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D3.1) OAM phase unfolding simulation: Simulation and first tests of OAM phase unfolding. The 
required lens system will be analysed with a ray tracing software and an optimization work will be 
completed for the fish-eye lens. First experiments with available (non-optimized) fish-eye lenses, 
monitoring the propagation of OAM light modes, using classical light sources and detection via 
CCD cameras. [Excerpt from GA-Annex I DoW] 
 
OAM sorting via phase unfolding has been demonstrated in collaboration between Glasgow and 
Leiden.  In principle the developed method is able to sort OAM on a single photon level as well as 
for classical light by projecting the azimuthal phase dependence onto a linear coordinate via two 
diffractive elements separated by a field lens. Initially, demonstrations have been performed using 
spatial light modulators to display the required diffractive elements as well as to generate specific 
input modes.  Since then first prototype optical elements have been built that replace the SLMs and 
offer a larger efficiency.  Also, further tests have been performed that investigate sorting of OAM 
superposition modes and the response to misalignment including tilt. 
The progress can be reported via three publications.  The first of these is the result of a 
collaboration of UGLAS and ULEID initiated while formulating the proposal for PHORBITECH 
and was hence published before the official starting date of PHORBITECH, the latter two joint 
publications also testify the collaborative effort. 
 

1. Efficient Sorting of Orbital Angular Momentum States of Lighti 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 1: demonstrated OAM sorting via phase unfolding  

We present a method to efficiently 

sort orbital angular momentum 

(OAM) states of light using two 

static optical elements. The optical 

elements perform a Cartesian to log-

polar coordinate transformation, 

converting the helically phased light 

beam corresponding to OAM states 

into a beam with a transverse phase 

gradient. A subsequent lens then 

focuses each input OAM state to a 

different lateral position. We 

demonstrate the concept 

experimentally by using two spatial 

light modulators to create the 

desired optical elements, applying it 

to the separation of eleven OAM 

states. 

 



 

 
3 

 

2. Measuring orbital angular momentum superpositions of light by mode transformationii 

We recently reported on a method for measuring orbital angular momentum (OAM) states of light 

based on the transformation of helically phased beams to tilted plane waves [Phys. Rev. Lett. 105, 

153601 (2010)]. Here we consider the performance of such a system for superpositions of OAM 

states by measuring the modal content of noninteger OAM states and beams produced by a 

Heaviside phase plate.  

 

3. Measurement of the light orbital angular momentum spectrum using an optical 

geometric transformationiii 

We recently demonstrated a new method to efficiently analyse the orbital angular momentum 

(OAM) states of light by application of an optical geometric transformation (Berkhout et al 2010 

Phys. Rev. Lett. 105 153601). Here we study the performance of such a system to measure the 

change in the observed OAM spectrum, as the input beam is misaligned with respect to the 

analyser. We present modelled and experimental results which show that our reformatting approach 

does correctly measure the OAM spectrum for lateral and tilt misalignment of the input beam. 

 

Figure 2: CCD images for an equal 
superposition of two modes (  and 

) with a relative phase of (a) 0 and (b) 
!. Both images are scaled to the peak intensity 
of the image shown in (a). The color scale is 
inverted for clarity. 

Figure 3: The spectrum over 11 states from "5 to 5 for (a) aligned measurement axis and beam axis for a mode 
index value of _ = 1, (b)  lateral movement, (c) tilt angle, (d and e) a combination of a lateral movement and a tilt.  
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We present a method to efficiently sort orbital angular momentum (OAM) states of light using two

static optical elements. The optical elements perform a Cartesian to log-polar coordinate transformation,

converting the helically phased light beam corresponding to OAM states into a beam with a transverse

phase gradient. A subsequent lens then focuses each input OAM state to a different lateral position. We

demonstrate the concept experimentally by using two spatial light modulators to create the desired optical

elements, applying it to the separation of eleven OAM states.
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Nearly twenty years ago it was recognized by Allen
et al. that helically phased light beams, described by a
phase cross section of exp!i‘!", carry an orbital angular
momentum (OAM) of ‘@ per photon, where ‘ can take any
integer value [1–3]. The unlimited range of ‘ gives an
unbounded state space, and hence a large potential infor-
mation capacity [4,5]. At the level of single photons, OAM
entanglement is a natural consequence of the conservation
of angular momentum in nonlinear optics [6]. This entan-
glement makes OAM a potential variable for increased-
bandwidth quantum cryptography [7–9], but only if a
single photon can be measured to be in one of many
different states.

Generation of helically phased beams with OAM is most
usually accomplished using a diffractive optical element,
i.e., hologram, the design of which is a diffraction grating
containing an ‘-fold fork dislocation on the beam axis
[10,11]. If the hologram is illuminated by the output
from a laser, or single-mode fiber, the first-order diffracted
beam has the required helical phase structure. The same
setup, when used in reverse, couples light in one particular
OAM state into the fiber. In this case, the hologram acts as
a mode specific detector, working even for single photons
[12]. However, such a hologram can only test for one state
at a time. Testing for a large number of possible states
requires a sequence of holograms, thereby negating the
potential advantage of the large OAM state space. More
sophisticated holograms can test for multiple states, but
only with an efficiency approximately equal to the recip-
rocal of the number of states [5,13]. For classical light
beams, the OAM state can be readily inferred by the
interference of the beam with a plane wave and counting
the number of spiral fringes in the resulting pattern [14].
One can also use the diffraction pattern behind specific
apertures to determine the OAM state of the incoming light
beams [15,16]. All of these approaches again require many
photons to be in the same mode so as to produce a well-
defined pattern.

The symmetry of helically phased beams means that
their rotation about the beam axis induces a frequency
shift, each OAM component inducing a separate frequency
sideband [17], which could, in principle, be used to mea-
sure OAM [4]. However, spinning a beam about its own
axis at a rate sufficient to measure its frequency shift is not
technically possible. This technical challenge is lessened
by using a static beam rotation to introduce an ‘-dependent
phase shift within a Mach-Zehnder interferometer; a cas-
cade of N # 1 interferometers can measure N different
states [18]. Although establishing the principle for single-
photon measurement of OAM, for large N, this cascaded
interferometric approach remains technically demanding
for inclusion into larger systems.
In this Letter we are motivated by the simple example of

the discrimination of plane waves within direction space. A
lens is all that is required to focus a plane wave to a spot in
its focal plane, the transverse position depending on the
transverse phase gradient of the plane wave. This allows
multiple plane waves to be distinguished from each other
using a detector array. A requirement for the separation of
any two plane waves is an additional phase change of 2"
across the aperture of the lens, resulting in a difference in
spot positions comparable to the Rayleigh resolution limit.
This suggests an approach for separating OAM states, for
which a change in mode index of!‘ $ 1 corresponds to an
increment in the azimuthal phase change of 2". The key
optical component in this approach is one that transforms
azimuthal position in the input beam into a transverse
position in the output beam, i.e., an optical element that
transforms a helically phased beam into a transverse phase
gradient. This corresponds to the transformation of an
input image comprising concentric circles into an output
image of parallel lines. Mapping each input circle onto an
output line gives the required deviation in ray direction and
hence the phase profile of the transforming optical element.
However, the resulting variation in optical path length
means that the transformation introduces a phase distortion
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that needs to be corrected by a second element. The trans-
forming system therefore comprises two custom optical
elements, one to transform the image and a second, posi-
tioned in the Fourier plane of the first, to correct for the
phase distortion. This transformation is an example of an
optical geometric transformation which has been previ-
ously studied in the context of optical image processing
[19]. It was shown that a geometric transformation can
only be implemented by a single optical element if the
mapping is conformal. The optical element performs a
mapping !x; y" ! !u; v", where (x, y) and (u, v) are the
Cartesian coordinate systems in the input and output plane,
respectively. In our approach v # a arctan!y=x" and the

conformal mapping requires u # $a ln!
!!!!!!!!!!!!!!!!
x2 % y2

p
=b",

similar to [20,21]. The phase profile of the transforming
optical element is then given by

!1!x;y"#
2"a

#f

"
yarctan

#
y

x

$
$xln

# !!!!!!!!!!!!!!!
x2%y2

p

b

$
%x

%
; (1)

where # is the wavelength of the incoming beam, and f is
the focal length of the Fourier-transforming lens. The
parameter a scales the transformed image and a # d=2",
where d is the length of the transformed beam. b translates
the transformed image in the u direction and can be chosen
independently of a.

The required phase correction can be calculated by the
stationary phase approximation [21] and is given by

!2!u; v" # $ 2"ab

#f
exp

#
$u

a

$
cos

#
v

a

$
; (2)

where u and v are the Cartesian coordinates in the Fourier
plane of the first element. Figures 1(a) and 1(b) show the
phase profiles of the transforming and phase-correcting
optical element, respectively. One can see that the trans-
forming optical element contains a line discontinuity. The
end of this line, i.e., the center of the phase profile, defines
the axis around which the OAM is measured.

A lens is inserted after the phase-correcting element to
focus the transformed beam, which now has a 2"‘ phase
gradient, to a spot in its focal plane. In the plane of this
lens, the transformed beam is rectangular, meaning that the
diffraction limited focal spot is elongated in the direction
orthogonal to the direction in which the spot moves. The
transverse position of the spot changes as a function of ‘
and is given by

t‘ #
#f

d
‘: (3)

We use diffractive spatial light modulators (SLMs) to
create the desired phase profiles. For monochromatic light,
an SLM can be programmed such that any desired phase
profile is applied to the first-order diffracted beam, limited
in complexity only by the spatial resolution of the SLM.
Figure 1(c) shows a schematic overview of the optical
system. We use Laguerre-Gaussian (LG) beams as our

OAM states. The first SLM, programmed with both phase
and intensity information [9], is used to generate any
superposition of LG modes. Using relay optics and an
iris to select the first-order diffracted beam, this input state
is directed onto the transforming element, displayed on the
second SLM, which performs the required geometrical
transformation in the back focal plane of the Fourier-
transforming lens. We choose d such that the transformed
beam fills 80% of the width of the phase-corrector element
in order to avoid diffraction effects at its edges. A third
SLM is used to project the phase-correcting element. The
diffracted beam from this SLM has a transverse phase
gradient dependent on the input OAM state. These direc-
tion states are focused onto a CCD array by a lens and, as
discussed above, the lateral position, t‘, of the resulting
elongated spots is proportional to the OAM state of the
incident beam.
Figure 2 shows modeled and observed phase and inten-

sity profiles at various places in the optical system for a
range of OAM states. The modeled data are calculated by
plane wave decomposition. In the second column, one can
see that an input beam with circular intensity profile is
unfolded to a rectangular intensity profile with a 2"‘ phase

FIG. 1. Phase profiles of (a) the transforming and (b) the
phase-correcting optical element. d is the length of the trans-
formed beam. In (b) only that part of the phase-correcting
element is shown, that is illuminated by the transformed beam.
In the experiment, the phase profiles are displayed on the spa-
tial light modulators (SLMs) with 2" phase modulation.
(c) Schematic overview of the setup. We use SLMs to both
generate Laguerre-Gaussian beams (SLM1) and create the de-
sired phase profiles for the transforming and phase-correcting
optical elements (SLM2 and SLM3, respectively). L1 is the
Fourier-transforming lens and L2 focuses the transformed
beams. We use beam splitters to ensure perpendicular incidence
on the SLMs.
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gradient. As predicted, the position of the elongated spot
changes with the OAM input state. We recorded the output
of the mode sorter for input states between ‘ ! "5 and
‘ ! 5. The experimentally observed spot positions are in
good agreement with the model prediction. Our system
further allows us to identify a superposition of OAM states,
as can be seen in the final row of Fig. 2, where an equal
superposition of ‘ ! "1 and ‘ ! 2 gives two separate
spots in the detector plane at the position of ‘ ! "1 and
‘ ! 2. We note that observed spots are slightly broader
than the modeled ones, which is due to aberrations intro-
duced by the optical system.

To directly measure the state of any input beam, we
define eleven, equally sized, rectangular regions in the
detector plane, all centered around one of the expected
spot position for the eleven input modes used in the ex-
periment. By measuring the total intensity in each of these

regions, we can determine the relative fraction of a specific
OAM state in the input beam. Figures 3(a) and 3(b) show
the results for eleven pure input states, both modeled and
observed, as shown in the third and fourth column of Fig. 2,
respectively. Since the spots for two neighboring states
slightly overlap, some of the light in a state leaks into
neighboring regions; i.e., there is some cross talk between
different states. This cross talk shows up as the off-
diagonal elements in Fig. 3. As described before, our
experimental results show slightly broader spots than the
modeled data and hence the off-diagonal elements are
slightly larger. It is clearly possible to determine the input
state of the light beam from the position of the output spot
in the detector plane.
A commonly used measure to quantify the amount of

cross talk between channels is the channel capacity, which
is the maximum amount of information that can be reliably
transmitted by an information carrier [22]. In an optical
system, this channel capacity can be quoted as ‘‘bits per
photon.’’ If a photon can be in one of N input states and its
state can be measured perfectly at the output, the channel
capacity takes the theoretical maximum value of log2N.
Table I presents the channel capacity of the system for

the modeled and observed results, calculated from the data
shown in Fig. 3. A generic approach to minimize cross talk
is to increase the separation between channels. We there-
fore consider the cases where we use only every other state,
!‘ ! 2, and every third state, !‘ ! 3. This approach
gives fewer states, but less overlap between different spots.
In all cases, due to the experimental imperfections, the
channel capacity for the observed data is slightly lower
than the modeled one, but for !l ! 3 it approaches the
model very closely.
We note that the optical transformation is only perfect

for rays which are normally incident on the transforming
element. Helically phased beams are inherently not of this
type, the skew angle of the rays being ‘=kr [23]. Although
this skew angle is small when compared to the angles
introduced by the transforming element, it might introduce
a slight transformation error which increases with ‘. If the
input is a ringlike intensity profile, the skew angle leads to
a sinusoidal distortion from the expected rectangular
output. This potential skew ray distortion is reduced by

FIG. 2 (color). Modeled and observed phase and intensity
profiles at various planes in the optical system. From left to
right, the images show the modeled phase and intensity distri-
bution of the input beam just before the transforming optical
element and just after the phase-correcting element, and the
modeled and observed images in the CCD plane for five different
values of ‘. The final row shows the results for an equal
superposition of ‘ ! "1 and ‘ ! 2. The last two columns are
6# magnified with respect to the first two columns.

TABLE I. Channel capacity calculated from the results shown
in Fig. 3. The first three columns show the separation between
the channels, !l, the number of states taken into account, N, and
the theoretical maximum value, log2N. The last two columns
correspond to the data shown in Figs. 3(a) and 3(b), respectively.

!‘ N log2N Modeled Observed

1 11 3.46 2.36 1.96
2 6 2.59 2.10 1.93
3 4 2.00 1.70 1.68
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decreasing the propagation distance over which the trans-
formation occurs, i.e., reducing f.

In its present form, our approach is limited by the fact
that the resulting spots are slightly overlapping. This is
because our transformation discards the periodic nature of
the angular variable, using instead only a single angular
cycle and producing an inclined plane wave of finite width,
and similarly a finite width of spot. One option for im-
provement is to modify the transformation to give multiple
transverse cycles, which results in larger phase gradient
and thus a larger separation between the spots, albeit at the
expense of increased optical complexity. One approach to
implementing this improvement would be to add a binary
phase grating to the transforming elements, producing both
positive and negative diffraction orders. By adjusting the
pitch of the grating appropriately, two identical, adjoining
copies of the reformatted image are created in the plane of
the phase corrector.

We further recognize that there is a 70% light loss
associated with the two SLMs that comprise the mode
sorter. This loss could, however, be eliminated by replacing
the SLMs with the equivalent custom-made refractive
optical elements.

In conclusion, we have described a novel system com-
prising of two bespoke optical elements that can be used to
efficiently measure the OAM state of light. We have shown
numerical and observed data to support our method. The
method has a limitation due to the overlap of the spots for
different states that could be reduced by applying an addi-
tional diffraction grating to the first surface. The system
opens the way to many interesting investigations ranging
from experiments in multiport quantum entanglement [7],

to applications in astrophysics [24] and microscopy [25],
all of which make use of the OAM state basis.
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We recently reported on a method for measuring orbital angular momentum (OAM) states of light based on the
transformation of helically phased beams to tilted plane waves [Phys. Rev. Lett. 105, 153601 (2010)]. Here we
consider the performance of such a system for superpositions of OAM states by measuring the modal content
of noninteger OAM states and beams produced by a Heaviside phase plate. © 2011 Optical Society of America
OCIS codes: 050.4865, 060.2605.

Ever since it was first described that a light beam
containing an optical vortex, exp!im!", carries an orbital
angular momentum (OAM) of m! per photon for integer
m [1], this subject has drawn significant interest [2]. In
addition to its fundamental properties, the application
of OAM in optical communication [3] has been studied.
Optical vortices occur in higher-order laser modes; can

be created by means of a mode converter [4], spiral phase
plate [5], or fork hologram [6]; and can also be made by
encoding the appropriate hologram on a spatial light
modulator (SLM) [7]. In addition, optical vortices occur
in caustics [8] and speckle patterns [9].
Although creating optical vortices is relatively straight-

forward, measuring their topological charge, m, is not.
Several methods are being used, ranging from interfer-
ence [10], diffraction [11,12], holograms [13], q-plates
[14], and interferometers [15], to mode-specific detection
[16]. All these methods have significant disadvantages;
they either work only for many photons in the same state,
have low throughput, are technically very challenging, or
can detect only one state at a time.
Recently we have described a system comprising two

custom, static optical components that allows simulta-
neous detection of many different OAM modes [17].
The system is based on performing a Cartesian to log-
polar optical transformation [18] that transforms the he-
lically phased beam around an optical vortex into a tilted
plane wave. Optical vortices with different topological
charges are transformed into plane waves with a differ-
ent tilt that, in turn, are focused to different positions in
the focal plane of a lens. The topological charge is thus
encoded in the lateral position of the spot; all radial in-
formation is encoded in the orthogonal axis in the focal
plane. Because of the design of the optical transforma-
tion, the spots will slightly overlap, which limits the
use of the system for single-photon applications. This
could be resolved by changing the design of the two cus-
tom components, at the expense of making the optical
design more complex [17].
The main advantage of the mode-transforming system

is its ability to detect multiple modes at the same time. A
spectrum of optical vortices can be generated by sponta-
neous parametric downconversion [19] or by phase
plates, such as noninteger spiral phase plates [20] and

angular sector phase plates [21]. A misaligned beam also
gives rise to a spectrum of OAM states [22]. Finally, one
can create arbitrary superpositions of OAM states by dis-
playing the correct superposition of spiral phase plates as
a hologram on the SLM.

The modal content of any superposition can be directly
derived from the positions and relative intensities of the
spots on a detector in the focal plane of the mode sorter.
For potential single-photon applications, the position
where the photon hits the detector is statistically deter-
mined by the input superposition.

In this Letter, we measure the modal content of non-
integer OAM states and beams produced by a Heaviside
phase plate. Following [21], we can calculate these modal
contents theoretically, neglecting the radial dependence.
A general superposition of optical vortex states is
given by

A!!" #
X

m

"mAm!!"; !1"

where Am!!" # 1!!!!
2#

p eim! are the normalized vortex states.
The modal coefficients for an arbitrary superposition can
be found by

"m # 1!!!!!
2#

p
Z

2#

0
e!im!A!!"d!: !2"

We further define $m # j"mj2. The normalization of the
vortex states guarantees that

P
m $m # 1.

A noninteger OAM state is given by exp!iQ!", where Q
is the noninteger topological charge. From Eq. (2), we
calculate that

"m # sinc!!Q !m"#"ei!Q!m"#; !3"

which reduces to "m # %m;Q if Q becomes integer, where
%i;j is the Kronecker delta.

In addition to the noninteger spiral phase plate,
we measure the modal content of the field behind a
Heaviside phase plate, which is characterized by a phase
step of # between the two halfs of the phase plate, result-
ing in a spectrum as defined in [21].
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A schematic overview of the experimental setup is
shown in Fig. 1. Although it is possible to manufacture
all required optical components from glass or plastic,
we encode them on three SLMs, which can be used to
imprint any spatially varying phase to a beam. SLM1 is
used to create all input states, either by encoding a
noninteger or Heaviside phase plate or by encoding an
arbitrary superposition of spiral phase plates. The input
states are imaged onto SLM2 using two lenses (L1
and L2) and a diaphragm (D) to filter out the correct dif-
fraction order. The mode sorter, whose phase profiles
are described in [17], comprises two SLMs (SLM2 and
SLM3), together with a lens (L3). A lens (L4) is used
to focus the output of the mode sorter onto a CCD cam-
era. We use beam splitters to ensure perpendicular inci-
dence on all SLMs.
As described above, the position of the focused spot on

the CCD camera depends on the OAM state of the input
beam. For a superposition, we expect to see more than
one spot with relative intensities, depending on the mod-
al content (see Fig. 2 for typical examples). Since there is
no extra information in the y axis of the CCD images, we
sum them over the rows to increase the signal-to-noise
ratio. We extract the relative amplitudes from these
summed images by fitting a sum of the theoretically
expected peaks for the individual modes. In the fitting
routine, we allow some margin in the peak position
and the peak width to compensate for possible experi-
mental errors.
We study the output of the mode sorter for an equal

superposition of two modes (m ! !1 and m ! 0) with
changing relative phase. Figures 3(a)–3(c) show typical
summed images. Note that one can only see the effect of
the relative phase in the regions where the peaks overlap
and interfere constructively or destructively, depending
on the relative phase. In addition, Fig. 3 shows the fitted
peaks of both modes as dashed curves. The fit returns the
amplitudes of the peaks and the relative phase between

the states. Figure 3(d) shows the fitted relative phases for
a number of input phases, as set on SLM1. This figure
demonstrates that the relative phase between the states
in conserved by the transformation. The output relative
phases also depend on the angular orientation of the
mode sorter around the optical axis. All data are
corrected for this orientation.

Figures 4(a)–4(e) show the modal decomposition for
noninteger OAM states, both theoretical as calculated
from Eq. (3) (black), and experimental (gray) where Q
is varied between Q ! !1 and Q ! 0. One can clearly
see that the peak shifts from m ! !1 to m ! 0. For

Fig. 1. Schematic overview of the setup. See text for details.

Fig. 2. CCD images for an equal superposition of two modes
(m ! !1 and m ! 0) with a relative phase of (a) ! i ! 0 and
(b) ! i ! ". Both images are scaled to the peak intensity of
the image shown in (a). The color scale is inverted for clarity.

Fig. 3. Summed CCD images corresponding to (a) Fig. 2(a),
(b) a relative phase of ! i ! "=2, and (c) Fig. 2(b) (solid curves).
The dashed curves show the fitted peaks of the individual
modes. (d) The measured relative phase, !m, as returned by
the fit versus the input relative phase, ! i, as set on SLM1.

Fig. 4. Modal decomposition of a noninteger OAM state with
(a) Q ! !1, (b) Q ! !

3
4, (c) Q ! !

1
2, (d) Q ! !

1
4, (e) Q ! 0, and

(f) the beam produced by a Heaviside phase plate. Theoretical
data are shown in black, experimental data in gray.
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noninteger values of Q, the spectrum broadens.
Figure 4(f) shows the results for a Heaviside phase plate.
The results of the fits are qualitatively in good agreement
with the theoretically predicted values.
We have shown that mode transformation preserves

the relative phase between input states, which can, how-
ever, only be measured in regions where the peaks of two
transformed modes overlap. This only works experimen-
tally if the modes have !m ! 1. An alternative way to
measure the relative phase would be interfering the out-
put of the mode sorter with a flat wavefront, increasing
the complexity of the system. The fact that the mode
transformation separates the modes spatially and pre-
serves coherence could be used to manipulate modes
in a superposition.
An important application of a optical vortex mode

sorter is in optical communication. The optical vortex
states span a higher-dimensional basis, which could be
used to encode information in. As shown in this Letter,
our mode sorter could be used to decode the information
that is in superpositions of optical vortex states.
In conclusion, we have shown the principle that our

previously presented mode sorter can be used to deter-
mine the modal content of OAM superpositions in a sin-
gle, practical measurement. This system can be used as a
decoder in higher-dimensional optical communication
schemes based on OAM states.

We acknowledge Johannes Courtial for useful discus-
sions. M. P. J. Lavery would like to thank the Mac Robert-
son Travel Scholarship for their support.
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Abstract
We recently demonstrated a new method to efficiently analyse the orbital angular momentum
(OAM) states of light by application of an optical geometric transformation (Berkhout et al
2010 Phys. Rev. Lett. 105 153601). Here we study the performance of such a system to
measure the change in the observed OAM spectrum, as the input beam is misaligned with
respect to the analyser. We present modelled and experimental results which show that our
reformatting approach does correctly measure the OAM spectrum for lateral and tilt
misalignment of the input beam.

Keywords: optical angular momentum, computer-generated holograms, optical communication
systems

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In 1992, Allen et al recognized that light beams with an
azimuthal complex amplitude term exp(i!") carry orbital
angular momentum (OAM) of !h̄ per photon, where ! can take
any integer value [1–3]. Such a beam is a pure OAM state and
Laguerre–Gaussian (LG) laser modes are examples of these.
The generation of such beams is commonly achieved through
the use of a diffractive optical element, for example a forked
diffraction grating [4, 5].

However, efficiently measuring the distribution of ! values
contained within the light has presented a challenge for many
years. This spectrum of ! values associated with a beam can be
determined using a set of the same diffractive optical elements
used for generating OAM states, such that only the light with
one specific ! value is coupled into a fibre at a time [6].
A more sophisticated hologram can also be used for the
measurement of many states simultaneously [7, 8]. However,
the efficiency of the above techniques, all of which are based
on a single thin hologram, cannot exceed the reciprocal of
the number of states being analysed. A network of Mach–

Zehnder interferometers can also be used to sort many OAM
states, in principle with 100% efficiency, but this requires
N ! 1 cascaded interferometers for the determination of N
states [9]. The use of many cascaded interferometers presents
many difficulties in its alignment and has so far prevented the
widespread use of this technique.

As an alternative approach to this problem, we recently
presented a new method of OAM analysis [10]. Our method
utilizes an optical geometric transformation [11], enabling the
efficient spatial separation and subsequent analysis of many
OAM states or of their superposition (see figure 1). We intend
to use this OAM analyser for communications, which requires
the efficient, simultaneous, detection of light in different OAM
states. In this paper we demonstrate, for a number of different
incident beams, that our OAM analyser can be used for this
purpose.

Pure OAM states are defined with respect to a specific
axis. This axis is the z axis of the cylindrical polar coordinate
system in which the complex amplitude cross section in a
transverse plane (z = const.) of a pure mode with a specific
! value can be written in the form exp(i!") . We call this axis

2040-8978/11/064006+04$33.00 © 2011 IOP Publishing Ltd Printed in the UK & the USA1
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Figure 1. Transformation of beams with a helical phase into a linear phase gradient. (a) The cross section of a pure OAM mode is re-shaped
such that azimuthal angle is transformed into a Cartesian coordinate, here the horizontal coordinate. Intensity is shown as brightness; phase is
represented by selected lines of constant value; the cross sections are drawn for ! = 1. The resulting beam cross section has a uniform phase
gradient in the horizontal direction which is directly proportional to !. When passed through a lens it gets focused to a position whose
horizontal position depends on this phase gradient, and therefore !. This is shown here for different values of !. (b) Grayscale representation
of the spatially varying phase added by the phase holograms used in our experiment. Hologram (i) initiates the Cartesian-to-polar geometric
transformation, which is complete by the time light has reached the hologram’s Fourier plane. Hologram (ii) corrects for the differences in
optical path length between different parts of the beam.

the beam axis. When described with respect to a different
axis, the measurement axis, a pure OAM state becomes a well-
understood superposition of a number of these states [12]. In
our experiment, the measurement axis is defined by the OAM
analyser. By creating pure OAM states and directing them at
the analyser with different offsets and directions, we therefore
create well-understood superpositions.

We use as our pure OAM states the Laguerre–Gaussian
(LG) laser modes already mentioned above. An LG mode is
described by two indices, ! and p. In the waist plane of an LG
mode the complex amplitude is given by

"!,p(x, y) = C!p

!
2(x2 + y2)

w2

" |!|
2

L |!|
p

!
2(x2 + y2)

w2

"

! exp
#"(x2 + y2)

w2

$
exp[i!atan2(y, x)], (1)

where w0 is the waist size, L |!|
p (x) is the Laguerre polynomial

for the mode indices ! and p, and C!p is the amplitude
normalization term [14, 15], given by

C!p = 1
w0

%
2p!/[#(|!| + p)!]. (2)

Note that we describe the beam in Cartesian coordinates
here, as this is convenient to deal with the misalignments
we consider here. The term exp(i!$) then takes the form
exp[i!atan2(y, x)](atan2(y, x) is used in place of arctan(y/x),
as arctan does not distinguish between angles that differ by
#). As the LG modes form an orthonormal basis, any beam
cross section %(x, y) can be written, using bra-ket notation

("!,p(x, y) = |!p#, |%# = %(x, y)) [13], in the form

|%# =
$&

!="$

$&

p=0

|!p#%!p|%#. (3)

The power in the component |!p# is then given by the modulus
squared of the coefficient for that component, namely

P!,p = | %!p|%#|2. (4)

The power in all components with the same value of ! is given
by

P! =
$&

p=0

P!,p =
$&

p=0

|%!p|%#|2. (5)

The set of these powers P! is the OAM spectrum we expect to
measure.

Our ‘misaligned’ pure OAM states are also LG modes.
The misalignment of the beam axis with respect to the
measurement axis described by the parameters &x , &y, ' and
( as defined in figure 2. The complex amplitude of such a
misaligned LG beam is

%(x, y) = "!,p(x"&x, y"&y) exp
#

i
2#

)
(x sin '+y sin ()

$
,

(6)
where "!,p is the complex amplitude of an LG mode whose
beam axis coincides with the measurement axis (equation (1))
and k = 2#/), where ) is the wavelength of the light. The
corresponding OAM spectrum can then be calculated using
equation (5).

2
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Figure 2. Relationship between beam axis and measurement axis.
The beam axis is tilted with respect to the measurement axis by the
angles ! and " in the (x, z) and (y, z) planes, respectively. In the
plane z = 0, the beam axis is offset with respect to the measurement
axis in the x direction by #x and in the y direction by #y.

2. Experimental design

As described in our previous publication [10], we use an
OAM analysing approach which transforms helical phased
beams into a transverse phase gradient, allowing a lens to
discriminate between these linear states in direction space. See
a schematic representation of this approach in figure 1. The key
features of this method are the two phase holograms, where the
first element implements a Cartesian to log-polar coordinate
transformation and has a phase profile given by

$1(x, y) = 2%a
& f

!
y arctan

"
y
x

#
! x ln

"$
x2 + y2

b

#
+ x

%
,

(7)
where & is the wavelength of the incoming beam and f
is the focal length of the Fourier-transforming lens. There
are two free parameters, a and b, which determine the
scaling and position of the transformation in the Fourier plane,
respectively. The second of these holograms corrects for the
phase aberration caused by the optical path difference added
through the transformation and has a phase profile

$2(u, v) = !2%ab
& f

exp
"

!u
a

#
cos

"
v

a

#
. (8)

These profiles are implemented modulo 2% on two separate
spatial light modulators (SLMs), and are placed in the positions
marked SLM2 and SLM3 in figure 3, respectively.

To assess the performance of the analyser we generate an
LG input beam using an additional SLM (SLM1 in figure 3).
Using relay optics, the first-order beam is selected and directed
onto the transforming hologram, i.e. the first element of the
analyser. This configuration allows us to create an LG mode
with a range of ' values with a variety of lateral or angular
offsets. The required transformation is obtained at the back
focal plane of the Fourier-transforming lens, L1. SLM3 is
placed in this transformed plane and is programmed with
the phase-correcting hologram [16]. This results in a beam

 

Figure 3. Schematic overview of the set-up. SLMs are used to both
generate Laguerre–Gaussian modes (SLM1) and create the desired
phase profiles for the transforming and phase-correcting optical
elements (SLM2 and SLM3, respectively). L1 is the
Fourier-transforming lens and L2 focuses the transformed beams.

with a linear phase gradient, or combination of gradients,
corresponding to the input superposition of OAM. This is
then passed through a final lens which focuses the beam to
an elongated spot in its focal plane. The key feature of
this focusing is that the transverse position of this spot is
dependent on the OAM state of the input beam. To allow for
the accurate measurement of the superpositions the detector
is split into regions which are centred on each elongated spot
with a size corresponding to the minimum separation between
any two adjacent spots. This results in a small ‘dead space’
between some regions, but over the entire detection area this
accounts for a loss in detection efficiency of approximately
5%. In our set-up we define 11 of these regions, allowing any
superposition of states containing the 11 pure OAM states with
' values between !5 and +5 to be analysed.

3. Results

We analysed OAM spectra for several different combinations
of lateral shift, #x , of the beam position and tilt angle in #"

with respect to the axis of the analyser. The measurements
made correspond to the results predicted in [12]. We first
consider the spectrum from a pure mode with a mode index
value of ' = 1, then the case of a lateral beam displacement
of #x = 0.5w0, where w0 is the waist size of the LG beam,
and then a tilt of #" = 0.5&/w0. These results are shown in
figures 4(a)–(c). In addition to these experimentally recorded
observations we calculate the expected spectrum derived
from the modal decomposition, as detailed in section 2 and
a plane-wave decomposition modelling of the experimental
configuration of the analyser. For each of these three cases,
the resulting spectrum is centred around the original input
value. In (d), the lateral displacement of #x = 0.5w0 is
combined with a tilt of #" = 0.5&/w0, giving a ' shift in the
spectrum. Finally, in (e), a combination of lateral displacement
of #x = 0.5w0 is combined with a tilt of #" = !0.5&/w0,
giving an ' shift in the spectrum in the opposite direction as
in (d).
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Figure 4. The spectrum over 11 states from ! = !5 to 5 where several misalignment cases are considered. (a) Aligned measurement axis and
beam axis for a mode index value of ! = 1, (b) is a lateral movement of x0 = 0.5w0, (c) is a tilt angle in " = 0.5#/w0, (d) is a combination of
a lateral movement of x0 = 0.5w0 and a tilt in $ = 0.5#/w0 and (e) a tilt in $ = !0.5#/w0. In each plot we compare the results for the
modal decomposition yielding the expected modal content of the beam, a numerical modelling of the experimental set-up (modelled) and the
experimentally obtained results (observed).

Although the agreement between the modal decomposi-
tion, the modelling of the analyser and the experimental results
are close, the match is not perfect. The modal decomposition
yields a precise spectrum against which the results should
be judged. The difference shown by the modelled results
stems from the fact that our analysers suffer from an inherent
imperfection arising from the transformation from circular
beams into rectangular beams with a fixed width and height
associated with them. This fixed aperture size results in an
overlap between spots and therefore causes an inherent cross-
talk between states, which can be seen in the side-bands in
figure 4(a). Finally the observed results are further degraded
due to the additional aberrations arising from the SLMs and
the other optical components used within the analyser.

4. Conclusion and discussion

We have successfully analysed the OAM spectrum of various
beams, with both lateral shift and tilt with respect to the
reference axis. These results correspond well to the spectra
obtained from modal decomposition of the beam, thereby
confirming that our approach yields a useful measurement of
the OAM spectrum.

We should note that, although this method gives a good
measure of the magnitude of the modal superposition, it does
not, in this simple form at least, give a measure of the relative
phase of the states. Beyond applications in the detection
of OAM states in defined laboratory conditions these results
suggest a more general use of the analyser. An example of this
is for analysing the backscattered light from objects which may
reveal interesting features within the OAM spectrum.
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