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D2.10) Quantum information protocols: 
Excerpt from Annex I: Quantum information protocols: Demonstration of simple quantum 
information multi-photon protocols based on polarization-OAM encoding. The implemented 
protocols will either exploit the full available larger Hilbert space, or take advantage of the particular 
spatial features of polarization-OAM single photon entangled states. SPDC sources and linear optics 
will be used to show that the application of these entangled logical states to quantum information 
schemes can allow for alignment-free tests of Bell’s inequalities, quantum dense coding and 
quantum teleportation. [month 36] 

 
 

UROM, UNAP, and URIO have intensively collaborated to carry out experiments of quantum information 
processing and to develop new protocols and tasks based on OAM features. In Reference [1] UROM and 
UNAP have reported quantum states of single photons with dimensionality equal to 6. In quantum 
information, complementarity of quantum mechanical observables plays a key role. If a system resides in an 
eigenstate of an observable, the probability distribution for the values of a complementary observable is flat. 
The eigenstates of these two observables form a pair of mutually unbiased bases (MUBs). More generally, a 
set of MUBs consists of bases that are all pairwise unbiased. Except for specific dimensions of the Hilbert 
space, the maximal sets of MUBs are unknown in general. Even for a dimension as low as six, the 
identification of a maximal set of MUBs remains an open problem, although there is strong numerical 
evidence that no more than three simultaneous MUBs do exist. Motivated by the fundamental and 
technological interest in the manipulation of quantum states with dimension 6 we have developed a new 
holographic technique for generating such states using OAM in combination with polarization [1]. Hence we 
implemented and tested different sets of three MUBs for a single photon six-dimensional quantum state (a 
qusix), encoded either in a hybrid polarization-orbital angular momentum or a pure orbital angular 
momentum Hilbert space [1]. A close agreement has been observed between theory and experiments. These 
results can find applications in state tomography, quantitative wave-particle duality, quantum key 
distribution and tests on complementarity and logical indeterminacy. 

In Reference [2], UROM, UNAP and URIO, in collaboration with ICFO and the University of Singapore, 
have reported a new scheme based on OAM with implication both for fundamental physics and technological 
applications. Precision metrology, the accurate measurement of an unknown parameter, lies at the heart of 
both fundamental and applied science. From determining the rigorous value of fundamental physical 
constants to optimizing and controlling industrial production processes, the precision estimate of an 
unknown parameter is of paramount importance. The recent boom in quantum information science has led 
researchers to consider novel quantum phenomena that can be exploited to this end. However, there remains 
considerable room for improvement in metrological methods based on classical physics and this 
breakthrough could be achieved by exploiting quantum inspired schemes.      

Within the PHORBITECH project UROM, UNAP and URIO introduced a new metrological approach based 
on the efficient and robust coupling of the polarization and orbital angular momentum of a light beam, 
creating a “photonic gear” between the orbital angular momentum (OAM) and polarization (see Figure 1). 
Our method is based on the “q-plate” technology, which allows us to increase the sensitivity of the beam to 
rotations around the propagation axis. The super-sensitivity is achieved via the OAM. At the same time, due 
to the OAM-polarization coupling of the q-plate, rotations are detected with polarization measurements 
alone, avoiding nearly all of the technical complications involved in working with the OAM of light.  Our 
scheme is based on classical optics, in the sense that fragile quantum effects such as squeezing and 
entanglement are not required. However, it is quantum-inspired, since the photonic states used are highly 
entangled in the OAM and polarization degrees of freedom.   

Experimentally we demonstrated NOON-like photonic states of m quanta of angular momentum, with m as 
high as 100, in a setup that acts as a “photonic gear”, converting, for each photon, a mechanical rotation of 
angle θ into an amplified rotation of the optical polarization by the angle mθ. When seen through polarizers, 
this leads to an “super-resolved” Malus’ law, exhibiting 2m fringes per turn, instead of the usual two. 
Exploiting this effect, we demonstrate single-photon angular measurements with the same precision as that 
of the polarization-only quantum strategies with m photons, but robust to photon losses. In addition, we 
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combine the gear rotational enhancement with the quantum correlation effects of entangled photons, thus 
exploiting the advantages of both approaches. The high “gear ratio” m translates into a similarly high 
sensitivity enhancement of optical non-contact angular measurements, boosting the current state-of-the-art 
by almost two orders of magnitude. 

 

 

 

Figure 1: Photonic gear concept. (a) A sender Alice prepares and sends to a receiver Bob photonic probes to measure 
the relative angle θ between their reference frames. (b) Equivalent interferometric scheme. Upper panel: polarization-
only states are used. The physical rotation introduces a relative phase between the right- and left-circular components of 
the photon, corresponding to a rotation of the final photon polarization by the same angle θ. The measurement is 
repeated ν times, and polarization fringes Pπ(θ) = cos2 θ are recorded, from which the angle θ is retrieved with a 
statistical error ∆θ. Middle and lower panels: hybrid SAM-OAM photon states are used. The physical rotation 
introduces a relative phase between the two components which varies m = 2q + 1 times faster than the polarization-only 
case, so that the output photon polarization rotates m times faster (photonic gear effect). The recorded polarization 
fringes now present a periodicity proportional to 1/m, leading to an improved angular sensitivity ∆θ/m. The intensity 
and phase patterns of the linear and circular polarization components of the employed SAM-OAM states are also 
shown. (c) Experimental setup. In the single-photon regime, Alice uses photons generated by a parametric down-
conversion heralded source. In the classical regime, Alice uses coherent laser pulses.  Bob’s detection apparatus is 
mounted in a compact and robust stage which can be freely rotated around the light propagation axis. Legend: QWP - 
quarter-wave plate, HWP - half-wave plate, PBS - polarizing beam-splitter, APD - fiber-coupled single-photon detector. 

 

A related patent is under preparation with the 10 co-inventors (7 co-inventors from PHORBITECH 
consortium)1.  

                                                             
1“Ultra-sensible photonic tiltmeter utilizing the orbital angular momentum of the light, and relevant angular 
measurement method”, V. D’Ambrosio, N. Spagnolo, L. Del Re, S. Slussarenko, Y. Li, L. Kwek,  L.  Marrucci, S.  
Walborn, L.  Aolita, and F. Sciarrino, Italian patent application (RM2013A000318, filed on the 3rd of June 2013) 
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Another work on the foundations of quantum mechanics was carried out by UNAP. The violation of  
Leggett-type inequalities by using the polarization and the OAM of single photons was tested, concluding ρl 
hidden variable models of the Leggett’s kind [3]. 

The work on quantum-state joining of photons (originally named as “quantum fusion”) already reported in 
deliverable D2.7 has later been published in Nature Photonics [“Joining the quantum state of two photons 
into one”, C. Vitelli, N. Spagnolo, L. Aparo, F. Sciarrino, E. Santamato, L. Marrucci, Nature Photonics 7, 
521-526 (2013)]. This paper has attracted much attention and it has been highlighted in a news piece 
published in Nature and Scientific American. This year UNAP and UROM (in collaboration with ICFO) 
have continued the work on the theoretical side and reported an additional paper on the quantum joining 
concept [4]. 

ICFO further contributed to this deliverable with the first experimental demonstration of a dimension witness 
[5]. In this experimental demonstration, the approach proposed in Gallego, Brunner, Hadley, and Acín, 
Physical Review Letters, 105, 230501, (2010) was followed, which applies to a “prepare and measurement” 
scenario. In this scenario there are two devices, the state preparator and the measurement device. These 
devices are seen as black boxes, as no assumptions are made on their internal working. At the state 
preparator, a quantum state ρx is prepared, out of N possible states. The state is then sent to the measuring 
device. There, a measurement y is performed, among M possible measurements, which produces a result b 
that can take K different values. The whole experiment is thus described by the probability distribution p 
(b|x,y), giving the probability of obtaining outcome b when measurement y is performed on the prepared 
state x. The goal is to estimate the minimal dimension of the ensemble of quantum states needed to describe 
the observed statistics. 

Obviously, to demonstrate the dimension witness, we need to construct quantum states of different 
dimensions. Fortunately, photons have a rich structure: they have polarization, frequency and spatial shape. 
Moreover, pairs of photons can be entangled. In our experiment we take advantage of all these features. 
Multidimensional spaces of up to dimension 4 are created by generating photons in a superposition of two 
orthogonal polarization states (two dimensions) embedded into one out of two specific spatial modes (two 
more dimensions). We are also interested in demonstrating the separation between quantum and classical 
systems of the same dimension. We achieve this at the preparation by exploiting the frequency degree of 
freedom, which is used to change the superposition that occurs in polarization from coherent (quantum) to 
incoherent (classical). 
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Test of mutually unbiased bases for
six-dimensional photonic quantum
systems
Vincenzo D’Ambrosio1, Filippo Cardano2, Ebrahim Karimi2*, Eleonora Nagali1, Enrico Santamato2,3,

Lorenzo Marrucci2,4 & Fabio Sciarrino1

1Dipartimento di Fisica, Sapienza Università di Roma, Roma 00185, Italy, 2Dipartimento di Fisica, Università di Napoli ‘‘Federico
II’’, Compl. Univ. di Monte S. Angelo, 80126 Napoli, Italy, 3Consorzio Nazionale Interuniversitario per le Scienze Fisiche della
Materia, Napoli, 4CNR-SPIN, Compl. Univ. di Monte S. Angelo, 80126 Napoli, Italy.

In quantum information, complementarity of quantum mechanical observables plays a key role. The
eigenstates of two complementary observables form a pair of mutually unbiased bases (MUBs). More
generally, a set of MUBs consists of bases that are all pairwise unbiased. Except for specific dimensions of the
Hilbert space, the maximal sets of MUBs are unknown in general. Even for a dimension as low as six, the
identification of a maximal set of MUBs remains an open problem, although there is strong numerical
evidence that no more than three simultaneous MUBs do exist. Here, by exploiting a newly developed
holographic technique, we implement and test different sets of three MUBs for a single photon
six-dimensional quantum state (a ‘‘qusix’’), encoded exploiting polarization and orbital angular momentum
of photons. A close agreement is observed between theory and experiments. Our results can find
applications in state tomography, quantitative wave-particle duality, quantum key distribution.

T
he ‘‘complementarity’’ of different observables of a same physical system is one of the basic features of the
quantum world1. Beside its fundamental relationship with the concept of wave-particle duality, comple-
mentarity today plays a key role in areas ranging from quantum state reconstruction2 to quantum informa-

tion applications such as quantum key distribution3. Mathematically, complementary observables are described
by noncommuting Hermitian operators whose sets of eigenstates form different bases in the Hilbert space that are
said to be ‘‘mutually unbiased’’ (MUBs). This expression refers to the fact that the overlap (or inner product) of
any pair of states belonging to different bases is the same4.

In quantum cryptography, complementary observables and the associated MUBs are the core of all protocols
proposed for secure quantum key distribution, starting from the famous BB84 protocol5 and its extension to three
qubit bases6. The ‘‘no cloning theorem’’ implies that Alice and Bob can always recognize a possible eavesdropper
attack by detecting the associated disturbance introduced in the system. In particular, the adoption of MUBs for
encoding the information is known to maximize this disturbance allowing one to recognize the attack most
effectively3.

In high-dimensional systems, complementary observables and the corresponding MUBs have been exploited
to enhance the security in quantum cryptograpy7, perform fundamental tests of quantum mechanics, such as
quantum contextuality8–10, explore logical indeterminacy11, and several other tasks in quantum information. For
instance, new quantum key distribution protocols were conceived in which a larger error rate can be tolerated
while preserving security12,13. Moreover a different protocol extending Ekert9114 by using entangled qutrits has
been experimentally realized15. In quantum state tomography, MUBs play a crucial role because they correspond
to the optimal choice of the measurements to be performed in order to obtain a full reconstruction of the density
matrix.

Given a Hilbert space of dimension d, an important problem is to find the maximum number of MUBs that can
be defined simultaneously. Although for spaces of prime-power dimensions there exist several methods to find a
maximal set of d 1 1 MUBs16, this problem remains in general hitherto unsolved17,18. Dimension six, in particular,
has been widely investigated in the last few years19–22 because it is the lowest one for which the problem is still
open. Nevertheless, several theorems imposing restrictions on the properties of the maximal set of MUBs have
been proved23,24 and strong numerical evidence suggests that no more than three mutually unbiased bases actually
exist in dimension six19,22,25,26.
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Different experimental approaches have been recently adopted to
implement complete sets of MUBs for state reconstruction in photo-
nic systems. For example, the polarization of a photon pair was used
to define MUBs in dimension four27, the orbital angular momentum
(OAM) of single photons has been used to address Hilbert spaces
with d 5 2, 3, 4, 5 28, and multiple propagation modes were combined
to reach dimensions d 5 7, 8 29. Hybrid methods combining polar-
ization and OAM were also used to define and manipulate photonic
ququarts (d 5 4)30,31. However, since in d 5 6 no complete set of
MUBs is known, this case has not been investigated hitherto for state
tomography and, to our knowledge, even the minimal set of three
MUBs has never been demonstrated in an experimental framework.
In the present work, we shall focus our attention on this important
six-dimensional (6D) case.

In this paper we demonstrate the generation of MUBs in 6D by
exploiting two different approaches. A 6D Hilbert space can be
always decomposed in the tensor product of a two-dimensional
(2D) and a three-dimensional (3D) space. Hence, a possible route
to implementing 6D quantum states (qusix) is by combining the 2D
and 3D spaces related to two different degrees of freedom of the
photon. Following this route, in our first experiment we prepare
and analyze all states of three MUBs in a 6D Hilbert space obtained
by combining the 2D space of polarization and a given 3D subspace
of the OAM. The OAM degree of freedom is related to the photon’s
transverse-mode spatial structure, and in principle it allows one to
define a single-photon Hilbert space of arbitrarily large dimension-
ality32–35. In our second experiment, we exploit this feature to prepare
and test three MUBs in a 6D space defined only in the OAM of the
photon. The polarization qubit is easily manipulated with standard
optical elements, while arbitrary OAM states can be obtained by
computer-generated holography using a spatial light modulator
(SLM). In the present work we developed a novel method to deter-
mine the hologram kinoform in order to obtain a sufficiently high
fidelity in the state generation. Indeed, MUBs are very sensitive to the
generation fidelity and relatively small imperfections are immedi-
ately visible in the MUBs cross overlaps. A high fidelity is also crucial
to exploit MUBs for quantum cryptography.

Results
Mutually unbiased bases. Let A and B be two operators in a d-
dimensional Hilbert space, with orthonormal eigenbases {jaiæ} and
{jbiæ} respectively. Eigenstates of these observables are said to be
mutually unbiased2,4 if

aijbj
! "## ##2~ 1

d
, Vi,j[ 1, . . . ,df g: !1"

Such operators are also called mutually complementary, or
maximally noncommutative, since given any eigenstate of one, the
outcome resulting from a measurement of the other is completely
undetermined. In a d-dimensional Hilbert space a pair of MUBs can
always be found. Indeed, let {jaiæ} be the computational basis,

aij if g~ 0j i, 1j i, . . . , d{1j if g: !2"

A discrete Fourier transform can be then used to define the following
dual basis, which is mutually unbiased to the previous one:

bij i~
1$$$
d
p
Xd{1

j~0

v
ij
d aj
## " !3"

where vd 5 exp (i2p/d), and the non-italic i denotes the imaginary
unit (not to be confused with the index i). The pair of operators
associated to these bases, often named Ẑ and X̂ reminiscent of the
Pauli operators, provides an algebraic complete set of observables
that fully parametrizes the physical degree of freedom described by

the Hilbert space: all other operators acting on this space are product
of powers of Ẑ and X̂4.

An open issue concerns the maximal number of MUBs that can be
found in a d-dimensional space; in the specific case when d is equal to
a prime number or to a prime power, a maximal set of d 1 1 MUBs
does exist4. This set is also ‘‘complete’’, in the sense that by projective
measurements over its states (d 2 1)(d 1 1) 5 d2 2 1 independent
real parameters can be obtained, which are exactly the number of
parameters needed for full density matrix reconstruction2. A com-
plete set of MUBs can be found using several methods, i.e., the Galois
Field, the Heisenberg-Weyl group, Hadamard matrices, etc. (for a
review see4,16). However, in the general case of composite dimensions
that are not prime powers such as d 5 6, 10, 12, …, all these methods
fail36. On the base of extensive numerical simulations, it has been
conjectured that complete sets of MUBs do not exist in this case25,26,
although such conjecture hitherto has not been rigorously proven. A
minimum number of MUBs that is known to exist in such cases is
given by pk 1 1, where pk is the lowest factor in the prime decom-
position of the number d37. For instance, in the d 5 6 case, three
MUBs can be easily constructed, but no evidence for the existence of
a fourth basis that is unbiased with the first three has ever been found.

The Hilbert space H6 of a 6D system can be always factorized in
the direct product of a 2D and a 3D space, i.e.,

H6~H26H3:

Both these Hilbert subspaces possess complete sets of MUBs,
ma

i

## "% &
and nb

j

###
En o

, containing respectively three and four bases.
Although the states of these bases can be combined to form twelve
different separable bases for the space H6, which can be used for a
complete tomography of the qusix state, only sets with three MUBs
can be constructed. A possible choice is given by the following three
bases:

I~ m1
i

## "
6 n1

j

###
En o

II~ m2
i

## "
6 n2

j

###
En o

III~ m3
i

## "
6 n3

j

###
En o

!5"

where i [ {1, 2} and j [ {1, 2, 3}; an explicit matricial expression of
states that we consider is reported in the Methods section. It can be
immediately seen that any other basis obtained introducing the

fourth one n4
j

###
En o

of the spaceH3 would not be mutually unbiased

with the others, since it is missing a different basis inH2. The set (5)
consists of 18 product states and cannot be extended by any other
vector inH6, even if entangled states are considered23; moreover if a
complete MUB set in d 5 6 existed, then only one among the seven
bases therein could be composed of product states, while all others
must be entangled24.

OAM encoding and the holographic technique. Let jmæ denotes the
eigenstate of the photon OAM with eigenvalue m , where m is any
integer. These states define the entire infinite-dimensional Hilbert
space of OAM. We note that a full specification of the transverse
optical modes would actually require assigning also a radial number,
as in the case of Laguerre-Gauss modes. However, here and in the
following we will omit this radial number and the specification of a
given radial profile will be understood for each value of jmj.

We now define a 3D subspace O in OAM as that spanned by the
three eigenvectors {j11æ, j0æ, j21æ}. These states can be taken to
define the logical basis O1 of a photonic qutrit in the Hilbert space
O. A second basis inO that is mutually unbiased with the logical one
can be obtained as the Fourier-transform one O2~ a1j i, a2j i, a3j if g
defined as in Eq. (3). Explicitly, we have a1j i~ {1j iz 0j iz!
1j i"
' $$$

3
p

, a2j i~ {1j izv 0j izv2 z1j i! "
' $$$

3
p

, a3j i~ {1j izv2 0j iz!

www.nature.com/scientificreports

SCIENTIFIC REPORTS | 3 : 2726 | DOI: 10.1038/srep02726 2



v z1j i!
! """
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, where v 5 v3 5 exp (i2p/3) and we have used the
identity v4 5 v. The other two bases of a maximal set of MUBs inO
are then defined as follows: O3~ b1j i, b2j i, b3j if g with b1j i~
{1j izv 0j izv 1j i" !

! """
3
p

, b2j i~ {1j izv2 0j izz1j i" !
! """

3
p

, b3j i~
{1j iz 0j izv2 z1j i" !

! """
3
p

and O4~ c1j i, c2j i, c3j if g with c1j i~
{1j izv2 0j izv2 1j i" !

! """
3
p

, c2j i~ {1j izv 0j iz z1j i" !
! """

3
p

, c3j i~
{1j iz 0j izv z1j i" !

! """
3
p

.
As shown in Eq. (5), in order to construct three MUBs in the 6D

hybrid space, we will only need the first three basesO1,O2,O3. The
intensity and phase profiles of the nine OAM states belonging to
these three MUBs are shown in Fig. 1.

Let us now discuss the experimental method we adopted for the
generation (and detection) of these nine states, and of all other OAM
superposition states in this work. Arbitrary optical field transverse
modes can be obtained by diffraction of an input Gaussian TEM00

mode on a SLM programmed for displaying a prescribed ‘‘kino-
form’’, that is the pattern determining the phase retardation experi-
enced by the input wave in diffraction. The main problem is that the
SLM is a phase-only optical element, while to obtain arbitrary OAM
modes we need to be able to tailor both the phase and the amplitude
transverse profiles of the outgoing field. This can be obtained by
modulating both the shape and contrast of the kinoform fringes.
To determine the kinoform, we initially tried some of the most com-
monly used methods38, but found that they often give rise to a

non-negligible ‘‘cross-talk’’, i.e., nonzero overlaps between different
states of the same basis, and to significant unbalances in the overlaps
of each state of a given basis with the states of other bases. In other
words, the generation fidelity of these methods was not good enough
for our purposes. For this reason, we developed an holographic
method that is specifically optimized in the fidelity.

Let us first assume that the input field is a plane wave. Our goal is
to obtain in the first order of diffraction a prescribed optical field
AeiW, A and W being the optical field normalized amplitude and
phase, respectively. A straight-forward calculation39 shows that such
optical field is obtained in the far field if the kinoform phase modu-
lation has the following expression:

M~Mod W{pIz 2px
L

# $
,2p

% &
I "6!

where L is the grating period that fixes the diffraction angle,
I~ 1zsinc{1 A" !=p" !, in which sinc21 stands for inverse of sinc(x)
5 sin(x)/x function in the domain [2p, 0], and Mod is the modulo
function that gives the remainder after division of the first argument
by the second. The inverse of sinc function was evaluated numer-
ically by the Newton method, with an accuracy of seven digits.

By this method we calculated the kinoforms needed to generate the
nine OAM states of the first three MUBs of the OAM qutrit. The
resulting hologram patterns are shown in Fig. 1. It can be seen that
these kinoforms include only an azimuthal dependence, since the

Figure 1 | MUBs for hybrid photonic qusix encoding: Representation of quantum states with dimension d 5 6 obtained from the direct product of a
three-dimensional subspaceO of OAM and the two-dimensional space p of polarization. The three main boxes correspond to the three MUBs. On the
left side, the intensity and phase distributions of each OAM spatial mode and the corresponding generating kinoform are shown. On the right side
the polarization states are illustrated graphically by showing the optical electric field orientation in space at a given time.
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OAM state definition ignores the radial coordinate. This implies that
the same kinoforms can also be used with a Gaussian input beam
instead of a plane wave and only the radial profile of the diffracted
wave will be affected, while the OAM state will remain the same.
Moreover, we do not need to finely adjust the input beam waist of the
Gaussian beam.

We note that the holograms defined by Eq. (6) generate ideally
exact modes in the far field, so that the expected overlap between
states belonging to the same basis vanishes identically and that
between states belonging to different MUBs, it is 1/3 in the qutrit
space (and hence it will be 1/6 in the qusix space, after combining
with polarization). As mentioned, this is not the case for other com-
monly used holographic methods. For example, numerical simula-
tions based on the method reported in Ref. 40 yielded mean state
fidelities of 100%, 88.5% and 84.5% for the three OAM qutrit bases.
This corresponds to 6% and 7.7% of mean cross-talk between states
belonging to the last two bases. Moreover, the overlap between states
of different MUBs is found to vary between 21% and 48%, depending
on the state pair. These fidelity problems are absent in our method.
More details about the performances of the holographic method used
in this work will be reported elsewhere39.

Hybrid qusix encoding and characterization. Our first experimental
implementation of qusix photonic states has been achieved by
combining the 2D space p of polarization and the 3D subspace O
of OAM in single photons. The logical basis I of quantum states in
dimension six has been hence implemented as follows:

I~ H,{1j i, H,0j i, H,z1j i, V,{1j i, V,0j i, V,z1j if g !7"

where jHæ, jVæ denote horizontal and vertical linear polarizations, as
shown in Fig. 1, which have been combined with the three eigenstates
of OAM forming the basis O1.

Following Eq. (5), a second basis II, unbiased with the first, is
obtained by combining the diagonal/antidiagonal polarization states

Aj i~
1!!!
2
p Hj iz Vj i! ", Dj i~

1!!!
2
p Hj i{ Vj i! "

" #
with the OAM

states of basis O2. The third basis of the set of MUBs was finally
obtained by combining the circular polarization states

Lj i~
1!!!
2
p Hj izi Vj i! ", Rj i~

1!!!
2
p Hj i{i Vj i! "

" #
with the OAM

third basis O3.
In order to experimentally generate these hybrid qusix states we

employed the setup shown in Fig. 2. Single photons emitted at a
7 kHz rate via spontaneous parametric down conversion in a beta-
barium-borate crystal41 are collected by a single-mode fiber (SM) to
filter out all the spatial modes but the Gaussian mode TEM00, i.e.,
OAM state j0æ (OAM qutrit initialization). A set of waveplates (C)
compensates the polarization after the transmission through the
fiber. The photons are then sent through a polarizing beam splitter
(PBS) (polarization qubit initialization) and, after adjusting the
radial-mode size by a pair of lenses (MA), to a first reflecting spatial
light modulator (SLM1) which generates the desired OAM qutrit
state. The hologram kinoform displayed on the SLM1 for each
OAM state to be generated, in the first-order diffraction, is shown
in Fig. 1. After SLM1, a half wave-plate (HWP) and a quarter wave-
plate (QWP) are used to write the polarization qubit in the photon.
Hence we are able to generate any hybrid qusix that is a product of a
qutrit and a qubit.

The qusix-carrying photon is then sent to the detection stage. This
stage is composed of a polarization analysis set (HWP, QWP and a
PBS) and a second spatial light modulator (SLM2) for converting in
diffraction the OAM state to be detected back into a Gaussian mode.
The photon is finally coupled to a single mode fiber, to filter only this
Gaussian mode, connected to a single-photon counter module
(SPCM). To eliminate the Gouy phase-shift effects between different
OAM eigenstates occurring in free propagation, an imaging system

(not shown in the figure) has been included to image the screen of
SLM1 onto the SLM2. All waveplates and SLMs were computer-
controlled so as to allow for a fully automatic generation and mea-
surement procedure. With this setup, it is possible to perform a
projective measurement upon every possible separable state of polar-
ization and OAM.

Figure 2 | Sketch of experimental setup for generating and testing
photonic MUBs in dimension six. The polarization state is controlled by
suitable sequences of wave plates, while the OAM mode is controlled by
SLMs and single-mode fibers. Legend: SM - single-mode fiber; C -
polarization compensation waveplates; HWP - half-wave plate; QWP -
quarter-wave plate; MA - radial mode adjustment lens set; SLM - spatial
light modulator; SPCM - single-photon counter module; PBS - Polarizing
Beam Splitter.

Figure 3 | Experimental analysis of hybrid qusix photonic states.
Probability distribution resulting from all 18 3 18 projections of each state
within the three MUBs over all the others, comparing theoretical and
experimental values. According to theoretical predictions, we expect that
the 18 3 18 matrix can be divided into nine 6 3 6 blocks Am

n , where the two
indices m, n g {I,II,III} label generation and detection bases, respectively.
Blocks that correspond to projection of one basis over itself (m 5 n) should
be diagonal, i.e., Am

m

$ %
i,j~dij. Other blocks, whose values represent the

overlap between states belonging to two different bases, should be flat, i.e.,
Am

n

$ %
i,j~1=6, for m ? n.
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As a first test, we verified the MUBs properties by generating each
qusix jyiæ among the 18 states of the MUBs and then projecting it
onto all the 18 states jyjæ. Figure 3 shows the resulting measured
probability distribution Pij 5 jÆyjjyiæj2, compared to the theoretical
one P’ij. For a quantitative comparison, we used the similarity para-

meter S~

P
i,j

!!!!!!!!!!!
PijP’ij

p" #2

P
i,jPij

P
i,jP’ij

, which is a natural generalization of the

fidelity used to compare two wavefunctions, finding S 5 (99.19 6
0.04)%. As a second check of the quality of our hybrid qusix states, we
reconstructed the density matrix of all the 18 states by quantum state
tomography. Since we lack a complete set of MUBs in dimension six,
we performed measurements in all possible product states obtained
combining the three MUBs of the polarization space p and the four
MUBs in the OAM space O, for a total of 72 projections. In Table I,
the resulting experimental fidelities of the 18 MUBs states are
reported. The overall mean fidelity was F~ 98:51+0:04! "%.
Moreover, Figure 4 shows the reconstructed density matrices com-
pared to the theoretical ones for three representative qusix states, one
for each MUB considered here.

Pure-OAM qusix encoding and characterization. Our second expe-
rimental implementation of qusix photonic states has been based on
the OAM space only. Although the hybrid approach may offer
advantages for certain specific tasks42, an encoding in OAM is in
principle suitable of extension to arbitrary dimensionality and
enables the generation of any kind of state, including the entangled
ones which, for hybrid encoding, would need a more complex
experimental setup. To define a 6D Hilbert space, we adopted the
following OAM eigenstates as logical basis:

I~ {3j i, {2j i, {1j i, 1j i, 2j i, 3j if g: !8"

The three MUBs were still defined starting from the tensor products
of a 2D and a 3D spaces, as given in Eq. (5). More details about the
resulting states of the three bases I, II, III are given in Methods.

The experimental setup used for generating and testing the states
of the MUBs is the same as in the hybrid qusix case (see Fig. 2), but
with the polarization optics set so as to keep a fixed polarization
everywhere. The kinoform generation was based on the method

Table I | Experimental fidelities measured for all 18 qusix hybrid

states that characterize the three chosen MUBs

Basis State Fidelity

I | H æ | 11æ 0.986 6 0.002
| H æ | 0æ 0.982 6 0.002
| H æ | 21æ 0.986 6 0.002
| V æ | 11æ 0.988 6 0.002
| V æ | 0æ 0.980 6 0.002
| V æ | 21æ 0.983 6 0.002

II | Aæ | a1æ 0.989 6 0.001
| Aæ | a2æ 0.981 6 0.002
| Aæ | a3æ 0.986 6 0.002
| Dæ | a1æ 0.989 6 0.001
| Dæ | a2æ 0.982 6 0.002
| Dæ | a3æ 0.980 6 0.002

III | Læ | b1æ 0.981 6 0.002
| Læ | b2æ 0.981 6 0.002
| Læ | b3æ 0.979 6 0.002
| Ræ | b1æ 0.977 6 0.002
| Ræ | b2æ 0.972 6 0.002
| Ræ | b3æ 0.970 6 0.002

Average Fidelity 0.9851 6 0.0004

Figure 4 | Quantum tomography of hybrid qusix photonic states. Density matrices associated to states of each of the three MUBs have been fully
reconstructed by projections over all the 72 states obtained by direct product of the three MUBs of the 2D polarization space p and the four ones of the 3D
OAM subspace O. Here we show one state for each MUB. Experimental and theoretical matrices are reported for comparison.
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described in Sec. III. Figure 5-a shows the intensity and phase profile
of the 18 OAM modes which form the three MUBs. In Figure 5-b, the
theoretical and experimental probability distributions for all combi-
nations of state preparation and detection are reported. The similar-
ity between the two distributions is S 5 (99.06 6 0.04)% while the
mean fidelity over the 18 states is F 5 (98.78 6 0.08)%. Comparing
this result with the hybrid case, in which only OAM states in dimen-
sion 3 were generated, we find that the fidelity of the OAM genera-
tion does not decrease rapidly with the dimensions. Hence, the
holograhic method used in this work promises to be suitable for
the high-fidelity generation of OAM photonic qudits with very large
dimension d.

Discussion
In summary, we have reported the experimental implementation of a
non-extendable set of three MUBs for a photonic quantum system of
dimension six by two different approaches. In the first, the qusix
states have been implemented via a hybrid scheme based on polar-
ization-orbital angular momentum encoding. All the 18 states
belonging to the MUBs are in this case separable states of two dif-
ferent degrees of freedom. The demonstration of MUBs with high
fidelity and unbiasedness has required the development of a new
method for determining the kinoform to be displayed in the spatial
light modulator. The second demonstrated approach was based on a
quantum encoding in the photon OAM space only, at a fixed polar-
ization. The generation of a set of MUBs with high fidelity was again
verified and this method is suitable for a convenient extension to
higher dimensionality. The techniques we have demonstrated here
can find application in fundamental tests of quantum mechanics,
quantitative wave-particle duality, detection of entanglement43,
quantum key distribution12, tests of quantum complementarity,
logical indeterminacy and the so called ‘‘mean king’s problem’’44,45.

Methods
In dimension d 5 2, the eigenstates of the three Pauli operators provide a complete set
of MUBs, which can be represented by the columns of the following three matrices:

p1~
1 0

0 1

! "
, p2~

1###
2
p

1 1

1 {1

! "
, p3~

1###
2
p

1 1

i {i

! "
: !9"

In d 5 3, there exist four MUBs. We represent them here as the columns of the
following four matrices:

O1~

1 0 0

0 1 0

0 0 1

0

BB@

1

CCA, O2~
1###
3
p

1 1 1

1 v v2

1 v2 v

0

BB@

1

CCA

O3~
1###
3
p

1 1 1

v v2 1

v 1 v2

0

BB@

1

CCA, O4~
1###
3
p

1 1 1

v2 v 1

v2 1 v

0

BB@

1

CCA

!10"

where v 5 exp (i2p/3).
In d 5 6, we may construct three MUBs by a direct product of the p1, p2, p3 bases

and the corresponding first three bases O1, O2, O3:

I~p16O1, II~p26O2, III~p36O3 !11"

These three 6D bases have the following matrix representation:

I~

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0

BBBBBBBB@

1

CCCCCCCCA

!12"

II~
1###
6
p

1 1 1 1 1 1

1 v v2 1 v v2

1 v2 v 1 v2 v

1 1 1 {1 {1 {1

1 v v2 {1 {v {v2

1 v2 v {1 {v2 {v

0

BBBBBBBB@

1

CCCCCCCCA

!13"

III~
1###
6
p

1 1 1 1 1 1

v v2 1 v v2 1

v 1 v2 v 1 v2

i i i {i {i {i

iv iv2 i {iv {iv2 {i

iv i iv2 {iv {i {iv2

0

BBBBBBBB@

1

CCCCCCCCA

!14"

Figure 5 | Experimental analysis of pure OAM qusix. (a) Graphical representation of all 18 states of the three selected MUBs, in the case of pure OAM 6D
encoding. The precise definition of these states is given in Methods. For each state, both the intensity and phase patterns are shown. (b) Theoretical and
experimental probability distributions for an experiment in which all the 18 3 18 combinations of generated/detected states belonging to the three MUBs
are tested.
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The 18 columns of these three matrices give the coefficients of the logical basis
superpositions defining the 18 OAM states shown in Fig. 5 a).
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Quantum metrology bears a great promise in enhancing measurement precision, but is

unlikely to become practical in the near future. Its concepts can nevertheless inspire classical

or hybrid methods of immediate value. Here we demonstrate NOON-like photonic states of m

quanta of angular momentum up to m! 100, in a setup that acts as a ‘photonic gear’,

converting, for each photon, a mechanical rotation of an angle y into an amplified rotation of

the optical polarization by my, corresponding to a ‘super-resolving’ Malus’ law. We show that

this effect leads to single-photon angular measurements with the same precision of polar-

ization-only quantum strategies with m photons, but robust to photon losses. Moreover, we

combine the gear effect with the quantum enhancement due to entanglement, thus exploiting

the advantages of both approaches. The high ‘gear ratio’ m boosts the current state of the art

of optical non-contact angular measurements by almost two orders of magnitude.
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The precise estimation of a physical quantity is a relevant
problem in many research areas. Classical estimation
theory asserts that by repeating an experiment N times, the

precision of a measurement, defined by the inverse statistical
error of its outcome, can be increased at most by a factor of

!!!!
N
p

.
In quantum physics, this scaling is known as the standard
quantum or shot-noise limit, and it holds for all measurement
procedures that do not exploit quantum effects such as
entanglement. Remarkably, using certain N-particle entangled
states it could be possible to attain a precision that scales as N.
This is known as the Heisenberg limit, and is the ultimate bound
set by the laws of quantum mechanics1. Proof-of-principle
demonstrations of these quantum-metrology concepts have
been given in recent experiments of optical-phase estimation,
magnetic-field sensing and frequency spectroscopy2–9. In
photonic approaches, the optimal measurement strategy
typically relies on the preparation of ‘NOON’ states10, in which
all N photons propagate in one arm or the other of an
interferometer. However, the experimental preparation of
NOON states with large N is extremely challenging, and to date
only N! 3, 4 and 5 photonic NOON states have been reported2–5.
Moreover, as N grows, N-photon entangled states become
increasingly sensitive to losses, as the loss of a single photon is
enough to destroy all the phase information11. It has been proved
that, in the presence of losses or other types of noise, no two-mode
quantum state can beat the standard limit by more than just a
constant factor in the limit of large N12–15.

Here we demonstrate the preparation of single-photon
NOON-like quantum states that are superpositions of eigenstates
of light with opposite total angular momentum quantum
numbers. By total angular momentum, we refer here to the
sum of the spin-like angular momentum (SAM), associated with
left and right circular polarization states, and of the orbital
angular momentum (OAM) that characterizes helical modes of
light16,17. Although SAM can have only two values ±:, where :
is the reduced Planck constant, the OAM per photon can
generally be given by l:, where l is an arbitrarily large positive or
negative integer. The SAM–OAM superposition states that we
generate involve m! l" 1 quanta of angular momentum :,
oriented either parallel or anti-parallel to the propagation axis of
each photon. By exploiting such states in the single-photon
regime, mechanical rotations can be measured with a precision
scaling as m times the square root of the number of probes
used. Such enhanced sensitivity can be seen as resulting from
a ‘super-resolving’ interference between the two m-quanta
angular momentum orientations appearing in the superposition,
analogously to the two arms of the NOON-state interferometers.
Notably, in this regime every photon is disentangled from all
others and hence the loss of a photon does not affect the overall
phase coherence, making the scheme loss-robust. Moreover, the
experimental state production and detection are exponentially
more efficient than for N-photon entangled states. We notice that
algorithms for photonic phase estimation without multi-photon
entanglement have already been realized18. However, these rely
on repeated applications of the unknown phase shift to be
measured, and remotely coordinated (between Alice and Bob)
adaptive measurements. Furthermore, these approaches are
exponentially (in the number of applications) sensitive to losses.
Although quantum-inspired, our approach is essentially classical
because the enhancement does not come from quantum
entanglement but results instead from the rotational sensitivity
of large angular momentum eigenmodes. In fact, our photonic
gears can operate also in the fully classical regime, as described by
coherent states. The sensitivity enhancement for a given
mechanical rotation is obtained in the form of an ‘amplified’
rotation of the uniform polarization state of the light, that is the

mentioned ‘polarization gears’ effect. Rotation sensors based on
OAM have been reported before19–23, but our approach is
qualitatively different from all other OAM-related proposals in
that we use SAM–OAM combined states that allow us to ‘read’
the rotation by a simple polarization measurement, thus without
introducing the large photon losses arising from diffraction or
transmission in the angular masks usually needed to read
the OAM state. When inserting the photonic gears between
polarizers, we observe a ‘super-resolving’ Malus’ law, reminiscent
of the polarization correlations visible with multi-photon
quantum states2,3, but which appears in both the classical light
or single photon regimes. In this work, we test our photonic gears
in three different regimes: classical intense laser light; the single-
photon regime, that we adopt to quantitatively compare the
achieved angular sensitivity with the shot-noise and Heisenberg
limits; and the quantum regime of entangled photons, in which
we demonstrate that the photonic gears can be combined with
quantum correlations, leading to different kinds of ‘super-
resolving’ rotational correlations between the two measurement
stages receiving the two photons. In particular, we produce a
quantum state that is metrologically equivalent to a NOON state,
leading to a hybrid quantum-classical enhancement of the
angular sensitivity. The precision attained in this case scales as
mN times the square root of the number of probes used, the m
originating from the gear ratio and the N (instead of the classical!!!!

N
p

) from quantum entanglement. We perform a proof-of-
principle demonstration with N! 2 and total angular momentum
up to 18.

Results
Photonic gear concept. The key element for our photon state
manipulations is the q-plate, a novel liquid crystal (LC) device
that efficiently maps pure polarization states into hybrid SAM–
OAM states and vice versa24–26 (see Methods and Supplementary
Fig. S1 for details). For a linearly polarized input, the photonic
states generated are superpositions of m! 2q±1 quanta in
opposite total angular momentum eigenmodes, where q is an
integer or semi-integer ‘topological charge’ characterizing the
device. Previous achievements were limited to q-plates with low q
(up to 3)27. In particular, rotational-invariant states with m! 0
(q! 1/2) were recently used to demonstrate alignment-free
quantum communication28. Here, we introduce a new family of
devices with q ranging up to 50, producing angular momentum
values as large as m! 101. These photonic states can be also
classically visualized as space-variant polarization states29. When
these SAM–OAM superposition states are passed through a
second q-plate, they are converted back into pure polarization
states with zero OAM and a uniform polarization. However, a
relative rotation of the transmitting and reading stages by a given
angle y is converted into a rotation of the light optical
polarization by the angle my, which in our case can be as high
as 101y. It is this ‘gear ratio’ m that gives rise to the angular
sensitivity enhancement.

In the following, we explain in greater detail the photonic gears
concept by adopting a quantum language, with the purpose of
comparing our sensitivity enhancement with the shot-noise and
Heisenberg limits and to allow an easier generalization to the
hybrid case in which there is both a classical and a quantum
effect. Let us then consider the scenario where a sender Alice
and a receiver Bob wish to measure a relative misalignment
angle y between their reference frames around the optical axis
(see Fig. 1a). A classical strategy for this task consists of Alice
sending N photons (see Fig. 1b), each one in state
j CCi _! j 1iH # $1=

!!!
2
p
%$j 1iR" j 1iL%, where |nSx denotes a

state of n photons in mode x, with x!H, R or L, representing
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the horizontal-linear, right- and left-circular polarization modes,
respectively. All modes in the vacuum state are omitted for
brevity. Bob fixes a polarizer in the H direction in his coordinate
system, where the misalignment corresponds to a rotation by -y
of the photons’ state. In turn, the L and R polarization states are
eigenstates of rotation, so that in Bob’s frame |CCS becomes
j CC!y"i # !1=

!!!
2
p
"!eiy j 1iR$ e% iy j 1iL". The conditional prob-

ability that he detects a photon in the H-polarization (of his
reference frame) given that the phase is y is given by Malus’
law: pC!H j y" # cos2y. By measuring this probability, Alice and
Bob can estimate y. To strengthen their statistics, they repeat
the procedure n times, consuming a total of n&N photons, and
average all the outcomes. Their final statistical error is bounded as
follows:

DyC ' (2
!!!!!!
nN
p

)% 1: !1"
The right-hand side is the standard quantum limit, and can

always be reached in the asymptotic limit of large nN (ref. 1). Our

error estimators Dy are standard root-mean-squared variances. In
general, for phases, a cyclic error cost-function would be more
appropriate, as for instance, the Holevo variance30. However,
both types of variances coincide in the small-error limit, so for
our purposes the standard variance is adequate.

Using quantum resources, the optimal strategy consists of Alice
sending n probes, each one composed of the N-photon-entangled
NOON state j CQi # !1=

!!!
2
p
"!j NiR$ j NiL". In Bob’s frame,

this state is expressed as j CQ!y"i # !1=
!!!
2
p
"!eiNy j NiR$

e% iNy j NiL". The conditional probability that he detects the
unrotated state |CQS is pQ!CQ j y" _# j hCQ j CQ!y"i j2#
cos2!Ny", which resolves values of y that are N times smaller
than pC(H|y). Their uncertainty is then bounded as follows:

DyQ ' (2
!!!
n
p

N)% 1: !2"

The right-hand side is now the Heisenberg limit, which can
always be reached in the asymptotic limit of large n (ref. 1).
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Figure 1 | Photonic gear concept. (a) A sender Alice prepares and sends to a receiver Bob photonic probes to measure the relative angle y between their
reference frames. (b–d) Equivalent interferometric scheme. The action of the physical rotation can be schematically represented as an interferometer,
where the two arms correspond to the right- and left-circular components of the photon. (b) Polarization-only states are used. The physical rotation
introduces a relative phase between the right- and left-circular components of the photon, corresponding to a rotation of the final photon polarization by

the same angle y. The measurement is repeated n times, and polarization fringes pC!p j y" # cos2y are recorded (with p#H,V), from which the angle y is
retrieved with a statistical error Dy (represented as a blurred arrow pointing to a goniometer). (c–d) Hybrid SAM%OAM photon states are generated
by exploiting q-plates [(c) q# 1, (d) q# 10] and are used to estimate the angle y. The physical rotation introduces a relative phase between the two
components which varies m# 2q$ 1 times faster than the polarization-only case, so that the output photon polarization rotates m times faster (photonic

gear effect). The recorded polarization fringes pC
G!p j y" after decoding with a second q-plate now present a periodicity p 1/m, leading to an improved

angular sensitivity Dy/m. The intensity (squared blue contour plots) and phase patterns (squared contour plots in false colours) of the linear and circular
polarization components of the employed SAM-OAM states are also shown. (e) Experimental setup. In the single-photon regime, Alice uses photons
generated by a parametric down-conversion heralded source. In the classical regime, Alice uses coherent laser pulses. The quantum regime, in turn, uses
entangled photons and is described in Fig. 4. Bob’s detection apparatus is mounted in a compact and robust stage which can be freely rotated around the
light propagation axis28. QWP, quarter-wave plate; PBS, polarizing beam-splitter; APD, fibre-coupled single-photon detector.
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In our photonic gear approach, Alice and Bob exchange
photons in SAM–OAM superposition states (see Fig. 1c,d). Alice
initially prepares N horizontally polarized photons, as in the
classical strategy. However, before sending them to Bob, she first
has them pass through a q-plate of charge q. The q-plate
implements the bidirectional (unitary) mode transformations
fayR;0 $ ayL;! 2q; ayL;0 $ ayR;2qg, where the subscripts 0 and ±2q

refer to the OAM values, and ayp;l denotes the creation operator of
a photon with polarization p and OAM component l25. This
results in the following transformation of Alice’s photons:

j 1iH;0 !
q-plate

"1=
!!!
2
p
#"j 1iL;! 2q$ j 1iR;2q#. Next, a half-wave plate

(HWP) is used to invert the polarization, to obtain the
transmitted states:

j CC
Gi %

1!!!
2
p "j 1iR;! 2q$ j 1iL;2q#: "3#

This single-photon state represents a superposition of m% 2q$ 1
quanta in opposite total (spin$ orbital) angular momentum
eigenmodes. Likewise, if the HWP is removed, the case
m% 2q! 1 is obtained.

In Bob’s frame, the photons arrive as j CC
G"y#i % "1=

!!!
2
p
#

"eimy j 1iR;! 2q$ e! imy j 1iL;2q#. To detect them, he first undoes
Alice’s polarization flip with another HWP, and undoes her OAM
encoding with another q-plate of the same charge q, so that

j CC
G"y#i !

1!!!
2
p "eimy j 1iR;0$ e! imy j 1iL;0#: "4#

This state corresponds to a uniform linear polarization, but with
the polarization direction forming an angle my with respect to
Bob’s H axis, resulting in the photonic gear effect. Finally, Bob
measures the probability of detecting the H linear polarization
conditioned on y as in the classical strategy. This is again given by
Malus’ law:

pC
G"H j y# % cos2"my#; "5#

but shows now the m-fold resolution enhancement over the
polarization-only strategy.

As usual, Alice and Bob repeat the procedure a total of n times.
Their statistical error is now bounded as follows:

DyC
G & '2m

!!!!!!
nN
p

(! 1; "6#

and can always saturate the bound in the asymptotic limit of large
nN, as shown in Supplementary Note 1. This represents an
improvement over the standard limit (1) for polarization-only
strategies by a factor of m. This enhancement is not quantum but
due exclusively to the coherent rotational sensitivity of high-order
angular momentum eigenmodes.

Remarkably, already for m4
!!!!
N
p

the scaling (6) becomes better
than the best precision (2) attainable with polarization-only
NOON states. Furthermore, the photonic-gear strategies, both in
the single-photon and classical regimes, greatly outperform the
latter in realistic scenarios with large N. First, the production and
detection of our SAM–OAM photon states is exponentially more
efficient in N than those of NOON states. Second, as state (3)
does not bear any multi-photon coherences, losses reduce the
total number of photons, but leave the remaining ones unaltered.
That is, total losses characterized by an overall transmissivity 0r
Z r1 enter as a constant multiplicative factor, simply rescaling
in equation (6) the total number of photons to nNZ (see
Supplementary Note 1), in striking contrast to NOON states11.
Furthermore, one could also consider to exploit the OAM of light
to mimic the behaviour of other quantum states such us spin-
squeezed states, requiring the superposition of many angular-
momentum eigenstates.

Combining photonic gears and quantum enhancement. The
last type of strategy we consider is a hybrid classical-quantum
one, which exploits both entanglement and high angular
momenta through the photonic gear. In its simplest version,
each probe may consist of a N-photon-entangled NOON state
j CQ

Gi % "1=
!!!
2
p
#"j NiR;! 2q$ j NiL;2q#. Following the same steps

as above, one finds this time that pQ
G"C

Q
G j y# _% j hCQ

G j C
Q
G"y#i j2

% cos2"mNy# and

DyQ
G & '2m

!!!
n
p

N(! 1: "7#

Thus, ideally, this strategy features the Heisenberg precision
scaling for hybrid SAM–OAM approaches, but it bears in practice
the same loss-sensitivity problems as the polarization-only
quantum strategy. However, for small N, these problems can still
be efficiently dealt with and interesting applications can be
achieved, as we demonstrate below.

Moreover, multi-photon quantum states other than NOON
states can also be combined with the photonic gears, obtaining
other interesting effects. For example, let us consider two-photon
polarization-entangled states, where one photon is sent to Alice
and the other to Bob. Alice and Bob make local H/V-polarization
analysis in their own rotating stages, which can be set at arbitrary
angles yA and yB. When yA% yB% y, the system can model two
photons travelling in the same mode, subject to the same rotation,
and hence yield results analogous to the NOON-state case
discussed above for N% 2.

When yA a yB, one can instead align two distant frames
remotely with two-photon probes produced by an unrelated
common source, which sends one photon to each frame, by
exploiting the quantum correlations among the two photons.
More in detail, let us assume that the photons are generated
in the maximally entangled polarization Bell state
j c! i % "1=

!!!
2
p
#"j 1iAR;0 j 1iBL;0! j 1iAL;0 j 1iBR;0#. The photons,

before transmission, are sent through two q-plates with
topological charges qA and qB, respectively, and a HWP, as
shown in Fig. 1a. Thus, the following state is distributed to Alice
and Bob:

j c!G i %
1!!!
2
p "j 1iAR;! 2qA

j 1iBL;2qB
! j 1iAL;2qA

j 1iBR;! 2qB
#: "8#

Alice and Bob, in their rotated frames, apply the same
transformations to the photons, thus converting them back to
pure polarization states. The probability that Alice and Bob both
detect H-polarized photons in their local frames is then
pc!G "HH j yAyB# % "1=2#sin2'"2qA$ 1#yA!"2qB$ 1#yB(, show-
ing ‘amplified’ polarization correlations. Choosing qA% qB, one
can, for example, use these correlations (in combination with
classical communication channels) to precisely estimate the
relative misalignment yA–yB and remotely align the two distant
frames. If a HWP with the optical axis parallel to H is now
inserted in Bob’s photon path after generation of the polarization-
entangled state (which corresponds to acting with a sx Pauli
operator in the R/L basis), one obtains the entangled
state j f!G i % "1=

!!!
2
p
#"j 1iAL;2qA

j 1iBL;2qB
! j 1iAR;! 2qA

j 1iBR;! 2qB
#,

instead of j c!G i. Alice’s and Bob’s HH-photon correlations have
now probability pf

!

G "HH j yAyB# % "1=2#sin2'"2qA$ 1#yA
$"2qB$ 1#yB(. So, in this case, for yA% yB% y, the system is
metrologically equivalent to NOON-state probes j CQ

Gi for N% 2
and m % "mA$mB#=2 % qA$ qB$ 1. In particular, for N% 2
photons, y can be estimated from the HH-correlation measure-
ments with just half the efficiency as from pQ

G"C
Q
G j y#,

which would require two-photon interference detection. Full
efficiency in the estimation process can be recovered by simply
registering and considering the four possible two-photon
polarization correlations (HH,HV,VH,VV), which requires no
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extra measurements. The same result can be generalized to
N-photon entangled states.

Experimental single-photon gear enhancement. Our theoretical
predictions were experimentally tested by exploiting a series of
q-plates with increasing charge q. We focus first on the single-
photon regime. The experimental setup is shown in Fig. 1e.
Figure 2 shows the polarization fringes obtained for several values
of q, corresponding to the ‘super-resolving’ Malus’ law (5). The
red curves correspond to the polarization-only approach (q! 0),
shown for comparison. The oscillation frequency p m! (2q±1)
highlights the improving angular resolution for increasing q. In
Supplementary Fig. S2, we also show that the initial phase of the
oscillation can be tuned by choosing the appropriate input
polarization state, and that this allows one in turn to optimize the
sensitivity for any angle y.

Experimental imperfections lead to a non-unitary fringe
visibility. As shown in Supplementary Note 1, the loss of visibility
increases the statistical error as follows:

Dym " #2mVm
!!!!!!
Zm
p !!!!!!

nN
p

$% 1 ! Dym
min; &9'

where Vm is the visibility of the oscillation pattern and Zm the
efficiency of the detection system. In our case, all curves show a
visibility greater than 0.73. As a figure of merit for the

enhancement in precision, we consider the ratio between the
statistical error of the polarization-only strategy and of the
photonic gear: Dy0=Dym / mVm

!!!!!!!!!!!!
Zm=Z0

p
. Figure 3a,b shows

Dy0/Dym as a function of m obtained from the interference
curves. We obtain a maximum enhancement over the polariza-
tion-only strategy by E55. To obtain the same precision Dy with
the polarization-only classical strategy, one would have to
increase the number of trials by a factor of 552! 3,025, whereas
for the polarization-only quantum NOON-state strategy, one
would require entangled states of N E55 photons each. As shown
in Fig. 3c,d, our estimation protocol gives an estimate !y which
converges to the true value y in a limited number of trials nB300,
where n is the number of single photons sent through the system.
Furthermore, in Supplementary Fig. S2 and Supplementary Note
2, we discuss a three-step adaptive protocol which permits
efficient and unambiguous estimation of such y even when it is a
completely unknown rotation in the full [0, 2p] interval.

In Supplementary Fig. S3, we show that the rotational
sensitivity enhancement due to the photonic gears effect can also
be achieved in the classical regime with an intense laser, making it
immediately applicable to real-world optical measurements,
which we will now briefly discuss. There, the most common
problem is to perform precise non-contact and/or remote optical
measurements of roll angles. These are mechanical rotations of an
object around one of its symmetry axes31,32. Polarization-based
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Figure 2 | Single-photon experimental fringes. Experimental results for single photons and q-plate charges (a) q! 1/2 (l! 1), (b) q! 3 (l! 6), (c) q! 5
(l! 10), (d) q! 25 (l! 50) and (e) q! 50 (l! 100). For each case (a% e), we report: the q-plate axis pattern, corresponding to the distribution
of the liquid crystal molecular director (top row, left panels); the calculated intensity and phase profiles of the generated OAM fields (top row, middle and
right panels); the theoretical and experimental intensities after projection on the H-polarization state (middle panels); the measured fringe patterns
(blue dots) as a function of the mechanical rotation angle y, accompanied by sinusoidal best-fit curves (blue lines) and by the polarization-only case (red
dots and lines) (bottom panels). The fringe patterns reported for cases (a,d,e) correspond to m! 2q( 1 [(a) m! 2, (d) m! 51 and (e) m! 101].
Fringe patterns with m! 2q–1 (without the HWPs, left plots) and m! 2q( 1 (with the HWPs, right plots) are shown in (b) (m! 5 and 7) and (c) (m!9
and 11). In (d,e), an inset with a zoomed-in region of the fringes is also shown. Error bars in the polarization fringes are due to the Poissonian statistics of
the recorded events, whereas error bars in the set value of the angle y are due to the mechanical resolution of the rotation stage.
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methods, essentially relying on the Malus’ law combined with
suitable polarization manipulations, are among the most
convenient approaches. Depending on the details of the
scheme, this typically leads to a sensitivity of about 10! 2

degrees for a dynamical range of 30–360!, or about 10! 4 degrees
when restricting the range to B1!. All these polarization-based
methods, irrespective of the details, can be combined with our
photonic gear tool without changes. Their sensitivity is therefore
predicted to be improved approximately by the factor m"Vm,
which we have shown can be made larger than 50. For example,
the method reported in Liu et al.31 combined with our photonic-
gear enhancement is expected to achieve a maximal sensitivity of
10! 6 degrees, or about 0.01 arcsec. The dynamical range is also
reduced by a similar factor, but the full dynamical range can be
recovered by the adaptive protocol discussed in Supplementary
Note 2.

Experimental photonic gears on two-photon entangled states.
We consider at last the quantum regime of entangled photons,
using the setup shown in Fig. 4a. We demonstrate two-photon
entangled states where each photon has a different total angular
momentum, m1 and m2, with a maximum of m1#m2$ 18. We
carried out two types of experiments. In the first, we generated
photon pairs in the ‘entangled photonic gear state’ j c!G i, given in
equation (8). We then measured the HH correlations for two

different sets of q-plates. The results are reported in Fig. 4b–d as a
function of the angles yA and yB of Alice’s and Bob’s stages. The
enhancement in oscillation frequency in both the yA and the yB
directions with respect to the polarization-only case is clearly
observed and matches our theoretical predictions. Next, we
generated the entangled state j f!G i and rotated the two stages by
the same angle yA$ yB$ y, thus creating a situation analogous to
the case of NOON-state probes. The measurement results are
shown in Fig. 4d. The hybrid quantum-classical sensitivity
enhancement by the factor mN$mA#mB$ 2qA# 2qB# 2 is
clearly observed, confirming again our predictions. In particular,
the experimental comparison between the two-photon quantum
case with j f!G i and the single-photon case with j CC

Gi shows that
in the former case a quantum enhancement by a factor 2 is
superimposed to the classical photonic gear effect.

Discussion
In summary, we have reported a photonic scheme to measure
rotation angles with greatly enhanced precision. In the regime
of single-photon probes, a precision of % 55

!!!!!!
nN
p

has been
demonstrated experimentally, with nN the total number of
photons. Notably, rather than in an asymptotic limit, this
precision was attained already for total photon numbers as small
as nN E102 to 104. To our knowledge, this constitutes the highest
precision per-particle reported so far4,7,9,18. In addition, we
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Figure 3 | Estimation of a rotation angle with photonic gears in the single-photon regime. Ratio between the statistical errors Dy0/Dym for the
polarization-only strategy versus the gears strategy in the single-photon regime for qo10 (a) and for all the implemented values of q (b). In (a) for each
point the pattern of the corresponding q-plate is also shown. We obtain a maximum precision enhancement of E55 for q$ 50, corresponding to the
generation of optical states with an OAM component with l$ 100. Red dashed line: theoretical prediction for the ideal case. Blue solid line: model taking
into account experimental imperfections (see equation (9) and Supplementary Note 1 for more details). Black horizontal dashed line: experimental
maximum enhancement. (c,d) Convergence of the angle estimation procedure as a function of the number of repeated experiments n for m$ 7 (q$ 3).

(c) Measured angle !y versus the number of incident single photons n (the red area corresponds to the true angle set in the apparatus, up to mechanical
resolution). Error bars correspond to the statistical error in the estimation process. (d) Ratio Dym=Dym

min showing the convergence to the Cramér–Rao
bound (see Supplementary Note 1).
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demonstrated ultra-sensitive two-photon entangled probes
tailored for different target estimations. We anticipate that
immediate application of the photonic-gear concept in a
classical regime can improve current polarization-based
methods for measuring roll angles to a sensitivity of less than
0.01 arcsec. These values provide substantial progress over the
current state of the art. In addition to metrological applications,
the capability we have demonstrated to efficiently generate and
detect hybrid polarization!OAM quantum states with very
large OAM creates interesting prospects for high-rate classical
communication33, coupling with atomic systems34, quantum
information processing35 and fundamental tests of quantum
mechanics36,37.

Methods
Q-plate fabrication. A q-plate is essentially a HWP whose optical axis orientation
angle is not uniform, but changes from point to point in the transverse plane. The
optical axis orientation at each point can be given as y" qj# a, where y is the
angle the optical axis forms with a reference axis x in the transverse plane xy, j is
the azimuthal angle coordinate, q is called the topological charge and a is a con-
stant. When a circularly polarized photon passes through a q-plate, its helicity is
switched to the opposite one, like in the case of standard HWPs. Such polarization
transformation, although having the same initial and final states, occurs in a

different way in different points of the transverse plane, giving rise to a non-
uniform geometrical (or Pancharantam!Berry) phase retardation. The phase shift
is coordinate dependent and equal to the double of y, which is equivalent to an
OAM state change of ±2q. The sign of the phase shift depends on the initial
polarization state: for the circular |1SL,m input, the output OAM state is changed
by # 2q and for the circular |1SR,m one, the output OAM state is changed by ! 2q.
The same applies to all the superposition states that correspond to an elliptically
polarized input photons, producing hybrid SAM–OAM states in the output.
This way, with a single q-plate of charge q and linearly polarized Gaussian input
it is possible to generate a hybrid state $1=

!!!
2
p
%$j 1iL;! 2q # j 1iR;2q%.

In our experiment, the q-plates are realized using a nematic LC. A q-plate is a
LC cell, in which a thin layer of LC is sandwiched between two glass windows,
previously covered with a suitable surface coating for inducing the desired
orientational order to the LC layer. For generating the q-plate pattern, we adopted a
photoalignment method38, which consists in exposing the aligning layer, which
contains suitable photosensitive dyes, with linearly polarized UV light. The
polarization direction of the light defines the local anisotropy direction of the
aligning coating (the latter is actually orthogonal or parallel to the polarization,
depending on the choice of materials), which in turn, induces the orientation
direction of the LC layer. Hence, the q-plate is realized by illuminating the empty
cell with a thin line of light, ‘writing’ sector by sector the desired angular structure,
while constantly controlling the polarization direction of the writing beam and
rotating the sample at the same time. The LC is inserted in the cell after writing the
alignment pattern. The cell glasses also include a thin conducting transparent layer
of indium tin oxide, in order to apply an electric field and fine-tune the q-plate to
the desired total retardation of half-wave. The output OAM state quality is defined
by the smoothness of the q-plate and the size of central defect. The first one is
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Figure 4 | Entangled photonic gears. (a) Experimental setup. An entangled photon pair in the polarization state |c!S is generated by type-II spontaneous
parametric down conversion. The state can be converted to the |f!S state by inserting a HWP in the path of Bob’s photon. Each photon is then
converted into SAM!OAM hybrid states by the q-plates qA and qB and a HWP, as before, and is sent to a different rotation stage for the analysis.

(b) Normalized experimental correlations pc!G $pp j yA; yB% (blue points), with pp"HH, obtained with the |c!S state by measuring the two-fold

coincidences in the H-polarization bases on both modes for different values of the rotation angles yA and yB. We observe the gear enhancement with
respect to the polarization-only case (red surface, theory) in the oscillation frequencies in both directions yA (with mA" 2qA! 1" 2) and yB (with
mB" 2qB# 1" 11). (c) Normalized experimental correlations again with |c!S (blue points) but for mA" 2qA# 1" 7 and mB" 2qB# 1" 11. (d) Normalized
experimental correlations obtained with the |c!S and |f!S states when rotating the two stages by the same angle yA" yB" y, for mA" 2qA# 1" 7 and
mB" 2qB# 1" 11. The polarization correlations (blue points: data for |c!S, red points: data for |f!S) now present an oscillation pattern with a periodicity
enhancement of (mA#mB) for |f!S and mA–mB for |c!S, due to quantum entanglement combined with the gear effect. The theoretical polarization-only
HH correlation (without the gear enhancement) is also shown, for reference, as a red solid curve in the |f!S state case, oscillating as 2y, and as a blue
solid curve in the |c!S state case, which is constant and vanishing. Yellow points: experimental data for single-photon gear with m" (mA#mB)/2" 9,
oscillating at half the frequency of j f!G i. Dashed curves: best fit of the experimental data. The visibility of the pattern for |f!S state is

Vf!G " 0:826 & 0:011. In all plots, error bars in the correlations are due to the Poissonian statistics of the recorded events, whereas error bars in
the set value of the angle y are due to the mechanical resolution of the rotation stage.
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defined by the sample rotation step, laser line thickness and the choice of the
aligning surfactant material. The central defect size is also very sensitive to the
alignment of the sample with respect to the writing beam. For low topological
charges qo10, a step of 1! and corresponding laser line thickness provides good
quality of the final structure. With the increase of topological charge, finer q-plate
structures required smaller rotation steps (up to 0.1! for q Z25) and particular
attention to rotation error compensation. In combination with suitable azodyes
selected as high-resolution aligning surfactants38, it was possible to achieve a high
quality of the LC alignment and a low size, with respect to the total aligned area, of
the central defect.

Experimental details. The optical source of single photons (not shown) is pro-
vided by a Ti:sapphire mode-locked laser, which generates pulses of Dt! 120 fs
with repetition rate of 76 MHz at l! 795 nm. The source is then doubled in
frequency via a second harmonic generation process to obtain the pump beam of
the experiment of l! 397.5 nm and P! 700 mW. The single photon is con-
ditionally generated through a type-II spontaneous parametric down conversion
process in a l! 1.5 mm beta-barium-borate crystal. The output field is then filtered
in frequency with a Dl! 3 mm filter and coupled in a single-mode fibre. Photons
at the output of this fibre are then injected into Alice’s preparation device.
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Violation of Leggett-type inequalities in the spin-orbit degrees of freedom of a single photon
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We report the experimental violation of Leggett-type inequalities for a hybrid entangled state of spin and orbital
angular momentum of a single photon. These inequalities give a physical criterion to verify the possible validity
of a class of hidden-variable theories, originally named “crypto nonlocal,” that are not excluded by the violation
of Bell-type inequalities. In our case, the tested theories assume the existence of hidden variables associated with
independent degrees of freedom of the same particle, while admitting the possibility of an influence between
the two measurements, i.e., the so-called contextuality of observables. We observe a violation of the Leggett
inequalities for a range of experimental inputs, with a maximum violation of seven standard deviations, thus
ruling out this class of hidden-variable models with a high level of confidence.

DOI: 10.1103/PhysRevA.88.032101 PACS number(s): 03.65.Ud, 42.50.Xa, 42.50.Tx

I. INTRODUCTION

Following Einstein, Podolsky, and Rosen (EPR), a physical
theory is considered complete when there is a one-to-one
correspondence between its elements and what are called
the elements of reality of the physical system that the theory
aims to depict. Starting from the locality assumption, in the
famous EPR paradox [1] it is argued that there exist physical
systems, based on entanglement between different degrees of
freedom, which are characterized by elements of reality that
do not have counterparts in the quantum theory. In this sense,
therefore, quantum mechanics is said to be an incomplete
theory. Following the seminal gedanken experiment proposed
by EPR, many scientists have tried to look for different
theories, by introducing additional variables to the quantum
ones, that recover the lack of knowledge (incompleteness)
of the quantum theory; these additional variables are known
as hidden variables because there is no known way to detect
them experimentally [2–4]. The experimental violation of Bell
inequalities has ruled out all possible forms of local hidden-
variable theories, thus proving the impossibility of building up
a theory that could recover both locality and so-called realism
at the same time [5,6]. In 2003, Leggett formulated a new
incompatibility theorem between quantum mechanics and a
subclass of nonlocal hidden-variable theories, named “crypto
nonlocal” [7]. In recent years, this (class of) nonlocal realism
has been investigated in several experiments. The associated
inequalities, named Leggett’s inequalities, were also found to
be experimentally violated, thus ruling out also this class of
nonlocal hidden-variables theories [8–12].

In all of the hitherto addressed experiments, the same
degree of freedom of two entangled individual parties, for
example the polarization of two entangled photons generated
by spontaneous parametric down conversion, was used to test
the Leggett inequalities. However, entanglement is not limited
to a many-particle system: separate degrees of freedom of

*Current address: Department of Physics, University of Ottawa,
150 Louis Pasteur, Ottawa, Ontario, K1N 6N5 Canada; ekarimi@
uottawa.ca

a same particle can be used to generate a single-particle
entangled state. In such state, two (or more) observables of
the particle may have a fully undetermined random value,
but the overall quantum state of the particle is pure, thus
implying the presence of strong correlations between the
involved observables. Such correlations may then be tested
against the predictions of hidden-variable models. The Bell
inequalities (or, alternatively, the tests of the Kochen-Specker
kind), in this case, probe the so-called noncontextuality of
the observables, i.e., the assumption that the value of each
observable as determined by the hidden values cannot be
affected by the choice of measurement settings in place for
other independent observables [13]. On the other hand, the
Leggett inequality goes beyond this, by testing the possible
validity of a class of hidden-variable models, independently
of the assumption for noncontextuality of the observables.
Following Leggett, we might call this class of models “crypto-
contextual” models. A violation of Leggett’s inequalities,
therefore, negates the possible existence, before the act of
measurement, of any elements of reality of the specific kind
postulated in such crypto-contextual models.

In this article, we test a set of Leggett inequalities for
single photons prepared in entangled states of the following
two observables: spin angular momentum (SAM) and orbital
angular momentum (OAM). SAM and OAM are, respectively,
associated with the polarization and the wave front of an
optical field and hence are fully independent observables in
the paraxial limit [14–16]. In quantum optics, SAM lives in a
two-dimensional (2D) Hilbert space, while OAM corresponds
to an unbounded, infinite-dimensional Hilbert space. However,
we will use only a 2D subspace of OAM, thus mimicking
a second spin state. In order to generate the single-photon
SAM-OAM entangled state, we exploited the spin-to-orbital
coupling taking place in a suitably patterned liquid-crystal cell,
named q plate [16,17]. Similar applications of such device
for quantum information experiments have been demonstrated
in a number of recent works [18–22]. As we shall see, our
experimental data for the SAM-OAM correlations were found
to be in agreement with the quantum predictions and violate the
Leggett’s bound, with a maximum violation of seven standard
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deviations. This rules out with a high level of confidence the
possible validity of crypto-contextual hidden-variable models
for the single-photon SAM-OAM hybrid correlations.

II. LEGGETT INEQUALITIES

In Leggett’s model, we consider a physical system consist-
ing of two 2D subsystems X and Y and two corresponding
observables. In the original paper, the SAM (polarization)
of two correlated photons was used, while, in this article,
we take X to be the SAM and Y to be a 2D subspace of
OAM of a single photon. For each of these observables, two
observers, Alice and Bob, perform projective measurements
specified by unit vectors a and b on X and Y, respectively.
These vectors single out a state in the two-dimensional space
and can be hence represented as unit vectors in the Poincaré
sphere, as shown in Fig. 1. The resulting x (y) obtained by
Alice (Bob) is a dichotomous variable, taking the possible
values +1 and !1, where +1 is the outcome when the system
is detected in state a (b) and !1 when it is found to be
orthogonal to state a (b). In the crypto-contextual models, these
possible outcomes are predetermined (either deterministically
or stochastically) by a set of hidden variables !, defined in a
domain ". Due to our lack of knowledge about these hidden
variables, all measured quantities result from an average
in the hidden-variable domain, weighted by the probability
distribution #(!) that the system is in state !.

In the original model proposed by Leggett [7], the hidden
variables ! are defined by assigning a specific “hidden”
spinlike state u to X and v to Y, where these vectors live
in the corresponding Poincaré spheres. This is done even if
the overall quantum state is prepared in an entangled state
for which the individual subsystems X and Y would have
no definite quantum state. The expectation values for the
observables X and Y with measurement settings a and b,

FIG. 1. (Color online) Geometric representation of the Hilbert
spaces corresponding to the following single-photon observables:
(a) SAM and (b) OAM, with the latter restricted to a 2D spinlike
subspace. North and south poles of the SAM Poincaré sphere
correspond to left- and right-handed circularly polarized photons,
respectively. Linearly polarized states are on the sphere equator. The
OAM subspace is restricted to the eigenvalues m = ±1. North and
south poles of the corresponding sphere then represent m = +1 and
m = !1, corresponding to the Laguerre-Gauss modes LG0,1 and
LG0,!1, respectively (with the radial number p = 0). The equator
of the OAM Poincaré sphere corresponds to Hermite-Gauss modes,
as given by a balanced superposition of the LG0,1 and LG0,!1 modes.
The small insets in (b) show the intensity distribution patterns for
some of these OAM modes.

respectively, are then assumed to be given by the following
expressions:

"x#! =
!

x

x P (x|a,b,!) = u · a,

(1)
"y#! =

!

y

y P (y|a,b,!) = v · b,

where ! = (u,v). The correlation C(a,b) between measure-
ments performed by Alice and Bob are given by the expression

C(a,b) =
"

"

d! #(!)

#
!

xy

xy P (x,y|a,b,!)

$

, (2)

where P (x,y|a,b,!) is a joint probability that the outcome of
Alice and Bob projective measurement on a and b are x and
y, respectively. The model allows for contextuality of the two
observables X and Y because this joint probability is, in gen-
eral, nonseparable, i.e., P (x,y|a,b,!) $= P (x|a,!)P (y|b,!).
This, in particular, implies that each individual measurement
outcome x of observable X may, in general, depend on the
observable Y settings b, and possibly even on its simultaneous
outcome y, and vice versa. However, it should be noted that
Eqs. (1) do imply a “nonsignalling” condition, so that each
average value of a given observable is taken to be independent
of the measurement settings of the other observable.

For this model, Branciard et al. derived a simplified version
of Leggett-type inequalities [11], which we will adopt here
for our tests. This inequality involves three measurements on
X along the vectors ai and six on Y, along the vectors bi

and b%
i , where i = {1,2,3}, with the following constraints: the

three vector pairs bi ,b%
i form a same angle $, their differences

bi ! b%
i must be three mutually orthogonal vectors, and their

sums bi + b%
i must be respectively parallel to the ai . When

these conditions are satisfied, Leggett’s model gives rise to the
following inequality [11]:

E3($) = 1
3

3!

i=1

|C(ai,bi) + C(ai,b%
i)|

! 2 ! 2
3

%%%% sin
$

2

%%%% = L3($). (3)

Quantum mechanics, on the other hand, predicts a violation
of this inequality. Indeed, if the system is prepared in a
maximally entangled state of the observables X and Y, such
as for example |%+# = (|+1#X|!1#Y +|!1#X|+1#Y )/

&
2, then

the correlation coefficients predicted by quantum mechanics
are given by

C(a,b)QM = !a · b = ! cos($/2), (4)

from which we obtain

E
QM
3 ($) = 2|cos $/2|. (5)

This function E
QM
3 ($) is above the Leggett bound of L3($)

for a wide range of values of the angle $, as we will show
further below.

III. EXPERIMENT

The layout of our experimental setup is shown in Fig. 2.
The two-photon source (not shown in the figure) is based on a
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FIG. 2. (Color online) Experimental apparatus used for perform-
ing the Leggett test in the SAM-OAM Hilbert space of a single
photon. See text for a detailed explanation of the setup workings. PBS:
polarizing beam splitter; hwp: half-wave plate; qwp: quarter-wave
plate; SLM: spatial light modulator; 100x: microscope objective; IF:
interference filters (10 nm bandwidth); Di : single-photon detectors.

!-barium-borate nonlinear crystal cut for degenerate collinear
type-II phase matching, pumped by a linearly polarized beam
at a wavelength of 397.5 nm and at 100 mW of average
power. The latter was obtained from the second harmonic of
a Ti:sapphire pulsed laser beam with a 100 fs pulse duration
and 82 MHz repetition rate at the fundamental wavelength of
795 nm. For collinear type-II phase matching, the photon pair
generated via spontaneous parametric down conversion is in
the product state of |H !|V !, where H and V denote horizontal
and vertical linear polarizations, respectively. The two photons
are then separated by a polarizing beam splitter (PBS). The
V -polarized photon was coupled directly to an avalanche
single-photon detector (D1) by an appropriate set of lenses and
mirrors and was used as a trigger. The H -polarized photon,
transmitted by the PBS, is used to perform the SAM-OAM
measurements, by detecting the coincidences with the trigger
photon, so as to operate in a heralded-single-photon quantum
regime.

A tuned q plate with topological charge q = 1/2 was
used to prepare the spin-orbit state of the photon [17,18].
In particular, for a circularly polarized input photon, the q
plate flips the polarization helicity and simultaneously imparts
±2qh̄ of OAM to the photon, with the ± sign depending on
the input polarization helicity. In other words, the q plate gives
rise to the following photon transformation laws: |L!" |0!o "
|R!" |2q!o and |R!" |0!o " |L!" | # 2q!o, where " and o label
the SAM and OAM degrees of freedom, respectively, L and
R stand for the left and right circular polarizations, and |m!o
denotes an OAM eigenstate with eigenvalue mh̄, such as for
example a Laguerre-Gauss (LG) mode with azimuthal index
m. The radial mode, as for example denoted by the LG
index p, is irrelevant for our purposes and can be assumed
hereafter to be fixed to p = 0, as determined by the final
detection mode. Now, an H polarization state can be written
as a superposition of left and right circular polarizations, i.e.,
|H !" = (|L!" + |R!" )/

$
2. Hence, the H -polarized photon

transmitted by the PBS is transformed by the q plate into the
following maximally entangled spin-orbit state:

|H !" |0!o
q-plate#" |#+! = 1$

2
(|L!" | # 1!o + |R!" | + 1!o).

(6)

It is worth noticing that the final state |#+! generated by the
q plate belongs to a four-dimensional Hilbert space defined as
a direct product of the SAM space and the OAM 2D subspace
with m = ±1. Such Hilbert space is, for example, spanned
by the four product states |L!" | + 1!o, |L!" |#1!o, |R!" |+1!o,
and |R!" |#1!o.

The heralded photon prepared in the single-photon SAM-
OAM entangled state |#+! was then sent to the detection
apparatus, where its SAM and OAM values, corresponding
to observables X and Y, were both measured. The projective
measurement on the SAM state of the photon was singled
out by means of a properly oriented sequence of a half-wave
plate, a quarter-wave plate, and a polarizer. The orientations
of the two wave plates define the selected projection state a
of the measurement, in the SAM Poincaré sphere (Fig. 1).
Then, the OAM measurement was achieved by diffraction on
a spatial light modulator (SLM) followed by a spatial-filter
system composed of a lens, a 100x microscope objective,
and a pinhole having a 1 mm radius. The OAM projection
state corresponding to each vector b in the OAM Poincaré
sphere of |m| = 1 was thus determined by the hologram
pattern visualized on the SLM, as was computed statically
by a computer-generated-holography technique [20,23]. The
spatial filter was used to select only the TEM00 Gaussian
component of the diffracted beam in the far-field zone. The
selected photon, after both projections, was finally coupled to

FIG. 3. (Color online) The set of state projections in the SAM
and OAM states used to test the Leggett-type inequalities. The SAM
(polarization) states to be measured were taken on the Poincaré
sphere equator, i.e., a1 = |H !, a2 = a3 = |A! = (|H ! + |V !)/

$
2.

The OAM states b1 and b%
1 were also taken along the equator line, at

symmetrical azimuthal angles ±$/2 relative to a1. Similarly, b2 and
b%

2 were taken along the equator line, at symmetrical angles ±$/2
relative to a2. Finally, b3 and b%

3 were taken along a meridian line,
at symmetrical polar angles ±$/2 relative to a3 = a2. Examples of
the computer-generated holograms needed to measure these OAM
states are shown in the right inset, with %o and %s representing the
polar and azimuthal angles (in degrees) on the OAM Poincaré sphere,
respectively.
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FIG. 4. (Color online) Experimental and theoretical values of
Leggett’s function E3(!). The blue points are the experimental data.
Error bars are derived from Poissonian statistics on the coincidence
counts and correspond to one standard deviation. The violet dashed
line is the quantum mechanics prediction for the same function.
The solid red line is the Leggett’s bound L3(!). (a) The entire
range of measurement, ! ! [0,180"]. (b) Zoomed-in plot of the
region in which a violation of the Leggett’s bound is observed, i.e.,
8" ! ! ! 52".

another avalanche single-photon detector D2. The signals from
the two detectors D1 and D2 were read out by a coincidence
box and a digital counter.

The experimental correlation coefficients C(a,b) between
the measurements of SAM and OAM are computed as

C(a,b) = N (a,b) + N (#a,#b) # N (a,#b) # N (#a,b)
N (a,b) + N (#a,#b) + N (a,#b) + N (#a,b)

,

(7)

where N (a,b) are the experimental coincidence counts be-
tween the detectors D1 and D2 when the SAM and OAM
projections are set to a and b, respectively [6].

For the Leggett test, the adopted geometry of measurement
settings ai and bi ,b$

i is shown in Fig. 3, together with some
representative holograms used to measure the OAM states.

Figure 4 shows the experimental E3(!) data, as based on
the measured correlation coefficients, for an angle ! varying
within the range 0–180", in steps of 4". The experimental data
(blue points) are in good agreement with the predictions of
quantum mechanics (violet dashed line), with only a small
loss of visibility due to experimental imperfections. For a
specific region, i.e., 8" ! ! ! 52", we obtained a violation
of the Leggett bound. The maximum violation is found for
! = 28" and it is equal to 7.4" , where " is a standard deviation.

IV. CONCLUSIONS

Using Leggett-type inequalities, we have experimentally
tested the possible validity of hidden-variable models for
the measurement correlations between different degrees of
freedom, namely, spin and orbital angular momentum, in the
case of a photon prepared in a single-particle entangled state of
these two observables. The measured correlations agree with
quantum predictions and hence violate the inequalities in a
range of experimental parameters, thus showing with a high
confidence level that for this physical system, a wide class of
deterministic models that preserve realism, even admitting a
possible contextuality of the two observables, disagree with
experimental results.
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A photonic process named as quantum state joining has been recently experimentally demon-
strated [C. Vitelli et al., Nature Photon. 7, 521 (2013)] that corresponds to the transfer of the
internal two-dimensional quantum states of two input photons, i.e., two photonic qubits, into the
four-dimensional quantum state of a single photon, i.e., a photonic ququart. A scheme for the in-
verse process, namely quantum state splitting, has also been theoretically proposed. Both processes
can be iterated in a cascaded layout, to obtain the joining and/or splitting of more than two qubits,
thus leading to a general scheme for varying the number of photons in the system while preserving
its total quantum state, or quantum information content. Here, we revisit these processes from a
theoretical point of view. After casting the theory of the joining and splitting processes in the more
general photon occupation number notation, we introduce some modified schemes that are in princi-
ple unitary (not considering the implementation of the CNOT gates) and do not require projection
and feed-forward steps. This can be particularly important in the quantum state splitting case, to
obtain a scheme that does not rely on postselection. Moreover, we formally prove that the quan-
tum joining of two photon states with linear optics requires the use of at least one ancilla photon.
This is somewhat unexpected, given that the demonstrated joining scheme involves the sequential
application of two CNOT quantum gates, for which a linear optical scheme with just two photons
and postselection is known to exist. Finally we explore the relationship between the joining scheme
and the generation of clusters of multi-particle entangled states involving more than one qubit per
particle.

I. INTRODUCTION

The emerging technology of quantum information
promises a great enhancement of the computational
power at our disposal, as well as the perfectly secure
transmission of information [1–3]. To turn this vision
into a reality, one of the greatest challenges today is to
substantially increase the amount of information – the
number of qubits – that can be processed simultaneously.
In photonic approaches [4–6], the number of qubits can
be raised by increasing the number of photons. This is
a fully scalable method, in principle, but in practice it is
limited to 6-8 qubits by the present technology [7]. An al-
ternative approach is that of using an enlarged quantum
dimensionality within the same photon, for example by
combining di↵erent degrees of freedom, such as polariza-
tion, time-bin, wavelength, propagation paths, or trans-
verse modes such as orbital angular momentum [8–15].
Although not scalable, the latter approach may allow for
a substantial increase in the number of qubits [16–19].
Ideally, one would therefore like to combine these two
methods and be able to dynamically switch from one to
the other, depending on the specific needs, even during
the computational process itself.

To this purpose, a quantum process, called “quantum
state joining”, in which two arbitrary qubits initially en-

⇤
lorenzo.marrucci@unina.it

coded in separate input photons are combined into a sin-
gle output photon, within a four-dimensional quantum
space, has been recently introduced and experimentally
demonstrated [20]. The inverse process was also pro-
posed, in which the four-dimensional quantum informa-
tion carried in a single input photon is split into two out-
put photons, each carrying a qubit [20]. Both processes
are in principle iterable [20], and hence may be used to
realize an interface for converting a multi-photon encod-
ing of quantum information into a single-photon higher-
dimensional one and vice versa, thus enabling a full in-
tegration of the two encoding methods. These processes
can be used to multiplex and demultiplex the quantum
information in photons, for example with the purpose of
using a smaller number of photons in lossy transmission
channels. The idea of multiplexing/demultiplexing the
quantum information in photons was for example pro-
posed in [21], but a complete implementation scheme
had not been developed (in particular, the proposal re-
ported in Ref. [21] relies on the existence of a hypotheti-
cal CNOT gate in polarization encoding between photons
which is independent of the spatial mode of the photons,
but the proposal does not include a discussion on how
to realize this gate in practice) and had not been exper-
imentally demonstrated. In addition, the quantum join-
ing and splitting processes might also find application in
the interfacing of multiple photonic qubits with a matter-
based quantum register [22], another crucial element of
future quantum information networks [23]. For example,
interfacing with multilevel quantum registers [24] may be
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facilitated by the quantum joining/splitting schemes.
Let us first recall the main definitions of the quan-

tum state joining and splitting processes. To make the
language simpler and closer to the experimental demon-
stration reported in Ref. [20], we will initially refer to
the polarization encoding of the qubits, although there is
no general requirement on the choice of encoding at in-
put and output. Let us then assume that two incoming
photons, labeled 1 and 2, carry two polarization-encoded
qubits, namely

| i1 = ↵|Hi1 + �|V i1,
|�i2 = �|Hi2 + �|V i2, (1)

where |Hi and |V i denote the states of horizontal and
vertical linear polarization, corresponding to the logical
0 and 1, respectively. The two photons together form
a (separable) quantum system, whose overall quantum
state is given by the tensor product

| i1 ⌦ |�i2 = ↵�|Hi1|Hi2 + ↵�|Hi1|V i2
+ ��|V i1|Hi2 + ��|V i1|V i2 (2)

The physical process of “quantum state joining” corre-
sponds to transforming this two-photon system into a
single-photon one, i.e., in an outcoming photon 3 having
the following quantum state:

| i3 = ↵�|0i3 + ↵�|1i3 + ��|2i3 + ��|3i3, (3)

where |ni with n = 0, 1, 2, 3 are four arbitrary single-
photon orthogonal states, defining a four-dimensional
logical basis of a ququart. Of course we cannot use only
the two-dimensional polarization encoding for the out-
going photon. One possibility is to use four indepen-
dent spatial modes. Another option, adopted in Ref.
[20], is to use two spatial modes combined with the
two polarizations. In the latter case, in the words of
Neergaard-Nielsen [25], “the information is transferred
from a Hilbert space of size 2 (photons) ⇥ 2 (polariza-
tions) to a Hilbert space of size 1 (photon) ⇥ 2 (polar-
izations) ⇥ 2 (paths)”.

More generally, the joining process should work even
for entangled qubits, both internally entangled (i.e., the
two photons are entangled with each other) and exter-
nally entangled (the two photons are entangled with
other particles outside the system). In the first case,
the four coe�cients obtained in the tensor product
↵�,↵�,��,�� are replaced with four arbitrary coe�cients
↵0,↵1,↵2,↵3. In the second case, the four coe�cients
are replaced with four kets representing di↵erent quan-
tum states of the external entangled system. Quantum
splitting is defined as the inverse process, transforming
an input photon 3 in the two photons 1 and 2.

The basic di�culty with implementing these state join-
ing/splitting processes is that a form of interaction be-
tween photons is needed. But photons do not interact
in vacuum and exhibit exceedingly weak interactions in
ordinary nonlinear media. A way to introduce an e↵ec-
tive interaction, known as the Knill-Laflamme-Milburn

(KLM) method [26], is based on exploiting two-photon
interferences and a subsequent “wavefunction collapse”
occurring on measurement. This idea allowed for exam-
ple the first experimental demonstrations of controlled-
NOT (CNOT) quantum logical gates among qubits car-
ried by di↵erent photons [27–30], and is now at the basis
of the quantum joining process we are considering here.
To get the main idea of the quantum joining imple-

mentation, consider again the two input photons given
in Eq. (1). A single CNOT gate using one photon qubit
as “target” and the other as “control” may be used to
transfer a qubit from a photon to another, if the receiv-
ing photon initially carried a zeroed qubit. In order to
obtain the state joining, we might then try for example
to transfer the qubit � from photon 2 to photon 1, while
preserving the other qubit  by storing it into a di↵er-
ent degree of freedom of photon 1 (for example spatial
modes). However, the interference processes utilized in
the KLM CNOT require the two photons to be indistin-
guishable in everything, except for the qubit � involved
in the transfer. So, they are disrupted by the presence of
the second qubit  carried by the target photon, even if
stored in di↵erent degrees of freedom.
To get around this obstacle, Vitelli et al. in Ref. [20]

proposed a scheme that is based on the following three
main subsequent steps: (i) “unfold” the target qubit  
(carried by input photon 1) initially travelling in mode
t, by turning it into the superposition ↵|Hit1 + �|Hit2
of two zeroed polarization qubits, travelling in separate
optical modes t1 and t2; (ii) duplicate the control qubit
� (carried by input photon 2) travelling in mode c on an
ancillary photon travelling in mode a, thus creating the
entangled state �|Hic|Hia + �|V ic|V ia; (iii) execute two
KLM-like CNOT operations (of the Pittman kind [28,
31]), one with modes c and t1, the other with modes a and
t2. In this way, each CNOT operates with a target photon
that carries a zeroed qubit and no additional information,
but the target photon is always interacting with either
the control qubit or its entangled copy.
To complete the process, the photons travelling in

modes c and a must be finally measured. For certain
outcomes of this measurement, occurring with probabil-
ity 1/32, the outgoing target photon is then collapsed in
the final “joined” state | ⌦ �i = ↵�|Hit1 + ↵�|V it1 +
��|Hit2 +��|V it2 , which contains all the quantum infor-
mation of the two input photons. The success probability
can be raised to 1/8 by exploiting a feed-forward scheme
and using other measurement outcomes. This probabilis-
tic feature of the setup is common to all KLM-based im-
plementations of CNOT gates (although, in principle, the
success probability could be raised arbitrarily close to
100% by using a large number of ancilla photons).
This paper is structured as follows. In Section II,

the joining/splitting schemes are revisited by adopting
the more general photon occupation-number formalism
and some variants of the original schemes are introduced
which do not need a projection and feed-forward mech-
anism to work (not considering the CNOT implementa-
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tion), although at the price of using a doubled number
of CNOT gates. In Section III, we then develop a formal
proof of the fact that the quantum joining is impossible
for an arbitrary linear optical scheme involving only two
photons and a final post-selection step. Hence, at least
one ancilla photon is needed (or the presence of optical
nonlinearity). In Section IV, we analyze the relation-
ship between the joining process of two photonic qubits
and a particular class of three-photon entangled states, in
which two photons are separately entangled with a com-
mon “intermediate” photon. We show that the quantum
joining process can be used to create such cluster states
and that, conversely, having at one’s disposal one of these
states, the quantum joining of two other photons can be
immediately achieved by a teleportation scheme. We also
note that these three-photon entangled states are of the
same kind as the “linked” multiphoton states first in-
troduced by Yoran and Reznik to perform deterministic
quantum computation with linear optics [32]. Finally, in
Section V, we draw some concluding remarks.

II. JOINING AND SPLITTING SCHEMES IN A
PHOTON-NUMBER NOTATION

In this Section, we revisit the joining/splitting schemes
introduced in Ref. [20] adopting the more general photon-
number notation, as opposed to the polarization-ket no-
tation used in the Introduction and in [20]. In particular,
photonic qubits will be represented as pairs of modes,
with one photon that can occupy either one, as in the
“dual-rail” qubit encoding. Of course, the two modes
can also correspond to two orthogonal polarizations of a
single spatial mode, thus reproducing the polarization-
encoding case.

Given two modes forming a qubit, the |10i ket, where
the 0s and 1s refer here to the photon numbers, corre-
sponds to having a photon in the first mode, encoding
the logical 0 of the qubit. The |01i ket will then repre-
sent the photon in the second path, encoding the logical
1 of the qubit. For our schemes, we will however also
need the |00i ket, representing a vacuum state, i.e. the
“empty” qubit.

Let us first consider the joining process, schematically
illustrated in Fig. 1a. Labelling as c (for control) and t
(for target) the travelling modes of the two input pho-
tons, the input state is taken to be the following:

| ii = ↵0|10it|10ic + ↵1|10it|01ic
+↵2|01it|10ic + ↵3|01it|01ic, (4)

which may represent both separable and non-separable
two-photon states.

The qubit “unfolding” step corresponds to adding two
empty modes for photon t and rearranging the four

modes so as to obtain the following state:

| iu = ↵0|1000it|10ic + ↵1|1000it|01ic
+↵2|0010it|10ic + ↵3|0010it|01ic

= ↵0|10it1 |00it2 |10ic + ↵1|10it1 |00it2 |01ic
+↵2|00it1 |10it2 |10ic + ↵3|00it1 |10it2 |01ic, (5)

where in the second expression we have split the four
t modes, so as to treat the first two as one qubit (t1)
and the final two as a second qubit (t2). Notice that
both of them are initialized to logical zero, but with the
possibility for each of them to be actually empty.
Each of these qubits must now be subject to a CNOT

gate, using the same c qubit as control. The action of the
CNOT gate in the photon-number notation is described
by the following equations:

ÛCNOT|10ic|10it = |10ic|10it
ÛCNOT|01ic|10it = |01ic|01it
ÛCNOT|10ic|01it = |10ic|01it (6)

ÛCNOT|01ic|01it = |01ic|10it
However, in the present implementation of the quantum
fusion we need to have the CNOT act also on “empty tar-
get qubits”, that is vacuum states. For these we assume
the following behavior:

ÛCNOT|10ic|00it = ⌘|10ic|00it
ÛCNOT|01ic|00it = ⌘|01ic|00it (7)

where ⌘ is a possible complex amplitude rescaling relative
to the non-vacuum case. A unitary CNOT must have
|⌘| = 1, but probabilistic implementations do not have
this requirement. The quantum joining scheme works
if the two CNOTs have the same ⌘. In particular the
CNOTs implementation proposed by Pittman et al. and
used in [20] have ⌘ = 1, so for brevity we will remove ⌘
in the following expressions.
Let us then consider the action of these two CNOT

gates to the unfolded state given in Eq. (5):

| if = ÛCNOT2ÛCNOT1 | iu
= ↵0|10it1|00it2|10ic + ↵1|01it1|00it2|01ic

+↵2|00it1|10it2|10ic + ↵3|00it1|01it2|01ic (8)

If now we project the c photon state on |+i = (|10i +
|01i)/

p
2, so as to erase the c qubit, and reunite the t1

and t2 kets, we obtain

| it = ↵0|1000it+↵1|0100it+↵2|0010it+↵3|0001it, (9)

which is the desired joined state. Since the c qubit
measurement has a probability of 50% of obtaining |+i,
without feed-forward the described method has a success
probability of 50% not considering the CNOT success
probability.
If the outcome of the c measurement is |�i = (|10i �

|01i)/
p
2, we obtain the following target state:

| 0it = ↵0|1000it � ↵1|0100it + ↵2|0010it � ↵3|0001it.
(10)
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(a)

(b)

(c)

(d)

FIG. 1. (Colors online) Optical schemes for quantum state joining and splitting. Each line represents a separate photonic
mode (either spatial or of polarization). A qubit is represented by a double parallel line, as in a dual-rail implementation. A
single-photon ququart, as obtained after the quantum joining, is represented by four parallel lines. H stands for a Hadamard
quantum gate, CNOT for a controlled NOT quantum gate and r-CNOT for a CNOT gate in which the control and target
ports have been reversed. The “000 sign corresponds to a vacuum detection (no photons). | ii is the input state and | it
the final (target) state. (a) Scheme for quantum joining based on a double CNOT gate and final projection. Feed-forward
is needed to obtain deterministic behavior (not considering the CNOT contribution). (b) Alternative scheme for deteministic
quantum joining, using four CNOT gates, with the second two gates having inverted control and target ports. This leads to
a deterministic behavior without projection and feed-forward (not considering the CNOT success probability). (c) Scheme for
quantum splitting, with double CNOT gate and final projection. This scheme is probabilistic (with a 50% success probability,
not considering the CNOT gates contribution) and could be made deterministic only by combining quantum non-demolition
measurements and feed-forward. (d) Alternative scheme for deterministic quantum splitting by using four CNOT gates (not
considering the CNOT success probability).

This state can be transformed back into | it, as given
in Eq. (9), by a suitable unitary transformaton. There-
fore, the success probability of the joining scheme can
be raised to 100% (again not considering CNOTs success
probabilities) by a simple feed-forward mechanism.

Alternative to this feed-forward scheme, one might re-
cover a deterministic behavior for the joining step (not
considering the CNOT) by avoiding the c-photon projec-
tion and applying two additional CNOT gates in which
control and target qubits have swapped roles, so as to
“disentangle” the c and t photons. This alternative is
illustrated in Fig. 1b. In other words, after the first two
CNOTs, we must apply a third CNOT with t1 used as
control and c as target and a fourth CNOT with t2 as
control and c as target. This time, for a proper working
of the scheme, we must consider the possibility that the
control port of the CNOT is empty. As for the previous
case of empty target qubit, the CNOT outcome in this

case is taken to be simply identical to the input except
for a possible amplitude rescaling, i.e.

ÛCNOT|00ic|10it = ⌘0|00ic|10it
ÛCNOT|00ic|01it = ⌘0|00ic|01it (11)

which is what occurs indeed in most CNOT implementa-
tions. Moreover, we again assume ⌘0 = 1 in the following,
for simplicity. Let us then take the state given in Eq. (8)
and apply the two “reversed” CNOT gates, denoted as
r-CNOT:

| if2 = Ûr-CNOT2Ûr-CNOT1 | if
= |10ic (↵0|10it1|00it2 + ↵1|01it1|00it2

+↵2|00it1|10it2 + ↵3|00it1|01it2) (12)

= |10ic ⌦ | it
where | it is given in Eq. (9). After this step, one can
just discard photon c and photon t will continue to hold
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the entire initial quantum information. We notice that
this second implementation method does not require the
feed-forward, which is an advantage in terms of resources,
but it needs four CNOTs instead of two. Since CNOT
implementations based on linear optics are actually prob-
abilistic, the final success probability will be significantly
smaller than the first method without feed-forward, so
this scheme is not convenient at the present stage.

Let us now move on to the quantum state splitting
process, illustrated in Fig. 1c. We assume to have an
input photon encoding two qubits (i.e., a ququart) in the
four-path state

| ii = ↵0|1000i+ ↵1|0100i+ ↵2|0010i+ ↵3|0001i (13)

We label this input photon as c (for control). We also
label the first two modes as c1 and the last two modes
as c2. We then take another photon, labeled as t (for
target), that is initialized in the logical zero state of two
other modes, so that the initial two-photon state is the
following:

| ii = (↵0|10ic1 |00ic2 + ↵1|01ic1 |00ic2
+↵2|00ic1 |10ic2 + ↵3|00ic1 |01ic2)|10it

We now apply the two CNOT gates in sequence, using
the t photon as target qubit in both cases and the c1
and c2 modes of the c photon as control qubit in the first
and second CNOT, respectively. In order to do these
operations properly, we need to define the CNOT oper-
ation also for the case when the control qubit is empty,
as already discussed above. Hence, we obtain

ÛCNOT1ÛCNOT2 | ii = ↵0|10ic1 |00ic2 |10it
+↵1|01ic1 |00ic2 |01it + ↵2|00ic1 |10ic2 |10it
+↵3|00ic1 |01ic2 |01it

Now we need to erase part of the information contained
in the control photon. This is accomplished by project-
ing onto |+ici = (|10ici + |01ici)/

p
2 combinations of the

first and second pairs of modes, while keeping una↵ected
their relative amplitudes. In other words, we must apply
an Hadamard transformation on each pair of modes, and
take as successful outcome only the logical-zero output
(corresponding to the |+i combination of the inputs).
The projection is actually performed by checking that
no photon comes out of the |�i (i.e., logical one) output
ports of the Hadamard. The two surviving output modes
are then combined into a single output c-photon qubit,
which together with the t-photon qubit form the desired
split-qubit output. Indeed, we obtain the following pro-
jected output:

| if = ↵0|10ic|10it + ↵1|10ic|01it
+↵2|01ic|10it + ↵3|01ic|01it (14)

which describes the same two-qubit state as the input,
but encoded in two photons instead of one. The pro-
posed scheme for splitting has a 50% probability of suc-
cess, not considering the CNOT contribution. It might be

again possible to bring the probability to 100% (not con-
sidering CNOTs) by detecting the actual c-photon out-
put mode pair after the Hadamard gates by a quantum
non-demolition approach or in post-selection, and then
applying an appropriate unitary transformation to the t
photon.
Also in this case, we can replace the projection and

feed-forward scheme by the action of a third and fourth
CNOT gates in which the target and control roles are
reversed, that is, using the t photon as control and c1
and c2 as targets of the third and fourth CNOT gates,
respectively. This is shown in Fig. 1d. After the four
CNOTs, one obtains the following state:

↵0|10ic1 |00ic2 |10it + ↵1|10ic1 |00ic2 |01it
+↵2|00ic1 |10ic2 |10it + ↵3|00ic1 |10ic2 |01it
= ↵0|1000ic|10it + ↵1|1000ic|01it
+↵2|0010ic|10it + ↵3|0010ic|01it, (15)

where in the second equality we have regrouped the four
c modes. Then, an inverse unfolding step, that is simply
discarding the second and fourth mode of the c photon,
which are always empty, will lead to final state | if given
in Eq. (14) with 100% probability. In this splitting case,
the advantage of using this alternative scheme is more
marked, as it is the only possibility to avoid postselection
or quantum nondemolition steps.
The CNOT gates utilized in the joining and splitting

processes described in this Section can be implemented
using di↵erent methods. In particular, since the photons
being processed in each CNOT stage have no additional
information, linear-optics KLM-like schemes based on
two-photon interference can be used. It is for this reason
that our schemes require the unfolding step and a double
CNOT, rather than using a single CNOT for transfer-
ring the qubit from one photon to the other (if nonlinear-
optical CNOT gates will ever be realized, they might pos-
sibly allow for a CNOT operation to be performed while
another degree of freedom is present and remains unaf-
fected, thus making the joining/splitting schemes much
simpler). The only requirement for these CNOT gates is
that they must be applicable also to the case when one
of the input qubits is empty, i.e., there is a vacuum state
at one input port. We shall see in the next Section, that
this is a nontrivial requirement.

III. UNFEASIBILITY OF THE QUANTUM
JOINING WITH TWO PHOTONS AND

POST-SELECTION

There exist di↵erent linear-optical based implementa-
tions of CNOT gates. The simplest are those based on
post-selection and not requiring ancillary photons, such
as the scheme first proposed by Ralph et al. [33] and Hof-
mann and Takeuchi [34] and later experimentally demon-
strated by O’Brien et al. [27]. Although such CNOT
gates are based on post-selection and hence require de-
stroying the output photons, there exist also schemes for
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applying several CNOT gates in sequence, with only one
final post-selection step [35]. These schemes require only
the two photons to be combined and a final post-selection
step based on photon detection. Given the CNOT-based
general scheme for quantum joining described in the pre-
vious Section, it is then natural to try an implementation
exploiting these schemes.

More generally, one might ask whether a proper mix-
ing of the two photon modes in a suitable linear-optical
setup, followed by a filtering step on one of the two pho-
tons might su�ce to obtain the joining onto the remain-
ing photon. In this Section we prove that this is not
possible. No possible unitary evolution of the two pho-
tons as resulting from propagation through an arbitrary
linear optical system, followed by an arbitrary projection
for one of the two photons can lead to the quantum join-
ing. This in turn shows that the joining scheme cannot
be based on the CNOT gates of Ralph’s kind and requires
at least one ancilla photon. With one ancilla photon, it is
possible to implement for example the CNOT gates pro-
posed by Pittman [31] and thus successfully obtain the
quantum joining of two photon states, as demonstrated in
Ref. [20]. Of course the demonstrated implementation is
probabilistic, because the CNOT gates are implemented
in a probabilistic way.

The statement we prove is the following:

Proposition 1. It is impossible to transfer all the quan-

tum information encoded in two input photons into one

output photon using linear optics and post-selection,

without including ancillary photons in the process.

Proof. The two-photon input state can be written in full
generality as follows:

| ii = ↵0|1010i+ ↵1|1001i+ ↵2|0110i+ ↵3|0101i
=

�
↵0â

+
1 â

+
3 + ↵1â

+
1 â

+
4 + ↵2â

+
2 â

+
3 + ↵3â

+
2 â

+
4

�
|;i
(16)

where the four coe�cients ↵0,↵1,↵2,↵3 define the input
quantum information, â+i denote the creation operators
for an arbitrary orthonormal set of input modes | ii, and
|;i denotes the global vacuum state. The mode-indices i
here can be taken to include also the polarization degree
of freedom, and we have selected four arbitrary modes 1-4
to encode the input information, with modes 1-2 used for
one qubit and modes 3-4 for the other (possibly entangled
with each other).

The propagation through an arbitrary linear-optical
system can be described by the following transformation
of the creation operators:

â+i ! b̂+i =
X

j

uij â
+
j (17)

where uij are the coe�cients of a unitary matrix describ-

ing the propagation and the operators b̂+j create the prop-
agated (output) modes |�ij . Applying this transforma-
tion to the input state Eq. (16) we obtain the follow-
ing propagated two-photon state (here we are using the

Schroedinger representation, in which the evolution acts
on the state):

| ip =
⇣
↵0b̂

+
1 b̂

+
3 + ↵1b̂

+
1 b̂

+
4 + ↵2b̂

+
2 b̂

+
3 + ↵3b̂

+
2 b̂

+
4

⌘
|;i
(18)

Now, let us act on this state with a projector ⇧̂ corre-
sponding to the detection of a single photon in the arbi-
trary mode |�i =

P
h �h|�ih, as given by the following:

⇧̂ =
X

h

�⇤hb̂h. (19)

Thus, we obtain the following projected one-photon state

| if = ⇧̂| ip =
X

h

�⇤hb̂h

⇣
↵0b̂

+
1 b̂

+
3 + ↵1b̂

+
1 b̂

+
4

+↵2b̂
+
2 b̂

+
3 + ↵3b̂

+
2 b̂

+
4

⌘
|;i (20)

= ↵0 (�
⇤
3|�i1 + �⇤1|�i3) + ↵1 (�

⇤
4|�i1 + �⇤1|�i4)

+↵2 (�
⇤
3|�i2 + �⇤2|�i3) + ↵3 (�

⇤
4|�i2 + �⇤2|�i4)

Hence, owing to the bosonic nature of the photons, the
final state results to be a linear combination of the fol-
lowing four “symmetrized” optical modes

|ui0 = �⇤3|�i1 + �⇤1|�i3,
|ui1 = �⇤4|�i1 + �⇤1|�i4,
|ui2 = �⇤3|�i2 + �⇤2|�i3, (21)

|ui3 = �⇤4|�i2 + �⇤2|�i4.

The input quantum information will be preserved if and
only if the four modes |uii form a linearly independent
set. This in turn will depend on the determinant of the
following matrix M of coe�cients, expressing the linear
dependence of the four |uii modes on the propagated
modes |�ii:

M =

0

B@

�⇤3 0 �⇤1 0
�⇤4 0 0 �⇤1
0 �⇤3 �⇤2 0
0 �⇤4 0 �⇤2

1

CA , (22)

A simple calculation shows that the determinant of this
matrix is identically nil, thus proving the statement. If
the optical system includes losses from media absorption,
these can be included in the treatment as additional non-
optical excitation modes in which the input optical modes
can be transformed in the course of propagation. In other
words, Eq. (17) will include also the creation operators
of material excitations, although the latter will not con-
tribute to the |uii and |�imodes. Thus the proof remains
valid even in lossy optical systems.

As a consequence of our proof, we can state that in gen-
eral the mixing of two photons in a linear optical scheme
followed by a final postselection step can only lead to a
loss of some information, e.g., ending up with a qutrit
instead of a ququart. Alternatively, one may somehow
preserve the initial information conditioned on the fact
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that there is “less information to start with”, because
the input two-photon state is properly constrained, for
example, to a separable state [36, 37].

Beside this mathematical proof, one might be inter-
ested in seeking a more physical explanation for why the
joining scheme using two CNOT in series following the
concept of Ref. [35] fails. To this purpose, we carried out
a detailed analysis, of which we report here only the main
conclusions. The problem is that the scheme given in Ref.
[35] is conceived for executing multiple CNOT in series,
with the assumption that each control or target port of
all the gates is occupied by a photon carrying the corre-
sponding qubit. In the case of quantum joining, instead,
the target ports may see the presence of “empty” qubits
(or vacuum states), which open up new possible photonic
evolution channels in the setup that are not excluded in
the final post-selection step and which are instead ab-
sent in the standard case. These channels alter the final
probabilities and disrupt the CNOT proper workings.

IV. THREE-PHOTON ENTANGLED STATES

In this Section, we explore the relationship between
the joining process of two photonic qubits and a partic-
ular class of three-photon entangled states (TPES), in
which two photons are separately entangled with a com-
mon “intermediate” photon. This intermediate doubly-
entangled photon must clearly hold two separate qubits,
as defined by exploiting four orthogonal optical modes.
A schematic diagram of this particular form of entangled
cluster is given in Fig. 2.

An example of such three-photon entangled states can
be defined as follows:

| i123 =
1

2
(|Hi1|V i2 � |V i1|Hi2) |Hi3

⌦ (|ui1|di3 � |di1|ui3) |ui2, (23)

where photon 1 is the intermediate photon, entangled
with photons 2 and 3, and we introduced |ui and |di, to
refer to the “up” and “down” paths of a dual-rail qubit
encoding. It is understood that the three photons are
identified by a further label associated with propagation
modes. Other possible pair-wise maximally-entangled
TPES are obtained from (23) by exchanging H and V
and/or u and d in photon 1, or by changing the � sign
into a + in one or both the factors, for a total of 16 possi-
ble independent combinations. These can be also written
more compactly in terms of the Bell basis of maximally

FIG. 2. (Colors online) Schematic representation of the
TPES state given in Eq. (23) of the main text. The three
red balls represent the three photons, with photon 1 sepa-
rately entangled with photons 2 and 3. Each line correspond
to an entanglement link. In the specific example, the upper
(green) line corresponds to a polarization maximal entangle-
ment in Bell state |��i, while the lower (yellow) line indicates
a spatial-mode maximal entanglement (in a dual-rail basis)
in Bell state |��i. Other TPES states can be obtained by
changing the specific Bell states used for the two entangle-
ment links.

entangled qubit pairs, defined as follows

| ±iij =
1p
2
(|Hii|Hij ± |V ii|V ij)|uii|uij , (24a)

|�±iij =
1p
2
(|Hii|V ij ± |V ii|Hij)|uii|uij , (24b)

| ±iij =
1p
2
(|uii|uij ± |dii|dij)|Hii|Hij , (24c)

|�±iij =
1p
2
(|uii|dij ± |dii|uij)|Hii|Hij . (24d)

Using this notation, Eq. (23) can be for example rewrit-
ten as | i123 = |��i12|Hi3 ⌦ |��i13|ui2, and the other
TPES are obtained by replacing one or both the Bell
states with another one. Notice that states (24a) and
(24b) are Bell states with respect to the polarization de-
gree of freedom of the pair, while states (24c) and (24d)
are Bell states with respect to the spatial-mode (or prop-
agation path) degree of freedom of the pair.
Here and in the following discussion, for the sake of

definiteness, we have adopted a notation referring to the
specific case in which the double entanglement exploits
two separate degrees of freedom, that is the polariza-
tion and a pair of spatial modes. We stress, however,
that there is no actual requirement of using this specific
choice of degrees of freedom for the validity of our analy-
sis. There is even no need of using two separate degrees
of freedom, as all qubit entanglements could for example
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also be encoded using a set of four spatial modes, e.g.,
four parallel paths, or four eigenmodes of the orbital an-
gular momentum of light.

The state (23), or anyone of the other TPES, can be
used as a resource for carrying out a two-in-one qubit
teleportation of the quantum state, i.e., the teleportation
of the four-dimensional quantum state initially encoded
in two input photons in a single output photon. Actually,
the problem of preparing three-photon entangled states
such as (23) is essentially equivalent to that of realizing
the quantum joining. Indeed, quantum state joining can
be used to prepare the three-photon entangled state (23)
and, conversely, state (23) can be used to carry out the
quantum state joining of two photonic qubits via telepor-
tation. Let us see this in more detail.

To obtain the three-photon state (23), or anyone of the
other TPES, one must simply apply the quantum state
joining protocol to two photons each taken from a sepa-
rate entangled pair. In particular, one pair (say, photons

2 and 4) must be entangled in polarization and the other
(photons 3 and 5) in the spatial degree of freedom de-
fined by modes |ui and |di. Then photons 4 and 5 are
state-joined into photon 1, so that their polarization and
spatial modes properties are both transferred into this
single photon. This leads immediately to state (23).

Conversely, let us assume that we have initially three
photons (labeled 1, 2, 3) in state (23) and that the qubits
we want to join are encoded in two other photons (labeled
4 and 5), as described by the states

| i4 = (↵|Hi4 + �|V i4)⌦ |ui4, (25)

| i5 = |Hi5 ⌦ (�|ui5 + �|di5). (26)

Recasting the overall 5-photon initial state | i12345 =
| i123| i4| i5 in terms of the basis (24) for the states of
the pairs 2, 4 and 3, 5, one obtains the following expres-
sion:

| i12345 =
1

4
|�+i24|�+i35(↵|Hi1 � �|V i1)(�|ui1 � �|di1)�

1

4
|�+i24|��i35(↵|Hi1 � �|V i1)(�|ui1 + �|di1)

+
1

4
|�+i24| +i35(↵|Hi1 � �|V i1)(�|ui1 � �|di1)�

1

4
|�+i24| �i35(↵|Hi1 � �|V i1)(�|ui1 + �|di1)

� 1

4
|��i24|�+i35(↵|Hi1 + �|V i1)(�|ui1 � �|di1) +

1

4
|��i24|��i35(↵|Hi1 + �|V i1)(�|ui1 + �|di1)

� 1

4
|��i24| +i35(↵|Hi1 + �|V i1)(�|ui1 � �|di1) +

1

4
|��i24| �i35(↵|Hi1 + �|V i1)(�|ui1 + �|di1)

+
1

4
| +i24|�+i35(�|Hi1 � ↵|V i1)(�|ui1 � �|di1)�

1

4
| +i24|��i35(�|Hi1 � ↵|V i1)(�|ui1 + �|di1)

+
1

4
| +i24| +i35(�|Hi1 � ↵|V i1)(�|ui1 � �|di1)�

1

4
| +i24| �i35(�|Hi1 � ↵|V i1)(�|ui1 + �|di1)

� 1

4
| �i24|�+i35(�|Hi1 + ↵|V i1)(�|ui1 � �|di1) +

1

4
| �i24|��i35(�|Hi1 + ↵|V i1)(�|ui1 + �|di1)

� 1

4
| �i24| +i35(�|Hi1 + ↵|V i1)(�|ui1 � �|di1) +

1

4
| �i24| �i35(�|Hi1 + ↵|V i1)(�|ui1 + �|di1). (27)

Then, to obtain the state-joining one needs to perform
a Bell measurement in polarization on the photons 2 and
4 and another Bell measurement in the modes u and d on
the photons 3 and 5. Whatever the outcome of the two
Bell measurements, one may carry out an appropriate
unitary transformation in order to cast photon 1 in the
desired “joined” state

| i1 = (↵|Hi1 + �|V i1)⌦ (�|ui1 + �|di1).

The unitary transformation must be selected according
to the result of the two Bell measurements, out of 16 pos-
sible results (and if a di↵erent TPES state is used in the
process, it a↵ects only the set of unitary transformations
to be used).

It is interesting to note that, if a method for deter-
ministic complete Bell state measurement is available,

the quantum state joining obtained by this teleportation
method can be also accomplished in a deterministic way.
Indeed, one needs to prepare in advance a TPES using
the probabilistic joining protocol by making as many at-
tempts as needed. Then, one can complete the joining of
the input photons deterministically by using the above
described teleportation protocol.

Following the same ideas, one may use the state joining
protocol to create even more complex entanglement clus-
ters of photons, exploiting multiple degrees of freedom
per photon. In particular, we notice that the TPES intro-
duced above belong to the family of “linked” states first
proposed by Yoran and Reznik in order to perform de-
terministic quantum computation with linear optics [32].
Not surprisingly, the optical scheme proposed in Ref. [32]
to create such linked states is also very similar to that
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used for quantum-state joining (but it did not include
explicitly the KLM gate implementations).

V. CONCLUSION

In summary, we have revisited the quantum-state join-
ing and splitting processes recently introduced in Ref.
[20]. After casting the associated formalism in the more
general photon-number notation, we have introduced
some modified schemes that do not require feed-forward
or post-selection. Next, we have provided a formal proof
that the quantum joining of two photon states with linear
optics cannot be accomplished using only post-selection
and requires the use of at least one ancilla photon, despite
the existence of linear-optical implementations of CNOT
gates which do not require ancillary photons. Finally
we have investigated the relationship between the state-
joining scheme and the generation of clusters of three-
photon entangled states involving more than one qubit
per particle.

These schemes for multiplexing the quantum informa-
tion across photons, despite having a relatively low suc-

cess probability, may already find application in quan-
tum communication or in interfacing with atomic mem-
ories, when high losses are involved. The generation
of complex clusters of entangled photons may be of
fundamental interest and might open the way to novel
quantum protocols. Finally, we notice that if the re-
cent attempts at achieving gigantic nonlinear interac-
tions among photons will succeed [38, 39], deterministic
schemes for quantum-state joining and splitting should
also become possible, likely making the associated pho-
ton multiplexing/demultiplexing an important resource
for future quantum communication networks.
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Experimental estimation of the dimension of
classical and quantum systems
Martin Hendrych1, Rodrigo Gallego1, Michal Mičuda1,2, Nicolas Brunner3, Antonio Acín1,4*
and Juan P. Torres1,5*
Experimental observations are usually described using
theoretical models that make assumptions about the dimen-
sionality of the system under consideration. However, would it
be possible to assess the dimension of a completely unknown
system only from the results of measurements performed on
it, without any extra assumption? The concept of a dimension
witness1–6 answers this question, as it allows bounding the
dimension of an unknown system only from measurement
statistics. Here, we report on the experimental demonstration
of dimension witnesses in a prepare and measure scenario6.
We use photon pairs entangled in polarization and orbital
angular momentum7–9 to generate ensembles of classical
and quantum states of dimensions up to 4. We then use a
dimension witness to certify their dimensionality as well as
their quantumnature. Ourwork opens new avenues in quantum
information science, where dimension represents a powerful
resource10–12, especially for device-independent estimation of
quantumsystems13–16 and quantum communications17,18.

Dimensionality is one of the most basic and essential concepts in
science, inherent to any theory aiming at explaining and predicting
experimental observations. In building up a theoretical model, one
makes some general and plausible assumptions about the nature
and the behaviour of the system under study. The dimension
of this system, that is, the number of relevant and independent
degrees of freedom needed to describe it, represents one of these
initial assumptions. In general, the failure of a theoretical model
in predicting experimental data does not necessarily imply that the
assumption on the dimensionality is incorrect, because there might
exist a different model assuming the same dimension that is able to
reproduce the observed data.

A natural question is whether this approach can be reversed
and whether the dimension of an unknown system, classical or
quantum, can be estimated experimentally. Clearly, the best one can
hope for is to provide lower bounds on this unknown dimension.
Indeed, every physical system has potentially an infinite number
of degrees of freedom, and one can never exclude that they are
all necessary to describe the system in more complex experimental
arrangements. The goal, then, is to obtain a lower bound on the
dimension of the unknown system from the observedmeasurement
datawithoutmaking any assumption about the detailed functioning
of the devices used in the experiment. Besides its fundamental
interest, estimating the dimension of an unknown quantum system
is also relevant from the perspective of quantum information
science, where the Hilbert space dimension is considered as a
resource. For instance, using higher-dimensional Hilbert spaces

1ICFO-Institut de Ciencies Fotoniques, 08860 Castelldefels (Barcelona), Spain, 2Department of Optics, Palack˝ University, 17. listopadu 12, 77146
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Avançats, 08010 Barcelona, Spain, 5Department of Signal Theory and Communications, Universitat Politècnica de Catalunya, 08034 Barcelona, Spain.
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Figure 1 | Sketch of a device-independent test of the dimension of an
ensemble of states. Our scenario features two black boxes. First, a state
preparator that, on request, prepares the mediating particle in one out of N
possible states. Second, a measurement device that performs one out of M
possible measurements on the mediating particle.

simplifies quantum logic for quantum computation10, enables the
optimal realization of information-theoretic protocols11,19,20 and
allows for lower detection efficiencies in Bell experiments21,22.
Moreover, the dimension of quantum systems plays a crucial role in
security proofs of standard quantum key distribution schemes that
become insecure if the dimension is higher than assumed12.

The concept of a dimension witness allows one to establish
lower bounds on the dimension of an unknown system in a device-
independent way, that is, only from the collected measurement
statistics. It was first introduced for quantum systems in connection
with Bell inequalities in ref. 1, and further developed in refs 2,
3,22–26. Other techniques to estimate the dimension have been
developed in scenarios involving random access codes4, or the time
evolution of a quantum observable5.

More recently, a general framework for the study of this question
has been proposed in ref. 6. In this approach, dimension witnesses
are defined in a prepare and measure scenario where an unknown
system is subject to different preparations and measurements.
One of the advantages of this approach is its simplicity from an
experimental viewpoint when compared with previous proposals.
The considered scenario consists of two devices (Fig. 1), the state
preparator and the measurement device. These devices are seen as
black boxes, as no assumptions are made on their functioning. The
state preparator prepares a state on request. The box features N
buttons that label the prepared state; when pressing button x , the
box emits a state ⇢x , where x 2 {1,...,N }. The prepared state is then
sent to the measurement device. The measurement box performs
a measurement y 2 {1, ... ,M } on the state, delivering outcome
b 2 {1,...,K }. The experiment is thus described by the probability
distribution P(b|x,y), giving the probability of obtaining outcome
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Table 1 |Classical and quantum bounds for the dimension
witness I4.

C2 (bit) Q2 (qubit) C3 (trit) Q3 (qutrit) C4 (quart)

I4 5 6 7 7.97 9

The maximal possible value of I4 for classical systems of dimension d is denoted Cd , and the
maximum possible value for quantum systems of dimension d is denoted Qd . The witness can be
used to discriminate ensembles of classical and quantum states of dimension up to d = 4. Note
that for some values of d we have that Cd < Qd . Thus, if one assumes a bound on the dimension
of the system, the witness can be used to certify its quantum nature.

b when measurement y is performed on the prepared state ⇢x .
The goal is to estimate the minimal dimension that the ensemble
{⇢x} must have to be able to describe the observed statistics.
Moreover, for a fixed dimension, we also aim at distinguishing sets
of probabilities P(b|x,y) that can be obtained from ensembles of
quantum states, but not from ensembles of classical states. This
allows one to guarantee the quantumnature of an ensemble of states
under the assumption that the dimensionality is bounded. This
quantum certification can be exploited for the design of quantum
information protocols17,18.

Formally, a probability distribution P(b|x,y) admits a quantum
d-dimensional representation if it can bewritten in the form

P(b|x,y)= tr(⇢xO
y
b) (1)

for some state ⇢x and measurement operator Oy
b acting on Cd . We

then say that P(b|x,y) has a classical d-dimensional representation
if any state of the ensemble {⇢x} is a classical state of dimension d ,
that is, a probability distribution over classical dits (the equivalent
in quantum mechanics is that all states in the ensemble act on Cd

and commute pairwise).
A dimension witness for systems of dimension d is defined by a

linear combination of the observed probabilities P(b|x,y), defined
by a tensor of real coefficientsDb,x,y , such that

X

b,x,y

Db,x,yP(b|x,y)wd (2)

for all probabilities with a d-dimensional representation, whereas
the bound wd can be violated by a set of probabilities whose
representation has a dimension strictly larger than d . Here we shall
focus on a dimension witness of the form of equation (2) recently
introduced in ref. 6, for a scenario consisting of N = 4 possible
preparations and M = 3 measurements with only two possible
outcomes, labelled by b=±1:

I4 ⌘ E11 +E12 +E13 +E21 +E22 �E23 +E31 �E32 �E41 (3)

where Exy = P(b = +1|x,y)� P(b = �1|x,y). The witness I4 can
distinguish ensembles of classical and quantum states of dimensions
up to d=4. All of the relevant bounds are summarized inTable 1.

To test this witness experimentally, we must generate classical
and quantum states of dimension 2 (bits and qubits, respectively),
classical and quantum states of dimension 3 (trits and qutrits),
and classical states of dimension 4 (quarts). To do so we exploit
the angular momentum of photons7,8, which contains a spin
contribution associated with the polarization, and an orbital
contribution associated with the spatial shape of the light intensity
and its phase. Within the paraxial regime, both contributions can
be measured and manipulated independently. The polarization of
photons is conveniently represented by a two-dimensional Hilbert
space, spanned by two orthogonal polarization states (for example,
horizontal and vertical). The spatial degree of freedom of light lives
in an infinite-dimensional Hilbert space27, spanned by paraxial

Laguerre–Gaussian modes. Laguerre–Gaussian beams carry a
well-defined orbital angular momentum (OAM) of mh̄ (m is an
integer) per photon that is associatedwith their spiral wavefronts28.

In our experiment, we use both the polarization and the
OAM (m = ±1) of photons to prepare quantum states of
dimension up to 4, spanned by the orthogonal vectors |H ,+1i,
|H ,�1i, |V ,+1i and |V ,�1i, where |H ,±1i (|V ,±1i) denotes
a horizontally (vertically) polarized photon with OAM m = ±1.
We first generate, by means of spontaneous parametric down-
conversion, pairs of photons (signal and idler) entangled in both
polarization and OAM (Fig. 2). The entangled state is of the form
|9�ipol ⌦ |9�iOAM, where |9�ipol = (1/

p
2)(|H is|V ii � |V is|H ii)

and |9�iOAM = (1/
p
2)(|m = 1is|m = �1ii +|m = �1is|m = 1ii).

By performing a projective measurement on the idler photon, we
prepare the signal photon in a well-defined state of polarization
and OAM. In particular, we project the idler photon on states
of the form (cos✓ |H ii + sin✓ |V ii) ⌦ |m = ±1ii, which has the
effect of preparing the signal photon in the state (sin✓ |H is �
cos ✓ |V is) ⌦ |m = ⌥1is. Thus, the combination of the source
of entanglement and the measurement of the idler photon
represents the state preparator. The prepared state is encoded
on the signal photon that is then measured. The signal photon
represents the mediating particle between the state preparator and
measurement device of Fig. 1.

To implement a continuous transition fromquantum to classical
states, a polarization-dependent temporal delay ⌧ between the
signal and idler photons is introduced. If the temporal delay
between the photons exceeds their correlation time, the coherence
is lost; that is, the off-diagonal terms vanish for all states in the
ensemble (see Supplementary Information).

For the sake of clarity, we list the assumptions made when
processing the observed data: the statistical behaviour of P(b|xy),
described by equation (1), is the same at every run of the experi-
ment; the detectors used for the preparation and the measurement
are uncorrelated; the observer can freely choose the preparation
and measurement in each run; the observed statistics provide a
fair sample of the total statistics that would have been observed
with perfect detectors. All of these assumptions are standard in any
estimation scenario. The value of the dimension witnesses is then
calculated from the raw data, that is, from all of the observed coin-
cidences between detection at the preparator and at the measuring
device, including dark counts. In the experiment we first generate
andmeasure the four qubit states |�xi given in Fig. 2. The first mea-
surement (y=1) assigns dichotomicmeasurement results of b=+1
and b=�1 to horizontally and vertically polarized photons, respec-
tively. The second measurement (y = 2) assigns b=+1 and b=�1
to OAM values ofm=+1 andm=�1, respectively. The thirdmea-
surement (y =3) assigns b=+1 and b=�1 to photons polarized at
+45� and �45�, respectively. The expected value of the dimension
witness of equation (3) for this combination of states and measure-
ments is I4 = 3+ 2

p
2 ⇠ 5.83 (see Supplementary Information).

Fromour experimental data we obtain I4 = 5.66±0.15. This clearly
demonstrates the quantum nature of our two-dimensional system,
because classical bits always satisfy I4 5.

In the above, the delay between signal and idler photons was set
to ⌧ = 0. Now we gradually increase this delay to convert a qubit
into a classical bit. The measured value of the witness I4 then drops
below 5, as expected (blue triangles in Fig. 3).

Next we generate ensembles of qutrits. The prepared states
and the measurements are identical to the previous (qubit)
experiment, except that the OAM of state |�3i is now flipped.
For ⌧ = 0, we obtain a measured value of the witness of
I4 = 7.57±0.13, certifying the presence of a quantum system of
dimension (at least) 3. This value is in good agreement with
the theoretical prediction of I4 = 5+ 2

p
2 ⇠ 7.83 for this set of

states and measurements.
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Figure 2 | Experimental set-up. a, The state preparator consists of a source of entangled photons (A), followed by a measurement (B) on one photon of the
pair (idler) that prepares its twin photon (signal) in the desired state. The signal photon is then sent to the measurement device. Block (A) is the source of
entangled photons. The second harmonic (Inspire Blue, Spectra Physics/Radiantis) at a wavelength of 405 nm of a Ti:sapphire laser in the picosecond
regime (Mira, Coherent) is shaped by a spatial filter (SF) and focused into a 1.5-mm-thick crystal of beta-barium borate, where spontaneous parametric
down-conversion takes place. The nonlinear crystal (XL) is cut for collinear type-II down-conversion so that the generated photons have orthogonal
polarizations. Before splitting the signal and idler photon, a polarization-dependent temporal delay ⌧ is introduced. The delay line (DL) consists of two
quartz prisms whose mutual position determines the difference between the propagation times of photons with orthogonal polarizations. Block (B)
performs a measurement on the idler photon to prepare the signal photon. It consists of a half-wave plate (HWP), polarizer (P), spatial-light modulator
(SLM) and a Fourier-transform lens (FL). The half-wave plate and polarizer project the photon into the desired polarization state. The desired OAM state is
selected by the SLM. SLM encodes computer-generated holograms that transform the m = +1 state or m = �1 state into the fundamental
Laguerre–Gaussian state LG00 (ref. 7) that is coupled into a single-mode fibre (SMF). The measurement device uses an identical block (B) to measure the
signal photon. M: mirrors; L: lenses; BS: beam splitter, F: interference filter; D: single-photon counting modules. b, Ensembles of quantum states |�xi
(x = 1...4) prepared in the experiment. c, Measurements performed at the measurement device for qubits and qutrits. In the case of quarts, the three
measurements are constructed by combining (1) and (2).

Now, increasing again delay ⌧ between the photons, the value of
the witness drops below 7. In a certain range of delays, the value of
I4 remains above the qubit bound of 6, testifying that at least three
dimensions are present (red circles of Fig. 3). In the limit of large
delays, the values of the witness are still larger than the bound of
I4 = 5 for bits, but below the bound for qubits. This is because the
curve was measured with a set a measurements optimized for the
qutrit/trit discrimination. This set ofmeasurements is not optimum
for the trit/qubit discrimination.

Finally, we prepare classical four-dimensional systems, that is,
quarts. Now the first measurement (y = 1) assigns the outcome
b= �1 to vertically polarized photons with OAM m= �1, and the
outcome b= +1 to all of the other orthogonal states. The second
measurement (y =2) assigns b=+1 and b=�1 to horizontally and
vertically polarized photons, respectively. The third measurement
(y = 3) assigns b=+1 and b=�1 to OAM ofm=+1 andm=�1,
respectively. In this case, the expected value of the witness is I4 = 9,
which corresponds to the algebraic maximum. Experimentally,
we measure I4 = 8.57± 0.06, which violates the qutrit bound of
I4 = 7.97 by more than 10 standard deviations. In this case, the
values of the witness are independent of the temporal delay ⌧ .
This is because the state is here classical (a statistical mixture of
orthogonal quantum states) and no superposition is present (green
diamonds in Fig. 3).

We have demonstrated how the concept of dimensionality,
which is fundamental in science, can be experimentally tested.
Using dimension witnesses, we have bounded the dimension of
classical and quantum systems only from measurement statistics,
without any assumption on the internal working of the devices

Delay  (fs)!

W
itn

es
s 

I 4

Quart

Qutrit

Trit

Qubit

Bit

–200 –100 0 100 200 300 400 500 600
3

4

5

6

7

8

9

Figure 3 |Dimension witness I4 for qubit (blue triangles), qutrit (red
circles) and quart (green diamonds) states as a function of temporal delay
⌧. For delays ⌧ > 255 fs, coherence is lost and quantum superpositions turn
into statistical mixtures, that is, classical states. The maximum observed
violations for qubit, qutrit and quart states are 5.66±0.15, 7.57±0.13 and
8.57±0.06, respectively. These values are close to the corresponding
theoretical bounds, given in Table 1, which are represented here by the
horizontal lines. The error bars plot standard deviations on the value of the
witness calculated from the measured data using error propagation rules.
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used in the experiment. Dimension witnesses represent an example
of a device-independent estimation technique, in which relevant
information about an unknown system is obtained solely from the
measurement data. Device-independent techniques13–16 provide an
alternative approach to existing quantum estimation techniques,
such as quantum tomography or entanglement witnesses, which
crucially rely on assumptions that may be questionable in complex
set-ups, for example, itsHilbert space dimension.Ourwork demon-
strates how the device-independent approach can be employed to
experimentally estimate the dimension of an unknown system.
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