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D2.6) Polarization-OAM qudits: Generation / manipulation of polarization-OAM qudits with dimension
larger than 4, obtained by coherently superimposing different OAM subspaces and the polarization space. In
connection with this, the optimal strategies to efficiently reconstruct the quantum states of Hilbert space with
increasing size will be also investigated.

[Excerpt from the Annex describing the deliverables of WP2, page 16]

The generation of qudit quantum states can open new prospects both for fundamental test of
quantum mechanics and for the implementation of quantum improved tasks. The second year of the
project has been mainly focused on fully exploiting the potentialities of four-dimensional quantum
systems for fundamental and technological applications. This work has been performed by UROM,
but ICFO has also started working on this goal with success. The implementation of even larger
dimensionality, carried out by UROM in collaboration with UNAP, is currently under way.

Four publications (3 in journals, 1 posted in arXiv and submitted) are included in this deliverable.

In [1] UROM, in collaboration with the University of Sevilla, has introduced an innovative
cryptographic scheme. Quantum cryptographic protocols based on complementarity are not secure
against attacks in which complementarity is imitated with classical resources. The Kochen-Specker
(KS) theorem provides protection against these attacks, without requiring entanglement or spatially
separated composite systems. UROM analyzed the maximum tolerated noise to guarantee the
security of a KS-protected cryptographic scheme against these attacks and described a photonic
realization of this scheme using hybrid ququarts defined by the polarization and orbital angular
momentum of single photons

In [2] UROM, in collaboration with the University of Sevilla, has exploited ququart states to
perform tests of quantum mechanics. Quantum resources outperform classical ones for certain
communication and computational tasks. Remarkably, in some cases, the quantum advantage
cannot be improved using hypothetical postquantum resources. A class of tasks with this property
can be singled out using graph theory. UROM reported the experimental observation of an
impossible-to-beat quantum advantage on a four-dimensional quantum system defined by the
polarization and orbital angular momentum of a single photon. The results show pristine evidence
of the quantum advantage and are compatible with the maximum advantage allowed using
postquantum resources.

In [3], UROM in collaboration with the University of Sevilla and Stockholm has implemented the
first Kochen-Specker set of quantum tests. Kochen-Specker (KS) sets are collections of yes-no tests
for which results cannot be preassigned in agreement with the predictions of quantum mechanics
for any arbitrary quantum state of a given quantum system of dimension three or higher. KS sets
have both fundamental and practical importance, can be used for tasks which cannot be performed
with classical resources, and have the distinguishing feature that the quantum advantage is free of
the initialization problem of quantum computing. In addition, some KS sets provide a quantum
advantage which cannot be outperformed by any post-quantum resources. We reported the first
experimental implementation of a complete KS set and show how to use it to obtain state-
independent impossible-to-beat quantum advantages. UROM demonstrated the unique power
of a 4-dimensional 18-test KS set for solving a specific task avoiding the problem of state
initialization and reaching the maximum performance, by demonstrating that, for 28 different
quantum states encoded in the orbital angular momentum and path degrees of freedom of single
photons, the KS set provides an impossible-to-beat solution to this task. In a second experiment,
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the University of Stockholm generated state-independent fully contextual quantum correlations by
performing compatible sequential measurements of the polarization and path of single photons,
exploiting the fact that these sequences project any initial quantum state into one of the
eigenstates of the KS set.

In [4], in advance with respect to the plans, ICFO has successfully carried out a test on dimensional
witness adopting OAM quantum states. An overwhelming majority of experiments in classical and
quantum physics make a priori assumptions about the dimension of the system under consideration.
However, would it be possible to assess the dimension of a completely unknown system only from
the results of measurements performed on it, without any extra assumption? The concept of a
dimension witness answers this question, as it allows one to bound the dimension of an unknown
classical or quantum system in a device-independent manner, that is, only from the statistics of
measurements performed on it. ICFO reported on the experimental demonstration of dimension
witnesses in a prepare and measure scenario. ICFO used pairs of photons entangled in both
polarization and orbital angular momentum to generate ensembles of classical and quantum states
of dimensions up to four. These results open new avenues for the device-independent estimation of
unknown quantum systems and for applications in quantum information science. The result here
reported is relevant both for this deliverable and for deliverable D2.10, on quantum information
tasks in the OAM-polarization space.

UROM and UNAP are currently working jointly on the implementation of hybrid qusix states based
on polarization and OAM encoding. The first preliminary results have been already obtained and
the experiment should be completed within month 27 and will therefore be included in deliverable
D2.10.

PHORBITECH contribution to this deliverable

PHORBITECH has supported the entire cost of the post-doc personnel (Eleonora Nagali, Ebrahim
Karimi) and part of the cost of the PhD students (Vincenzo D’Ambrosio) and the staff personnel.
Moreover, PHORBITECH, jointly with the FIRB project HYTEQ (Italian Ministry for Research),
has also supported the purchase of the needed equipment and lab materials. All quantum optics
experiments have been performed in UROM, with PHORBITECH involved people. Adan Cabello,
from the University of Sevilla, has contributed to papers [1]-[3] for the theory on quantum
contextuality. In [3] the group of Mohammed Bourennane, from the University of Sevilla, has
carried out part of the experiments with an experimental approach based on polarization-path
encoding that complemented the experiments carried out in Rome.

PHORBITECH contributors to this deliverable:
UROM: Eleonora Nagali, Vincenzo D'Ambrosio, Sandro Giacomini, Giorgio Milani, Fabio
Sciarrino

UNAP: Ebrahim Karimi, Enrico Santamato, Lorenzo Marrucci
ICFO: Martin Hendrych, Michal Micuda, Juan P. Torres



Publications included in this deliverable:

[1] “Hybrid ququart-encoded quantum cryptography protected by Kochen-Specker contextuality”,
A. Cabello, V. D'Ambrosio, E. Nagali, F. Sciarrino, Physical Review A 84, 030302 (2011).

[2] “Experimental observation of impossible-to-beat quantum advantage on a hybrid photonic
system”, E. Nagali, V. D’Ambrosio, F. Sciarrino, A. Cabello, Physical Review Letters 108, 090501

(2012)

[3] “Experimental implementation of a Kochen-Specker set of quantum tests”, V. D’Ambrosio, I.
Herbauts, E. Amselem, E. Nagali, M. Bourennane, F. Sciarrino, and A. Cabello, paper submitted,
published online at arXiv:1209.1836.

[4] “Experimental estimation of the dimension of classical and quantum systems”, M. Hendrych, R.
Gallego, M. Micuda, N. Brunner, A. Acin, J.P. Torres, Nature Physics 8, 588-591 (2012). DOI:
10.1038/nphys2334. [NOTE: this publication will be also reported at month 36 as part of
deliverable D2.10]
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Hybrid ququart-encoded quantum cryptography protected by Kochen-Specker contextuality

Adén Cabello,">" Vincenzo D’ Ambrosio,* Eleonora Nagali,> and Fabio Sciarrino®*f
' Departamento de Fisica Aplicada II, Universidad de Sevilla, E-41012 Sevilla, Spain
2Department of Physics, Stockholm University, S-10691 Stockholm, Sweden
3Dipartimento di Fisica della “Sapienza” Universita di Roma, I-00185 Roma, Italy
4Istituto Nazionale di Ottica, Consiglio Nazionale delle Ricerche (INO-CNR), 1-50125 Florence, Italy
(Received 22 July 2011; published 12 September 2011)

Quantum cryptographic protocols based on complementarity are not secure against attacks in which
complementarity is imitated with classical resources. The Kochen-Specker (KS) theorem provides protection
against these attacks, without requiring entanglement or spatially separated composite systems. We analyze the

maximum tolerated noise to guarantee the security of a KS-protected cryptographic scheme against these attacks
and describe a photonic realization of this scheme using hybrid ququarts defined by the polarization and orbital

angular momentum of single photons.

DOI: 10.1103/PhysRevA.84.030302

Introduction. Quantum key distribution (QKD) protocols
allow two distant parties to share a secret key by exploit-
ing the fundamental laws of quantum mechanics. However,
standard quantum cryptographic protocols based on quantum
complementarity, such as the Bennett-Brassard 1984 (BB84)
protocol [1], are not secure against attacks in which the
adversary imitates complementarity with classical resources
[2]. Interestingly, BB84-like protocols can be improved to
assure “the best possible protection quantum theory can
afford” [2] by exploiting the fact that the Bell [3] and Kochen-
Specker (KS) [4] theorems show that the outcomes of quantum
measurements do not admit local and noncontextual descrip-
tions, respectively. The extra security provided by the Bell
theorem has been extensively investigated [5—7]. However, this
extra security is based on the assumption that the legitimate
parties can perform a loophole-free Bell test, something which
is beyond the present technological capabilities and is not
expected to be an easy task in the future [8]. A similar
problem affects recent proposals combining the KS theorem
with entanglement [9,10]. Therefore, it is worth exploring
the extra security offered by the KS theorem in situations
which require neither entanglement nor composite systems,
but only single systems with three or more distinguishable
states. For cryptographic purposes, the difference between
qubits and systems of higher dimensionality is this: Whereas in
qubits different bases are always disjoint, from qutrits onward
different bases may share common elements. It is this property
which is at the root of the proofs of Bell and KS theorems.

Here we investigate the experimental requirements for
obtaining the extra security offered by a KS-protected QKD
protocol introduced by Svozil [11], based on the properties
of the simplest KS set of states [12]. Hence we propose
to implement such a protocol by adopting ququart states
encoded in the hybrid polarization-orbital angular momentum
four-dimensional space of single photon states [13,14]. For
this purpose, we introduce the optical schemes to measure all
the states needed to prove KS contextuality. The capability of
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encoding a four-dimensional quantum state in a single photon
by exploiting these two different degrees of freedom enables us
to achieve a high stability and transmission rate in free-space
propagation.

Svozil’s protocol. The cryptographic protocol introduced
by Svozil in [11] is a variation of the BB84 protocol and
works as follows: (i) Alice randomly picks a basis from the
nine available in Fig. 1 and sends Bob a randomly chosen
state of that basis. (ii) Bob, independently from Alice, picks
a basis at random from the nine available and measures the
system received from Alice. (iii) Bob announces his bases
over a public channel, and Alice announces those events in
which the state sent belongs to the measured basis. Therefore,
the probability of adopting the same basis is %. (iv) Alice
and Bob exchange some of the remaining matching outcomes
over a public channel to ensure that nobody has spied their
quantum channel. (v) Alice and Bob encode the four outcomes
by using four different symbols. As aresult, for each successful
exchange Bob and Alice share a common random key.

The advantage of this protocol over the BB84 protocol is
that it is protected by the KS theorem against attacks in which
the adversary replaces the quantum system with a classical
one. These attacks can be described using a classical toy model
[2,11] in which, in step (i), Alice is actually picking one of
nine differently colored eyeglasses (instead of one of the nine
different bases in Fig. 1) and picking a ball from an urn (instead
of picking one of the 18 states in Fig. 1) with two color symbols
in it (corresponding to the two bases the state belongs to). Each
one of the nine differently colored eyeglasses allows her to see
only one of the nine different colors. To reproduce the quantum
predictions: (a) each of the balls must have one symbol S; €
{1,2,3,4} written in two different colors chosen among the 18
possible pairs. Her choice of eyeglass decides which symbols
Alice can see. (b) All colors are equally probable and, for a
given color, the four symbols are equally probable. In step
(ii), Bob is actually picking one of nine differently colored
eyeglasses and reading the corresponding symbol. A classical
strategy like this one can successfully imitate the quantum part
of the BB84 protocol (see [2] for details) but not the protocol
described above. The reason is that the requirements (a) and
(b) cannot be satisfied simultaneously. Figure 1 shows how to
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FIG. 1. (Color online) The protocol is based on a KS set of 18
states which can be grouped in 9 bases represented by 9 colors. Every
state belongs to two different bases. No set of 18 balls can have all
the properties required to imitate the KS set; at least two balls must
have different symbols. Therefore, the imitation can be detected.

prepare 18 balls with the minimum number of balls not having
the same symbol.

Experimental requirements. As shown in Fig. 1, the mini-
mum number of balls not having the same symbol is two out
of 18. A ball attack can be detected only in those runs in which
Alice and Bob pick differently colored eyeglasses. Therefore
for the set in Fig. 1, the trace of such an attack will be a 13
probability of Alice plckmg a symbol such that the correspond-
ing interlinked symbol (seen only with differently colored
eyeglasses) is different. As a consequence, to demonstrate
that the experimental results cannot actually be imitated with
balls and to experimentally certify the extra security of this
KS-based QKD protocol, we need an experimental probability
w of wrong state identification, defined as the probability that
Bob makes a wrong identification of the state sent by Alice
when Bob has successfully measured in a correct basis, of
w<;~0.111.

Implementatlon using polarization- and orbital-angular-
momentum-encoded ququarts. Here we propose a scheme for
the experimental implementation of the KS-protected QKD
protocol. To test its feasibility, we need to prepare the 18
states, measure each of them in two different bases, and
obtain an average value of w over the 18 x 2 possibilities.
The condition which must be fulfilled is w < 0.111, which
corresponds to a mean fidelity value of the transmission of the
state of F = 0.889. In addition, to check that any intercept
and resend strategy causes a disturbance, one should be able
to measure what happens when the states are measured in the
wrong basis. While in the correct basis the probabilities for the
four possible outcomes are (in the ideal case) 0,0, O and 1,in
the wrong basis they are either 0, 0,1 7 and or0, 1 I 4, and L

Svozil’s protocol uses nine sets of four-dlmenswnal states
defining a 18-state KS set. We propose encoding four-
dimensional quantum states by exploiting two different de-
grees of freedom of the same particle, an approach that allows
us to achieve higher efficiency in the transmission process.
It has recently been demonstrated that ququart states can be
efficiently generated by manipulating the polarization and
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orbital angular momentum (OAM) of a single photon [13].
In particular, we consider a bidimensional subset of the
infinite-dimensional OAM space, denoted as o;, spanned by
states with OAM eigenvalue m = =1 in units of /. According
to the nomenclature |¢,¢) = |@)x|$)o,, Where |-);, and |-),,
stand for the photon quantum state “kets” in the polarization
and OAM degrees of freedom, the logic ququart basis can be
rewritten as

{|1)s|2>’|3>»|4>} g {|H7 + 1)3|Hs - l>’|Vs + 1>7|V7 - 1)}7

(D

where H (V) refers to horizontal (vertical) polarization.
Following the same convention, the OAM equivalent of the
basis |H) and | V) is then defined as |h) = f(| +1)+|-1)
and |v) = Jl_i(l 4+ 1) — | — 1)). Finally, the £45° angle “an-
tidiagonal” and “diagonal” linear polarizations are hereafter
denoted by the kets |A) = (|H) + |V))/~/2and |D) = (|H) —
|V))/\/§, while the OAM equivalent is denoted by |a) =
(|h) + [v))/+/2 and |d) = (|h) — |v))/~/2. It is convenient to
work with Laguerre-Gauss laser modes (LGg +;) as OAM
eigenstates since, in this case, the states (|k),|v),|a),|d)) will
result as the Hermite-Gauss modes (HG; 0,HGy ;) along the
axes and rotated by 45°. This feature allows us to easily
transform the states by an astigmatic laser mode converter
[15]. We stress that by choosing a bidimensional subspace
of OAM we avoid detrimental effects on the state due to the
radial contribution in the free propagation and Gouy-phases
associated with different OAM values [16]. Hence, a hybrid
approach for the encoding of a ququart state, based on OAM
and polarization, leads to a higher stability for the single
photon propagation compared to a qudit implemented only
by adopting the OAM degree of freedom. According to the
previous definitions, a state (aj,as,a3,as) of the KS set is
implemented as

allH, + 1)+ alH, = 1) +a3|V, + 1) + a4V, = 1). ()

The coefficients a; for each state are shown in Table I, along
with the settings needed to analyze each basis.

Generation. Figure 2 shows the optical schemes for the
generation and detection of any ququart state of the KS set.
The generation of the states can be achieved by adopting a
spontaneous parametric down conversion (SPDC) source of
pair of photons, as in Fig. 2(a), where we consider a collinear
generation of couples |H)|V'), where one of the two photons
acts as a trigger for the heralded generation of a single photon to
be sent to the experimental setup. As in [13], the manipulation
of the OAM degree of freedom can be achieved by adopting
the g-plate device [16,17]. On the polarization, the ¢ plate acts
as a half-wave plate, while on the OAM it imposes a shift
on the eigenvalue m = £2¢g, where ¢ is an integer or half-
integer number determined by the (fixed) pattern of the optical
axis of the device. In order to manipulate the OAM subspace
o1 = {| + 1),] — 1)}, agplate with topological chargeg = 1/2
should be adopted [18]. Interestingly, the fact that the g plate
can entangle or disentangle the OAM and polarization degrees
of freedom can be exploited for the preparation of any ququart
states. In order to generate all the states of the KS set, it is
sufficient to exploit a technique based on a quantum transferrer
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TABLE I. The ququart states that compose the KS set are divided in nine basis and encoded in
polarization and orbital angular momentum degrees of freedom by adopting the devices in Fig. 2.
Column E identifies whether or not the states are entangled states of the two degrees of freedom.
Column S specifies the experimental setup to be adopted for the analysis. Column MC gives the angle
between the horizontal axis and the orientation of the cylindrical lenses of the mode converter MC.
Column QWP indicates the angle of the quarter wave plate to be inserted after the PSI in Fig. 2(b)
for the analysis of bases IV and IX.WP refers to the type of wave plate to be inserted in the setup: H
means half-wave plate and Q means quarter-wave plate.

Set Logic E S PSI1 PSI2 QWP MC WP
1 (1,0,0,0),(0,1,0,0) b %
0,0,1,1),(0,0,1, — 1) b %
I (1,1,1,1),(1,1, — 1, — 1) c T H%
(1, — 1,0,0),(0,0,1, — 1) c % H %
111 (1,1,1,D),(1, = 1,1, = 1) b %
(1,0, — 1,0),(0,1,0, — 1) b I
v (—1,1,1,1),(1,1, — 1,1) v b v % 0
(1,0,1,0),(0,1,0, — 1) b v % 0
\'% (1,0,0,1),(0,1, — 1,0) v c v v T H %
(1,1,1, = 1),(—1,1,1,1) v c v v % H%
VI (1,0,0,1),(0,1,1,0) v c v 0 Q %
(1,1, -1, —D),(1,—-1,1,—1) c v 0 Q%
VII (1,1,1, — 1),(1,1, — 1,1) v c v 0 Q%
0,0,1,1),(1, — 1,0,0) c v 0 Q%
VIII (0,0,0,1),(1,0,1,0) c H %
(1,0, — 1,0),(0,1,0,0) c H %
X 0,1, —1,0),(0,1,1,0) v b v % 0
(1,0,0,0),(0,0,0,1) b v T 0
@ B PO,
o
LGS LG Sorter
(b) I-(1N)-1V-(1X) (c) l1-V-(VI)-VII-VII
. ”T) - - /1 (V1)
I{X) li oS || —PSI— N B e
~PS|— ——  —LGS —
| | 1 | o I_ _ | MC  Mode Converter
T To be inserted | MC l l [ —— LGS
| | | |PBS | I
T hwe | LGS — u
QWP | | | PBS | |
Detection I _____ J l ______ |
Stage

FIG. 2. (Color online) (a) Setup for the generation of ququart states: One of the two photons emitted by SPDC acts as a trigger, while
the other one is sent to a polarizing beam splitter (PBS), wave plates, and a quantum transferrer based on the g plate in order to generate the
desired ququart. (b) Setup for the analysis of bases (I-III-IV-IX): The setup in the dotted rectangle analyzes the four states of basis I; basis III
can be measured by inserting a half-wave plate (HWP) at /8 before the PBS. A polarizing Sagnac interferometer (PSI) and a quarter-wave
plate are needed to analyze bases IV and IX (adding a HWP at v /8 before the PSI). (c) Setup for the analysis of bases (II-V-VI-VII-VIII): The
part in the dotted rectangle is suitable to sort the four states of all the bases (the gray wave plate can be a HWP or a QWP depending on the
particular basis as shown in Table I); this part is sufficient to analyze basis VIIL. Basis II can be analyzed by adding a mode converter (MC).
Using a PSI before the MC makes it possible to analyze bases VI (adding a HWP at 7 /8) and VII. Finally, the states of basis V can be sorted
by an additional PSI and QWP. The pictures in the three boxes on the right represent the Sagnac interferometer, the LG mode sorter, and the
cylindrical lens mode converter, respectively. The detection stage consists of a g plate, a single-mode fiber, and a detector.
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m — o) described in [13]. The OAM eigenmodes produced
in this way are not exactly LG modes but hypergeometric
Gaussian ones [19]. Since some of the detection schemes are
based on the properties of Laguerre-Gaussian modes, this fact
will lead, in some cases, to a detection efficiency of around
80%. Thus, in order to avoid noise due to different OAM order
contributions, it is sufficient to insert in the detection stage a
g plate and a single-mode fiber connected to the detector (see
Fig. 2).

Measurement of the KS bases. The bases involved in the
KS set have different structures as shown in Table I. They can
be classified in three groups, depending on whether they are
composed of separable, entangled (between polarization and
OAM), or both separable and entangled states.

The detection setup is shown in Figs. 2(b) and (c). Their
components are a polarizing Sagnac interferometer with a
Dove prism (PSI) [20], an astigmatic laser mode converter
(MC) [15], and a Laguerre-Gauss mode sorter (LGS) [21]. The
PSI consists of a Sagnac interferometer with a polarizing beam
splitter as input-output gate and a Dove prism that intercepts
the two counterpropagating beams and can be rotated around
the optical axes. This scheme allows us, under appropriate
conditions, to transform an entangled state into a separable
one. In this case, the prism must be rotated in order to add
a phase shift of A¢ = /2 between |H) and |V) (¢ = /8
in Fig. 2). For example, the states of basis IV are transformed
into (|L,a),|L,d),|R, + 1),|R, — 1)). The MC consists of two
cylindrical lenses (with the same focal length f) at distance
f/x/i. It allows us to convert the HG states (|a),|d)) into

RAPID COMMUNICATIONS
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(| + 1),] — 1)) and, if rotated by 45° along the optical axes, to
convert (|h), |v)) into (| + 1), | — 1)) [15]. The LGS consists
of a Mach-Zehnder interferometer with a Dove prism in each
arm. The two prisms are rotated by B = /4 with respect
to each other. A phase plate (v = 7/2) in one of the two
arms allows us to send | 4+ 1) and | — 1) in the two different
output ports of the Mach-Zehnder. States belonging to sets
[-III-IV-IX can be analyzed by adopting the scheme reported
in Fig. 2(b) with some slight modifications related to the
specific basis to be measured. The scheme in Fig. 2(c) leads
to the analysis of bases II-V-VI-VII-VIIL. All the details
on the settings of the different measurement devices are in
Table L.

Conclusions. Device-independent QKD based on loophole-
free Bell tests are still far in the future. It is therefore worth in-
vestigating whether quantum contextuality can produce some
extra protection to BB84-like protocols which do not use entan-
gled states. Here we have presented a proposal to demonstrate a
quantum contextuality-based extra protection against a partic-
ular attack, requiring neither composite systems nor entangled
states.
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Quantum resources outperform classical ones for certain communication and computational tasks.
Remarkably, in some cases, the quantum advantage cannot be improved using hypothetical postquantum
resources. A class of tasks with this property can be singled out using graph theory. Here we report the
experimental observation of an impossible-to-beat quantum advantage on a four-dimensional quantum
system defined by the polarization and orbital angular momentum of a single photon. The results show
pristine evidence of the quantum advantage and are compatible with the maximum advantage allowed

using postquantum resources.
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Introduction.—The search for properties singling out
quantum mechanics from more general theories has re-
cently attracted much attention [1-8]. In this framework,
it is natural to address questions such as which is the
simplest task in which quantum mechanics provides an
advantage over classical theories and no hypothetical post-
quantum theory can do it better. The only requirement
defining these postquantum theories is that they cannot
assign a value larger than 1 to the sum of probabilities of
mutually exclusive possibilities. Some recent results have
shed light on this problem. Let us consider the class of
tasks requiring one to maximize a sum 2, of probabilities of
propositions tested on a system (this class includes some
communication complexity tasks [9] and all noncontextual
[10-12] and Bell inequalities). In Ref. [13] it is shown that
the maximum of X is given by C(G), Q(G), or P(G),
depending on whether classical, quantum, or general
resources are used. This numbers are three properties of
the graph G in which vertices represent propositions
and edges link exclusive propositions. The simplest task
of this class in which there is a quantum advantage but no
postquantum theory outperforms quantum mechanics
corresponds to the simplest graph such that C(G) <
0(G) = P(G), requiring a quantum system with the lowest
possible dimensionality x(G).

In this Letter we experimentally implement the simplest
task with quantum but no postquantum advantage. For this
purpose we exploit the properties of the graph of Fig. 1,
identified in [14] as the simplest one with these properties,
to perform an experiment in which quantum mechanics
gives a larger 2 than classical theories and no postquantum
theory can do it better. Specifically, for the graph in Fig. 1,
C(G) =3 while Q(G) = P(G) =3.5 with x(G) = 4.
Experimentally we adopt a photonic hybrid system of
dimension four, encoded in the polarization and a bidimen-
sional subspace of the orbital angular momentum. The high
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fidelity and reliability of the present scheme allow us to
achieve a close to theory measured value and a direct test
of the exclusivity of the 10 involved orthogonal projectors.

There is a one-to-one correspondence between C(G),
Q(G), and P(G) and the classical, quantum, and general
bounds for the following task: given an n(G)-vertex graph
G, each player is asked to prepare a physical system and
provide a list of n(G) yes-no questions (or tests) Q; on this
system, satisfying that questions corresponding to adjacent
vertices in G cannot both have the answer yes. The player
who provides the preparation and questions with the high-
est probability of obtaining a yes answer when one ques-
tion is picked at random wins.

If the questions refer to preexisting properties, that is, all
the answers have a predefined value, the highest probabil-
ity of obtaining a yes answer is C(G)/n(G). For the graph
in Fig. 1, the sum of the probabilities of obtaining a yes
answer is

6

FIG. 1. Graph representing the simplest task of the class
defined in the main text with quantum but no postquantum
advantage. Vertices represent propositions, edges link proposi-
tions that cannot be simultaneously true.

© 2012 American Physical Society
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since at most 3 of the questions in Fig. 1 can be true. An
optimal classical strategy to win is described in the
Supplemental Material [15].

However, in quantum mechanics, preparing a four-level
system in the state

(¥ =1(0,0,0,1), )

and testing the propositions represented by the projec-
tors |v;)(v;| over the following 10 (non-normalized)
vectors (v,],

(v, =(0,0,1,1), (3a)
(vl =(1,-1,1,-1), (3b)
(v5] =1, -1, —1,1), (3¢)
(vl = (1,0,0, 1), (3d)
(vs| =1, 1,1,1), (3e)
(vgl = (0,1,0, — 1), (3f)
(v7l = (=1, 1,1, 1), (32)
(vg] = (1,0,0, 1), (3h)
(vol = (1,1, 1, = 1), (31)
<U10| = (1, 1L, -1, 1), (€1))

the probability of obtaining a yes answer is % = (.35,
which is the maximum using quantum resources [namely,
0(G)/n(G)], since for the graph in Fig. 1,

0(G) =3 “)

which does not only go beyond the classical limit, but
actually saturates the bound for any postquantum theory.
The simplest way to grasp the previous bound is to notice
that any other assignment of probabilities to the vertices of
the graph in Fig. 1 either does not beat 7/2 or is incon-
sistent with the requirement that the sum of probabilities of
mutually adjacent vertices (i.e., those representing mutu-
ally exclusive propositions) cannot be larger than 1. As
explained in [13], there is a one-to-one correspondence
between the maximum of the sum of the probabilities and
the so-called fractional packing number of the graph in
which vertices represent propositions and edges exclusive-
ness. The fractional packing number of the graph in Fig. 1
is 7/2. The remarkable property of the graph in Fig. 1 is
that Q(G) = P(G), so no postquantum theory can improve
this performance. Unlike standard Bell tests where hypo-
thetical postquantum theories can outperform quantum
mechanics [16], here quantum mechanics reaches the
maximum performance allowed by the laws of probability,
as in this case there is no way to assign probabilities out-
performing the quantum ones without violating that the
sum of the probabilities of exclusive propositions cannot
be higher than 1. Indeed, what makes this experiment

special is that it aims to the simplest scenario where the
quantum probabilities exhibit this curious property.

Experimental implementation.—To experimentally ver-
ify the quantum predictions we require a four-dimensional
system and the ability to project ququart states over all the
states in Egs. (3) with high fidelity and high reliability.
These states are found to belong to all the five different
mutually unbiased bases of a ququart [17,18]. We encoded
such higher-dimensional quantum states by exploiting two
different degrees of freedom of the same photon. It has
been recently demonstrated that ququart states can be
efficiently generated by manipulating the polarization
and orbital angular momentum (OAM) [19]. The orbital
angular momentum of light is related to the photon’s
transverse-mode spatial structure [20] and can be exploited
for implementing qudits encoded in a single photon state
[21-23]. The combined use of different degrees of freedom
of a photon, such as OAM and spin, enables the imple-
mentation of entirely new quantum tasks [24]. Moreover,
the implementation of a ququart state by exploiting both
the polarization and a bidimensional subspace of orbital
angular momentum with fixed OAM eigenvalue |m|, the
so-called hybrid approach, does not require interferometric
stability and is not affected by decoherence due to different
Gouy phase for free propagation [25].

Here we considered a bidimensional subset of the
infinite-dimensional OAM space, denoted as 0,, spanned
by states with OAM eigenvalue m = *£2 in units of 7.
According to the nomenclature |¢, ¢) = |@)|¢),,, where
|), and |-),, stand for the photon quantum state “kets” in
the polarization and OAM degrees of freedom, respec-
tively, the logic ququart basis can be written as

{IH, +2),|H, =2), |V, +2), |V, =2)}, 5)

where H (V) refers to horizontal (vertical) polarization.
According to these definitions, a generic ququart state
expressed as (ay, a,, as, ay), as in (3), can be experimen-
tally implemented as

a|H, +2) + a,|H, =2) + a3|V, +2) + a4|V, =2). (6)

Analogously to [19], the manipulation of the OAM degree
of freedom has been achieved by adopting the g-plate
device [25,26]. On the polarization, the g plate acts as a
half-wave plate, while on the OAM it imposes a shift on the
eigenvalue m = *2¢, where ¢ is an integer or half-integer
number determined by the (fixed) pattern of the optical axis
of the device. In our experiments we adopted a ¢ plate with
g = 1, thus manipulating the OAM subspace o0, =
{I+2),| —2)}. Interestingly, the ability of the g plate to
entangle and disentangle the OAM-polarization degrees of
freedom can be exploited for the preparation as well as for
the measurement of any ququart states.

Let us briefly give an example of how the ¢ plate works.
By injecting a photon in the state |R),|0), (|L),|0),),
where |R),. (|L),) refers to the right (left) circular polar-
ization, the output state reads |L),| — 2),, (IR),| + 2),,).
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TABLE I. Theoretical predictions and experimental results for
the probabilities of the different outcomes from measurements
on state (0, 0,0, 1) = |V, —2). We associate to each projection a
number used later to identify the state. In the column labeled
Type we specify if the state is separable (S) or entangled (E).

Probabilities

State projection ~ Code  Type  Theory Experiment
0,0,1,1) 1 S 1/2 0.69 = 0.02
(,-1,1,—-1) 2 S 1/4 0.160 = 0.007
(,-1,-1,1) 3 S 1/4 0.145 = 0.006
(1,0,0,—1) 4 E 1/2 0.44 = 0.01
(L, 1,1, 1) 5 S 1/4 0.33 £ 0.01
0,1,0,—1) 6 S 1/2 0.49 = 0.01
(=L 1,1,1) 7 E 1/4 0.160 = 0.007
(1,0,0,1) 8 E 1/2 0.51 £ 0.01
(,1,1,-1) 9 E 1/4 0.34 = 0.01
(,1,-1,1) 10 E 1/4 0.218 = 0.008

Sum 7/2 3.49 = 0.03

It follows from the latter relations that by injecting on a ¢
plate a photon with null OAM value and horizontal polar-
ization, the state (|R, +2) + |L, —2))/+/2 is generated,
corresponding to a single photon entangled state between
two different degrees of freedom. In Table I we report the
projections over the ten ququart states on the input state
(0,0,0,1) = |V, —2) needed to obtain the maximum pos-
sible violation in quantum mechanics.

The experimental setup adopted for such measurements
is shown in Fig. 2. A spontaneous parametric source

(SPDC) generates heralded single photon states, sent
through single mode (SM) fiber to setup (a) in order to
encode the input state (0,0, 0, 1), generated adopting a
quantum transferrer = — 0,. This tool allows us to transfer
the information initially encoded in the polarization degree
of freedom to the OAM, by exploiting the features of the
g-plate device combined to a polarizing beam splitter
(PBS) [26]. In particular, the input state has been generated
by adopting the experimental setup in Fig. 2(a), where the
wave plates 1 were oriented to generate right circular
polarization, and the settings of wave plates 2 for vertical
polarization. Then, measurements have been carried out
adopting the setups in Figs. 2(c) and 2(d), depending on
whether the state on which the projection had to be carried
out was separable or entangled. For the projection on
separable states (denoted by S in Table I), we adopted a
deterministic transferrer 0o, — 7 based on a Sagnac inter-
ferometer with a Dove’s prism in one of its arms [27].
Thanks to this setup, any qubit encoded in a bidimensional
subspace of OAM Igo){,2 is transferred to the polarization
with probability p = 1. When the analysis on entangled
states has to be carried out, it is possible to exploit the
capability of the g plate to disentangle the polarization to
the OAM of a single photon. Indeed, for such projections
we adopted a ¢ plate and a standard polarization analysis
setup. The experimental results are reported in Table I and
compared to the theoretical value of 3.5. We observed a
good agreement with the theoretical expectations, thus
demonstrating the advantage of adopting quantum resour-
ces over classical ones.

Photon source Generation

Analysis e) "

Separable

Entangled T

] B
L~
[ﬁ Detector + SM

‘e p SMFiber

0.8
Dove Prism

Fidelity

1 2 3 4 5 6 7 8 9 10
Input state code

\§

N\

§

0
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
Non-orthogonality component

FIG. 2 (color online).

Experimental setup for the measurement of the probabilities p; ;. In the upper left corner is represented the

single photon source, based on spontaneous parametric down-conversion in a nonlinear crystal (BBO) cut for type II SPDC generation
of photon pairs and the compensation for the walk-off (C,,) followed by two interference filters (IF) with bandwidth AA = 3 nm. See
the Supplemental Material [15] for further details. The four schemes we used for the experiment are presented in the central part of the
figure. Each state is prepared by one of the two setups of the ““Generation” column: Setup (a) for separable states (quantum transferrer
7 — 0,) and setup (b) for entangled ones [an “‘entangler” based on a g plate, a quarter-wave plate (QWP), and a half-wave plate
(HWP)]. The “Analysis” column shows the setups for the projection on the desired state. Setup (c) for separable states, a deterministic
transferrer 0, — 7 (here C is a compensation stage), and setup (d) for entangled states, where a ¢ plate is needed to have a
deterministic detection. (e) Experimental fidelities of generation and analysis for the ten states of the graph in Fig. 1. (f) Experimental
results of the exclusiveness test: occurrences of the nonorthogonality component of the experimental projectors adopted for the
measurements. All measured values of p(i, j) and p(j, i) are reported in the Supplemental Material [15].
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As a second step, we provide the experimental verifica-
tion of exclusiveness relations between the different states
in (3), that is, the fact that states connected by an edge
cannot be simultaneously both true. We denote by a num-
ber from 1 to 10 the states involved in the experiment, and
measured the probabilities p(i, j) and p(j, i), where i, j =
I, ..., 10. For the generation of ququart states belonging
to entangled bases, we adopted the scheme reported in
Fig. 2(b). In Fig. 2(e) we report the experimental values
of probabilities p(i, i), measured in order to ensure a high
fidelity in the generation and reliability of all ququart states
involved in the experiment. In particular, we observed an
average fidelity of F = (0.9492 * 0.0001). To verify that
experimentally we implement orthogonal projectors, we
measured the probabilities p(i, j) and p(j, i) with i # j. In
Fig. 2(f) we report the histogram of the occurrence of
different values of probabilities, that quantify the nonor-
thogonality component of the experimental projectors. We
observe a good agreement with the null value expected for
orthogonal states. Error bars have been evaluated by con-
sidering the Poissonian statistics of photon events.

Discussion.—The classical inequality (1) is valid under
the assumption that the measured propositions satisfy the
exclusiveness relations given by the graph in Fig. 1. The
results in Fig. 2(f) show a very good agreement with the
assumption. Even if the agreement between the experimen-
tal sum of probabilities is high, for some probabilities the
deviations from the theoretical results are larger than the
error bars. We attribute such discrepancy to the experimental
implementation of the projectors, whose orientation with
respect to the input state is slightly different from the ex-
pected one. Assuming that inequality (1) is only valid with
probability 1 — € and assuming that the worst case scenario,
in which there are no links so the bound of the inequality is
10, occurs with probability e, to certify the quantum advan-
tage it is enough that 3(1 — €) + 10€ <3.49; that is, € <
0.071. The impossible-to-beat quantum advantage is certi-
fied by the fact that all our 42 experimental probabilities
satisfy this condition and by the fact that the average value of
€ 1s 0.016 = 0.001. To our knowledge, this is the first time
an experiment performing a task with quantum but no post-
quantum advantage [16,28,29] has shown results which
demonstrate the quantum advantage and are compatible
with the impossibility of a better performance.

In summary, in this Letter we reported the experimental
implementation of the simplest impossible-to-beat quan-
tum advantage by adopting a photonic system of dimension
four. Such a system has been implemented by exploiting the
polarization and orbital angular momentum of single pho-
tons. We found a good agreement with theoretical expecta-
tion values. Moreover, we have experimentally verified all
the exclusiveness relations between the states that corre-
spond to the elements of the graph that models our system.
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The conflict between classical and quantum
physics can be identified through a series of yes-
no tests on quantum systems, without it being
necessary that these systems be in special quan-
tum states. Kochen-Specker (KS) sets of yes-no
tests have this property and provide a quantum
vs classical advantage, free of the initialization
problem affecting quantum computers. Here we
report the first experimental implementation of
a complete KS set consisting of 18 yes-no tests
on four-dimensional quantum systems, and show
how to use them to obtain state-independent
quantum advantage. We first demonstrate the
unique power of this KS set for solving a task
avoiding the problem of state initialization. This
is done by showing that, for 28 different quantum
states encoded in the orbital angular momentum
and polarization degrees of freedom of single pho-
tons, the KS set provide an impossible-to-beat so-
lution. In a second experiment, we generate max-
imally contextual quantum correlations by per-
forming compatible sequential measurements of
the polarization and path of single photons. In
this case, state-independence is demonstrated for
15 different initial states. Maximum contextual-
ity and state-independence follow from the fact
that the sequences of measurements project any
initial quantum state onto one of the KS set’s
eigenstates. Our results show that KS sets can
be used for quantum information processing and
quantum computation, and pave the way for fu-
ture developments.

I. INTRODUCTION

The classical description of nature is based on the as-
sumption that all physical systems possess properties,
such as position and velocity, that can be revealed by
the act of observation and whose objective existence is
independent of whether or not the observation does actu-
ally take place. A consequence of this assumption is that
there should exist a joint probability distribution for the
results of any set of joint measurements revealing these
properties [I]. However, there is a fundamental theorem
that states that, if quantum mechanics (QM) is correct,
then nature cannot be described in classical terms [2-
4]. Kochen and Specker (KS) provided a particularly

appealing proof of this theorem [4], valid for systems in
any quantum state and which therefore does not require
the system to be prepared in specific quantum states, as
is the case for the violation of Bell inequalities [5].

KS proved that, for any quantum system of dimen-
sion d > 3, there are sets of yes-no tests (represented in
QM by projectors II; = |v;){v;| onto unit vectors |v;)) for
which it is impossible to assign results 1 (yes) or 0 (no)
in agreement with two predictions of QM: (i) If two ex-
clusive tests (represented by orthogonal projectors) are
performed on the same system, both cannot give the re-
sult 1. (ii) If d pairwise exclusive tests (i.e., satisfying
Z?:l II; = I, with I the d-dimensional identity matrix)
are performed on the same system, then one of the tests
gives 1. For a given d, these sets, called KS sets, are
universal in the sense that assigning results is impossible
for any quantum state. The existence of KS sets demon-
strates that, for any quantum state, it is impossible to re-
produce the predictions of QM with theories in which the
measurement results are independent of other compatible
measurements. These theories are called non-contextual
hidden variable (NCHV) theories.

The original KS set had 117 yes-no tests in d = 3 [].
In d = 3, the simplest known KS set has 31 tests [6] and
it has been proven that a KS set with less than 19 tests
does not exist [7HI]. Indeed, numerical evidence suggests
there is no KS set with less than 22 tests in d = 3 [7].
However, in d = 4, there is a KS set with 18 yes-no tests
[10], and it has been proven that there is no KS set with
a smaller number of yes-no tests [7, [9]. Moreover, there
is numerical evidence that the same holds for any dimen-
sion [7], suggesting that, as conjectured by Peres [11], the
18-test KS set is the simplest one in any dimension. A
graph can be associated to any KS set [4]. In this graph,
each yes-no test of the KS set is represented by a vertex
and exclusive yes-no tests are represented by adjacent
vertices. Fig.|l|a) shows the graph corresponding to the
18-test KS set. Other proofs of state-independent quan-
tum contextuality based on observables represented by
Pauli operators [12] [13] can be expressed in terms of KS
sets, by noticing that the projectors onto the common
eigenstates of the commuting Pauli operators constitute
a KS set [I4] [15].

While Bell inequalities [5] have stimulated a large num-
ber of experiments (e.g., [I6H19]) and have a number of
applications (e.g., [20H22]), KS sets of yes-no questions
have never been implemented experimentally.



II. EXPERIMENTAL OBSERVATION OF
STATE-INDEPENDENT IMPOSSIBLE-TO-BEAT
KS-BASED QUANTUM ADVANTAGE USING
POLARIZATION AND ORBITAL ANGULAR
MOMENTUM OF PHOTONS

Consider the following task [23]: Given an n-vertex
graph G, provide n yes-no tests about a physical sys-
tem, such that each test is associated to a vertex of G,
exclusive tests correspond to adjacent vertices, and such
that these tests result in the highest probability of ob-
taining a yes answer when one of them is chosen at ran-
dom. This highest probability may be different depend-
ing on whether the physical system and the tests are
classical, quantum, or post-quantum. Moreover, for arbi-
trary graphs, the highest probability may also depend on
the state in which the system is prepared. However, two
distinguishing features of the graph of Fig. |l|a) are that
the highest probability in QM can be reached regardless
of the state of the system, and cannot be outperformed
by any post-quantum theory (see Supplementary infor-
mation).

If the available resources are classical, i.e., physical sys-
tems with preassigned results and tests thereof, then an
optimal strategy is illustrated in Fig. |1l b). There, the
classical system is assumed to be a ball that can be placed
in one out of 18 boxes numbered from 1 to 18. For in-
stance, a yes-no test is: “Is the ball in box 1 or in box
2 or in box 11 or in box 167”, denoted as “1, 2, 11, 16”.
The other tests are shown in Fig. [I| b). The 18 tests
satisfy the graph’s relations of exclusive disjunction. In
addition, no matter which box the ball is placed in, the
probability of getting a yes answer when one of the 18
tests is chosen at random is 4/18 ~ 0.22, since the an-
swer is always “yes” for 4 of the tests and “no” for the
others. Alternatively, the performance can be measured
by the sum X of the probabilities of obtaining a yes an-
swer. It can be proven that, for this graph, no other set
of classical yes-no tests allows a higher probability (see
Supplementary information). Therefore, using classical
resources,

L= Y PIL=1)<4 (1)

i€V (G)

where V(G) is the set of vertices of the graph in Fig.[1]a)
and P(II; = 1) is the probability of obtaining the result
1 (yes) for the yes-no test II;.

However, it can be easily checked that, if we use the
18 quantum yes-no tests II; = |v;){(v;| in Fig. [} a), then
the probability of a yes answer is 1/4 = 0.25 and

Som = 4.5. (2)

Since this advantage is independent of the initial quan-
tum state of the system, this is an example of a task with
quantum advantage for which the initialization problem
affecting some quantum computers [24] 25] is not an ob-
stacle. Moreover, for this task, even hypothetical post-

quantum theories cannot outperform QM (see Supple-
mentary information).

In order to test this state-independent impossible-to-
beat quantum advantage in an experiment, we used for
the encoding two different degrees of freedom of the
same photon: the polarization and a bidimensional sub-
set of the orbital angular momentum (OAM) space [26],
spanned by the states with eigenvalues m = +2h. The
four-dimensional logical basis for encoding is

{|H7 +2>,‘H,—2>,|V,+2>,|V,—2>}, (3)

where H and V denote horizontal and vertical polariza-
tion, respectively, and +2 denotes m = +2h.

The experimental setup involves preparing the re-
quired states (preparation stage) and then projecting
them onto the desired states (measurement stage). In
the preparation stage, the light from a heralded single
photon source at 795nm, based on non-collinear spon-
taneous parametric down conversion (SPDC) in a beta
barium borate crystal pumped by the second harmonic of
a femtosecond pulsed laser with repetition rate 76 MHz,
is coupled to a single mode (SM) fiber in order to project
the OAM of the generated photons in the transverse elec-
tromagnetic TEMgy mode (which is an OAM eigenstate
with eigenvalue equal to zero). The second photon gen-
erated in the SPDC acts as a trigger of the single photon
generation. After the SM fiber, the input photon is pre-
pared using half waveplates (HWPs), quarter waveplates
(QWPs), g-plates (QPs), and polarizing beam splitters
(PBSs) to generate the required states in the logical ba-
sis . As explained in Fig. |2} the procedure is different
depending on whether the state to be generated is sepa-
rable or entangled.

The QPs are liquid crystal devices that produce a spin-
orbit coupling of the polarization and OAM contributions
to the photons’ total angular momentum [27]. When a
photon interacts with the QP, it suffers an exchange of
OAM driven by the input polarization. In particular, for
the QPs adopted in this experiment, the shift of OAM
is equal to £2h when the input photon has left (right)
polarization [28 29]. The QP efficiency has been opti-
mized by controlling the electrical tuning [30], leading to
a conversion efficiency of 94%. Thanks to its features, the
QP can be adopted both for generating and analysing of
quantum states encoded in the OAM.

The measurement stage is achieved by using a deter-
ministic transferrer based on a Sagnac interferometer,
with a Dove prism in one of the arms when the prepared
state is separable [31], and with a QP with a standard
polarization analysis setup when the state is entangled.
For each state to be analyzed, we recorded the coinci-
dence counts between the trigger and the signal coupled
through the SM fiber at the end of the measurement
setup. Considering all losses contributions in the setup,
we recorded around 30 Hz as mean coincidence counts.
The experimental results for X, as measured on 15 dif-
ferent states, are reported in Table [ The experimental
data are in good agreement with the theoretical predic-



tion, with a mean value of ¥.;, = 4.512 =+ 0.005 to be
compared to ¥ = 4.5, and shows the clear advantage of
the quantum settings with KS projectors over any clas-
sical strategy.

’ Code ‘ State ‘ Implementation % ‘
v1 | (1,0,0,0) |H,+2) 4.60 £ 0.02
vz 1(0,1,0,0) |H, —2) 4.45+£0.02
v | (1,1,1,1) |A, h) 4.50 £ 0.02
vi1 | (1,0,1,0) |A, +2) 4.51+£0.02
vis | (1,0,0,1) | [91) = J5(1H, +2) + [V, —2)) | 4.59 +0.02
vie |(0,1,-1,0)| |[v3) = %(|H, —2) — |V, 42)) | 4.47+0.01
vir | (0,1,1,0) | [pa) = J5(|1H, —2) + [V, +2)) | 4.41+0.02
vis | (0,0,0,1) |V, —2) 4.50 £ 0.02
vig | (0,0,1,0) |V, +2) 4.45 £ 0.03
vao | (1,1,0,0) |H, h) 4.57 £0.02
vas | (L,0,0-1)| [¢p2) = S5 (|H,+2) — [V, ~2)) | 4.58£0.02
p2s 1ol (1] + 15 3 [¥5) (51| 4.57 £0.02
P26 Sln) (Wl + 5 555, [95) (s | 455 £0.02
pr Ela il + 5 S0, [93) (]| 4534002
pas IS ) (8] 450 = 0.02

Average value ‘4.512 + 0.005‘

TABLE I Experimental results for ¥ for 15 quan-

tum states. FEach input state was projected onto each
of the 18 states in Fig. [1| a). Notation: [4) = V)

V2 ;
|h) = W Error bars were evaluated by considering

the Poissonian statistics of coincidence counts. All reported
values lie in the range [Zmin, Ymaz| (see Fig. .

In addition, the exclusive disjunction between the tests
in Fig. [I|a) was experimentally verified, confirming that
tests corresponding to adjacent vertices cannot be both
simultaneously true. Experimentally, the probabilities
P,y (Il; = 1), obtained by projecting the state |v;) onto
the state |v;) for orthogonal states (adjacent vertices),
are close to 0, as expected. Specifically, we obtained that
the mean value of P, y(Il; = 1) is e = (0.014 £ 0.001)
(see Supplementary information).

The theoretical classical and quantum bounds for the
task should be properly corrected to take into account
that € # 0. Assuming that inequality is only valid
with probability 1 — € and that the worst case scenario,
in which there are no edges so the upper bound of the
inequality is 18, occurs with probability €, to certify the
quantum advantage it is enough that 4(1 —¢) + 18¢ < 3,
which, using ¥ = 4.5, implies ¢ < 0.035, a condition
which is fulfilled in our experiment. Moreover, we ex-
pect to observe a quantum advantage lying in a range
[Emins Zmaz), where X = 4.5(1 —€) and X0, =
4.5(1 — €) + 18¢. Here X4z (Zmin) corresponds to the
situation of having all 18 propositions true (false) with
probability e. In Fig. [3| we report the experimental val-
ues of ¥, not only for the 15 states in Table [ but

also for other 13 states. The quantum advantage is ob-
served for all 28 states, in good agreement with the state-
independent value predicted by the theory. We note that
all experimental values of ¥ lie in the expected range
[Zmi'ru Eﬂ”uza:]-

III. EXPERIMENTAL STATE-INDEPENDENT
MAXIMALLY CONTEXTUAL QUANTUM
CORRELATIONS BY SEQUENTIAL
MEASUREMENTS ON POLARIZATION AND
PATH OF PHOTONS

KS sets can also be used to generate non-classical con-
textual correlations by performing sequential compati-
ble measurements on individual systems. The signature
of non-classicality is the violation of a non-contextuality
inequality, which is an inequality involving linear com-
binations of joint probabilities of sequential compatible
measurements, satisfied by any NCHV theory.

For most of the experimental demonstrations of con-
textual correlations to date [32H35], the system has to
be prepared in a special state. There are also theoretical
[36] and experimental works [37H39] on state-independent
contextuality. However, none of the previous experiments
implement a KS set of yes-no tests.

Here we use the KS set of Fig. |l a) to obtain a non-
contextuality inequality violated by any quantum state.
This inequality follows from identifying sequential com-
patible measurements such that any initial state is pro-
jected onto one of the eigenstates of the yes-no tests of
the KS set of Fig.|l|a). This guarantees that the propo-
sitions abc|ryz denoting “the result of measuring = (first
measurement of the sequence) is a, the result of measur-
ing y (second) is b, and the result of measuring z (third) is
¢” keep all the relations of exclusive disjunction existing

in Fig. [1] a).

It can be easily seen that, by using the following mea-
surements:

0:=0,®I, 1:=I®o0,, 2:=0,R0,,
3:=1® o0, 4:=0, 1, 5:=0,Q0;, (4)
6:=0, ® oy, T=0,R0,, 8:=0,Q0,

where o, 0y, and o, are the Pauli matrices along the
xz, y, and z directions, ® denotes tensor product, and
assigning the results 0 and 1 to the degenerate eigenvalues
—1 and 1 of the operators, the 18 propositions in Fig. c)
are in one-to-one correspondence with the 18 states in
Fig. a). Therefore, the corresponding non-contextuality



inequality reads

€ =P(001|012) 4+ P(111]012) + P(100/012)

+ P(010]036) + P(001/036) + P(100/036)

+ P(100]345) + P(111]345) + P(010]345)

+ P(100]147) + P(001|147) + P(111]147)

+ P(100[678) + P(001|678) + P(111/678)

+ P(110[258) + P(000[258) + P(011]258) < 4,
(5)

where the upper bound for NCHV theories follows from
the classical bound of inequality . For any initial state,
these sequences of quantum measurements lead to

Som = 4.5, (6)
in correspondence with the quantum advantage . It
can be proven that the contextuality revealed by this
violation cannot be outperformed by any post-quantum
theory (see Supplementary information).

We tested inequality in a separate experiment using
a single four-dimensional system with two qubits encoded
in the spatial path and two qubits encoded in the polar-
ization of the photon. For this experiment, the logical
basis is

{1t H),|t, V), |r, H),|r, V) }, (7)
where ¢t and r denote the transmitted and reflected paths
of the photon, respectively, and H and V denote hori-
zontal and vertical polarization, respectively.

The experiment involves testing a sequence of three
compatible measurements, corresponding to rows or
columns in . To do so, the experimental setup is de-
signed as a cascade of measurement boxes representing
the compatible observables, preceded by a preparation
device, and followed by detectors [35] 38]. The prepara-
tion device consists of a source of H-polarized single pho-
tons, implemented using a narrow bandwidth cw diode
laser at 780 nm of long coherence length, attenuated to
a mean photon number of 0.06 photons per coincidence
gate. Combinations of HWPs, PBSs, and a wedge placed
after the single-photon source create any desired state in
the logical basis []] The detection stage uses calibrated
silicon avalanche photodiodes, with a 8-channel coinci-
dence logic, and a coincidence window of 1.7 ns.

Crucial for the experimental test of the non-
contextuality inequality is the proper design of the
devices for measuring the observables in . These de-
vices should satisfy two conditions: compatibility [the
three measurements corresponding to rows and columns
in should be compatible, so that any subsequent mea-
surement of any of them would give the same result] and
non-contextuality [every observable in (4] has to be mea-
sured using the same device in any of the sequences].
These conditions were achieved with the design of the 9
measuring devices shown in Fig. [4

To construct the cascade setup, we used displaced
Sagnac interferometers with very high stability. We ob-
tained visibilities in the 90%-99% range, depending on
the implemented sequence. The detection efficiency of
the single-photon detectors was 55% and the efficiency
of the fiber coupling was 90%. The experimental value
of ¢ for 15 different quantum states is reported in Ta-
ble II. Under the assumption that the detected photons
were an unbiased subset of the emitted photons (fair sam-
pling assumption), the results in Table IT are in good
agreement with a state-independent violation of inequal-
ity . The deviations from the quantum prediction for
an ideal experiment with perfect compatibility are due
to the systematic errors arising from the interferometers,
the light-mode overlapping, and the imperfection of the
polarization components.

’ Code ‘ State ‘ Implementation ‘ 13 ‘
v |(1,0,0,0) |t, H) 4.1953 4 0.0015
v2 | (0,1,0,0) t,V) 4.2690 + 0.0025
vr | (1,1,1,1) Ip, D) 4.3790 £ 0.0011
v | (1,0,1,0) Ip, H) 4.4406 + 0.0024
vis | (1,0,0,1) | [¢1) = S5 (|t, H) 4 |r, V) [4.2607 + 0.0011
vie [(0,1-1,0)| |¢s) = —5(|r, H) = |t,V))) |4.2550 + 0.0020
vir | (0,1,1,0) | [¢a) = 5 (|r, H) + [t,V))  [4.1990 + 0.0022
vis | (0,0,0,1) |r, V) 4.3001 + 0.0017
vig | (0,0,1,0) |r, H) 4.3346 + 0.0030
v20 | (1,1,0,0) |t, D) 4.4113 £ 0.0013
vas [(L,0,0,1)|  [oha) = =(|t, H) — |r,V)) |4.2468 + 0.0011
pas Tel) (Wil + 45 D250 [95) (4] |4.3136 £ 0.0819
P2 Sl (W] + § Do 195) (| [4.3479 £ 0.0984
par 75 |91) (1] + 55 207 |v5) (v;]|4.:3171 + 0.1080
pas 1 i 1) (sl 4.3968 4 0.1098

TABLE II: Experimental results for ¢ for 15 quantum
states. Notation: |p) = %, |D) = % The errors in
the results of £ were deduced from the standard deviation of
50 samples in the 10-second time period (see Supplementary
information for all the experimental values of P(abc|zyz) for
the 15 states).

IV. CONCLUSIONS

We have presented the first experimental implemen-
tation of a KS set of quantum yes-no tests in two ex-
periments using two different four-dimensional photonic
systems and with two different purposes.

In the first experiment, we used the polarization and
orbital angular momentum of single photons to show
the quantum vs classical advantage of using a KS set
of 18 yes-no tests for a specific task, and demonstrated
that this advantage is independent of the state initial-



ization and cannot be outperformed using hypothetical
post-quantum resources.

In the second experiment, we performed sequential
measurements of compatible observables encoded in the
path and polarization degrees of freedom of single pho-
tons to show the state-independent violation of a non-
contextuality inequality constructed in one-to-one cor-
respondence with the eigenstates of the KS set, show-
ing how K8 sets can be used to reveal state-independent
maximally contextual quantum correlations.

Our results pave the way for further quantum state-
independent applications for quantum information pro-
cessing and quantum computation. Near-future develop-
ments may include cryptographic applications [40], 41],
dimension witnessing [42], state-independent quantum
correlations with computational power [43], higher di-
mensionality KS sets [15], and portable KS sets imple-
mented on integrated photonic circuits [44H47].
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V. SUPPLEMENTARY INFORMATION

A. Proof that the set of classical tests in Fig. 1 b)
provides the maximum probability of obtaining yes
using classical resources

The maximum probability of obtaining a result 1 (yes)
when a yes-no test is chosen at random and using clas-
sical resources is given by «(G)/n(G), where G is the
graph defined in the main text, «(G) is its independence
number (defined as the maximum number of pairwise
nonadjacent vertices in @), and n(G) is the number of
vertices of G [48]. For the graph in Fig. 1 b), a(G) = 4
and n(G) = 18. For the set of classical tests in Fig. 1 b),
the probability is 4/18, no matter in which box the ball
was initially placed. On the other hand, the minimum
number of classical states needed to accomplish the task

is given by the intersection number of the complement
of G, §'(G) (defined as the smallest number of subsets of
pairwise adjacent vertices needed to cover all of the edges
of the complement of G). For the graph in Fig. 1 b),
¢'(G) = 18, which shows that the strategy in Fig. 1 b) is
also optimal in the sense that it uses the smallest possible
classical system. [ |
B. Proof that the highest probability for the task
with quantum resources cannot be outperformed
using post-quantum resources

The maximum probability of obtaining a result 1 (yes)
when a yes-no test is chosen at random and using post-
quantum resources is given by «(G)*/n(G), where a*(Q)
is the fractional packing number of G, which is defined
as

a*(G) = max Z Wy, (8)

i€V (G)

where V(G) is the set of vertices of G, and the max-
imum is taken for all 0 < w; < 1 and for all subsets
of pairwise adjacent vertices c; of G, under the restric-
tion Zi@j w; < 1 [8]. For the graph in Fig. 1 b),
a*(G) = 4.5. [ |

C. Proof that the highest quantum violation of the
non-contextuality inequality (5) cannot be
outperformed using post-quantum resources

The highest quantum violation of a non-contextuality
inequality which can be expressed as a sum of joint prob-
abilities P(abc|xyz) is given by the Lovész number 9(Q)
of the graph in which each proposition abc|zyz is repre-
sented by a vertex and exclusive propositions correspond
to adjacent vertices [48]. The Lovdsz number of a graph
G is

I(G) =max Y [(Plos)], 9)

i€V (G)

where the maximum is taken over all unit vectors |¢) and
|v;) and all dimensions, where each |v;) corresponds to a
vertex of G, and two vertices are adjacent if and only if
the corresponding vectors are orthogonal.

On the other hand, the highest violation of a non-
contextuality inequality in agreement with the laws of
probability is given by o*(G) [48].

The graph G for the non-contextuality inequality (5)
is the one in Fig. 1 ¢), which has 9(G) = o*(G) =4.5.1
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FIG. 1: a) The 18-test KS set. Each vertex represents a yes-no test (associated in QM to a projector II; = |v;)(v;],
where (v;| are the unit vectors displayed in the figure; normalization factors are omitted to simplify the notation), and adjacent
vertices correspond to exclusive tests (i.e., they cannot both have the answer yes on the same system; in QM they are associated
to orthogonal projectors). This vector representation is the one adopted in our experiments. b) Optimal strategy for the
task described in the text using classical resources. The system is a ball which can be placed in one out of 18 boxes,
and “1, 2, 11, 16” denotes the following yes-no test: “Is the ball in box 1 or in box 2 or in box 11 or in box 16?”. The
set of classical tests in b) results in the maximum probability of obtaining yes using classical resources (see Supplementary
information). ¢) Propositions tested in the non-contextuality inequality used to obtain state-independent
maximally contextual quantum correlations. Each vertex represents a proposition abc|ryz, denoting “The result of
measuring z is a, the result of measuring y is b, and the result of measuring z is ¢”. When the measurements are those in ,
then each of these sequences of measurements and results projects any initial state onto the corresponding state in a).



Photon source Generation Analysis

Separable

Entangled

FIG. 2: Experimental setup for the measurement of the probabilities P(Il; = 1) on different polarization-OAM
states. In the upper left corner is represented the single photon source. The four schemes we used for the experiment are
presented in the right part of the figure. Each state is prepared by one of the two setups of the Generation column: Setup a)
for separable states (quantum transferrer 7 — o2 [29]) and setup b) for entangled ones (an “entangler” based on a QP and
waveplates). The Analysis column shows the setups for the projection onto the desired states. Setup c) for separable states, a
deterministic transferrer o2 — 7, and setup d) for entangled states, where a QP is needed to have a deterministic detection.
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FIG. 3: Experimental results for ¥ for 28 quantum states. The solid (dashed) blue line refers to the (corrected) classical
upper bound for ¥. The red area represents the range [Zmin, Ymae] in which we theoretically expect to find all experimental
values of X. The first 18 states correspond to the ones in Fig. [1]a). States 19-28 are defined in Table



11

FIG. 4: Experimental setups for the observables in @ For the measurement of observable 0, it is only necessary to
distinguish between the paths r and ¢. An additional beam splitter is needed for observable 1. The measurements of observables
1 and 3 are standard polarization measurements using PBSs and HWPs. Oservables 2, 5, and 8 are Bell state measurements, and
so are the measurements of 6 and 7, but then the Bell measurement is preceded by a rotation of the polarization to guarantee
compatibility with observable 8. To measure the probabilities appearing in inequality , these measurement devices are
arranged in a cascaded way [35] [38].



Probabilities | Probabilities | Probabilities
pij | Value | pj; | Value | p;; | Value
P1,2 0402 DP7,4 0.02 P13,4 0.01
P1,3 0 D75 0.02 |p13,10| 0.002
P14 0 P7,6 0 p13,11| 0.006
p1,10| 0.008 | prs 0.04 |pi3,12| 0.006
P1,16 0.02 P79 0 P13,14 0.064
p1,17| 0.006 | p710 0 pi3,15| 0.032
P1,18 0 p716 | 0.003 |pi3,16| 0.08
poa| 0.003 | pss | 0.017 |pias| 0.035
P23 0 8,6 0 pias | 0.018
D2,4 0 pg,7 | 0.035 | pia,e | 0.009
P2,9 0 D87 0 pi4,12| 0.005
P2,11 0.01 Ps,10 0 P14,13 0.004
p2,15| 0.007 |psas| 0.03 |piaas| 0.02
Pp2,18 0 P8,17 0 pi14,16| 0.012
P3,1 0 D92 0.014 P15,2 0.029
P3,2 0 Po,7 0 P15,6 0.01
D3,4 0.04 9,8 0 P15,8 0.03
P3,5 0 po,i0 | 0.034 |pi1s,13| 0.02
p3s | 0.015 | pg11 0 pis,14|  0.01
p3,12| 0.003 | pg1a| 0.013 |pis16| 0.01
P3,14 0402 P9,18 0.01 Pi5,17 0.01
P41 0 Pp1o,1 0 pie,1 | 0.01
Pa,2 0 P10,7 0 pie,7 | 0.017
D43 0.042 | pios 0 p1e,13| 0.01
P45 0 pro,9 | 0.009 |pie,14| 0.06
pas | 0.02  |pio,11 0 pi6,15| 0.005
pa7| 0.03 |pioa2| 0.032 |pisa17| 0.03
Pa,13 0 p1o,13| 0.053 |pie,18| 0.02
P5,3 0 P11,2 0.01 p17.1 0.007
Ds5,4 0 Pi1,6 0 pi7,6 | 0.005
D5,6 0.02 Pi1,9 0 p17,8 0.02
P57 0.02  |p11,10 0 pi7,12| 0.022
ps,i1i2|  0.02  |pi11,12| 0.006 |pi7,15| 0.04
ps,14| 0.006 |p1113| 0.003 |pi7,16| 0.03
Ps5,18 0 pi1,18]| 0.01  |pi718| 0.03
6,4 0.01 p12,3 | 0.009 | pis1 0
Deé,5 0.02 | pi2s5| 0.028 |pise2 0
D6,7 0 pi12,10| 0.033 | piss 0
6,8 0 pi2,11| 0.017 | pisye 0
D6,11 0 pi2,13| 0.031 |pis,11| 0.001
pe,15| 0.04  |pi214 0 p1g,16| 0.016
Pe,17 0.09 P12,17 0.069 p18,17 0.038

TABLE V: Test of the exclusive disjunction relations.

Experimental values for the probabilities P‘l,j)(Hi =1)

pi,; used for the demonstration of the exclusive disjunction
relations between the KS tests. Each pair {7, j} corresponds
to an edge in the graph in Fig. 1 a).
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’ States‘

P(001|012)

|

P(111]012)

|

P(100]012)

|

P(010036)

|

P(001]036)

|

P(100[036)

U1

V2

v7
V11
V15
Vie
v17
V18
V19
V20
V24
P25
P26
p27
P28

0.00469 £ 0.00003
0.00816 £ 0.00006
0.25364 £ 0.00048
0.01102 £ 0.00007
0.47407 £ 0.00034
0.00864 £ 0.00005
0.01085 £ 0.00007
0.95668 £ 0.00062
0.02200 £ 0.00017
0.01466 £ 0.00008
0.47056 £+ 0.00100
0.45592 £ 0.01628
0.42127 £ 0.02612
0.38695 £ 0.03270
0.37036 £ 0.03452

0.96943 £ 0.00008
0.00616 £ 0.00005
0.29421 £ 0.00057
0.59332 £ 0.00195
0.51573 £ 0.00034
0.00579 £ 0.00005
0.01010 £ 0.00007
0.00303 £ 0.00006
0.01389 £ 0.00013
0.47650 £ 0.00068
0.50962 £ 0.00100
0.49575 £ 0.01645
0.45821 £ 0.02656
0.42054 £ 0.03347
0.40131 £ 0.03542

0.00235 £ 0.00002
0.95422 £ 0.00015
0.24430 £ 0.00047
0.00507 £ 0.00004
0.00079 £ 0.00001
0.50176 £ 0.00131
0.49884 £ 0.00173
0.00477 £ 0.00008
0.00482 £ 0.00006
0.46002 £ 0.00068
0.00139 £ 0.00001
0.02004 £ 0.00694
0.05688 £ 0.01134
0.09327 £ 0.01447
0.11119 £ 0.01547

0.00688 £ 0.00003
0.00831 £ 0.00005
0.40141 £ 0.00013
0.23417 £ 0.00032
0.17226 £+ 0.00014
0.23686 £ 0.00071
0.23263 £ 0.00063
0.41078 £ 0.00086
0.48524 £ 0.00194
0.00974 £ 0.00004
0.23378 £+ 0.00074
0.18569 £ 0.00228
0.19367 £ 0.00264
0.20662 £ 0.00274
0.21979 £ 0.00252

0.00246 £ 0.00002
0.00331 £ 0.00003
0.06211 £ 0.00007
0.23857 £+ 0.00036
0.28003 £ 0.00020
0.23889 £ 0.00077
0.23713 £ 0.00066
0.57672 £+ 0.00087
0.49788 £ 0.00193
0.00269 £ 0.00002
0.28746 £ 0.00086
0.27469 £ 0.00246
0.27209 £ 0.00290
0.26551 £ 0.00335
0.26237 £+ 0.00339

0.46080 £ 0.00039
0.46099 £ 0.00190
0.09906 £ 0.00007
0.23913 £ 0.00029
0.24091 £ 0.00021
0.24422 £ 0.00075
0.24524 £ 0.00063
0.00077 £ 0.00001
0.00157 £ 0.00002
0.18468 £ 0.00044
0.23480 £ 0.00077
0.24079 £ 0.00142
0.24065 £ 0.00164
0.24091 £ 0.00178
0.24033 £ 0.00166

TABLE VI: Experimental values of 6 out of the 18 probabilities needed to test the violation of the non-
contextuality inequality (5), for 15 states. For the other 12 probabilities, see Tables and |VIII} These experimental
values lead to the values of £ reported in Table II.

’ States‘

P(100|345)

|

P(111]345)

|

P(010|345)

|

P(100]147)

|

P(001]147)

|

P(111]147)

|

U1
V2

V24

p27
P28

0.26452 £ 0.00024
0.22402 £ 0.00017
0.00447 £ 0.00002
0.02834 £ 0.00012
0.00139 £ 0.00002
0.39052 £ 0.00020
0.01329 £ 0.00007
0.28602 £ 0.00016
0.22260 £ 0.00018
0.49902 £ 0.00031
0.51553 £ 0.00026
0.07222 £ 0.02157
0.12609 £ 0.02610
0.18242 £ 0.02788
0.24562 £ 0.02897

0.20060 £ 0.00020
0.21884 £ 0.00018
0.91502 £ 0.00028
0.47805 £ 0.00028
0.47787 £ 0.00014
0.01284 £ 0.00007
0.45783 £ 0.00021
0.25611 £ 0.00016
0.27739 £ 0.00020
0.43034 £ 0.00028
0.00638 £ 0.00008
0.40495 £ 0.02121
0.34961 £ 0.02528
0.29159 £ 0.02634
0.22560 £ 0.02666

0.27066 £ 0.00026
0.29808 £ 0.00022
0.01106 £ 0.00003
0.44096 £ 0.00028
0.00158 =+ 0.00002
0.53917 £ 0.00020
0.01498 £ 0.00008
0.21268 £ 0.00020
0.24072 £ 0.00018
0.02680 £ 0.00027
0.44622 £ 0.00026
0.07689 £ 0.02201
0.13397 £ 0.02638
0.19362 £ 0.02793
0.26257 £ 0.02892

0.53399 £ 0.00027
0.02381 £ 0.00004
0.00967 £ 0.00010
0.02304 £ 0.00023
0.24296 £ 0.00051
0.21978 £ 0.00023
0.22005 £ 0.00015
0.03352 £ 0.00014
0.50666 £ 0.00029
0.33736 £+ 0.00019
0.25113 £ 0.00038
0.23925 £ 0.00136
0.23742 £ 0.00156
0.23597 £+ 0.00181
0.23366 £ 0.00183

0.01821 £ 0.00007
0.39155 £ 0.00020
0.02254 £ 0.00013
0.08027 £ 0.00034
0.23698 £ 0.00040
0.27539 £ 0.00036
0.25323 £ 0.00024
0.40537 £ 0.00041
0.01810 £ 0.00005
0.14444 £ 0.00014
0.16467 £+ 0.00040
0.23636 £ 0.00290
0.23441 £ 0.00357
0.22921 £ 0.00445
0.23354 £ 0.00458

0.38350 £ 0.00025
0.02196 £ 0.00004
0.47878 £ 0.00021
0.84749 £ 0.00041
0.25704 £ 0.00052
0.19372 £ 0.00024
0.22106 £ 0.00016
0.03545 £ 0.00012
0.41785 £ 0.00028
0.25529 £ 0.00015
0.28708 £ 0.00043
0.25100 £ 0.00204
0.24837 £ 0.00241
0.24599 £ 0.00286
0.23879 £ 0.00297

TABLE VII: Experimental values of 6 out of the 18 probabilities needed to test the violation of the non-
contextuality inequality (5), text for 15 states. For the other 12 probabilities, see Tablesand [VIIIl These experimental
values lead to the values of £ reported in Table II.
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’ States‘

P(100(678)

|

P(001[678)

|

P(111|678)

|

P(110]258)

|

P(000[258)

|

P(011]258)

U1

V2

v7
V11
V15
Vie
v17
V18
V19
V20
V24
P25
P26
p27
P28

0.20429 £ 0.00026
0.21116 £ 0.00019
0.24464 £ 0.00027
0.00696 £ 0.00005
0.40428 £ 0.00013
0.43543 £ 0.00016
0.00580 £ 0.00002
0.16293 £ 0.00012
0.23814 £ 0.00020
0.38909 £ 0.00030
0.01863 £ 0.00005
0.34260 £ 0.01553
0.29852 £ 0.01854
0.26977 £ 0.01972
0.22907 £ 0.02072

0.20198 £ 0.00036
0.27606 £ 0.00028
0.17138 £ 0.00013
0.00827 £ 0.00006
0.01273 £ 0.00002
0.01655 £ 0.00009
0.47776 £ 0.00042
0.28624 £ 0.00020
0.22213 £ 0.00015
0.04651 £ 0.00006
0.46692 £ 0.00023
0.08828 £ 0.01954
0.14204 £ 0.02265
0.17678 £ 0.02360
0.22915 £ 0.02352

0.21255 £ 0.00022
0.20309 £ 0.00030
0.24261 £ 0.00026
0.45328 £ 0.00044
0.00945 £ 0.00003
0.00642 £ 0.00002
0.39824 £ 0.00050
0.17858 £ 0.00032
0.21773 £ 0.00018
0.40079 £ 0.00032
0.32780 £ 0.00026
0.06934 £ 0.01618
0.10917 £ 0.01866
0.13295 £ 0.01927
0.17698 £ 0.02009

0.45072 £ 0.00124
0.00370 £ 0.00002
0.34784 £ 0.00028
0.22640 £ 0.00053
0.92373 £+ 0.00033
0.01271 £ 0.00002
0.00173 £ 0.00001
0.48059 £ 0.00030
0.00918 £ 0.00003
0.18890 £ 0.00016
0.01507 £ 0.00008
0.70423 £ 0.04253
0.57473 £ 0.04545
0.32880 £ 0.04335
0.21618 £ 0.03903

0.00162 £ 0.00001
0.46596 £+ 0.00107
0.01168 £ 0.00005
0.21397 £ 0.00053
0.00439 £ 0.00002
0.88871 £ 0.00037
0.02191 £ 0.00003
0.00743 £ 0.00002
0.40457 £+ 0.00077
0.26179 £ 0.00019
0.00529 £ 0.00001
0.06367 £+ 0.02803
0.13755 £ 0.03791
0.18683 £ 0.04094
0.25357 £+ 0.04370

0.00606 £ 0.00003
0.48961 £ 0.00108
0.56462 £ 0.00036
0.31228 £ 0.00073
0.00448 £ 0.00002
0.02764 £ 0.00009
0.87828 £ 0.00031
0.00240 £ 0.00001
0.53408 £ 0.00078
0.28265 £ 0.00021
0.00447 £ 0.00001
0.09191 £ 0.03489
0.11320 £ 0.03737
0.22940 £ 0.04564
0.24670 £ 0.04584

TABLE VIII: Experimental values of 6 out of the 18 probabilities needed to test the violation of the non-
contextuality inequality (5), for 15 states. For the other 12 probabilities, see Tables and These experimental
values lead to the values of £ reported in Table II.
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Experimental estimation of the dimension of
classical and quantum systems

Martin Hendrych', Rodrigo Gallego', Michal Mi¢uda"?, Nicolas Brunner3, Antonio Acin"**

and Juan P. Torres">*

Experimental observations are usually described using
theoretical models that make assumptions about the dimen-
sionality of the system under consideration. However, would it
be possible to assess the dimension of a completely unknown
system only from the results of measurements performed on
it, without any extra assumption? The concept of a dimension
witness'® answers this question, as it allows bounding the
dimension of an unknown system only from measurement
statistics. Here, we report on the experimental demonstration
of dimension witnesses in a prepare and measure scenario®.
We use photon pairs entangled in polarization and orbital
angular momentum’® to generate ensembles of classical
and quantum states of dimensions up to 4. We then use a
dimension witness to certify their dimensionality as well as
their quantum nature. Our work opens new avenues in quantum
information science, where dimension represents a powerful
resource’®"?, especially for device-independent estimation of
quantum systems'" and quantum communications'"'8,

Dimensionality is one of the most basic and essential concepts in
science, inherent to any theory aiming at explaining and predicting
experimental observations. In building up a theoretical model, one
makes some general and plausible assumptions about the nature
and the behaviour of the system under study. The dimension
of this system, that is, the number of relevant and independent
degrees of freedom needed to describe it, represents one of these
initial assumptions. In general, the failure of a theoretical model
in predicting experimental data does not necessarily imply that the
assumption on the dimensionality is incorrect, because there might
exist a different model assuming the same dimension that is able to
reproduce the observed data.

A natural question is whether this approach can be reversed
and whether the dimension of an unknown system, classical or
quantum, can be estimated experimentally. Clearly, the best one can
hope for is to provide lower bounds on this unknown dimension.
Indeed, every physical system has potentially an infinite number
of degrees of freedom, and one can never exclude that they are
all necessary to describe the system in more complex experimental
arrangements. The goal, then, is to obtain a lower bound on the
dimension of the unknown system from the observed measurement
data without making any assumption about the detailed functioning
of the devices used in the experiment. Besides its fundamental
interest, estimating the dimension of an unknown quantum system
is also relevant from the perspective of quantum information
science, where the Hilbert space dimension is considered as a
resource. For instance, using higher-dimensional Hilbert spaces

State
preparator

Measurement

device

Figure 1| Sketch of a device-independent test of the dimension of an
ensemble of states. Our scenario features two black boxes. First, a state
preparator that, on request, prepares the mediating particle in one out of N
possible states. Second, a measurement device that performs one out of M
possible measurements on the mediating particle.

simplifies quantum logic for quantum computation'®, enables the
optimal realization of information-theoretic protocols''*?* and
allows for lower detection efficiencies in Bell experiments®?2,
Moreover, the dimension of quantum systems plays a crucial role in
security proofs of standard quantum key distribution schemes that
become insecure if the dimension is higher than assumed?.

The concept of a dimension witness allows one to establish
lower bounds on the dimension of an unknown system in a device-
independent way, that is, only from the collected measurement
statistics. It was first introduced for quantum systems in connection
with Bell inequalities in ref. 1, and further developed in refs 2,
3,22-26. Other techniques to estimate the dimension have been
developed in scenarios involving random access codes?, or the time
evolution of a quantum observable’.

More recently, a general framework for the study of this question
has been proposed in ref. 6. In this approach, dimension witnesses
are defined in a prepare and measure scenario where an unknown
system is subject to different preparations and measurements.
One of the advantages of this approach is its simplicity from an
experimental viewpoint when compared with previous proposals.
The considered scenario consists of two devices (Fig. 1), the state
preparator and the measurement device. These devices are seen as
black boxes, as no assumptions are made on their functioning. The
state preparator prepares a state on request. The box features N
buttons that label the prepared state; when pressing button x, the
box emits a state p,, where x € {1,...,N}. The prepared state is then
sent to the measurement device. The measurement box performs
a measurement y € {1,..., M} on the state, delivering outcome
be{l,...,K}. The experiment is thus described by the probability
distribution P(b|x,y), giving the probability of obtaining outcome

T|CFO-Institut de Ciencies Fotoniques, 08860 Castelldefels (Barcelona), Spain, 2Department of Optics, Palacky University, 17. listopadu 12, 77146
Olomouc, Czech Republic, 3H.H. Wills Physics Laboratory, University of Bristol, Bristol BS8 1TL, UK, # ICREA-Institucié Catalana de Recerca i Estudis
Avancats, 08010 Barcelona, Spain, °Department of Signal Theory and Communications, Universitat Politécnica de Catalunya, 08034 Barcelona, Spain.

*e-mail: antonio.acin@icfo.es; juanp.torres@icfo.es.
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Table 1| Classical and quantum bounds for the dimension
witness ;.

C2 (bit) Q2 (qubit)

Ia 5 6 7

Cs (trit) Qs (qutrit)

797 9

C4 (quart)

The maximal possible value of I for classical systems of dimension d is denoted Cy, and the
maximum possible value for quantum systems of dimension d is denoted Q4. The witness can be
used to discriminate ensembles of classical and quantum states of dimension up to d = 4. Note
that for some values of d we have that C4 < Qq. Thus, if one assumes a bound on the dimension
of the system, the witness can be used to certify its quantum nature.

b when measurement y is performed on the prepared state p,.
The goal is to estimate the minimal dimension that the ensemble
{px} must have to be able to describe the observed statistics.
Moreover, for a fixed dimension, we also aim at distinguishing sets
of probabilities P(b|x,y) that can be obtained from ensembles of
quantum states, but not from ensembles of classical states. This
allows one to guarantee the quantum nature of an ensemble of states
under the assumption that the dimensionality is bounded. This
quantum certification can be exploited for the design of quantum
information protocols!”'®.

Formally, a probability distribution P(b|x, y) admits a quantum
d-dimensional representation if it can be written in the form

P(blx,y) = tr(p,O}) (1)

for some state p, and measurement operator O}, acting on C?. We
then say that P(b|x,y) has a classical d-dimensional representation
if any state of the ensemble {p,} is a classical state of dimension d,
that is, a probability distribution over classical dits (the equivalent
in quantum mechanics is that all states in the ensemble act on C?
and commute pairwise).

A dimension witness for systems of dimension d is defined by a
linear combination of the observed probabilities P(b|x, y), defined
by a tensor of real coefficients D, . ,, such that

Y Dy, P(blx,y) <wy (2)

bx,y

for all probabilities with a d-dimensional representation, whereas
the bound w,; can be violated by a set of probabilities whose
representation has a dimension strictly larger than d. Here we shall
focus on a dimension witness of the form of equation (2) recently
introduced in ref. 6, for a scenario consisting of N = 4 possible
preparations and M = 3 measurements with only two possible
outcomes, labelled by b= =+1:

I4EE11+E12 +E13 +E21+E22_E23 +E31_E32_E41 (3)

where E,, = P(b=+1|x,y) — P(b= —1|x,y). The witness I, can
distinguish ensembles of classical and quantum states of dimensions
up to d =4. All of the relevant bounds are summarized in Table 1.
To test this witness experimentally, we must generate classical
and quantum states of dimension 2 (bits and qubits, respectively),
classical and quantum states of dimension 3 (trits and qutrits),
and classical states of dimension 4 (quarts). To do so we exploit
the angular momentum of photons”®, which contains a spin
contribution associated with the polarization, and an orbital
contribution associated with the spatial shape of the light intensity
and its phase. Within the paraxial regime, both contributions can
be measured and manipulated independently. The polarization of
photons is conveniently represented by a two-dimensional Hilbert
space, spanned by two orthogonal polarization states (for example,
horizontal and vertical). The spatial degree of freedom of light lives
in an infinite-dimensional Hilbert space?, spanned by paraxial
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Laguerre—Gaussian modes. Laguerre—Gaussian beams carry a
well-defined orbital angular momentum (OAM) of mh (m is an
integer) per photon that is associated with their spiral wavefronts.

In our experiment, we use both the polarization and the
OAM (m = %1) of photons to prepare quantum states of
dimension up to 4, spanned by the orthogonal vectors |H, +1),
|H,—1), |V,+1) and |V, —1), where |H,=£1) (|V,=£1)) denotes
a horizontally (vertically) polarized photon with OAM m = +1.
We first generate, by means of spontaneous parametric down-
conversion, pairs of photons (signal and idler) entangled in both
polarization and OAM (Fig. 2). The entangled state is of the form
|\p7>p01 ® |qJ7>OAM’ where |lp7)pol = (1/ 2)(|H)5|V>,' - |V>$|H>,')
and [W™)oan = (1/v/2)(Im=1)m = —1);+ [m = —1)/m = 1),).
By performing a projective measurement on the idler photon, we
prepare the signal photon in a well-defined state of polarization
and OAM. In particular, we project the idler photon on states
of the form (cosO|H); + sinf|V);) ® |[m = £1);, which has the
effect of preparing the signal photon in the state (sinf|H), —
cosf|V),) ® |m = F1),. Thus, the combination of the source
of entanglement and the measurement of the idler photon
represents the state preparator. The prepared state is encoded
on the signal photon that is then measured. The signal photon
represents the mediating particle between the state preparator and
measurement device of Fig. 1.

To implement a continuous transition from quantum to classical
states, a polarization-dependent temporal delay v between the
signal and idler photons is introduced. If the temporal delay
between the photons exceeds their correlation time, the coherence
is lost; that is, the off-diagonal terms vanish for all states in the
ensemble (see Supplementary Information).

For the sake of clarity, we list the assumptions made when
processing the observed data: the statistical behaviour of P(b|xy),
described by equation (1), is the same at every run of the experi-
ment; the detectors used for the preparation and the measurement
are uncorrelated; the observer can freely choose the preparation
and measurement in each run; the observed statistics provide a
fair sample of the total statistics that would have been observed
with perfect detectors. All of these assumptions are standard in any
estimation scenario. The value of the dimension witnesses is then
calculated from the raw data, that is, from all of the observed coin-
cidences between detection at the preparator and at the measuring
device, including dark counts. In the experiment we first generate
and measure the four qubit states |¢,) given in Fig. 2. The first mea-
surement (y = 1) assigns dichotomic measurement results of b=+1
and b= —1 to horizontally and vertically polarized photons, respec-
tively. The second measurement (y =2) assignsb=+1and b= —1
to OAM values of m = +1 and m = —1, respectively. The third mea-
surement (y = 3) assigns b=+1 and b= —1 to photons polarized at
—+45° and —45°, respectively. The expected value of the dimension
witness of equation (3) for this combination of states and measure-
ments is I, =34 2+/2 ~ 5.83 (see Supplementary Information).
From our experimental data we obtain I, = 5.66+0.15. This clearly
demonstrates the quantum nature of our two-dimensional system,
because classical bits always satisfy I, <5.

In the above, the delay between signal and idler photons was set
to 7 = 0. Now we gradually increase this delay to convert a qubit
into a classical bit. The measured value of the witness I, then drops
below 5, as expected (blue triangles in Fig. 3).

Next we generate ensembles of qutrits. The prepared states
and the measurements are identical to the previous (qubit)
experiment, except that the OAM of state |¢;) is now flipped.
For t = 0, we obtain a measured value of the witness of
I, =7.57£0.13, certifying the presence of a quantum system of
dimension (at least) 3. This value is in good agreement with
the theoretical prediction of I, =5+ 24/2 ~ 7.83 for this set of
states and measurements.
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Figure 2 | Experimental set-up. a, The state preparator consists of a source of entangled photons (A), followed by a measurement (B) on one photon of the
pair (idler) that prepares its twin photon (signal) in the desired state. The signal photon is then sent to the measurement device. Block (A) is the source of
entangled photons. The second harmonic (Inspire Blue, Spectra Physics/Radiantis) at a wavelength of 405 nm of a Ti:sapphire laser in the picosecond
regime (Mira, Coherent) is shaped by a spatial filter (SF) and focused into a 1.5-mm-thick crystal of beta-barium borate, where spontaneous parametric
down-conversion takes place. The nonlinear crystal (XL) is cut for collinear type-1l down-conversion so that the generated photons have orthogonal
polarizations. Before splitting the signal and idler photon, a polarization-dependent temporal delay t is introduced. The delay line (DL) consists of two
quartz prisms whose mutual position determines the difference between the propagation times of photons with orthogonal polarizations. Block (B)
performs a measurement on the idler photon to prepare the signal photon. It consists of a half-wave plate (HWP), polarizer (P), spatial-light modulator
(SLM) and a Fourier-transform lens (FL). The half-wave plate and polarizer project the photon into the desired polarization state. The desired OAM state is
selected by the SLM. SLM encodes computer-generated holograms that transform the m = +1 state or m = —1 state into the fundamental
Laguerre-Gaussian state LGog (ref. 7) that is coupled into a single-mode fibre (SMF). The measurement device uses an identical block (B) to measure the
signal photon. M: mirrors; L: lenses; BS: beam splitter, F: interference filter; D: single-photon counting modules. b, Ensembles of quantum states |¢y)
(x=1...4) prepared in the experiment. ¢, Measurements performed at the measurement device for qubits and qutrits. In the case of quarts, the three

measurements are constructed by combining (1) and (2).

Now, increasing again delay v between the photons, the value of
the witness drops below 7. In a certain range of delays, the value of
I, remains above the qubit bound of 6, testifying that at least three
dimensions are present (red circles of Fig. 3). In the limit of large
delays, the values of the witness are still larger than the bound of
I, =5 for bits, but below the bound for qubits. This is because the
curve was measured with a set a measurements optimized for the
qutrit/trit discrimination. This set of measurements is not optimum
for the trit/qubit discrimination.

Finally, we prepare classical four-dimensional systems, that is,
quarts. Now the first measurement (y = 1) assigns the outcome
b= —1 to vertically polarized photons with OAM m = —1, and the
outcome b =+1 to all of the other orthogonal states. The second
measurement (y = 2) assigns b=+1 and b= —1 to horizontally and
vertically polarized photons, respectively. The third measurement
(y=3)assignsb=+1landb=—1to OAMofm=+1landm=—1,
respectively. In this case, the expected value of the witness is I, =9,
which corresponds to the algebraic maximum. Experimentally,
we measure I, = 8.57 £0.06, which violates the qutrit bound of
I, = 7.97 by more than 10 standard deviations. In this case, the
values of the witness are independent of the temporal delay 7.
This is because the state is here classical (a statistical mixture of
orthogonal quantum states) and no superposition is present (green
diamonds in Fig. 3).

We have demonstrated how the concept of dimensionality,
which is fundamental in science, can be experimentally tested.
Using dimension witnesses, we have bounded the dimension of
classical and quantum systems only from measurement statistics,
without any assumption on the internal working of the devices
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Figure 3 | Dimension witness I4 for qubit (blue triangles), qutrit (red
circles) and quart (green diamonds) states as a function of temporal delay
7. For delays T > 255 fs, coherence is lost and quantum superpositions turn
into statistical mixtures, that is, classical states. The maximum observed
violations for qubit, qutrit and quart states are 5.66+0.15, 7.57 +0.13 and
8.57+0.06, respectively. These values are close to the corresponding
theoretical bounds, given in Table 1, which are represented here by the
horizontal lines. The error bars plot standard deviations on the value of the
witness calculated from the measured data using error propagation rules.
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used in the experiment. Dimension witnesses represent an example
of a device-independent estimation technique, in which relevant
information about an unknown system is obtained solely from the
measurement data. Device-independent techniques'*~'¢ provide an
alternative approach to existing quantum estimation techniques,
such as quantum tomography or entanglement witnesses, which
crucially rely on assumptions that may be questionable in complex
set-ups, for example, its Hilbert space dimension. Our work demon-
strates how the device-independent approach can be employed to
experimentally estimate the dimension of an unknown system.
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