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Summary Paragraph 
 
We have investigated the phase measurement enhancement from application of various 
quantum states to the measurement of unknown nonlinear phase shifts, akin to the beating of 
the standard quantum limit through use of non-classical states to measure an unknown linear 
phase. We have shown that the optimal phase estimation of even entangled coherent state 
(ECS) is better than that of the NOON states and of odd ECS states with the same average 
particle number n . There is thus quantum enhancement of the measurement of a  
nonlinearity of order k, where this is the power of the mode number operator in the exponent 
of the unitary nonlinear phase evolution operator. We have also proposed a method to create 
an approximate ECS (AECS) from a squeezed vacuum state and detailed calculations reveal 
that this practical state is even slightly better than even ECS states for large n . Additionally 
we have examined the dominant decoherence scenario of photon loss applied to the 
interferometer arm that contains the nonlinearity for a fixed n . These reveal robustness 
against small loss for various forms of nonlinearity. 
 
Main results 

Let us start with a two-mode pure state . If a generalised phase shifter with nonlinearity 

k is located in mode 2 such as  --- (1), the resultant state is equal to 

. According to phase estimation theory, the phase uncertainty 

of pure states is bounded by quantum Fisher information  where 

 and . 
 
The entangled coherent state (ECS) is given by 

 --- (2). 
Note that the normalisation factor is 

. In details, the ECS 
is a two-mode path-entangled quantum state 
similar to a NOON state but each mode contains 
a coherent state for ECSs while it does a photon 
number state (Fock state) for NOON states. 
Using linear optical elements, the phase 
sensitivity of ECSs is better than that of NOON 
and bat states with/without losses because 
coherent states keep their properties in the 
presence of loss.  
 
Applied the generalised phase operation in Eq. 
(1) on the ECS in Eq. (2), the value of quantum 
Fisher information is given by 

 

( ) and .  



 
The main result is that, for non-linear case k>1,the ECS are still better than NOON states (as 
for the linear case k=1), based on the same average photon number <n>=N/2. Thus, as shown 

in Fig. 1, we conclude the inequality  for any k and N. 
 
In addition, as for the linear case k=1, with small losses ECS are still better than NOON states 
at <n>=2, for the non-linear cases k=2 and k=3. For lossy conditions, we adopt the results 
from a very recent paper, Nature Physics 7, 406 (2011). They introduce a lower bound for 
phase uncertainty, which leads to useful analytic expressions for the ultimate limit of 
precision in noisy systems. Especially, they generalised the bound of quantum Fisher 
information in the interferometer setup with losses only in the dispersive arm such as 

 where  

and . 
 

For NOON states,  and 

 and 

and 

 for ECSs. 
  
As shown in Fig. 6, ECSs including 
AECS are far better than NOON states 
(black thick solid lines) for any k in a 
small photon-loss window. These show 
that ECSs still outperform the phase 
enhancement achieved by NOON states 
in the region of small loss in an arm. 
Additionally, we plot an approximated 
ECS (AECS), which can be 
implemented by current photon-
subtraction technology.  
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We investigate the phase enhancement of quantum states subject to non-linear phase shifts. The
optimal phase estimation of even entangled coherent states (ECSs) is shown to be better than that
of NOON states and of odd ECS states with the same average particle number 〈n〉 and non-linearity
exponent k. We investigate the creation of approximate ECSs (AECSs) from a squeezed vacuum
with current optical technology methods and find that a pure AECS is even slightly better than
an even ECS for large 〈n〉. We also examine simple but physically relevant cases of loss in the
non-linear interferometer arm, for a fixed 〈n〉.

I. INTRODUCTION

Since the advantages of NOON states for quantum
metrology are well known in optical systems [1–6], many
studies have been undertaken for the cases with linear op-
tical elements. Several theoretical studies have recently
investigated the role of non-linearity to help improve the
limits of phase enhancement in linear systems [7–10] and
the first demonstration of this so-called super-Heisenberg
scaling has been shown in Ref. [11]. The particle-loss and
decoherence mechanisms are, however, not fully explored
in combined linear and non-linear interferometers, even
theoretically [12–15].
It has recently been shown theoretically that phase sen-

sitivity of entangled coherent states (ECSs) [16–21] can
outperform that of NOON states in the region of very
modest particle numbers with a linear phase operation
[22, 23]. The path-entangled ECS is a two-mode quantum
state analogous to a NOON state, but with one of two
modes containing a coherent state, whereas for NOON
states one of two modes contains a photon number state
(Fock state). In other words, the ECS can be represented
by a superposition of NOON states with different pho-
ton numbers. Using linear optical elements, the phase
sensitivity of ECSs outperforms that of NOON and bat
states [24], both with and without losses, because coher-
ent states maintain their properties in the presence of
loss [22]. Given all this recent work, a natural question
arises regarding comparison of the phase enhancement
for ECSs, compared to NOON and other states, in the
case of non-linear phase shifts.
Here we investigate the phase enhancement of four

quantum states: NOON, even and odd ECSs and an ap-
proximated ECS (AECS). The enhancement is quantified
with the quantum Fisher information, with a generalised
non-linearity characterised by an exponent k (k > 0).
Let us start with a two-mode pure state |ψ〉12 and a gen-
eralized non-linear phase shifter U(φ, k) given by

U(φ, k) = eiφ(a
†
2
a2)

k

, (1)

where a†i (ai) is a creation (annihilation) operator in spa-
tial mode i [25] (see the details in Section IIA). The ex-
ponent k represents the order of the non-linearity. For
example, k = 1 corresponds to a linear phase shift on
the state and k 6= 1 gives a certain non-linear effect in a
phase operation. When the generalised phase operation
U(φ, k) is applied in mode 2 of |ψ〉12, the resultant state
is equal to

|ψk(φ)〉12 = (11⊗ U(φ, k))|ψ〉12. (2)

According to phase estimation theory [26, 27], the phase
uncertainty is bounded by the quantum Fisher informa-
tion

δφ ≥ 1√
FQ

, (3)

and the value of FQ for pure states is simply given by

FQ = 4
[

〈ψ̃k|ψ̃k〉 − |〈ψ̃k|ψk(φ)〉|2
]

= 4(∆nk)2, (4)

for |ψ̃k〉 = ∂|ψk(φ)〉/∂φ and (∆nk)2 = 〈(nk)2〉 − 〈nk〉2
(〈nk〉 = 12〈ψ|(a†2a2)k|ψ〉12). Note that 〈n1〉 denotes an
average particle number).
For a comparison of phase sensitivity among the differ-

ent states, we consider the same average photon number
in one of two modes as the physical resource count for the
states. For pure states, we shall demonstrate an inequal-
ity among the three states (NOON, even and odd ECSs),
with the AECS slightly better than the other three states,
in the limit of large 〈n1〉. We shall also consider a small
loss condition for the dispersive and non-linear interfer-
ometer arm, because the non-linear medium providing
the phase operation will generally also provide a scatter-
ing effect (e.g., particle losses) [28]. We shall demonstrate
that, analogous to the linear case (k = 1) in Ref. [22],
the phase enhancement of ECSs still outperforms that of
NOON states, even for non-linear cases (k 6= 1).
For a physical realisation, it is known that the ideal

ECS can be generated by mixing through a 50:50 beam-

http://lanl.arxiv.org/abs/1203.2099v2


2

splitter (BS) a coherent state and a coherent state super-
position (CSS) [29], given by

|CSS±(α)〉 = N±
α (|α〉 ± |−α〉) (5)

where |α〉 is a coherent state (and N±
α =

1/
√

2(1± e−2|α|2) provides normalisation). Since
the CSS with small α has been already demonstrated
in experiments [30–33], the scheme of building AECSs
with a modest photon number could be experimentally
feasible with very high fidelity in the near future [34].
Several experiments have demonstrated that non-linear
phase operations can be realized in various set-ups. For
example, self-Kerr phase modulation (k = 2) has been
measured as a function of electric field amplitudes in wa-
ters, fibers, Nitrobenzene, Rydberg Rydberg states, etc.
[28, 35, 36]. Notably, the phase shift dependent upon
the applied field clearly follows theoretical predictions
in the case of a Rydberg electro-magnetically induced
transparency medium (see in Fig. 3 in Ref. [28]).
The remainder of this paper is organized as follows.

In Sec. II A, the mathematical formalism for generalised
phase shifters is described. The phase enhancements of
pure ECSs is discussed in the case of ideal preparation
in Sec. II B. A feasible approach to implementing the
AECS is given in Sec. II C. In Sec. III we also investigate
the effects of loss on the phase enhancement behaviour.
Finally, in Sec. IV we summarise and discuss our results.

II. OPTIMAL PHASE ESTIMATION USING
NONLINEARITY IN PURE STATES

We first discuss the validity of Eq. (1) for general k.
The amount of non-linear phase shift for fixed k can be
decomposed by a summation of higher-order susceptibil-
ities. In Section II B, the values of optimal phase estima-
tion given by quantum Fisher information are compared
amongst ideal NOON states and even and odd ECSs. In
Section II C, we propose a feasible optical set-up to cre-
ate an AECS from an approximated CSS (ACSS) that
can be created with current optical technology. We also
discuss the differences between ideal ECS and AECS in
phase enhancement.

A. Nature of non-linear phase shifts U(φ)

The generalised phase operation is formed by

U(φ) = exp
[

iĤ(φ) t/~
]

, (6)

and the total Hamiltonian is equal to

Ĥ(φ) = Ĥ0 + Ĥint(φ), (7)

consisting of the unperturbed Hamiltonian represented
by

Ĥ0 =

∫

d3r
[ 1

2µ0
|B̂|2 + ǫ0

2
|Ê|2

]

= ~ω
(

a†a+
1

2

)

, (8)

for mode frequency ω and the interaction Hamiltonian
given by expanding the polarisation of the non-linear
medium

Ĥint(φ) =

∫

d3r
[

Ê · P̂
]

=

∫

d3r Ê
[

∞
∑

j=1

χ(j)

j + 1
(Ê)j

]

, (9)

where χ(j) is the j-th order susceptibility of the medium
[37]. A single-mode electric field is given by

Ê = i

√

~ω

2ǫ0

(

au(r)− a†u∗(r)
)

, (10)

where u(r) is the mode function. Due to the lack of phase
matching, the single-mode assumption and the rotating
wave approximation, we may neglect the terms in χ(2x)

(x: positive integer) [37], and then,

U(φ, k) = exp
[

iωt(a†a+
1

2
)
]

∞
∏

k=1

exp
[

iφ(k)
(

a†a
)k]

, (11)

where the phase parameter of the non-linearity k is

φ(k) = t

∫

d3r
∞
∑

x=1

F
(

χ(2x−1)
)

. (12)

Note that F(χ(2x−1)) is a function of χ(2x−1). There-
fore, the expression of the non-linear phase operation in
Eq. (1) is appropriate for fixed k.
An well-known example of the non-linear phase opera-

tion is given a Kerr-type interaction for k = 2 [38–40]. In
an interaction picture that removes the linear dynamical
phase, the non-linear part is

U(φ, 2) = exp
[

iφ(2)
(

a†a
)2]

, (13)

and

φ(2) = t

∫

d3r
(3

2
χ(3) + 5χ(5)

)

, (14)

where the interaction Hamiltonian is truncated after the
fifth-order susceptibility χ(5).

B. Ideal (theoretical) cases

Here we calculate phase enhancements using the quan-
tum Fisher information for pure (no loss) cases of the
NOON state and ECSs. The NOON state is defined by

|ψN 〉12 =
1√
2
(|N〉1|0〉2 + |0〉1|N〉2). (15)

After a generalized phase shifter U(φ, k) in mode 2, the
outcome state of the ECS is given by

|ψk
N 〉12 =

(

11⊗ U(φ, k)
)

|ψN 〉12. (16)
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FIG. 1. (color online). The plots show the inequality δφNk ≥
δφEk

−
≥ δφEk

+
with respect to N = 2〈n1

N 〉 = 〈n1
E±

〉 (k =

1, 2, 3).

From Eq. (4), the quantum Fisher information of pure
NOON states with a non-linearity of order k is given by

FQ
Nk = 1/N2k and

δφNk >
1

Nk
. (17)

The ideal even and odd ECSs are expressed by

|ECS±(α±)〉 = N±
α±

[

|α±〉1|0〉2 ± |0〉1|α±〉2
]

, (18)

where α+ (α−) for even (odd) ECS and N±
α±

=

1/
√

2(1± e−|α±|2). After a generalized phase shifter
U(φ, k) in mode 2, the outcome state of the ECS is given

by

|ECSk
±(α±, φ)〉12 =

(

11⊗ U(φ, k)
)

|ECS±(α±)〉12, (19)

and the values of the quantum Fisher information are
given by

FQ

Ek

±

= 4fα±





∞
∑

n=0

n2k(α±)
2n

n!
− fα±

(

∞
∑

n=0

nk(α±)
2n

n!

)2


 .

(20)

for fα± = e−|α±|2(N±
α±

)2 and

δφEk

±
>

1
√

FQ

Ek

±

. (21)

In order to compare the phase sensitivity of the differ-
ent states, we take into account the same average particle
number of the states in an arm

〈n1
N 〉 = 〈n1

E±
〉 = N

2
=
(

N±
α±

)2 · |α±|2, (22)

where

〈n1
E±

〉 = 〈ECS±(α±)|a†2a2|ECS±(α±)〉, (23)

and α+ 6= α− in general.
In Fig. 1, the values of optimal phase estimation are

plotted for the three quantum states and satisfied with
the inequality

δφNk ≥ δφEk

−
≥ δφEk

+
(24)

for anyN and k. The first inequality δφNk ≥ δφEk

−
shows

the pattern of the difference δφNk − δφEk

−
for k = 1, 2, 3

in Fig. 2. Note that δφEk

±
approaches to δφNk because

of |ECS±(α)〉 ≈ |ψN 〉 for larger N and that δφEk

±
is

a continuous value while δφNk exists discretely due to
integer N .

C. Imperfect preparation of creating ECS

We present a series of optical set-ups to create an
AECS with a very high fidelity to an odd ECS, based
on current optical technology methods. We also com-
pare the phase enhancement of the AECS with the other
states. As shown in Fig. 3, two steps are required for
AECS preparation. First, we create a photon-subtracted
quantum state, with high fidelity to an odd CSS, given
by the scheme in Ref. [34]. The generation of squeezed
vacuum states can be given by degenerate parametric
down-conversion utilising non-linearity [29] and a series
of experimental results shows that modest strengths of
squeezing through second-harmonic generation is achiev-
able with the current technology [41–43]. The scheme
of single-photon subtraction through an unbalanced BS
from a squeezed vacuum has been already demonstrated
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FIG. 2. (color online). Difference of the optimal phase
estimation between |ψN 〉 and |ECSk

−(α−)〉 such as δφNk −
δφEk

−
for k = 1, 2, 3.

FIG. 3. (Color online) Schematics of generating
|AECS(r, αA)〉 from a squeezed vacuum S(r)|0〉 and a co-
herent state |α〉. After single-photon subtraction at stage 1,
the state |ACSS(r)〉 is very similar to |CSS−(α)〉. The co-
herent state in stage 2 has the same amplitude of the old CSS
(BSη and D are an unbalanced BS with transmission rate η
and a single-photon detector).

[44, 45]. Finally, generation of the odd ECS follows from
the well known technique of mixing a travelling CSS with
a controlled coherent state through a 50:50 beam-splitter
(BS).

In Fig. 3, The schematics shows how to generate
|AECS(r, αA)〉 from a squeezed vacuum S(r)|0〉 and a
coherent state |α〉 (S(r) = exp

[

− r
2

(

a2 − (a†)2
)]

and r
is a squeezing parameter). In Ref. [34], it was shown
that the fidelity between a squeezed single photon state
S(r)|1〉 and an odd CSS |CSS−(α)〉 with small α and
that a photon-subtracted squeezed vacuum state aS(r)|0〉
is identical to S(r)|1〉. Preparation of the squeezed vac-
uum S(r)|0〉. Thus, after single-photon subtraction of
the squeezed vacuum by using BSη (η: transmission
rate) and a single-photon detector, the resultant state
is called ACSS possessing a very high fidelity compared
with the ideal odd CSS. In detail, when a single photon
is detected, the resultant state |ACSS(r0)〉 = aS(r0)|0〉

Hm,m'

5
10

15
20

m

5

10

m'

0.0

0.1

0.2

0.3

FIG. 4. (color online). The coefficient H(m,m′) of
|AECS(r0, αA)〉 (αA ≈ 1.9807). It clearly shows that the
major contribution of the NOON state and the minor of m
andm′ states. The blue (red) colour indicates a positive (neg-
ative) value.

(r0 = arcsinh[2α0/3]) is given by

|ACSS(r0)〉 = fr

∞
∑

k=0

√

(2k + 1)!

2k · k! (tanh r0)
k|2k + 1〉, (25)

for fr = (1 − tanh2 r0)
3/4 with the maximised fidelity

between |ACSS(r0)〉 and |CSS−(α0)〉.
For the second stage, the odd AECS can be built with

the generated ACSS |ACSS(r0)〉1 mixed with an extra
coherent state |α0〉2 through an 50:50 BS. The state is

0 5 10 15 20
m0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

Amp

È2.0>

Hm,0H2.0L

0 5 10 15 20
m0.00
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0.30

0.35

Amp

È2.0>

Hm,0H2.0L

FIG. 5. (color online). The amplitude of Hm,0(αA) for
αA = 2.0 and that of coherent state |2.0〉 with respect to
photon number m. Both states contain the same average
photon number. It implies that the AECS reaches the peak
amplitude in smaller m and has a longer tail rather than the
coherent state.
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FIG. 6. The phase sensitivity with small lossy conditions for
k = 1, 2 (T : transmission rate of the BS mimicking photon
losses). The thick solid line is for NOON states and the thin
solid line is for AECS which is very similar to dashed lines for
even (short-dashed) and odd (long-dashed) ECSs.

written as

|AECS(r0, αA)〉 =
∞
∑

m=1

m−1
∑

m′=0

[

Hm,m′(|m〉|m′〉 − |m′〉|m〉)
]

,

≈ |ECS−(α−)〉, (26)

where Hm,m′ is the coefficient of the state in Fock basis

(αA =
√
2α0). As shown in Fig. 4, the resultant state

|AECS(r0, αA)〉 is approximately equivalent to the de-
sired odd ECS |ECS−(α−)〉 with high fidelity (≈ 0.975)
if α− = αA ≈ 1.9807. The state |AECS(r0, αA)〉 con-
sists of the ideal ECS (m′ = 0) and the unbalanced
photon states called m and m′ states (m′ 6= 0) [46].
In other words, the outcome state contains a superpo-
sition of NOON states for m′ = 0 while it also in-
cludes the states possessing unbalanced photon num-

bers in both modes for m′ 6= 0. Then, after the gen-
eralized phase shifter U(φ, k) in mode 2, we can esti-
mate the phase enhancement of the final state given by
|AECSk(r0, αA, φ)〉 = (11⊗ U(φ, k))|AECS(r0, αA)〉.
For the phase enhancement of the AECS com-

pared with ideal ECSs, the value of 〈n1
EA

〉 =

〈AECS|a†2a2|AECS〉 should be N/2 in Eq. (22). As
shown in Fig. 1, it is true that the results from AECS are
very close to those from ideal odd ECSs for k = 1, 2 but
slightly better than those of the other states at k = 3, for
the modest number of N (see thin black lines in Fig. 1).
This is because the detailed shape of the AECS is slightly
different from the ideal odd ECS. In Fig. 5, this advan-
tage of phase enhancement can be explained by the fact
that the distribution of H(m, 0) is narrower but has a
longer tail in the AECS, compared to a coherent state
|2.0〉, indicating the photon distribution of |ECS±(α±)〉,
for the same average photon number. The m and m′

states might provide a minor contribution of phase en-
hancement in the AECS.

III. FOR SMALL LOSS CASES IN A
NON-LINEAR PHASE OPERATION

The phenomenon of imperfect phase operations may
lead to small particle losses in the arm. For the compar-
ison of phase enhancement in lossy states, we choose the
fixed average photon number of the states such as

〈n1
N 〉 = 〈n1

E+
〉 = 〈n1

E−
〉 = 〈n1

EA
〉 = 2.0, (27)

which implies N = 4. For example, |AECS(r0, 2.0〉 and
|ECS−(1.9807)〉 have the same average photon number
such as 〈n1

E−
〉 = 〈n1

EA
〉 = 2.

Adding a BS with vacuum input can mimic this lossy
condition in the dispersive interferometer arm after the
non-linear phase shift (T : transmission rate of the BS)
[15]. Here, we examine the phase enhancement of mixed
states by generalising the results of Ref. [15] such as

δφ ≥ 1√
FQ

≥ 1
√

CQ
k

, (28)

where CQ
k = 4

(

〈Hk
1 〉−〈Hk

2 〉2
)

for any k [47]. In particu-

lar, this equation shows an excellent match with the exact
value of the quantum Fisher information in the small loss
region (T ≈ 1) [15]. For k = 1, the bound CQ is given
by

CQ
1 = 4

[

T 2
(

〈n2〉 − 〈n〉2
)

+ T (1− T )〈n〉
]

, (29)

and for k = 2,
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CQ
2 = 4

[

T 4 〈n4〉+ 6T 3(1− T ) 〈n3〉+ T 2(1− T )(3− 11T ) 〈n2〉+ T (1− T )(1− 6T + 6T 2)〈n〉

−
(

T 4〈n2〉2 + 2T 3(1− T )〈n〉〈n2〉+ T 2(1− T )2〈n〉2
)]

. (30)

As shown in Fig. 6, the ECSs including AECS signif-
icantly outperform NOON states (thick solid lines) for
k = 1, 2 in a small photon-loss window. For NOON,
even and sodd ECS and AECSs, the expectation values
in Eqs. (29) and (30) are given by

〈nk〉 = Nk
/

2, (31)

〈nk
E±

〉 = fα±

∞
∑

n=0

nk(α±)
2n

n!
, (32)

〈nk
EA

〉 = 〈AECS(r, αA)|(a†2a2)k|AECS(r, αA)〉.

=
∞
∑

m=1

m−1
∑

m′=0

[(

Hm,m′

)2(

mk + (m′)k
)]

. (33)

Therefore, these results show that ECSs still outperform
the phase enhancement achieved by NOON states in the
region of small losses after the non-linear phase operation
(k = 2).

IV. SUMMARY AND REMARKS

In summary, we have initiated the study of phase en-
hancement of ECSs in cases of non-linear phase, using
quantum Fisher information to quantify the results of the
study. As shown in linear optical elements [22], the phase
sensitivity of ECSs outperforms that of NOON states for
modest average photon numbers, converging to the limit
of NOON states for large average photon numbers. We
have presented the form of generalised (non-linear) phase
operations, in terms of the power of number operators,
and obtained an inequality for the phase enhancement
of NOON states and odd and even ECSs, all with re-

spect to the same average photon number as a physi-
cal resource. We have also investigated the feasibility of
creating AECS in optical set-ups based on current tech-
nology, and examined its phase sensitivity. Finally, we
have shown that the behaviour of the phase sensitivity
for ECSs significantly outperforms that for NOON states,
for the k = 2 non-linear example in the presence of small
losses.

The fidelity between odd ECS |ECS−(α−)〉 and AECS
|AECS(r0, αA)〉 is very high, but in general the AECS
has more degrees of freedom with r and α (see the Fig.
3). Thus, there is an opportunity to generate other use-
ful quantum states, different from ECSs, by tuning r and
α. Similarly, one may consider using approximate even
CSS generated in Ref. [45], instead of using odd CSS ob-
tained by subtracting a single photon [44]. In addition,
even though it is known that the self Kerr-type non-linear
interaction can be performed with small losses in tunable
three- or four-level systems [48], it is still an open ques-
tion as to whether useful higher order non-linear phase
operations can also be performed minimising loss mech-
anisms.
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