel sets and superlevel sets of d,. Taking
a small enough r, the local homology groups in questions are in fact the direct limit of relative homology
groups, lim,_,o H(X, X n B"), or alternatively lim, o H(X n B,,X n 0B, )[109], see Fig. [

For a fixed a > 0, let X, be the “thickened” or “offset” version of X, that is, the space of points in R?
at Euclidean distance at most « from X. Suppose L is a finite set of points sampled from X EL where L ¢ X
and Ly = UgerBo(x). In subsequent sections, we put further restrictions on L where we suppose L is an
e-sample of X, that is,

VeeX, d(z,L):=infd(z,y) <e.
yelL

The persistence module representing this local homology can then be attached to an open set forming a
sheaf.

3Some details as to the procedure at the ends is omitted due to space constraints.

4This assumption can be relaxed in several ways, but this setting is most common in our applications.

50ur results would hold with minor modifications in the setting of sampling with noise, where elements of L lie on or near
X.
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The a-filtration E| (Fig. |7) is a sequence of relative homology groups connected by inclusion, constructed
by fixing r and varying «, for a < o/,

-—>HX,n B, Xy ndB,) — ...

- H(Xa/ N BT,XO/ N 8BT) —> e

Its discrete counterpart built on a set of points L sampled from X is,
> H(L, n B;,Ly n0B,) — ...
- H(La/ N BT,}LO/ (@) 6BT) —> s

Here, we fix the size of the ball which defines the locality, i.e. the size r of the local neighborhood, and we
vary the scale a at which we analyze the

Figure 7: The a-filtration for space X and its offset (left), and on the right, the same filtration built on a set
of points L, sampled from X.

Cech and Vietoris-Rips Complexes. Suppose L is a finite point set in R? and Lo = UgerBa (z). The
nerve of L, is the simplicial complex induced by all the non-empty intersections of subcollections of balls
in L, and is called the Cech complex of L, denoted as C,, = Co(L) (omitting L from the notation unless
necessary). The Vietoris-Rips complexr of L is denoted as R, whose simplices correspond to non-empty
subsets of L of diameter less than a. For Euclidean metric space, we have, Va > 0, Cp /2 S Ra S Co S Raa
D This implies that the persistence modules {H(C,)}o and {H(R, )} are a-interleaved El

4.2.1 Approximating the a-Filtration

In the a-filtration, since we will be computing relative persistent homology, there are certain requirements
on the pairs, such that the maps of the relative filtration are well-defined. Two persistence modules, A =
{Aun}aer and F = {F,}acr are called compatible if for all o < 3, the following diagram commutes:

A, —— F,

|

Aﬁ e Fg.

This ensures that the relative persistence module is well-defined. In our context, all the maps are induced
by inclusions hence the above diagram commutes. We highlight steps involved to obtain our approximation
results:

6Technically, the a-filtration is a persistence module that arise from their corresponding filtrations, we refer to them as such
for simplicity.

7Jung’s Theorem gives a tighter relation between Vietoris-Rips and Cech complexes. We use the slightly looser relation in
our paper for simplicity.

8We emphasize that for our results the interleaving parameter does depend on the parameter of the filtration. In other
words, for a fixed filtration scale parameter, we have a certain “constant” interleaving.
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Figure 8: Left: the a-filtration with respect to the pair (X, n B, X, n 0B;). Right: the filtration with
respect to the pair (X4, X, — intB,.).

e First, we show that under certain conditions, the relative homology of a ball modulo its boundary is
isomorphic to that of the entire space modulo the subspace outside the ball.

e Second, we prove that if we have two compatible persistence modules F and A which are respectively
interleaved with G and B, the relative persistent homology H(F, A) is approximated by H(G, B). This
result may be of independent interest.

e Last, we prove a series of interleavings to show that both filtrations in our case can be interleaved with
a Vietoris-Rips construction on the samples.

We first show that the following two filtrations are equivalent (where o < o):

0> H(Xy N By, Xo 0 0B,) —» H(Xy A By, Xo n 0B,) — ... — H(B,,dB,), (1)

0 — H(Xq, X, — intB,) - H(Xor, Xor — intB,) — ...... — H(R",R" — intB,). (2)

Note that X, — intB, = X, — (X, n intB,). Unless otherwise specified, a, o’ € [0,00). Graphically, these
filtrations are shown in Fig. |8l As it turns out, it is easier to argue about the filtration in Fig. right) than
Fig. [§[left), as shown in the following lemma.

Lemma 4.1. Assuming that spaces X, and X, — intB, form a good pair, then H(X, n B, X, N ¢B,) =~
H(Xqy, X, —intB,).

This follows from the Excision Theorem ([I122], Theorem 15.1, page 82) and the Excision Extension
Theorem ([122], Theorem 15.2, page 82).

We now show that we can approximate local homology at multi-scale via the a-filtration using sample
points. We begin with sequence . Specifically, we first consider the persistence module corresponding
to the whole space {X,}, and then the persistence module corresponding to the subspace we quotient by,
{X, — intB,}. The key is a technical result described in Theorem which says that if we can interleave
persistence modules independently, we can interleave their corresponding quotient persistence modules. We
consider this result to be of independent interest.

Theorem 4.2. Consider two pairs of compatible persistence modules. Let A = {Ay}acr be compatible with
F ={Fs}acr and B = {By}aecr be compatible with G = {Gy}acr. If the modules A and B are e;-interleaved
and F and G are es-interleaved, then the relative modules {(Fy, Aa)}tacr and {(Gu, Ba)}acr are e-interleaved,
where € = max{ey, €2 }.

Without loss of generality, assume €; = e; = e. Each pair, {(F, A)} and {(G, B)}, gives rise to a long
exact sequence. The two sequences are related by interleaving maps yielding the commutative diagram in
Figure [9]

To prove that the interleavings between individual modules imply an interleaving between {(F, A)} and
{(G, B)}, we would need some careful diagram chasing at the chain level. That is, we need to prove each
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Hn(Aa) *>Hn(Foz n(FomAa) LHTL*I(AQ) anfl(Fa)
lﬁ lf J n J n-1 l;—l
o¢+e a+e rate pzfi
Hn(BCH—e) Ga+e —> H7L(G(X+€7B(X+€) —> Hn I(Ba+€) — Hn—l(Ga+6)

a+te a+e a+e a+e a+e
an \L \Lun lwnfl lgnfl
cot+2e jotae pot2e Got2e

Hn(Aa+2e)Z*> H ( oc+26) — H (Fa+2ev Aa+26) L> anl(ADt+26) n;l> anl(FaJrZe)

Figure 9: Commuting diagrams for the long exact sequence involving two pairs of filtrations.

of the four diagrams needed for interleaving commutes, i.e. diagrams in Fig. commute. The key issue is
that although each row is exact, maps between persistence modules do not split — therefore we may have
one persistent relative class without a persistent class in either component filtrations.

Hn(Fow Aa) Hn(FaJrZe» a+26)

~ 7

Hn(Ga+ev Boc-‘re)

Hn(FaJrev AomLe)
Hn(Gaa Ba) I Hn(Ga+2ea a+2e)

Figure 10: Commuting diagrams for e-interleaved persistence modules.

With Theorem[4.2]in hand, we can begin to prove the main result. We would like to construct a persistence
module (based upon Vietoris-Rips filtration) that interleaves with the a-filtration {(X,,X, — intB,)}. The
straightforward approach is to consider {(Lq, Lo —intB;)}, as illustrated in Figure Such a construction is
possible with careful geometric considerations through interleaving with an intermediate complex described
below. We obtain our main result by proving the following key steps:

1. {Ly} and {X,} are e-interleaved.
2. {Ly, —intB,.} and {X, —intB,} are e-interleaved.
3. (Nerve Lemma for {L,, — intB,}) For a < r, N'L, — intB, is homotopic to L, — intB,..

4. For a fixed o, we give an algorithm that compute the 0- and 1-skeleton of N'L,, — intB,.. Then we build
a Vietoris-Rips complex based on these 0- and 1-skeletons by filling in the high-dimensional co-faces.
This is in fact a flag complex, or equivalently, the clique complex of the 1-skeleton of N'L, — intB,.
As a-varies, we refer to such a filtration as Ra(L). We show that {L, — intB,} is a-interleaved with
Ra(L).

5. We now arrive at the main result (Theorem : {(Ra(L), Ra (L))} is (o 4 2¢)-interleaved with the
a-filtration {(X,, X, — intB,)}.

Theorem 4.3. Suppose L is an e-sample of X. For a < r, the relative module {(Rq (L), Ra (L))} is (o + 2¢)-
interleaved with the a-filtration {(Xq, X, — intB,)}.
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Figure 11: Illustration of filtrations, {L,} (left) and {L, — intB,} (right).

5 Generalizations of Persistence

5.1 Towers and Persistence

In this section, we study subcategories defined by paths in a category. Parallel paths in Vect and Mch
will naturally lead to the concept of persistent homology, now within a more general framework than in the
traditional literature.

Paths and categories of paths in a category. A tower is a path with finitely many non-zero objects
in a category. More formally, it consists of objects X; and arrows &; : X; — X;.1, for all i € Z, in which all
but a finite number of the X; are the zero object. We denote this tower as X = (X;,&;). In later discussions,
we will refer to compositions of the arrows, so we write £! for the identity arrow of X; and define

fzj = gj—l . §i+1§i . Xz — Xj, (3)

for i < j. Suppose Y = (Y;,7;) is a second tower in the same category, and there is a vector of arrows
© = (¢i), with ¢; : X; — Y;, such that n;0; = @;11& for all i. Referring to this vector of arrows as a
morphism, we denote this by ¢ : X — ). To verify that the towers and morphisms form a new category, we
note that the identity morphism is the vector of identity arrows, and that morphisms compose naturally. The
zero object is the tower consisting solely of zero objects. Finally, an isomorphism is an invertible morphism;
it consists of invertible arrows between objects that commute with the arrows of the towers. We remark that
arrows and morphisms are alternative terms for the same notion in category theory. We find it convenient
to use both so we can emphasize different levels of the construction.

Persistence in a tower of matchings. As a first concrete case, we consider a tower A = (4;,q;) of
matchings. Recall that rank ¢ is the number of pairs in «]. We formalize this notion by introducing the rank
function a : Z x Ny — Z defined by ag :=a(i,j — 1) :=rank af, where Ny is the set of non-negative integers.
It can alternatively be understood by counting intervals, as we now explain. Letting A be the disjoint union
of the A;, we call a non-empty partial function a : Z--A an interval in A if the domain of a is an interval
[k, €] in Z, a; = a(i) belongs to A; for every k < i < ¢, and a;11 = a;(a;) whenever k < i < ¢; see Figure
The interval is mazimal if it cannot be extended at either end. Specifically, a is maximal iff a; ¢ im a;_1 and
ay € ker ay. Finally, by a persistence z'ntervalﬂ we mean the domain of a maximal interval in A. It should be
clear that ai is the number of intervals in A with domain [k, ¢]. Equivalently, it is the number of maximal
intervals with domains that contain [k, £]. We can also reverse the relationship and compute the number

9We note a difference in convention to most of the related literature, in which persistence intervals are defined half-open. In
particular, [k, £] in our notation corresponds to [k, £ + 1) in [48]. Reading them as intervals in Z, they are the same.
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Figure 12: A tower of matchings with maximal intervals [1,2], [1,3], [1,4], twice [1,5], [2,2], [2,5], [3, 5],
[4,4], [4,5].

of persistence intervals from the rank function. Letting #; jj = #;;1(A) denote the number of maximal
intervals with domain [, j], we have

_ J J j+1 j+1
H#ug = @ —a_—a Faly. (4)

To see this, we consider again A and identify elements if they belong to a common pair in any of the «;.
After identification, every point a in A corresponds to a maximal interval. The domain of this maximal
interval is [4, j] iff @ belongs to the domain of o but not to the image of o;_; and not to the domain of
af“. The relation now follows from o = a;_1, 8 = a{, v = .

This relationship motivates us to introduce the persistence diagram of A as the multiset of persistence
intervals, which we denote as Dgm(.A). Note that #; ;7 is the multiplicity of [i, j]. The number of intervals
in the persistence diagram, counted with multiplicities, is therefore #Dgm(A) = >, _ j #1i,5]- 1t is important
to observe that the persistence diagram characterizes the tower up to isomorphisms.

1 (Equivalence Theorem A). Letting A and B be towers in Mch, the following conditions are equivalent:

(i) A and B are isomorphic;
(i) the rank functions of A and B coincide;
(iii) the persistence diagrams of A and B are the same.

Proof. (i) = (ii). Since A and B are isomorphic, we have invertible arrows §; : A; — B; that commute with
the arrows in A and B. It follows that rank a; = rank 3/, for all i < j.

(ii) = (iii). The rank function determines the multiplicities of the intervals in the persistence diagram
by .

(iii) = (i). We use induction over the cardinality of the common diagram. If the cardinality is zero,
then both towers consist of empty matchings only, so they are isomorphic. Assuming the implication for
cardinality at most n, we consider #Dgm(A) = #Dgm(B) = n + 1. Picking up a persistence interval in the
common diagram and removing its images in A and B, we obtain towers A’, B’ with coinciding persistence
diagrams of cardinality at most n. Thus, the towers are isomorphic. The extension of the isomorphisms of
A" and B’ to isomorphisms of A and B is now straightforward.

Persistence in a tower of linear maps. We return to assuming a fixed field, and consider a tower
U = (U, v;) in the category of vector spaces over this ﬁeldm For each i, let A; be a basis of U;. Restricting
v; to A; and A, 1, we get a partial function «; : A;—~A;11, again for every 1.

2 (Definition). We call the tower of partial functions A = (A;, «;) a basis of the tower U if a; is a matching
and rank a;; = rankv;, for every .

10Part of the theory in this section can be developed for the more general case of finitely generated modules over a principal
ideal domain. For reasons of simplicity, and because the crucial connection to matchings relies on stronger algebraic properties,
we limit this discussion to vector spaces over a field right from the start.
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For each v; : U; — U;;1, there are bases A; and A;,; of the two vector spaces such that the implied
partial function oy : A;—A; 11 is a matching that satisfies rank c;; = rank v;; We will show shortly that such
bases exist for all vector spaces in the tower simultaneously; see the Basis Lemma below. For now, we
assume that A = (A;, ;) is such a basis, deferring the proof to later. Considering compositions a7, we note
that ranka? = rankv!. Consequently, the rank functions of A and U are the same. The basis of U is not
necessarily unique, but the rank function does not depend on the choice. Thus, we can define the persistence
diagram of U as the persistence diagram of a basis, Dgm(U/) := Dgm(A). We also write #; jj(U) := #[;,;1(A)

J for the rank of v/, we

i 70

for the multiplicity of the interval [i, 5] in the persistence diagram of . Writing u
thus get

#igU) = ol —ul g -]+l (5)

(2 2

from (4)). Similarly, we can generalize the Equivalence Theorem A to the case of linear maps between
finite-dimensional vector spaces.

3 (Equivalence Theorem B). Letting U and V be towers in Vect, the following conditions are equivalent:

(i) U and V are isomorphic;
(i) the rank functions of U and V coincide;
(iii) the persistence diagrams of U and V are the same.

Tower bases. We now prove the technical result assumed above to get Equivalence Theorem B.

4 (Basis Lemma). Every tower in Vect has a basis.

Proof. We construct the basis in two phases of an algorithm, as sketched in Figure Let U = (U;,v;) be
a tower in Vect, and for each i, let M; be the matrix that represents the map v; in terms of the given bases
of U; and U;1.

U;

=
Mj Phase 1 Phase 2 DD
e e

Figure 13: Two-phase reduction of the matrix. The shaded areas contain zeros and non-zeros, the white
areas contain only zeros, and all dark squares are 1.

UHl

In Phase 1, we use column operations to turn M; into column echelon form, as sketched in Figure
in the middle. We get a strictly descending staircase of non-zero entries, with zeros and non-zeros below
and zeros above the staircase. Here, we call the collection of topmost non-zero entries in the columns the
staircase, and we multiply with inverses so that all entries in the staircase are equal to 1. By definition,
each column contains at most one element of the staircase, and by construction, each row contains at most
one element of the staircase. The reduction to echelon form is done from right to left in the sequence of
matrices; that is, in the order of decreasing index ¢. Indeed, every column operation in M; changes the basis
of U;, so we need to follow up with the corresponding row operation in M; ;. Since M;_; has not yet been
transformed to echelon form, there is nothing else to do.

In Phase 2, we use row operations to turn the column echelon into the normal form, as sketched in Figure
on the right. Equivalently, we preserve the staircase and turn all non-zero entries below it into zeros. To
do this for a single column, we add multiples of the row of its staircase element to lower rows. Processing
the columns from left to right, this requires no backtracking. The reduction to normal form is done from
left to right in the sequence of matrices; that is, in the order of increasing index i. Each row operation in
M; changes the basis of U;,1, so we need to follow up with the corresponding column operation in M;,.
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This operation is a right-to-left column addition, which preserves the echelon form. Since M;; has not yet
been transformed to normal form, there is nothing else to do.

In summary, we have an algorithm that turns each matrix M; into a matrix in which every row and every
column contains at most one non-zero element, which is 1. This is the matrix of a matching. Since we use
only row and column operations, the ranks of the matrices are the same as at the beginning. Each column
operation in M; has a corresponding operation on the basis of U;. Similarly, each row operation in M; has
a corresponding operation on the basis of U;1. By performing these operations on the bases of the vector
spaces, we arrive at a basis of the tower.

Persistent homology and derivations. Persistent homology is a special case of the persistence of towers
of vector spaces. To see this, let C = (C;,7;) be a tower of chain complexes, with ~; the inclusion of C; in
Cit+1, and obtain H = (H;,n;) by applying the homology functor. Assuming coefficients in a field, the latter
is a tower of vector spaces. The persistent homology groups are the images of the 7. Zig-zag persistent
homology studies a sequence of vector spaces U; and linear maps, some of which go forward, from U; to U, 1,
while others go backward, from U,,1 to U;. This is a zigzag module if we have exactly one map between
any two contiguous vector spaces. It turns out that the theory of persistence generalizes to this setting. In
view of our approach based on matchings, this is not surprising. Indeed, the inverse of a matching is again
a matching, so that there is no difference at all in the category of matchings. To achieve the same in the
category of vector spaces, we only need to adapt the above algorithm to obtain the zigzag generalization of
the Basis Lemma. The adaptation is also straightforward, running the algorithm on a sequence of matrices
that are the original matrices for the forward maps and the transposed matrices for the backward maps.

There are several ways one can derive towers from towers, and we discuss some of them. Letting U =
(Ui,v;) and V = (V;, ;) be towers in Vect, we call V a subtower of U if V; € U; and v; is the restriction of v,
to V; and V41, for each i. Given U and a subtower V), we can take quotients and define the quotient tower,
U/ = (U;/V;, 0i), where p; is the induced map from U;/V; to U, 41/Vi41. Similarly, we can construct towers
from a morphism ¢ : U — V, where we no longer assume that V is a subtower of &. Taking kernels and
images, we get the tower of kernels, which is a subtower of U, and the tower of images, which is a subtower
of V. Taking the quotients, U;/ker ¢; and V;/imp;, we furthermore define the towers of coimages and of
cokernels. In [44], towers of kernels are used in the analysis of sampled stratified spaces and introduced along
with the towers of images and cokernels. The benefit of the general framework presented in this section is
that persistence is now defined for all these towers, without the need to prove or define anything else.

Suppose now that ¥V = U, and let ¢ : Y — U be an endomorphism. We can iterate ¢ and thus obtain
a sequence of endomorphisms. The generalized kernel of the component ¢; : U; — U; is the union of the
kernels of its iterated compositions. Similarly, the generalized image is the intersection of the images of the
iterated compositions:

gherg = | kerdit, (6)
k=1
gimp; = []imefF, (7)

>
Il
—

where ¢¥ is the k-fold composition of ¢; with itself. Similar to before, we define two subtowers of U: the
tower of generalized kernels, denoted as gker ¢, and the tower of generalized images, denoted as gim ¢. By
assumption, U; has finite dimension, which implies that both the generalized kernel and the generalized
image are already defined by finite compositions of ¢;. Furthermore, the ranks of gker ¢; and gim ¢; add
up to the rank of U;. A trivial example of an element in the generalized image is an eigenvector of ¢;, but
gim ¢; also contains the eigenvectors of the iterated compositions of ¢; and the spaces they span.

Of particular interest are the quotient towers, U/gker ¢ and U/gim ¢, because of their relation to the
Leray functor [130] and Conley index theory [I31), 129]. They may be of interest in the future study of the
persistence of the Conley index applied to sampled dynamical systems.
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Tower of eigenspaces. Of particular interest to this paper is the tower of eigenspaces. When studying the
eigenvectors of the endomorphisms, we do this for each eigenvalue in turn. To begin, we note that ¢ : U — U
is a tower in the category Endo(Vect). Indeed, each ¢; : U; — U, is an object, and v; : U; — U1 commutes
with ¢; and ¢;4+1. Applying the eigenspace functor, E;, we get the tower & (¢) = (E(¢:),d:,:) in Vect. Its
objects are the eigenspaces, E;(¢;), and its arrows are the restrictions, d; ;, of the v; to E¢(¢;) and Et(¢;11).
We refer to it as the eigenspace tower of ¢ for eigenvalue t.

Much of the technical challenge we face in this paper derives from the difficulty in constructing linear self-
maps from sampled self-maps. This motivates us to extend the above construction to a pair of morphisms.
Let V = (V;,v;) be a second tower in Vect, let ¢, : U — V be morphisms between the two towers, and
recall that this gives a tower in Pairs(Vect). Its objects are the pairs p;,v¢; : U; — V;, and its arrows
are the commutative diagrams with vertical maps v; and v;. Similar to the single-map case, we apply the
eigenspace functor, E;, now from Pairs(Vect) to Vect. This gives the tower & (p,¢) = (Ei(pi, i), €14)
in Vect. Its objects are the eigenspaces, and its arrows are the linear maps that map [u] € F¢(p;, ;) to
[vi(w)] € Et(wit1, ¥ir1). We refer to it as the eigenspace tower of the pair (p,) for the eigenvalue t. This
is the main new tool in our study of self-maps. Of particular interest will be the persistence module of this
tower.

5.2 k[t]-modules

Recall that a persistence module can be seen as a graded ring over k[t]. We now give algorithms for a host
of constructions to be built on top of this algebra. This gives us much greater flexibilty with the type of
computations which are feasible.

5.2.1 Presentation of Modules

Suppose M is a finitely presented module over a ring R. Then, M is given by some quotient R/K for K a
finitely generated submodule of R?. If R has global dimension at most 1, K is a free module, and thus has
a finite basis expressed as elements of R?.

Hence, to track M as a module, and to compute with elements of M, it is enough to keep track of d and
of a basis of K. If the basis of K is maintained as a Grobner basis, then we can compute normal forms for
any element of M that have the property that if normal forms of m, n are equal, then the elements are equal
in the quotient module.

Quite often, we shall meet constructions where the module M is more naturally expressed as a subquotient
of some semantically relevant free module, possibly of higher than necessary rank. In this case, we shall
track two sets of data to enable computation in M: a basis of the relations submodule K, and an extension
of that basis to a basis of the generators submodule G, resulting in two bases that track the behaviour of
M = G/K. Again, as long as K has a basis maintained as a Grobner basis, it is enough to compute this
normal form to compare elements.

In particular, this is the case where the module M is the homology of some chain complex. There, the
free module is the module of chains, and the submodules G and K correspond to the modules of cycles and
boundaries respectively. We observe that this reflects practice among algorithms for persistent homology:
to compute the persistent homology with a basis of a filtered simplicial complex, we maintain a cycle basis
and a boundary basis, reducing modulo the boundary at each step to find out if the boundary do of a newly
introduced simplex o is already a boundary or not.

5.2.2 TUseful Forms

The Smith normal form transforms a matrix representing a map between free modules by basis changes in
the source and target modules until the matrix is diagonal; all while respecting the grading of the modules.

Another fundamentally useful form that we will be using a lot is the Row or Column echelon form of a
matrix. For a matrix F' representing a map f : M — N between free graded k[t]-modules, a row echelon
form changes basis for N to eliminate all redundancies in the information contained in the matrix, while a
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column echelon form changes basis for M to achieve the same goal. Certainly, a Smith normal form is an
echelon form, but the converse does not necessarily hold true.

The properties most interesting to us for an echelon form — and we shall state these for the row echelon
form; column echelon form holds mutatis mutandis — are:

e All completely zero rows are at the bottom of the matrix

e The leading coefficient of a non-zero row (the pivot of that row) is strictly to the right of the leading
coefficient of the row above it

e All entries in a column below a leading coefficient of some row are all zero.

The power of the echelon forms come in what they imply when you use a matrix to pick out a basis of
a submodule: if the basis elements of a submodule of a free module are in the rows of a matrix, and this
matrix is placed on row echelon form, then several problems concerning module membership and coefficient
choice become easy to work on.

To determine if an element is in the submodule, add the element to the bottom row of the matrix, and
put the matrix on row echelon form again. This, by force, will eliminate any entries in pivot columns of the
new row; and modify elements to the right of the pivots that can reduce. Eliminating all column entries
that occur as pivots of the previous basis puts the new element on a mormal form with respect to the basis
— and this normal form is sufficient to determine equality modulo the submodule represented by the basis.

5.2.3 Two Modules

When given pairs of persistence modules, we must be able to represent the maps between them. This material
follows the treatment by [49, Chapter 15], specialized to the case of persistence modules. We begin with
presentations for modules P and Q:

0 Gp 2y Fp PP p 0
elap lw f
0 Go —2s Fp 225 Q 0

Such a presentation exhibits P and @ as quotients of free modules, i.e. P = Fp/ipGp and Q = F/iqGq.
We call Fp and Fg modules of generators of P and @ respectively, and Gp and Gg modules of relations.

Over nice enough ringﬂ both Gp and Gq are free for all modules P. These rings include all Euclidean
domains.

Now, an arbitrary map P 4, @ can be represented by a map from the generators of P to the generators
of Q, or in other words a map Fp > Fg. For such a map between the generator modules to represent a
map between the quotient modules it needs to obey one condition: ¢ -ipGp S ig - Gg. In other words, any
vector in F'p that represents a relation in P, and therefore represents the 0-element in P, has to be mapped
to a relation in @ so that its image still represent the 0-element. Subject to this condition, any map between
the free modules Fp and F will represent a map between P and Q.

By maintaining Fp and Gp we can compute just about anything to do with persistence modules.

5.2.4 Barcodes as module presentations

For the particular case of a persistence barcode, the setting at hand is very specific. The modules are
N-graded modules over k[t], and in the presentation of a persistence module P as

0—Gp 2 Fp—>P -0

11Global dimension less than or equal to 1, which includes all PIDs and therefore all Euclidean domains
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we maintain Gp and Fp as free submodules of a global chain module, with a global specific basis given by
the simplices in the underlying simplicial complex. In this setting, we further maintain a few invariants, in
particular we ensure that Gp and Fp are the results of the appropriate basis changes S and T from the
Smith normal form in order to guarantee that ip is the corresponding diagonal matrix representation of the
Smith normal form.

Hence, from an arbitrary presentation of a finitely presented persistence module

0—Gp L Fp—P—0
we get the barcode presentation by writing tp = SipT and then replacing this presentation above with
0->T'Gp 5 FpS™ ' > P—0

One concrete benefit of this approach is that in the new bases for T='Gp and FpS~—!, we can match up
basis elements between the relations and the generators into birth/death pairs of barcode intervals, and the
corresponding diagonal entries in tp are exactly on the form kt® yielding a bar of length « in the barcode.

5.2.5 Direct Sum

The first construction is the direct sum of P and (). This is the simplest and most basic construction, but
will be used in all the other constructions. We construct it by taking the direct sum across the relations and

free part.
’ip 0 PP 0
0 g 0 pq

O—>Gp(—BGQ—>Fp(-BFQ P®Q —0

This is still a short exact sequence since with a direct sum the maps can be composed as a direct sum of the
component maps.

In the case where the persistence module is represented as a matrix encoding a cycle basis and another
matrix encoding a boundary operator, the new representation is simply a block matrix with the component
matrices along the diagonal. Consider the matrix equations

Rp =DpCp
Rq = DqCq
The direct sum is given by
Rp 0| |[Dp O [|Cp O (8)
0 Rg| |0 Dg||0 Cg

Assuming that the two inclusion maps ip and ig are already on Smith normal form, the Smith normal
form of the presentation map ip @ i¢ is given by the block matrix

ip 0
0 g

Given a map, we will want to construct the image of the map between the two modules. This is a relatively
straightforward construction. We first compute the image of the map between the free parts: im¢ : im(Fp —
Fg). The finite presentation is then

5.2.6 Image

OHGQQGQJrim(pHim(Pi»Q)HO

Note that the resulting image generators should be reduced with respect to the relations to ensure that
they are representative generating elements.
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5.2.7 Cokernel

To compute a cokernel, we merely include the images of the generators in Fp among the relations for the
cokernel as a quotient module of Fg.

OHGQ@FPMFQHCOI{GI‘(PLQ)HO

To see why this is correct, first consider the cokernel of the free modules. In this presentation if it is in
the image, since we have listed it among the relations, it maps to 0 in the quotient module. One imaginable
complication would be if Fp has a basis element representing 0 in P, but mapping to a basis element in
Fg which is not killed by any element in Gg. For a constellation like this, we would in the presentation
above erroneously kill the generator in Fiy by the presence in Fp; but the constellation is impossible, since
(p-ip~Gp§iQ-GQ.

5.2.8 Kernel

The kernel of a map between finitely presented modules has to be constructed in a two-step process. A
generator of the kernel of P % Q is an element of Fp such that its image in Fg is also the image of
something in Gg. This is to say that the free module of generators of ker(P £, Q) is given by the kernel of
the map between free modules Fp @ Gg — Fg given by (f,g) — (p(f) —ig(g)).

This takes care of the module F of generators of ker(P RN Q). For a complete presentation we also need
the relations of this module. Since the kernel module is a submodule of P, the relations are the restriction
of the relations in P to the kernel K. These can be computed by recognizing that they are given precisely
by the elements in Fix such that their image of Fx in Fp coincides with images of elements in Gp. Thus,
we setup another map Fx @ Gp — Fp, defined by (f,g) — fp —ip(g), and compute the kernel of this map.
This kernel is the module of relations we need.

5.2.9 Free Pullback

Before continuing into new constructions, we recount a useful construction on free modules: the free pullback.
Given two maps, f and g in the following diagram:

A
lf
B¢

we construct the pullback P such that the following diagram commutes

P~ > A
Jf
B—2sC

To compute P, we must set up a kernel computation: namely find a basis of ker(f @ —g).
With this construction we can restate the kernel construction. The generators of the kernel F are given
by the pullback

FK~ TE >Fp

mQ lw

Go — Fy

The relations Gk are given by a second pullback
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GK~ e >Gp

giving the presentation G I, i — ker(¢p).

5.2.10 Pullback

Given module presentations
0> Gp B Fpt P
0> Go % Fy 2% Q-0
0— Gr -2 Fr 2% R -0

and maps P 1, R and Q % R given as maps Fp % Fg and Fq 2, Fgr such that ¢(Gp) < Ggr and
Y(Gq) € Gg, we can define the pullback. This is the submodule of P @ @ such that for any element (p, q),
p = 1q.

Pullbacks are useful when dealing with modules — they can express very many algebraic concepts neatly
and concisely, such as inverse images of maps, fibre products, kernels, and so on.

To compute the pullback, we set this up analogously as with the free pullback, as a kernel computation.
The pullback is a submodule of P@® @, and is carved out exactly as the kernel of the map P® Q — R given
by (p,q) — ¢p — 1q. Since this is the kernel of a module map, we can compute this using the construction
of Section

0—>GP@GQ—>FP@FQ—>P(-BQ—>O

elap —Ylag Lofw Jf*g
0 Gr Fr R 0

Expanding the construction, we compute the following two free pullbacks

FPB' TrP>Fp GPB' 71’®>C‘;P®G’YQ
TQ l@o ipB li@
FQZ—Q>FR FPBLFPQ)FQ

Here we begin to see that with presentation algorithms can be broken down into a few key constructions.

5.2.11 Pushout

Pushouts are the dual construction to pullbacks. Some of their most important uses is to glue together
things that overlap slightly — producing almost but not quite a direct sum.
Given module presentations

0—Gp-2Fpthpoo
0> Go -2 Fy 22 Q-0

0GP Fp 25 R0
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and maps R L Pand RS Q given as maps Fr - Fp and Fp *, Fg such that ¢(Gg) € Gp and
Y(Gr) € Gg, we can define the pushout.

This is the cokernel of the map R — P x @ given by r — (er, —¢r). This way, any image of an element
R in either P or  can “move across the x” in the pushout module P x z Q.

5.2.12 Tensor products

The tensor product, and its various associated constructions, are easiest to describe if we focus on using the
presentation map G — F instead of explicit chain representations for the relations. We assume that readers
have seen tensor products at least in the context of vector spaces and we recommend [49] as a reference.
We fix a basis Bp for Fip and Bg for Fiy. A basis for M ® N is given by Bp ® Bg.
Relations are all generated by elements on the form r®g or g®r where r is a relation and g is a generator.

Theorem 5.1. Assume that the underlying coefficient ring is a graded PID.

Suppose P is presented by i : Gp — Fp given on Smith normal form, with Bp the corresponding basis of
Fp, and Q is presented by j : Gg — Fg also given on Smith normal form, with Bg its corresponding basis
Of FQ,

Then a Smith normal form presentation of P®Q is given by a basis Bp x Bg for the generating module,
and a basis element in the relations module for each p® q for p € Bp,q € Bg where at least one of ap and
Bq is a relation. Let v be the generator of the ideal {c, ). Then yp® q is the sole relation influencing p® q
in the Smith normal form presentation of P ® Q.

Proof. First, if all relations for both P and @ are given as Smith normal forms, any relation on the form
ap ® q for p, g images of the relations basis are going to be products of basis elements; and thus not expand
bi-linearly. Hence, each relation induced by the relations construction above is already a coefficient times a
basis element.

To ascertain a graded Smith normal form, we also need to verify that each basis element occurs in only
one relation. This is not immediately guaranteed from the construction above — there is one small correction
step needed. Certainly, if ap € iGp and g € jGq, then vp ® ¢ has to be a relation. However, if both
a # 0 and g # 0, then both ap ® ¢ and Sp ® ¢ will show up from the construction above; for these cases,
replacing the two candidates by their common generator vp ® ¢ is needed to construct a Smith normal form
presentation. O]

We may note that the tensor product of the presentation is longer than the presentation suggested above:
it would be
OHGP®GQ HGp@FQ@Fp@GQ — Fp® Fg —->P®RQ -0

This is a free resolution of P® Q; but not a minimal one — the method in the proof of Theorem tells
us exactly how to reduce away the redundancy represented by the syzygies in Gp ® G to get a minimal
presentation — of length corresponding to the homological dimension of the module category.

For an arbitrary size tensor product P; ® --- ® P, with P; having relations G, generators F}, Smith
normal form presentation map i;, and a basis of F; denoted by B;, a basis for the generators is given by
n-tuples in By x --- x B, and relations are given from the generator of the ideal generated by all the
coefficients of relations of factor basis elements of the relation.

We can summarize the algorithm above as follows:

Tensor Product Algorithm
Input: Two module presentations P and ) with reduced bases in Smith Normal Form

1. The generators are the tensor product of the generators: Fpgg = Fp ® Fg — generating elements are
of the form (fp (i), fo(j)) for all generator elements in P and Q

2. Create a non-minimal list of relations by pairing relations and generators — G pgg = FpQGo®Fo®G p
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3. Create a minimal representation of relations — reduce the relations modulo Gp ® G — consider the

pairs (gp, fo) and (fp, gg) such that g, — f, and go — fo and only keep the relation which occurs
first.

Output: A presentation of the tensor product

Algorithm 1 Tensor Product Algorithm

1:

Input: Two module presentations P and ) with reduced bases in SNF:

GP - Fp - P
Gg— Fp—Q
Compute generators: Fpgg = Fp ® Fo = (fp(4), fo(§))Vfp(i) € Fp, fo(j) € Fo
: Compute non-minimal relations: Gpgg = Fp ® Gg @ Fg ® Gp = (fr(i),90()) @

(gp(K), fo(0))  Vfp(i) € Fp, fq(f) € Fq,gr(j) € Gp, fo(k) € Fo,

4: For pairs (gp, fo) and (fp, gg) such that g, — f, and go — fq, keep the relation which occurs first.
5: Output: Relations, generators and a map: Gpgg — Freg
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