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D6.1) Devices for misalignment free quantum communication (encoding, decoding and
manipulation): Prototypes of devices allowing for the encoding and decoding of the quantum
information in rotation-invariant states of the photons and for their manipulation, and demonstration
of basic quantum communication tasks. [Excerpt from the Annex describing the deliverables of
WP6, page 30]

Notice on the delivery time: this deliverable was initially scheduled for month 27 of the project, but
all the main objectives have been achieved and the scientific results have been published in a article
appeared in Nature Communication (Ref. [1]). Accordingly, we prefer to anticipate the delivery in
order to focus on more advanced scientific tasks in the third year of the projects.

Quantum communication employs the counter-intuitive features of quantum physics for tasks that
are impossible in the classical world. It is crucial for testing the foundations of quantum theory and
promises to revolutionize information and communication technologies. However, to execute even
the simplest quantum transmission, one must establish, and maintain, a shared reference frame. This
introduces a considerable overhead in resources, particularly if the parties are in motion or rotating
relative to each other.

UNAP, URIO and UROM have experimentally shown how to circumvent this problem with the
transmission of quantum information encoded in rotationally invariant states of single photons.

The PHORBITECH consortium has experimentally demonstrated a complete toolbox for the
efficient encoding and decoding of quantum information in such photonic qubits, suitable for
alignment-free quantum communication. The core of our toolbox is the 'q-plate' device developed
by UNAP, that maps polarization-encoded qubits into qubits encoded in hybrid polarization-OAM
states of the same photon that are invariant under arbitrary rotations around the propagation
direction, and vice versa: Figure 1-a,b. In other words, the g-plate acts as a universal
encoder/decoder, where 'universal' refers to the fact that it works for any qubit state. The g-plate
used in the present work is the result of a very recent technological advance allowing for the
manufacture of electrically tunable devices with topological charge ¢ = 1/2 reported within the first
year of PHORBITECH. The application reported here corresponds to the first time such devices are
exploited in the quantum regime. In addition, the toolbox requires no interferometric stability and
can be set entirely in a robust and compact unit that could easily be mounted in a small satellite, for
instance. Furthermore, the present universal-decoder set-up features a built-in filtering mechanism
that maps a wide class of physical errors into losses instead of logical errors. UROM developed a
compact toolbox with gplates, devices for the manipulation of the polarization (waveplates and
polarizers) and single mode couplers: Figure 1: c-d-e.

By developing this complete toolbox for the efficient encoding and decoding of quantum
information in such photonic qubits, we demonstrate the feasibility of alignment-free quantum key-
distribution, and perform proof-of-principle demonstrations of alignment-free entanglement
distribution and Bell-inequality violation. The scheme should find applications in fundamental tests
of quantum mechanics and satellite-based quantum communication.
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Figure 1. Toolbox for experimental alignment-free quantum communication.

(a, b) The liquid crystal g-plate with topological charge q=1/2 works as a universal logical-qubit
encoder/decoder. Panel (a) shows the g-plate optical axis pattern, whereas panel (b) is a photo of the
device seen through crossed polarizers, under oblique illumination; different colours result from
different optical axis orientations. The g-plate birefringent retardation is electrically tuned. (c)
Experimental set-up, in the configuration used to generate entangled rotationally invariant photon
pairs and to perform a misalignment-immune demonstration of non-locality. Reference-frame
misalignments are implemented by physically rotating Alice's entire measurement station around
the optical axis by an angle 0. For the alignment-free BB84 QKD test, the entangled-photon source,
together with Bob's measurement station, is taken as the transmitting party, and Bob's photon is
used to herald the transmission of the other photon to Alice. The communication distance was 60
cm. (d) Schematics of the rotating device for measuring rotationally invariant qubits in arbitrary
reference frames. (e¢) Photo of the actual measurement device. QP, g-plate; C, walk-off
compensation crystals; SM, single-mode fibres; D, single photon detectors; HWP, half-wave plate;
QWP, quarter-wave plate.

As further step, UNAP and UROM have designed a g-plate with an innovative geometry able to
perform a unitary transformation (a rotation) of a qubit encoded in the hybrid polarization-OAM
Hilbert space. The rotation in the hybrid encoding space can be written as follows:

(
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The geometry of a g-plate with q = 1 and a = n/4 is showed in Figure 2. The retardation o of the g-
plate (and the induced angle of logical rotation) can be controlled in different ways (pressure,
temperature, electric field). Among them, the most practical is certainly the application of a tunable
electric field (B. Piccirillo, V. D’Ambrosio, S. Slussarenko, L. Marrucci, E. Santamato, Appl. Phys.
Lett. 97, 241104 (2010)) via a common generator. This technology would allow to operate the
logical rotations acting only on a knob. The new g-plate has recently been fabricated by UNAP.



UROM and UNAP have characterized the g-plate retrieving the retardation 6 from a measurement
of the conversion efficiency versus the applied voltage. Presently we are adopting the same setup
of the alignment free experiment to a polarization tomography to reconstruct the state for different
values of 6 [2]. The final results will be reported within deliverable D6.2.

Figure 2. Q-plate geometry for the logical rotation of rotational invariant qubits

It is worth mentioning here also another scientific result obtained by UNIVBRIS (Jeremy O’Brien,
in collaboration with other non-PHORBITECH researchers), on the guaranteed violation of a Bell
inequality without aligned reference frames or calibrated devices [3]. Bell tests — the experimental
demonstration of a Bell inequality violation — are central to understanding the foundations of
quantum mechanics, and are a powerful diagnostic tool for the development of quantum
technologies. To date, Bell tests have relied on careful calibration of measurement devices and
alignment of a shared reference frame between two parties — both technically demanding tasks.
The UNIVBRIS team has shown that neither of these operations are necessary, violating Bell
inequalities (i) with certainty using unaligned, but calibrated, measurement devices, and (ii) with
near-certainty using uncalibrated and unaligned devices. They demonstrated generic quantum
nonlocality with randomly chosen measurements on a single state of two photons, implemented
using a reconfigurable integrated optical waveguide circuit. The observed results demonstrate the
robustness of these schemes to imperfections and statistical noise. Although not originally planned
in PHORBITECH workplan, this result is consistent with the general goals of WP6.

References (publications related with this deliverable):

[1] “Complete experimental toolbox for alignment-free quantum communication”, V. D’ Ambrosio,
E. Nagali, S.P. Walborn, L. Aolita, S. Slussarenko, L. Marrucci, F. Sciarrino, Nature
Communications 3, 961 (2012).

[2] “Logical rotation of rotational-invariant qubits through g-plates”, V. D'Ambrosio, L. Marrucci,
F. Sciarrino, S. Slussarenko (manuscript in preparation).

[3] “Guaranteed violation of a Bell inequality without aligned reference frames or calibrated
devices”, P. T. Vértesi, Y.-Cherng Liang, C. Branciard, N. Brunner, and J.L. O'Brien, Scientific
Reports 2,470 doi:10.1038/srep00470 (2012).




PHORBITECH contribution to this deliverable:

The UROM-URIO-UNAP collaboration work reported in this deliverable report, corresponding to
the development of the protoype, has been mainly supported by PHORBITECH, with some minor
contribution coming from other funds (HYTEQ) for some lab equipment purchase. All UROM-
UNAP-URIO involved researchers have been supported by PHORBITECH. The only person
external to PHORBITECH in this work was Leandro Aolita, from ICFO, who contributed to some
theoretical aspects of the work. The UNIVBRIS work has been supported by PHORBITECH in a
fraction of the time of Jeremy O’Brien.

PHORBITECH contributors to this deliverable:

UROM: Eleonora Nagali, Vincenzo D'Ambrosio, Sandro Giacomini, Giorgio Milani, Fabio
Sciarrino

UNAP: Sergei Slussarenko, Lorenzo Marrucci

URIO: Stephen P. Walborn

UNIVBRIS: Jeremy O’Brien

PROTOTYPE VALIDATION. The quality of the toolbox prototype for alignment-free quantum
communication (that is, the encoder and decoder devices) has been assessed by the PHORBITECH
Steering committee in its meeting held in Leiden on September 13, 2012, after a detailed
presentation of the device features and performances. The committee unanimously judged that the
prototype performances meet fully the target goals set in the proposal (the members of the
committee who are directly involved in this work did not participate in this final assessment).
Particularly promising is the unanticipated robustness of the communication scheme against
various beam perturbations.

Publications included with this report:

1. “Complete experimental toolbox for alignment-free quantum communication”, V. D’Ambrosio,
E. Nagali, S.P. Walborn, L. Aolita, S. Slussarenko, L. Marrucci, F. Sciarrino, Nature
Communications 3, 961 (2012).

2. “Guaranteed violation of a Bell inequality without aligned reference frames or calibrated
devices”, P. T. Vértesi, Y.-Cherng Liang, C. Branciard, N. Brunner, and J. L. O'Brien, Scientific
Reports 2,470 (2012) doi:10.1038/srep00470.
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Complete experimental toolbox for alignment-free
quantum communication

Vincenzo D'Ambrosio!, Eleonora Nagali', Stephen P. Walborn?, Leandro Aolita3, Sergei Slussarenko?,

Lorenzo Marrucci®® & Fabio Sciarrino'

Quantum communication employs the counter-intuitive features of quantum physics for
tasks that are impossible in the classical world. It is crucial for testing the foundations of
quantum theory and promises to revolutionize information and communication technologies.
However, to execute even the simplest quantum transmission, one must establish, and
maintain, a shared reference frame. This introduces a considerable overhead in resources,
particularly if the parties are in motion or rotating relative to each other. Here we experimentally
show how to circumvent this problem with the transmission of quantum information encoded
in rotationally invariant states of single photons. By developing a complete toolbox for
the efficient encoding and decoding of quantum information in such photonic qubits, we
demonstrate the feasibility of alignment-free quantum key-distribution, and perform proof-
of-principle demonstrations of alignment-free entanglement distribution and Bell-inequality
violation. The scheme should find applications in fundamental tests of quantum mechanics and
satellite-based quantum communication.
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di Scienze Fisiche, Universita di Napoli ‘Federico II', Compl. Univ. di Monte S. Angelo, 80126 Napoli, Italy. > CNR-SPIN, Complesso Universitario di
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use photons as the carriers of qubits (quantum bits), the basic

units of quantum information. This is due to the fact that
photons, known as so-called ‘flying qubits are easy to transport from
one location to another!. Photonic free-space QC has been dem-
onstrated for distances of hundreds of kilometers?, a progress that
could soon lead to satellite-based long-distance QGC3-%. However,
standard approaches to QC, for example, the one based on encoding
qubits into the polarization of photons, require that all users involved
have knowledge of a shared reference frame. For instance, in the
bipartite scenario, the emitter and receiver, conventionally called
Alice and Bob, must initially align their local horizontal (H) and
vertical (V) transverse axes, and then keep them aligned throughout
the transmission (Fig. 1a). This, in turn, requires the exchange of
a large (strictly speaking, infinite) amount of classical information.
This represents, in general, an extra technical overhead, which can
impose serious obstacles in the particular situations where the users
are very far apart from each other, the misalignment between their
frames varies in time, or the number of users is large, for example”-8
In general, the lack of a shared reference frame inhibits faithful QC,
because it is equivalent to an unknown relative rotation, therefore
introducing noise into the quantum channel®.

A possible solution to this problem is to exploit multi-qubit
entangled states that are invariant under single-qubit rotations
acting collectively on all the qubits (see refs 9-13 and references
therein). These constitute particular instances of decoherence-free
subspaces, originally introduced in the context of fault-tolerant
quantum computing!#-17. The idea is thus to encode logical qubits
into rotationally invariant states of multiple physical qubits. These
can, in principle, be realized with multiple photons!'%~12. However,
the efficient production and detection of multi-photon states is a
technological challenge, they are more susceptible to losses, and the
requirement that multiple photons are subject to exactly the same
rotation is very seldom perfectly satisfied.

A more efficient way to circumvent misalignments is provided
by exploiting multiple degrees of freedom of single photons'®. In
particular, the polarization and transverse spatial modes stand out
for this purpose (Fig. 1b). Just as the circular polarization states
are eigenstates of the spin angular momentum (SAM) of light, the
helical-wavefront Laguerre-Gaussian modes are eigenmodes of its
orbital angular momentum (OAM). The OAM degree of freedom
is attracting a growing interest for applications in both classical
and quantum photonics'®=%2. The peculiarity of the SAM and (first
order) OAM eigenstates together is that, as they are defined with
respect to the same reference frame, they suffer exactly the same
transformation under coordinate rotation. Therefore, they satisfy
the collective rotation requirement exactly, constituting an ideal
pair to carry rotationally invariant hybrid qubits (see Fig. 1c).

Here we experimentally demonstrate a complete toolbox for the
efficient encoding and decoding of quantum information in such
photonic qubits, suitable for alignment-free QC. The core of our
toolbox is a liquid crystal device, named ‘g-plate’??23, that maps
polarization-encoded qubits into qubits encoded in hybrid polari-
zation-OAM states of the same photon that are invariant under
arbitrary rotations around the propagation direction, and vice versa.
In other words, the g-plate acts as a universal encoder/decoder,
where ‘universal’ refers to the fact that it works for any qubit state.
The g-plate used in the present work is the result of a very recent
technological advance allowing for the manufacture of electrically
tunable devices with topological charge g=1/2 (ref. 24). This is the
first time such devices are exploited in the quantum regime. In addi-
tion, the toolbox requires no interferometric stability as in previ-
ous proposals'®2°, and can be set entirely in a robust and compact
unit that could easily be mounted in a small satellite, for instance.
Furthermore, our universal-decoder set-up features a built-in filter-
ing mechanism that maps a wide class of physical errors into losses

C urrent implementations of quantum communication (QC)
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Figure 1| Misalignment-immune single-photon qubits. (a) Alice and Bob,
here depicted as satellites, need to carefully control the relative orientation
between their horizontal (H) and vertical (V) axes to faithfully implement
QC in free-space. Unknown misalignments around the propagation axis
manifest as rotations of the transmitted qubits by unknown angles 6in the
H-V plane. (b) Qubits can be equivalently encoded in both polarization
and transverse modes: H/V denote horizontal/vertical linear polarizations,
L/R left/right circular polarizations, h/v horizontal/vertical first-order
Hermite-Gauss modes, and I/r left- and right-handed first-order Laguerre-
Gauss modes. The L/R polarizations are eigenstates with eigenvalues

+71 of the SAM, whereas the |/r modes are the equivalent eigenstates

of the OAM. (¢) By combining SAM and OAM eigenstates of opposite
handedness, two null-eigenvalue eigenstates of the total angular
momentum arise. Both these hybrid states are invariant under rotations
around the propagation axis, and can therefore encode misalignment-
immune logical qubit states, called O and 1.

instead of logical errors. We show that, owing to this mechanism, the
scheme is robust also against misalignments around axes other than
the propagation direction, as well as against other spatial perturba-
tions. We demonstrate the potential of our method by performing
a proof-of-principle misalignment-immune implementation of the
single-photon Bennett-Brassard (BB84) quantum key-distribution
(QKD) protocol?®, entanglement distribution, and the violation of
the Clauser-Horne-Shimony-Holt (CHSH) Bell inequality?”.

Results
Hybrid logical qubit encoding. Our logical qubit basis is defined
by the hybrid polarization-OAM single-photon states

| 1>L :| R)p | l>0

1
103 =113, | W

Subscript ‘p’ denotes the polarization Hilbert space, spanned by
the left- and right-handed circular polarization states |L), and |R),,
respectively, which are eigenstates of the SAM operator S along
the propagatlon direction (z axis) of respective elgenvalues si=h
and sp =—h. In turn, subscript ‘o  stands for the OAM bidimensional
subspace spanned by the left- and right-handed first-order Laguerre-
Gauss modes |I), and |r),, eigenstates of the OAM operator S’ of
respective eigenvalues s2 =i and s2 = —h. Finally, subscript L refers
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Figure 2 | Toolbox for experimental alignment-free quantum communication. (a, b) The liquid crystal g-plate with topological charge g=1/2 works as

a universal logical-qubit encoder/decoder. Panel (a) shows the g-plate optical axis pattern, whereas panel (b) is a photo of the device seen through
crossed polarizers, under oblique illumination; different colours result from different optical axis orientations. The g-plate birefringent retardation

is electrically tuned. (¢) Experimental set-up, in the configuration used to generate entangled rotationally invariant photon pairs and to perform a
misalignment-immune demonstration of non-locality. Reference-frame misalignments are implemented by physically rotating Alice’s entire measurement
station around the optical axis by an angle 6. For the alignment-free BB84 QKD test, the entangled-photon source, together with Bob’s measurement
station, is taken as the transmitting party, and Bob's photon is used to herald the transmission of the other photon to Alice. The communication

distance was 60 cm. (d) Schematics of the rotating device for measuring rotationally invariant qubits in arbitrary reference frames. (e) Photo of the

actual measurement device. QP, g-plate; C, walk-off compensation crystals; SM, single-mode fibres; D, single photon detectors; HWP, half-wave plate;

QWP, quarter-wave plate.

to the logical subspace of zero total angular momentum along z.
The latter is spanned by the two hybrid states (1), null-eigenvalue
eigenstates of the total SAM +OAM operator S; +S;. Because the
total angular momentum operator is the generator of state rotations,
states (1) are both invariant under arbitrary rotations around
the z axis (on this issue, see also ref. 28). More specifically, in a
physical rotation about the z axis by any angle 6, the circular
polarization states and OAM eigenmodes acquire equivalent phase
factors on their own: | L/R), — et |L/R), and |l/r), — e\ Uir),.
However, for tensor-product combinations with opposite
handedness as (1), the individual phases cancel each other and
the composite states remain intact. As a consequence, because of
linearity, any coherent superposition (or incoherent mixture) of the
two logical states, that is, the entire logical subspace, is also immune
to all possible reference-frame misalignments during the entire
QC session.

Universal encoder/decoder. The experimental set-up used to
encode and decode arbitrary hybrid qubit states in the logical basis
(1) is shown in Fig. 2. The g-plates are liquid crystal devices that
produce a spin-orbit coupling of the polarization and OAM con-
tributions to the total angular momentum of photons?>22. The
g-plate is a birefringent slab having a uniform optical retardation
0 and a suitably patterned transverse optical axis, with a topologi-
cal singularity of charge g at its centre. A ‘tuned’ g-plate with d=7
transfers quanta of angular momentum between the SAM and
the OAM. Specifically, each photon suffers a variation in its OAM
by an amount A =524 determined by the charge g and the SAM
s; of the input polarization. g-plates with g=1 have been recently
used to demonstrate interesting spin-OAM quantum information
manipulations??-33,

A tuned g-plate with topological charge g=1/2 gives rise to the
following transformations:

q-plate
|R>p |0>0 - |L>p |1“>0 =|O>L

where |0), denotes a zero-OAM state, such as the fundamental Gaus-
sian mode (TEM). We note that the radial profile of the |l), and
|r), states generated by the g-plate is not exactly Laguerre-Gauss (see
Methods for more details), but this does not affect their pure OAM-
eigenstate rotational behaviour??. Indeed, the g-plate is ideally a
unitary device (our g-plate was uncoated and had a transmission
efficiency of about 85%), but the induced radial-mode effects (see
Methods) may introduce about 40% of total additional losses in the
final recoupling to the single-mode fibre before detection. Consider
then a generic polarization-encoded qubit |y), =a|R),+B|L),
prepared in the TEMy, spatial mode. From transformations (2),
sending the qubit through the g-plate yields

—plate
19,100 5> |0}y + Bl = vy 3)

That is, the qubit is now encoded into the desired rotationally
invariant space spanned by logical basis (1). Remarkably, the same
g-plate device works also as a universal decoder, transferring generic
rotationally invariant qubits to their polarization-encoded counter-
parts. Explicitly, by injecting |y); into the g-plate, one obtains

—plate
w5 @Ry, + BILY,) 0% = W)y [0 )

that can then be coupled into a single-mode fibre and analysed in
polarization using standard methods. The measurement device is
sketched in Fig. 2d. Again from the linearity of quantum mechanics,
the encoding and decoding transformations (3) and (4) hold, even
if the polarization state is part of some larger entangled state. In
addition, an outstanding feature of the g-plate is that it realizes the
polarization-transverse-mode coupling in a single compact device
that requires no interferometric stability, therefore providing the
scheme with a built-in robustness.

Our first step was to experimentally verify that the encoding/

Q) decoding apparatus works properly in the case of stationary

L).10) q-plate RY. |1, =[1) aligned reference frames. We prepared the input photon in one of

1L)p 1000 = R} Do =D, the polarization states |H), |V), |R), |L), or |+)=(|H)*|V))/2.
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Figure 3 | Experimental results of alignment-free QC tests. (a, b) Measured fidelity of qubits encoded in the rotationally invariant polarization-OAM
space, in a test of the BB84 quantum key distribution protocol, compared with that of standard polarization-encoded qubits. Panel (a) shows the

fidelity Fqkp (black square dots) averaged over the four hybrid qubit states used in the protocol, as a function of the misalignment angle 6 between the
transmission and detection reference frames. Panel (b) shows the individual fidelity of each of the four states (green bars) observed over the whole

QC session including all the different rotation angles probed. The latter accounts for the general situation where the misalignment could vary randomly
between transmitted photons. In both panels, the blue dots/bars and dashed lines give, respectively, the measured and theoretically calculated fidelity for
the standard case of polarization encoding. The red line delineates the QKD security threshold. (¢, d) Quantum state tomography of the entangled state
of hybrid qubits distributed between Alice and Bob, for the case of aligned reference frames (¢) and for a misalignment of 6=45° (d). In both cases, only
the real part of the density matrices is shown, as the imaginary part is negligible. () CHSH parameter S (black squares) in experimental non-locality tests
on photon pairs entangled in the rotationally invariant qubit space, as a function of the relative misalignment 6 between Alice’s and Bob's frames. The red
line is the local-hidden-variable bound. The blue dots represent the measured values of S for the bare polarization-entangled states without the logical
protection, whereas the blue dashed line is the theoretically calculated maximal CHSH parameter that would be obtained with pure maximally entangled
polarization states. The black dot-dashed line, in turn, represents the overall CHSH value S of the entire test, taking into account all the experimental runs
with different 6. Error bars result from Poissonian statistics. When not visible, the error bar is smaller than the symbol.

The qubit was then mapped by a first g-plate into the rotationally
invariant encoding, transmitted through free space to the measure-
ment stage, then decoded back to polarization by a second g-plate,
and finally analysed in polarization using a set of wave plates and
a polarizing beam splitter (PBS). The full experimental apparatus
is described in the Methods. The average measured fidelity with
the input states was F=(98+1)%, indicating that the devices work
nearly perfectly.

Alignment-free quantum key distribution. To experimentally
demonstrate that the present QC set-up works well for arbitrary
relative alignment of Alice and Bob’s transverse reference frames,
we mounted the g-plate, waveplates, PBS and optical fibre cou-
plers in a compact and robust detection stage that can be freely
rotated by any angle 6 around the light propagation axis, as shown
in Fig. 2d,e. Then, using heralded single photons, and for different
angles 6, we encoded, transmitted and decoded, the four hybrid-
qubit states required for the BB84 QKD protocol?®: |0);,|1);, and
| )L = (|0). £ | 1)1 )/~/2. We quantified the potential of our set-up for
QKD by measuring the fidelities of the states prepared and meas-
ured with the ideal ones, as well as the qubit-error rates®* €y /1y and
&, /- for thelogical bases {|0)1,| 1)y }and {|+)p,| )L}, respectlvely
The experrmental results are reported in Fig. 3a,b.

Figure 3a shows the average fidelity Fqxp over the four states,
as a function of 6. Fqkp is constantly above the value Fr=89%,
which corresponds to the well-known Shor-Preskill security proof
threshold®. Above this, under the usual assumptions that Alice’s
source emits (logical) qubits, Bob’s detectors perform (logical) qubit
measurements, and there is no basis-dependent flaw in Alice’s and
Bob’s systems3®, unconditional security can be guaranteed. In con-
trast, the fidelity attained using polarization-encoded qubits falls
below the security bound for angles 8>20°, even in the ideal noise-
less case (blue dashed line). Figure 3b, in turn, shows the fidelity

4

for each state, obtained by uniformly mixing the data over all meas-
ured angles 6. Again, all the individual-state fidelities are consist-
ently larger than the security threshold. Indeed, the measured
qubsit-error rates, estimated as 1-F, were & ;; =(0.65£0.09)%
and &, ;. =(4.120.2)%, from which we expect a high secret-key
fractron r=(70%1)% (ref. 34).

Alignment-free entanglement distribution. To test entanglement
distribution, the photon pair is prepared in the polarization
entangled state ¢~ )AB (1/\/—)(|R)A|R)B—|L)A |L)B) where the
superscripts A and B refer to Ahces and Bob's photons respec-
tively. The photons are coupled into single-mode fibres that select
only states with zero OAM (TEMy mode). A g-plate at the output
of each fibre transforms the polarization-entangled state to the
rotationally invariant entangled state:

—plates
gy %<|0>£‘|0>f—|1>£‘|1>€)=|¢‘>fB. 5)

To verify the generation of hybrid entanglement, we performed
quantum state tomography of the experimental density matrix pL
measured without mrsahgnment (6= 0) The tomographrcally reconst-
ructed matrix, in the basis {|0);" [0)2, |0} | 1)E, | 1) | 0)E, | 1) |1)E),
is shown in Fig. 3c The fidelity with the experlmental polarization
entangled state p 1nput to the encoder is E, (pL ,pP By=(93+1)%,
while the entanglement of p*®, as given by the concurrence, is
C=(0.85%0.03). As a first test on the rotational invariance of the
state produced, we repeated the tomographic reconstruction with
Alice’s measurement stage rotated by 6=45°. The correspond—
ing reconstruction is shown in Fig. 3d. The fidelity with pP
F45(pf‘B,p§B) (96+1)%, and the concurrence is C=(0.84%0. 03)
consistent with the case 6=0. This indicates that our entanglement
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distribution scheme is immune to relative misalignments of Alice
and Bob.

Alignment-free quantum non-locality. With the hybrid entan-
gled state (5), we performed a violation of the CHSH inequality
S =| E(ay,by)+ E(ay,by) + E(ag,b;)— E(a;,b)| <2 in an alignment-
free setting. In the inequality, a, and b), with possible values O or 1, are
the outcomes of Alice’s and Bob's measurement settings x and y, respec-
tively, with xand y equal to 0 or 1. Correlators E(a,, b)) ={(~1)** by,
with () the statistical average, quantify the fraction of events where
Alice’s and Bob’s outcomes are observed to coincide. Any local-
hidden-variable model satisfies the inequality?’. For the rotation-
ally invariant quantum violation of the inequality we chose the
following hybrid measurement bases: {|0);,|11)} and {|+)r,| -1}
corresponding to Alice’s settings x=0 and x=1, respectively, and
{cos(rr/8)|0)y +sin(r/8)|1);, —sin(r/8)|0); +cos(x/8)|1);} and
{sin(r/8)|0) + cos(/8)| 1)y, —cos(x/8)|0); +sin(m/8)|1).}, cor-
responding to Bob’s settings y=0 and y=1, respectively. Figure 3e
reports the measured CHSH parameter S versus the rotation angle
0 of Alice’s measurement frame. The figure shows that the local-
hidden-variable bound is violated for all ar}é;es, in striking contrast
with the experimental polarization state p,~ (blue circles), or even
with the ideal maximally entangled polarization state | ¢~ )’SB (blue
dashed line). For the logically encoded states, we mixed the data of
all different values of 6 to test the violation’s immunity to arbitrarily
varying frame orientation, obtaining a value of S=(2.47£0.01) > 2.
This alignment-free extraction of non-local correlations reconfirms
the rotational invariance of the quantum resources created here.

Robustness of rotational-invariant hybrid qubits. A remarkable
feature of our polarization-OAM hybrid-encoding QC scheme is
that it turns out to be robust against the spatial-mode perturbations
arising in beam misalignments around axes other than the optical
one and atmospheric turbulence effects. Such robustness appears at
first glance counterintuitive, because the encoding involves the use
of OAM, which is quite sensitive to all the above-mentioned spatial
perturbations®”38 (although significant progresses in pure OAM-
based classical and quantum communication through the atmos-
phere have been recently reported3*-4!). The main reason for such
robustness is that the OAM spread induced by spatial-mode pertur-
bations is neutralized by the polarization degree of freedom, which
is in contrast very robust against those spatial-mode perturbations.
This allows one to filter out, in the receiving unit, most components
of the state that would otherwise decrease the fidelities. That is, the
particular decoding set-up used intrinsically implements an effec-
tive quantum error-correction procedure that discards (but does
not correct) all states outside the logical subspace.

Indeed, spatial-mode perturbations will alter a generic hybrid qubit
a|R)y, | Do+ BI LYy | 1) transforming it into the following state:

DUCo1m0 | Ry, [m)g +C_y Bl L), [m)], ©)

m

where |m), denotes a generic mode with OAM eigenvalue mh
and C,, ,,- are the probability amplitudes for the photon OAM
to be shifted from m# to m” ki, owing to the perturbation. How-
ever, in the decoding unit, the photon undergoes another g-plate
transformation

q—plate
- Z[C+1,ma | L)p | m— 1>o + C—l,mﬁ | R>p | m+ 1>o]> (7)

m

followed by a projection onto an m=0 Gaussian spatial mode
(for example, by coupling it into a single-mode fibre), which leads
to the following final state:

[Cipno] L>p +C_y 48] R>p] [0),. (8)

Therefore, if the spatial-mode perturbation satisfies the condition
Chn=Cp )

the final polarization-encoded qubit will be identical to the initial
one, except for a global phase and amplitude, and the communica-
tion fidelity will be preserved (in this simple analysis, we did not
consider the radial modes; see Methods for a complete theory).

In particular, every beam transformation that is mirror-
symmetric with respect to a plane containing the initial beam
axis will be symmetrical in the sign of OAM and hence will
satisfy equation (9). For example, beam parallel displacements,
tilts, elliptical deformations, or aperturings with a circular iris
(even if off centre) or a half-plane mask (knife-edge), all have this
symmetry. An axial misalignment, that is, a misalignment around
an axis other than the optical one, between the transmitting and
receiving communication units is equivalent to a beam transla-
tion and/or tilt, with both contained in the same plane, and can be
treated analogously. Only symmetry-breaking combinations of two
or more of the above effects may affect the fidelity. For example,
a beam tilt combined with a beam displacement along a different
plane will break the mirror symmetry and hence might introduce
some degree of qubit alteration. (See Supplementary Methods for
an explicit analysis of these beam-misalignment perturbations.*2)
Also, the main optical effects arising from atmospheric turbulence,
such as beam wandering and spreading are mirror-symmetric,
so that the extent of qubit alteration is expected to be much less
significant in our communication scheme than in the case of pure
OAM communication.

Another important class of transformations that satisfies equa-
tion (9) is that mathematically defined by pure multiplicative factors
acting on the optical field, for example, the transformations arising
from crossing any arbitrary inhomogeneous medium that is thin as
compared with the Rayleigh length. It is easy to verify that these
will be described by coefficients C,,, ,, that depend on the difference
m—m’" and on the absolute values |m| and |m’|, so that equation (9)
is automatically satisfied. Weak turbulence, introducing only pure
phase wavefront distortions, falls within this class of transforma-
tions and is therefore predicted to leave the qubit fidelity intact3”.
If we now consider the fact that light propagation in homogeneous
media leaves the various OAM components constant, we conclude
that equation (9) is satisfied even if the turbulent medium is fol-
lowed and/or preceded by a long-distance free-space propagation,
as in the case of earth to satellite (and vice versa) communication
through the atmosphere.

Experimental tests of rotational-invariant qubit robustness. As
a first test, we considered transmission through two types of trans-
verse apertures: a half-plane movable obstruction (knife) covering
a variable fraction of the transverse mode, and an iris (or pinhole)
with variable radius. We have measured the state transmission
fidelity F for different input states, at both aligned and 45°-rotated
measurement stages, with respect to the transmitting unit, and for
an increasing disturbance due to the obstruction. The experimental
set-up used for this test is illustrated in Fig. 4a. We encoded different
polarization qubits using two wave plates and mapped them into the
hybrid encoding using a g-plate. For the purpose of comparison, we
also switched to a pure-OAM encoding by inserting a fixed linear
polarizer after the g-plate, so as to erase the polarization content of
the qubit. Then, the photon was sent through the obstruction and
to the receiving unit, and the communication fidelity was measured
as a function of the obstruction transmittance, by varying the aper-
ture of the pinhole or the transverse position of the knife. Thus, the
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Figure 4 | Experimental results for rotational-invariant qubit robustness. (a) Experimental set-up adopted for the tests on the resistance of the
rotational invariant hybrid photonic qubits to spatial-mode perturbations. In the schematics, we reported both the circular aperture (pinhole) and the
half-plane obstruction (a movable knife-edge) that can alter the transmission of the qubits. Displaced beam is represented by a dashed red arrow. QP,
g-plate; HWP, half-wave plate; QWP, quarter-wave plate. (b, ¢) Experimental resistance of rotational invariant hybrid qubits to beam perturbations,
compared with the case of pure OAM qubits. Panel (b) refers to the case of circular aperture. Average fidelity of pure OAM qubits (black squares), hybrid
qubits for a measurement stage rotated at an angle 6=0° (green triangles) and at an angle 8=45° (red circles) with respect to the transmitting unit. The
blue triangles refer to the pure OAM qubits case, when the circular aperture is displaced off the beam axis by 5% of the beam waist (the hybrid qubit
behaviour in the latter case was essentially indistinguishable from the centred aperture case). The transmission efficiency is determined by single-mode
(SM) fibre-coupling efficiency after a circular aperture of varying radius, in the case of hybrid qubits only. Panel (¢) refers to half-plane aperture. Average

fidelities for hybrid qubits at 6= 0° (green triangles) and 8=45° (red circles). Black squares are the corresponding results for pure OAM qubits. SM
coupling efficiency after a movable half-plane aperture. (d) Experimental resistance of hybrid qubits (green triangles represent the case 6=0° and red
circles =45°) to a beam displacement, compared with the case of pure OAM encoding (black squares). In all panels, the red dashed line delineates the
QKD security treshold. The beam waist in our experiment is wg=(1.0£0.1)mm. Uncertainties are smaller than the symbols.

lowest transmittivity corresponds to a tiny aperture of the pinhole
(0.2 times the beam size), or to the almost complete coverage of
the beam. All reported experimental fidelities were obtained by
averaging over the six eigenstates of three mutually unbiased bases,
therefore providing a good representative of the average fidelity
over any input qubit state. The experimental results are reported in
Fig. 4b,c. It is seen that the average fidelity of hybrid qubits is
independent both of the transmittivity of the aperture and of the
rotation angle of the measurement kit, with a global average of
F=(98%+1)% for the case of iris and F=(96+1)% for the knife.
Moreover, in the former case the fidelity is not affected by the dis-
placement of the pinhole off the beam axis. For comparison, we
tested the resistance of qubits encoded only in the two-dimensional
OAM subspace oy ={|+1),| - 1)}, that is, the same subspace used
for the hybrid encoding. In this case, the fidelity remains high
(F=(97%£1)%) only when the cylindrical symmetry of the modes
is not perturbed, as for the centred iris, although for all other
cases (non-centred iris or knife), the fidelity drops rapidly with
decreasing transmission.

As a second test, we performed a communication run while
changing the angle of the measurement kit without reoptimizing
the alignment of the single-mode fibre. This corresponds to intro-
ducing small uncontrolled tilt and displacements in the beam dur-
ing the measurement. We found that the system preserves a good
QC fidelity (that is, above the security threshold) for rotations up
to 30°. Above this angle, it was necessary to slightly readjust the
single-mode fibre alignment to restore a high fidelity.

Finally, we tested the communication fidelity dependence ona con-
trolled beam displacement, for two fixed angles of the measurement

stage. Fig. 4d shows the behaviour of the average communication
fidelity as a function of the beam displacement. The hybrid-qubit
fidelity decreases with the displacement, but much slower than that
of pure OAM encoding (see also the Supplementary Discussion).

Discussion

QC has a fundamental role in the modern view of quantum physics
and opens the possibility of a variety of technological applications.
Uncontrolled reference-frame misalignments limit QC, as they turn
the transmitted quantum messages into noisy, classical ones. Here
we report the development of a robust and compact toolbox for
the efficient encoding and decoding of quantum information into
single-photon states that are invariant under arbitrary rotations
around the optical axis. With this, all concerns on relative axis-
orientation during quantum transmissions reduce simply to the
basic requirement of establishing an optical link.

Rotational invariance is achieved by exploiting decoherence-
free subspaces spanned by hybrid polarization-OAM-entangled
states. We experimentally showed the efficacy of these states through
the feasibility demonstration of a cryptographic-key distribu-
tion protocol, distribution of entanglement, and violation of a Bell
inequality, all in alignment-free settings. Importantly, as far as cryp-
tographic security is concerned, our scheme does not introduce loop-
holes other than those already present in any photonic experiment
with conventional encodings. We also emphasize that, even though
the states used are themselves invariant only under rotations about
the propagation axis, the scheme resists misalignments around other
directions too. This is due to a filtering mechanism intrinsic to our
universal-decoder set-up, which maps errors originating from beam
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rotations around axes other than the optical link, as well as other
spatial perturbations, into signal losses instead of infidelity.

Recently, interesting alignment-free approaches for QKD*3
and to extract non-local correlations*4-4¢ have been put forward.
These, however, require that the relative axis orientations, though
unknown, stay approximately static throughout the quantum
data exchange session (see Supplementary Discussion for details).
Remarkably, in contrast, our rotational-invariance protection
works even if the relative orientations vary arbitrarily from meas-
urement to measurement. Moreover, another important feature of
the present scheme is that it does not restrict to non-locality and
QKD but enables also fully general QC protocols, all misalignment-
immune!®, These include, for instance, quantum teleportation,
dense coding, and entanglement swapping, the main ingredient of
quantum repeaters.

Finally, our scheme should find applications in the forthcoming
experiments on long-distance satellite-based QC3~°. There, apart
from misalignments, other issues may impose serious obstacles
too, such as precise satellite laser-tracking, collection efficiencies, or
finite-size effects (for QKD). However, immunity against arbitrarily
varying transverse relative orientations not only solves for misalign-
ments but also relaxes requirements on the repetition rates needed
to overcome finite-size effects (see Supplementary Discussion).

Methods

Experimental apparatus. The input photon pairs are generated via spontaneous
parametric fluorescence in a B-barium borate (BBO) crystal cut for type-II phase
matching, pumped by the second harmonic of a Ti:sapphire mode-locked laser
beam with a 76-MHz repetition rate. The generated photons have wavelength
A=795nm and spectral bandwidth A2=3nm, as determined by two interference
filters. The spatial and temporal walk-off is compensated by inserting a 1/2 wave
plate and a 0.75-mm thick BBO crystal on each output mode?’. The detected
coincidence rate of the source is 8 kHz. The photons are delivered to the set-up

via single-mode fibres, to define their transverse spatial mode to a pure TEM,
corresponding to OAM m = 0. After the fibre output, two wave plates compen-

sate the polarization rotation introduced by the fibre. The polarization-encoded
photonic states are transformed into rotationally invariant hybrid states by g-plates
with topological charge g=1/2. The average conversion efficiency of all the g-plates
employed in the experiment has been optimized to (94£2)% by controlling the
electric field applied to the device?®4°. For the analysis of experimental data, we
referred to the coincidence counts between detectors [D41,Dp;] and [D»,Dp;]
shown in Fig. 2, collected by a coincidence circuit with a gate of 3 ns. Typical coin-
cidence rates were 30 Hz for the CHSH experiment and 300 Hz for the BB84 one.

Theory of g-plate encoding/decoding with radial modes. To fully describe the
optical action of the g-plate, we need to consider both the azimuthal quantum
number m, corresponding to the OAM eigenvalue in units of /2, and a radial
quantum number p. These two numbers can be defined, for example, as in the case
of Laguerre-Gauss beams, although this is not the only possible choice and our
treatment is general in this respect. We denote with |P, m, p) the photon quantum
state, including the spatial mode defined by m and p and the polarization state P
(for example, L, R, H or V). The g-plate transformation laws are as follows:

| L, p) = > Qi psifpyp | Rom+1,07)
a (10)

| R11,0) = 3 Qpufpm-fspup’ | 111 =1, ")
%

where Qy 4y, p, 7 are coefficients that do not depend on the sign of m and m’,
owing to the mirror symmetry of the g-plate pattern. These coefficients can be
also given explicit analytical expressions in a given radial basis (for example, the
Laguerre-Gauss one), but these expressions are not needed for our purposes
here. Let us now consider a generic input polarization-encoded qubit photon
in a Gaussian mode TEM (m=0, p=0):
) = | R.0,0)+ B] L,0,0). (1)

After the g-plate, this photon is converted into the following rotation-invariant

hybrid state (corresponding to the logical qubit):

This generalizes the transformation (3), by including also the radial modes. In
free-space propagation, the different spatial modes will acquire Gouy phase factors
Gj|,p that depend only on the absolute value of m (see, for example, ref. 30). The
final decoding procedure is based on a second g-plate followed by a spatial filtering
into an output TEM mode (that is, m =0, p=0; but the output radial basis need
not be the same as the input one, as a different beam radius can be defined). This
spatial filtering can, for example, be implemented by coupling into a single-mode
fibre. This leads to the output polarization-encoded state | ") p = 17| y) p, where

n="3"Q0,1,0,5G1,pQ1,0,p0-
Py

(13)

Therefore |1)|? gives the quantum efficiency of the encoding/decoding process.
After decoding, this output state is ready for detection or for further quantum
processing.

Effect of spatial-mode perturbations during propagation. Let us now consider
the action of generic spatial-mode perturbation acting on the photons during
propagation, as defined by the following transformation laws:

| P,m, p) — z Comtsp.p’ | P,m’,p")

p',m’

(14

where Gy, ., v are suitable complex-valued coefficients (when ignoring the
radial modes, tlgey correspond to the C,,, ,,, coefficients used in equation (6)).
We assume here that the perturbation does not affect the polarization state. The
Gouy phase factors describing free-space propagation can be included in (14)
without loss of generality. Let us now consider the effect of the perturbation (14)
on the encoded qubit (12), which is transformed into the following state:

W= QO,I;O,p(aC—l,m;p,p’|L’m’P,>
pm,p’

+BC 1 mpp |Rs m,p')).

(15)

Next, we apply again to this perturbed state, the transformations used in the decod-
ing unit (g-plate and TEM, filtering), obtaining the following final state

[v"p = ZQO,l;O,le,O;p',O
154 (16)

*(0Cy 1,p,pr [RO,0)+ BCy1 a1, | 1,0,0))-

The latter equation shows that the qubit state will be unaffected, except for a global
amplitude and phase factor, if and only if the following equality holds true:
Cor-1p,p =Cartiipp's 17)
for all values of the radial indices p, p’, thus generalizing equation (9). In other
words, any spatial-mode perturbation that satisfies equation (17) will not alter the
qubit transmission fidelity, although it may affect the transmission efficiency by
increasing the photon losses. Explicit examples of spatial transformations arising
in typical beam misalignment effects, such as beam translations and/or tilting, are
considered in the Supplementary Methods.
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Supplementary Discussion

Review of previous results on alignment-free quantum communication. We begin by considering prepare-
and-measure quantum-key distribution protocols: In Ref. 43, an ingenious technique was proposed based on circularly
polarized single-photon states. This scheme (from now on called the LSRO10 scheme) is suitable for unknown, and
possibly misaligned, relative transverse-axis orientations. However, to bound the knowledge of potential eavesdrop-
pers, a tomographically-complete set of correlations between sender preparations and receiver measurements must
be determined®®. If the relative misalignment varies in an uncontrolled fashion during the signal-acquisition process,
the necessary correlations are smeared out and therefore no security can be guaranteed. For this reason, the scheme
is applicable if the misalignment angle 6 varies at a slow rate over a time long enough to collect enough signals to
overcome finite-sized key effects.

This has been quantitatively studied in Ref. 51, accounting for realistic conditions as non-perfect classical post-
processing, quantum-bit error rates of 5%, and for 6 varying both at constant speed or in a random walk. The authors
found for instance that, for secret-key fractions of 7 ~ 5%, the LSRO10 scheme requires about 107 signals, and this
holds only if § varies at most 10719 (for constant rotation) and 10~° (for random-walk rotation) degrees from signal
to signal uninterruptedly throughout the entire signal collection. Our scheme instead allows a BB84 implementation
which does not suffer from such restriction, as it is immune to arbitrary variations of 6.

Considering now non-locality tests, recently interesting alignment-free approaches to extract non-local correlations
have been put forward (Refs. 45,46). They are based on the fact that, even for randomly chosen settings, there is
always a finite probability of observing non-locality**. However these approaches require that 6 stays fixed throughout
the data exchange session.

Misalignment-immune quantum communication, for the restricted case of a single logical qubit, has been previously
demonstrated in Ref. 13. This experiment used four physical qubits realized with the polarization and time-bin
degrees of an entangled-photon pair, to encode a logical one. That is, it required a parametric down-conversion
setup plus a complex interferometer to encode a single logical qubit. The main disadvantage of this approach is that,
since two photons are used in the encoding, the sensitivity to photon losses increases quadratically. For example,
in a scenario of satellite-to-earth quantum communication, losses may typically be greater than 10=° per photon
(see Ref. 5). Thus, two-photon encodings must overcome losses of around 1078, In addition to losses, the state
preparation in the approach of Ref. 13 is probabilistic, so that only about 1/3 of the pairs produced are actually used.
Moreover, an interferometric setup is sensible to optical-path fluctuations and requires thus non-trivial compensations
in a hypothetical distant moving station.

Advantages and limitations of the ¢-plate device. Let us now briefly discuss the advantages of the g-plate
over other methods for OAM manipulation. In principle the g-plate used in our work for converting the polarization
encoding of qubits into the hybrid rotation-invariant one could be replaced with a complex arrangement of standard
polarization and OAM generation/measurement devices. However the latter would be significantly less efficient (for
example, spatial light modulators typically cannot exceed 40-45% of efficiency when used for measuring an OAM-
encoded qubit in a given basis) and more difficult to align. In addition these standard methods would only allow
one to generate and measure the hybrid qubit locally (unless a very complex interferometric layout is adopted), while
the ¢g-plates may be used to transmit (without shared reference frame) unknown qubits coming from external remote
sources and encoded in polarization. Or, at the receiver site, the ¢g-plate allows one to use the received qubit in further
quantum processing based on polarization encoding, without actually measuring it.

Current g-plates have a radius of few millimeters, but ¢-plates having a radius as large as few meters (e.g., for
long-distance communication) should be practically realizable with current liquid crystal display technology or using
liquid-crystal polymer films®?. One important practical issue is the actual size of the central defect, which ideally



should be pointlike, but in practice always has a finite extension. This size is important for the proper working of the
encoding/decoding units, in particular when the beam is displaced (or the two units’ optical axes are not well aligned).
Indeed, we believe that the decrease in average communication fidelity as a function of the beam displacement that
we have observed (see Fig. 4 of the main article), which is not expected on the basis of our theory for ideal g-plates,
is actually due to imperfections in our ¢-plate devices. In particular, the central defect of our ¢-plates with ¢ = 1/2
has an extension of about 100 gm. This introduces a small component of light that is not properly decoded in the
measurement stage and therefore gives rise to some qubit alteration. This effect is usually negligible in the case of
well-aligned beams because the defect coincides with the beam vortex, so there is almost no light being affected. This
is however clearly not a fundamental limitation, and we are confident that this problem will be strongly reduced by
using light beams with a larger waist and by perfecting the manufacturing process of the g-plate. We notice that
a similar sensitivity to the size of the g-plate central defect is found in their recently demonstrated coronography
applications, e.g. in connection with the search for extra-solar planets®3:54.

Supplementary Methods

Effect of parallel beam displacement. The effect of beam translation for a Laguerre-Gauss (LG) beam with
initial p = 0 and m = 1 was treated in Ref. 42 [equations (4)-(7)]. We generalize here the reported result to the case
of initial p = 0 and m = £1, obtaining the following expression for the translated beam in polar coordinates p, :

A ; —H 200 _
Bl = 2 (et o) 35 g (%) e (s1)

m=—0o0

where § and 6 are the polar coordinates of the displacement vector in the plane orthogonal to the beam axis z, wy is
the beam waist, A a normalization constant, and I,, are the modified Bessel functions of the first kind.

By projection of the latter expression on a LG mode with p’ = 0 and m’ = m = +1, we obtain the following
transformation coefficients:

QA2 [ — 20747 2p0 2p0
Crnmr0,0 = 7T2 / {P2€ o [pIO ( P > — 0L <p>] } dp (S2)
wy  Jo wo wo

which are independent of the sign of m = m’ and hence satisfy Eq. (17) of the main article. A similar, though more
complex, analysis can be carried out for arbitrary p and p’.

Beam tilting. We generalize the results given in Ref. 42 [equations (11)-(13)], obtaining the following expression for
the transformation coefficients representing the effect of beam tilt on LG beam having p = p' =0 and m = m’ = +1:

o2rA2 [ _22
Crnm’00 = — / ple 8 Jo(ap)dp (53)
wy  Jo

where o = ksin+y, with k£ the beam wavenumber and ~ the tilt angle. The tilt azimuthal angle 7 is irrelevant here,
and Eq. (17) of the main article is satisfied.

Combination of beam tilt and displacement. We now generalize the results given in Ref. 42 [equations (14)-
(17)], obtaining the following expression for the transformation coefficients representing the combined effect of beam
tilt and displacement on LG beam having p = p’ = 0 and m = m/ = +1:

2mA? [, 24
oo = 22 / e [pSolp) — 8S1(p)] dp (s4)
Wy Jo
where
= 206 ,
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On inspection, we find that this result satisfies Eq. (17) of the main article if 8 = n (or § = n £ 7), i.e. tilt and
displacement occur in the same (or opposite) azimuthal direction. This is consistent with the general analysis based
on the mirror symmetry of the transformation, which is broken if 8 # n and 0 # n + .
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Bell tests — the experimental demonstration of a Bell inequality violation — are central to understanding the
foundations of quantum mechanics, and are a powerful diagnostic tool for the development of quantum
technologies. To date, Bell tests have relied on careful calibration of measurement devices and alignment of a
shared reference frame between two parties — both technically demanding tasks. We show that neither of
these operations are necessary, violating Bell inequalities (i) with certainty using unaligned, but calibrated,
measurement devices, and (ii) with near-certainty using uncalibrated and unaligned devices. We
demonstrate generic quantum nonlocality with randomly chosen measurements on a singlet state of two
photons, implemented using a reconfigurable integrated optical waveguide circuit. The observed results
demonstrate the robustness of our schemes to imperfections and statistical noise. This approach is likely to
have important applications both in fundamental science and quantum technologies, including
device-independent quantum key distribution.

onlocality is arguably among the most striking aspects of quantum mechanics, defying our intuition

about space and time in a dramatic way'. Although this feature was initially regarded as evidence of the

incompleteness of the theory?, there is today overwhelming experimental evidence that nature is indeed
nonlocal’. Moreover, nonlocality plays a central role in quantum information science, where it proves to be a
powerful resource, allowing, for instance, for the reduction of communication complexity* and for device-
independent information processing®~®.

In a quantum Bell test, two (or more) parties perform local measurements on an entangled quantum state,
Fig. 1(a). After accumulating enough data, both parties can compute their joint statistics and assess the presence of
nonlocality by checking for the violation of a Bell inequality. Although entanglement is necessary for obtaining
nonlocality it is not sufficient. First, there exist some mixed entangled states that can provably not violate any Bell
inequality since they admit a local model”'’. Second, even for sufficiently entangled states, one needs judiciously
chosen measurement settings''. Thus although nonlocality reveals the presence of entanglement in a device-
independent way, that is, irrespectively of the detailed functioning of the measurement devices, one generally
considers carefully calibrated and aligned measuring devices in order to obtain a Bell inequality violation. This in
general amounts to having the distant parties share a common reference frame and well calibrated devices.

Although this assumption is typically made implicitly in theoretical works, establishing a common reference
frame, as well as aligning and calibrating measurement devices in experimental situations are never trivial issues.
For instance, in the context of quantum communications via optical fibres, unavoidable small temperature
changes induce strong rotations of the polarisation of photons in the fibre. This makes it challenging to maintain
a good alignment, which in turn severely hinders the performance of quantum communication protocols in
optical fibres'. Also, in the field of satellite based quantum communications'>", the alignment of a reference
frame represents a key issue given the fast motion of the satellite and the short amount of time available for
completing the protocol—in certain cases there simply might not be enough time to align a reference frame.

| 2:470 | DOI: 10.1038/srep00470 1
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Figure 1 \ Bell violations with random measurements. (a) Schematic
representation of a Bell test. (b) Schematic of the integrated waveguide chip
used to implement the new schemes described here. Alice and Bob’s
measurement circuits consist of waveguides to encode photonic qubits,
directional couplers that implement Hadamard-like operations, thermal
phase shifters to implement arbitrary measurements, and detectors.

Finally, in integrated optical waveguide chips, the calibration of
phase shifters is a cumbersome and time-consuming operation. As
the complexity of such devices is increased, this calibration proced-
ure will become increasingly challenging.

It is therefore an interesting and important question whether the
requirements of having a shared reference frame and calibrated
devices can be dispensed with in nonlocality tests. It was recently
shown" that, for Bell tests performed in the absence of a shared
reference frame, i.e., using randomly chosen measurement settings,
the probability of obtaining quantum nonlocality can be significant.
For instance, considering the simple Clauser-Horne-Shimony-Holt
(CHSH) scenario'’, randomly chosen measurements on the singlet
state lead to a violation of the CHSH inequality with probability of
~ 28%; moreover this probability can be increased to ~ 42% by
considering mutually unbiased measurement bases. The generalisa-
tion of these results to the multipartite case were considered in Refs.
[15, 17], as well as schemes based on decoherence-free subspaces'®.
Although these works demonstrate that nonlocality can be a rela-
tively common feature of entangled quantum states and random
measurements, it is of fundamental interest and practical importance
to establish whether Bell inequality violation can be ubiquitous.

Here we demonstrate that nonlocality is in fact a far more generic
feature than previously thought, violating CHSH inequalities with-
out a shared frame of reference, and even with uncalibrated devices,
with near-certainty. We first show that whenever two parties per-
form three mutually unbiased (but randomly chosen) measurements
on a maximally entangled qubit pair, they obtain a Bell inequality
violation with certainty—a scheme that requires no common ref-
erence frame between the parties, but only a local calibration of each
measuring device. We further show that when all measurements are
chosen at random (i.e., calibration of the devices is not necessary
anymore), although Bell violation is not obtained with certainty, the
probability of obtaining nonlocality rapidly increases towards one as
the number of different local measurements increases. We perform
these random measurements on the singlet state of two photons
using a reconfigurable integrated waveguide circuit, based on
voltage-controlled phase shifters. The data confirm the near-unit
probability of violating an inequality as well as the robustness of
the scheme to experimental imperfections—in particular the non-
unit visibility of the entangled state—and statistical uncertainty.
These new schemes exhibit a surprising robustness of the observation
of nonlocality that is likely to find important applications in dia-
gnostics of quantum devices (e.g. removing the need to calibrate
the reconfigurable circuits used here) and quantum information

protocols, including device-independent quantum key distribution®
and other protocols based on quantum nonlocality®® and quantum
steering'.

Results

Bell test using random measurement triads. Two distant parties,

Alice and Bob, share a Bell state. Here we will focus on the singlet

state

1
V2

though all our results can be adapted to hold for any two-qubit

maximally entangled state. Let us consider a Bell scenario in which
each party can perform 3 possible qubit measurements labelled by

) (104115 —11)410)5). (1)

the Bloch vectors @, and ?y (x, y = 1, 2, 3), and where each
measurement gives outcomes *1. After sufficiently many runs of
the experiment, the average value of the product of the measurement
outcomes, i.e. the correlators Ey, = — 7x~?y, can be estimated from
the experimental data. In this scenario, it is known that all local
measurement statistics must satisfy the CHSH inequalities:

CHSH = |Ey, +E,y + Ex, —Evy| <2, (2)

and their equivalent forms where the negative sign is permuted to the
other terms and for different pairs x, x" and y, y'; there are, in total, 36
such inequalities.

Interestingly, it turns out that whenever the measurement settings
are mutually unbiased, i.e. Gy ay= Oxx and b by =4, , (ortho-
gonal measurement triads, from now on simply referred to as mea-
surement triads), then at least one of the above CHSH inequalities
must be violated — except for the case where the measurement triads
are perfectly aligned, i.e. for each x, thereisa y such that @'y ==+ b ,.
Therefore, a generic random choice of unbiased measurement set-
tings — where the probability that Alice and Bob’s settings are per-
fectly aligned is zero (for instance if they share no common reference
frame) — will always lead to the violation of a CHSH inequality.

N —
Proof. Assume that {a’;} and { b y} are orthonormal bases.

Since the correlators of the singlet state have the simple scalar prod-

— T .
uct form Ey, = — '’y by, the matrix
Ein En Eps
e=| Ey Exn Ex (3)
E31 Es Es;

contains (in each column) the coordinates of the three vectors — ?y,
written in the basis {7)(}.

By possibly permuting rows and/or columns, and by possibly
changing their signs (which corresponds to relabelling Alice and
Bob’s settings and outcomes), we can assume, without loss of gen-
erality, that E;;, E;, > 0 and that E;3 > 0 is th)e largest.. elem_e)nt (in
absolute value) in the matrix £. Noting that b;=+ b; x b, and
therefore |Ez3| = |Ej1Eaz — E12Ez1 |, these assumptions actually imply
Es3 = Ey 1By - EnaEyy = Evys By, |Ena)s |Ezy| and EpoE,y < 0; we will
assume that E1, = 0 and E,; = 0 (one can multiply both the x = 2 row
and the y = 2 column by —1 if this is not the case).

With these assumptions, (Ey; + E,;) max[-Ej, E»»] = Ej1Eys -
E»E;; = Es53 = max[-E,, E,,], and by dividing by max[-E,, E,]
> 0, we get E;; + E;; = 1. One can show in a similar way that -
Ei, + E; = 1. Adding these last two inequalities, we obtain

E\1+Ey —Ejp+Ex»p>2. (4)

Since £ is an orthogonal matrix, one can check that equality is
obtained above (which requires that both E;; + E,; = 1 and

-E;, + E, = 1) if and only if 71=?1, 72=72 and
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ai= 73. (See Supplementary Information for details) Therefore,
if the two sets of mutually unbiased measurement settings { @, }

and {7),} are not aligned, then inequality (4) is strict: a CHSH

inequality is violated. Numerical evidence suggests that the above
construction always gives the largest CHSH violation obtainable
from the correlations (3).

While the above result shows that a random choice of measure-
ment triads will lead to nonlocality with certainty, we still need to
know how these CHSH violations are distributed; that is, whether the
typical violations will be rather small or large. This is crucial espe-
cially for experimental implementations, since in practise, various
sources of imperfections will reduce the strength of the observed
correlations. Here we consider two main sources of imperfections:
limited visibility of the entangled state, and finite statistics.

First, the preparation of a pure singlet state is impossible experi-
mentally due to noise. In the experiment described here, limited
visibility mainly originates from imperfect operation of the photon
source and detectors. It is thus desirable to understand the effect of
such experimental noise, which can be modelled by a Werner state
with limited visibility V:

)= py = VIE N E |+ (1-V) 5. (5)

This, in turn, results in the decrease of the strength of correlations by
a factor V. In particular, when V<1 / /2, the state (5) ceases to
violate the CHSH inequality. States py are known as Werner states’.

Second, in any experiment the correlations are estimated from a
finite set of data, resulting in an experimental uncertainty. To take
into account this finite-size effect, we will consider a shifted classical
bound £>2 of the CHSH expression (2) such that an observed
correlation is only considered to give a conclusive demonstration
of nonlocality if CHSH > L. Thus, if the CHSH value is estimated
experimentally up to a precision of J, then considering a shifted
classical bound of £ =2+ 0 ensures that only statistically significant
Bell violations are considered.

We have estimated numerically the distribution of the CHSH
violations (the maximum of the left-hand-side of (2) over all x, x’,
¥, y") for uniformly random measurement triads on the singlet state
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(see Fig. 2). Interestingly, typical violations are quite large; the aver-
age CHSH value is ~ 2.6, while only ~ 0.3% of the violations are
below 2.2. Thus this phenomenon of generic nonlocality is very
robust against the effect of finite statistics and of limited visibility,
even in the case where both are combined. For instance, even after
raising the cutoff to £=2.1 and decreasing the singlet visibility to
V = 0.9, our numerical simulation shows that the probability of
violation is still greater than 98.2% (see Fig 2).

Bell tests using completely random measurements. Although
performing unbiased measurements does not require the spatially
separated parties to share a common reference frame, it still requires
each party to have good control of the local measurement device.
Clearly, local alignment errors (that is, if the measurements are not
exactly unbiased) will reduce the probability of obtaining
nonlocality. In practise the difficulty of correctly aligning the local
measurement settings depends on the type of encoding that is used.
For instance, using the polarisation of photons, it is rather simple to
generate locally a measurement triad, using wave-plates. However,
for other types of encoding, generating unbiased measurements
might be much more complicated (see experimental part below).
This leads us to investigate next the case where all measurement

directions {7x,?y} are chosen randomly and independently. For
simplicity, we will focus here on the case where all measurements are
chosen according to a uniform distribution on the Bloch sphere.
Although this represents a particular choice of distribution, we
believe that most random distributions that will naturally arise in
an experiment will lead to qualitatively similar results, as indicated by

our experimental results.

We thus now consider a Bell test in which Alice and Bob share a
singlet, and each party can use m possible measurement settings, all
chosen randomly and uniformly on the Bloch sphere. We estimated
numerically the probability of getting a Bell violation as a function of
the visibility V [of the state (5)] for m = 2,...,8; see Fig. 2. Note that
for m = 4, additional Bell inequalities appear®’; we have checked
however, that ignoring these inequalities and considering only
CHSH leads to the same results up to a very good approximation.
Fig. 2 clearly shows that the chance of finding a nonlocal correlation
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Figure 2| (a) Bell tests using random measurement triads (theory). Distribution of the (maximum) CHSH violations for uniformly random

measurement triads on a singlet state. The inset shows the probability of obtaining a CHSH violation as a function of the visibility V of the Werner state;
this probability is obtained by integrating the distribution of CHSH violations (main graph) over the interval [2/V, 2v/2]. (b) Bell tests using completely
random measurements (theory). Plot of the probability of Bell violation as a function of the visibility V of the Werner state, for different numbers m of

(completely random) measurements per party.
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rapidly increases with the number of settings . Intuitively, this is
because when choosing an increasing number of measurements at
random, the probability that at least one set of four measurements (2
for Alice and 2 for Bob) violates the CHSH inequality increases
rapidly. For example, with m = 3 settings, this probability is 78.2%
but with m = 4, it is already 96.2%, and for m = 5 it becomes 99.5%.
Also, as with the case of unbiased measurements, the probability of
violation turns out to be highly robust against depolarising noise; for

instance, for V= 0.9 and m = 5, there is still at least 96.9% chance of
—

=
finding a subset {7;07;«, by b yr} among our randomly chosen

measurements that gives nonlocal correlations.

Measurement devices. We use the device shown in Fig. 1(b) to
implement Alice and Bob’s random measurements on an
entangled state of two photons. This device is a reconfigurable
quantum photonic chip, in which qubits are encoded using path or
dual-rail encoding®. The path encoded singlet state is generated
from two unentangled photons using an integrated waveguide
implementation*"** of a nondeterministic CNOT gate*, an archi-
tecture which also enables deliberate introduction of mixture. This
state is then shared between Alice and Bob who each have a Mach-
Zehnder (MZ) interferometer, consisting of two directional couplers
(equivalent to beamsplitters) and variable phase shifters (¢, , and
¢34) and single photon detectors. This enables Alice and Bob to
independently make a projective measurement in any basis by
setting their phase shifters to the required values***. The first
phase-shifters (¢, ;) implement rotations around the Z axis of the
Bloch sphere (Ry($) = e ~#72/2); since each directional coupler imple-
ments a Hadamard-like operation (H =e™2e~™z/4He~m0z/4)
where H is the usual Hadamard gate), the second phase shifters
(¢»4) implement rotations around the Y axis (Ry(¢)=e #7v/2).
Overall, each MZ interferometer implements the unitary
transformation U(¢;3, ¢24) = Ry(¢24)Rz(¢13), which enables
projective measurement in any qubit basis when combined with a
final measurement in the logical (Z) basis using avalanche
photodiode single photon detectors (APDs).
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Each thermal phase shifter is implemented as a resistive ele-
ment, lithographically patterned onto the surface of the waveguide
cladding. Applying a voltage v to the heater has the effect of locally
heating the waveguide, thereby inducing a small change in refractive
index n (dn/dT =~ 1 X 107°K) which manifests as a phase shift in the
MZ interferometer. There is a nonlinear relationship between the
voltage applied and the resulting phase shift ¢(v), which is generally
well approximated by a quadratic relation of the form

P(v) =0+ pr. (6)

In general, each heater must be characterised individually — a
procedure which is both cumbersome and timeconsuming. The
function @(v) is estimated by measuring single-photon interference
fringes from each heater. The parameter o can take any value
between 0 and 27 depending on the fabrication of the heater, while
typically f~0.15%d 2425 For any desired phase, the correct voltage
can then be determined.

In the experiments described here, heater calibration is necessary
both for state tomography, and for implementing random measure-
ment triads. In contrast, this calibration can be dispensed with
entirely when implementing completely random measurements.
Thus, in this case we simply choose random voltages from a uniform
distribution, in the range [0V, 7V], which is adequate to address
phases in the range 0 = ¢ =< 2n—i.e. no a priori calibration of
Alice and Bob’s devices is necessary. Clearly this represents a signifi-
cant advantage for our device.

Experimental violations with random measurement triads. We
first investigate the situation in which Alice and Bob both use 3
orthogonal measurements. We generate randomly chosen measure-
ment triads using a pseudo-random number generator. Having
calibrated the phase/voltage relationship of the phase shifters, we
then apply the corresponding voltages on the chip. For each pair of
measurement settings, the two-photon coincidence counts between
all 4 combinations of APDs (Cyg, Cy1, C19, Cy1) are then measured for
a fixed amount of time—the typical rate of simultaneous photon
detection coincidences is ~ 1 kHz. From these data we compute

[
100f

60

Probability of Violation, %

20F
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Figure 3 | Bell tests requiring no shared reference frame. Here we perform Bell tests on a two-qubit Bell state, using randomly chosen measurement
triads. Thus our experiment requires effectively no common reference frame between Alice and Bob. (a) 100 successive Bell tests; in each iteration, both
Alice and Bob use a randomly-chosen measurement triad. For each iteration, the maximal CHSH value is plotted (black points). In all iterations, we get a

CHSH violation; the red line indicates the local bound (CHSH=2). The smallest CHSH value is ~ 2.1, while the mean CHSH value (dashed line) is

2.45
~ 2.45. This leads to an estimate of the visibility of V= 26 = 0.942, to be compared with 0.913 =+ 0.004 obtained by maximum likelihood quantum state

tomography*®. (See Supplementary Information for further discussion of this slight discrepancy.) Error bars, which are too small to draw, were estimated
using a Monte Carlo technique, assuming Poissonian photon statistics. (b) The experiment of (a) is repeated for Bell states with reduced visibility,
illustrating the robustness of the scheme. Each point shows the probability of CHSH violation estimated using 100 trials. Uncertainty in probability is
estimated as the standard error. Visibility for each point is estimated by maximum-likelihood quantum state tomography, where the error bar is
calculated using a Monte Carlo approach, again assuming Poissonian statistics. Red points show data corrected for accidental coincidences (see
Methods), the corresponding uncorrected data is shown in blue. The black line shows the theoretical curve from Fig. 2 (inset). Further discussion of the
slight discrepancy between experimental and theoretical probabilities of CHSH violation is provided in the Supplementary Information.
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Figure 4 | Experimental Bell tests using uncalibrated devices. We perform Bell tests on a two-qubit Bell state, using uncalibrated measurement
interferometers, that is, using randomly-chosen voltages. For m = 2, 3, 4, 5 local measurement settings, we perform 100 trials (for each value of m). As the
number of measurement settings m increases, the probability of obtaining a Bell violation rapidly approaches one. For m = 3, the average CHSH value
(dashed line) is above the local bound of CHSH=2 (red line). Error bars, which are too small to draw, were estimated by a Monte Carlo technique,
assuming Poissonian statistics. Data has been corrected for accidentals (see Methods).

the maximal CHSH value as detailed above. This entire procedure is
then repeated 100 times. The results are presented in Fig. 3a, where
accidental coincidences, arising primarily from photons originating
from different down-conversion events, which are measured through-
out the experiment, have been subtracted from the data (the raw data,
as well as more details on accidental events, can be found in the
Methods). Remarkably, all 100 trials lead to a clear CHSH violation;
the average CHSH value we observe is ~ 2.45, while the smallest
measured value is ~ 2.10.

We next investigate the effect of decreasing the visibility of the
singlet state: By deliberately introducing a temporal delay between
the two photons arriving at the CNOT gate, we can increase the degree
of distinguishability between the two photons. Since the photonic
CNOT circuit relies on quantum interference® a finite degree of dis-
tinguishability between the photons results in this circuit implement-
ing an incoherent mixture of the CNOT operation and the identity
operation”. By gradually increasing the delay we can create states py
with decreasing visibilities. For each case, the protocol described
above is repeated, which allows us to estimate the average CHSH
value (over 100 trials). For each case we also estimate the visibility via
maximum likelihood quantum state tomography. Figure 3b clearly
demonstrates the robustness of our scheme, in good agreement with
theoretical predictions: a considerable amount of mixture must be
introduced in order to significantly reduce the probability of obtain-
ing a CHSH violation.

Together these results show that large Bell violations can be
obtained without a shared reference frame even in the presence of
considerable mixture.

Experimental violations with completely random measurements.
We now investigate the case where all measurements are chosen at
random. The procedure is similar to the first experiment, but we now
apply voltages chosen randomly from a uniform distribution, and
independently for each measurement setting. Thus our experiment

requires no calibration of the measurement MZ interferometers (i.e.
the characterisation of the phase-voltage relation), which is generally
a cumbersome task. By increasing the number of measurements
performed by each party (m = 2, 3, 4, 5), we obtain CHSH
violations with a rapidly increasing probability, see Fig. 4. For m =
5, we find 95 out of 100 trials lead to a CHSH violation. The visibility
V of the state used for this experiment was measured using state
tomography to be 0.869 = 0.003, clearly demonstrating that robust
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Figure 5 | Raw data of experimental Bell tests requiring no shared
reference frame. This figure shows the raw data, without correcting for
accidental coincidences, of Fig. 4a. Here the average CHSH value is 2.30
(dashed line), leading to an estimate of the visibility of V = R ~(0.885,
while the estimate from quantum state tomography is V = 0.861 * 0.003
(see Supplementary Information). Error bars, which are too small to draw,

were estimated using a Monte-Carlo technique, assuming Poissonian
photon statistics.
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Figure 6 | Raw data of experimental Bell tests using uncalibrated measurement interferometers (random voltages). This figure shows the raw data,
without correcting for accidental coincidences, of Fig. 5. Error bars, which are too small to draw, are estimated by a Monte Carlo technique, assuming
Poissonian statistics. The visibility V of the state used for this experiment was measured using state tomography to be 0.804 = 0.003.

violation of Bell inequalities is possible for completely random
measurements.

It is interesting to note that the relation between the phase and the
applied voltage is typically quadratic, see Eq. (6). Thus, by choosing
voltages from a uniform distribution, the corresponding phase dis-
tribution is clearly biased. Our experimental results indicate that this
bias has only a minor effect on the probability of obtaining
nonlocality.

Discussion
Bell tests provide one of the most important paths to gaining insight
into the fundamental nature of quantum physics. The fact that they
can be robustly realised without the need for a shared reference frame
or calibrated devices promises to provide new fundamental insight.
In the future it would be interesting to investigate these ideas in the
context of other Bell tests, for instance considering other entangled
states or in the multipartite situation (see*” for recent progress in this
direction), as well as in the context of quantum reference frames®>*'.

The ability to violate Bell inequalities with a completely uncali-
brated device, as was demonstrated here, has important application
for the technological development of quantum information science
and technology: Bell violations provide an unambiguous signature of
quantum operation and the ability to perform such diagnostics with-
out the need to first perform cumbersome calibration of devices
should enable a significant saving in all physical platforms. These
ideas could be particularly helpful for the characterisation of entan-
glement sources without the need for calibrated and aligned mea-
surement devices. They could also be relevant to quantum
communications experiments based on optical fibres or earth-
satellite links, in which the alignment of a reference frame is
cumbersome.

Finally Bell violations underpin many quantum information pro-
tocols, and therefore, the ability to realise them with dramatically
simplified device requirements holds considerable promise for

simplifying the protocols themselves. For example, device-independ-
ent quantum key distribution® allows two parties to exchange a
cryptographic key and, by checking for the violation of a Bell inequal-
ity, to guarantee its security without having a detailed knowledge of
the devices used in the protocol. Such schemes, however, do typically
require precise control of the apparatus in order to obtain a suffi-
ciently large violation. In other words, although a Bell inequality
violation is an assessment of entanglement that is device-
independent, one usually needs carefully calibrated devices to obtain
such a violation. The ability to violate Bell inequalities without these
requirements could dramatically simplify these communication
tasks. The implementation of protocols based on quantum steering’
may also be simplified by removing calibration requirements.

Note added. While completing this manuscript, we became aware
of an independent proof of our theoretical result on Bell tests with
randomly chosen measurement triads, obtained by Wallman and
Bartlett®, after one of us mentioned numerical evidence of this result
to them.

Methods

Photon counting and accidentals. In our experiments, we postselect on successful
operation of the linear-optical cCNOT gate by counting coincidence events, that is, by
measuring the rate of coincidental detection of photon pairs. Single photons are first
detected using silicon avalanche photodiodes (APDs). Coincidences are then counted
using a Field-Programmable Gate Array (FPGA) with a time window of ~ 5 ns. We
refer to these coincidence events as {35 }.

Accidental coincidences have two main contributions: first, from photons
originating from different down-conversion events arriving at the detectors within
the time window; second, due to dark counts in the detectors. Here we directly
measure the (dynamic) rate of accidental coincidences in real time, for the full
duration of all the experiments described here. To do so, for each pair of detectors we
measure a second coincidence count rate, namely {¢2, }, with |t; - fo| = 30 ns. In
order to do this, we first split (duplicate) the electrical TTL pulse from each detector
into two BNC cables. An electrical delay of 30 ns is introduced into one channel, and
coincidences (i.e. at {t{)*,tf}}) are then counted directly. Finally we obtain the cor-
rected coincidence counts by subtracting coincidence counts at {t{;‘,t{g } from the raw
coincidence counts at {tf;‘,tg }
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All experimental results presented in the main text have been corrected for acci-
dentals. Here we provide the raw data. Fig. 5 presents the raw data for Fig. 3(a) while
Fig. 6 presents the raw data for Fig. 4. Notably, in Fig. 5, corresponding to the case of
randomly chosen triads, all but one of the hundred trials feature a CHSH violation.
The average violation is now ~ 2.3.
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