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Three reports on different verification techniques have been made in published papers, with 
further additions to this deliverable anticipated to follow. References [SBG1-11], [CPF1-10] 
and [WVM1-11] report the detailed technical aspects of the verification methods, so 
summaries and context are provided in this report. 

A method for verification of distributed atom-photon entanglement has been reported [SBG1-
11] which utilises a Bell test in the form of a CHSH inequality violation. This method,  
proposed through an experiment-theory collaboration, addresses the distributed resource of an 
atom entangled with a distant photon (so the expectation value of the photon number for the 
whole state is less than unity). A novel feature demonstrated theoretically for this verification 
method and shown in Fig. 1 is that a substantial violation of the CHSH inequality can be 
achieved with low detection and transmission efficiencies and with homodyne detection 
applied to the photon mode. Given the practicality of homodyne detection, this proposal 
provides a method for distributed entanglement verification along with the potential for a 
loophole-free Bell test, which would clearly be of significant interest for the foundations of 
quantum physics. The technical details are reported in [SBG1-11]. 

 

  

A method for efficient quantum tomography has been reported [CPF1-10] which represents a 
significant breakthrough and could provide the difference between being able to verify, or not, 
the validity of significant quantum resources. For system with N components, or qubits, 
conventional tomography requires exponential (in N) effort in terms of measurements and 
post-processing to fully reconstruct the density matrix of the system. This becomes 
impractical around N~8. Larger N requires an efficient method, ideally with linear (in N) 
verification effort. Such a method is given in [CPF1-10]. A promise is needed for the form of 
the quantum resources to be verified. Basically, if this promise is satisfied, a matrix product 
state (MPS) description is produced that produces a tomographic estimate for the actual 
quantum state enabling efficient verification (due to the MPS properties) and a tight fidelity 
bound. Importantly, a signature of failure (non-satisfaction of the promise and thus failure of 
the MPS construction) results and so verification errors are heralded. Clearly this method can 
be applied to classes of quantum resources that are amenable to an efficient MPS 
representation. These classes includes ground states of various interesting models, GHZ and 
W states, cluster and AKLT states, the latter two being universal resources for quantum 
processing. The example given here is the fidelity of W state verification, showing high 
fidelity into an “exponentially impractical” regime of N. Various other examples are reported 
in [CPF1-10]. We have completed the development of this method with its extension to a 
scalable method to reconstruct mixed states that are close to matrix product operators. Again 
the reconstruction scheme only requires local information of the state - giving rise to a 

Fig. 1: Robustness of the CHSH violation 
with respect to the transmission 
efficiency. Results are shown for various 
photon detector efficiencies and also for 
homodyne detection applied to the 
photon mode. 
 



reconstruction technique that scales algebraically in the system size. It is based on a 
constructive proof that generic matrix operators are fully determined by their local reductions. 

 

 

 

 

 

 
 
 
 
 
Optimal verification of four-and six-qubit cluster states has been reported, in an experimental 
arrangement where these states are produced optically through the use of hyper-entangled 
(polarisation and linear momentum) [WVM1-11]. The schematic experimental arrangements 
are shown in Fig. 3. Fidelity, purity and entanglement are characterised in the experiments, 
with entanglement measures being applied to quantify the properties of the generated 
resources. Cluster states are useful quantum resources (universal for quantum processing) 
uniquely characterised by a set of correlation operators that form the stabiliser group. This 
report examines how bounds based on measurement results of the generator of the stabilizer 
alone scale with increasing system size under realistic conditions. The optimal bounds based 
on such measurements for the fidelity, purity and the robustness of entanglement as well as 
the relative entropy of entanglement are compared with the density matrix obtained from all 
stabilizers. 
 

 
Fig. 3: The left figure illustrates the source of the optical polarisation-path hyper entangled state leading to the 
cluster state. The right figure illustrates the measurement arrangement for the path degress of freedom. 
 
The experimental results verifying the entangled cluster state resources produced are 
summarised below in a table taken from [WVM1-11]. As can be seen, the four qubit state was 
produced with higher fidelity. The technical details are reported in [WVM1-11]. 
 

 

Fig. 2: The fidelity of the verification 
algorithm for W states as a function of 
qubit number for N up to 20. Further 
examples are given in the published 
report [CPF1-10]. 
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Yi-Kai Liu
Institute for Quantum Information, California Institute of Technology, Pasadena, CA, USA

Quantum state tomography [1], the ability to deduce the state of a quantum system from measured
data, is the gold standard for verification and benchmarking of quantum devices. It has been realized
in systems with few components [2–7], but for larger systems it becomes infeasible because the
number of quantum measurements and the amount of computation required to process them grows
exponentially in the system size. Here we show that we can do exponentially better than direct state
tomography for a wide range of quantum states, in particular those that are well approximated by
a matrix product state ansatz. We present two schemes for tomography in 1-D quantum systems
and touch on generalizations. One scheme requires unitary operations on a constant number of
subsystems, while the other requires only local measurements together with more elaborate post-
processing. Both schemes rely only on a linear number of experimental operations and classical
postprocessing that is polynomial in the system size. A further strength of the methods is that the
accuracy of the reconstructed states can be rigorously certified without any a priori assumptions.

I. INTRODUCTION

One of the principal features distinguishing classical
from quantum many-body systems is that quantum sys-
tems require exponentially many parameters in the sys-
tem size to fully specify the state, compared to only lin-
early many for classical systems. Put to use construc-
tively, the exponential complexity enables the construc-
tion of information processing devices fundamentally su-
perior to any classical device. At the same time, how-
ever, this “curse of dimensionality” makes engineering
tasks—such as verifying that the quantum processing de-
vice functions as intended—a daunting challenge.

The full determination of the quantum state of a sys-
tem, known as quantum state tomography [1], has al-
ready been achieved by measuring a complete set of ob-
servables whose expectation values determine the quan-
tum state [2–7]. As it is typically formulated [8], simply
to output an estimate for a generic state would take ex-
ponential time in the system size N , given that there are
an exponential number of coefficients in a generic state’s
description. This is but one of several inefficiencies. Most
quantum states have exponentially small amplitudes in
almost every basis, so to distinguish any one of those am-
plitudes from zero, one must take an exponential number

of samples. Assuming one were able to collect all the data
from an informationally complete measurement, one is
left with the intractable computational task of inverting
the measured frequencies to find an estimate of the state.

However, the traditional representation of quantum
states is in a sense too general. Indeed, states which oc-
cur in many practical situations are specified by a small
number of parameters. An efficient description could be
a practical preparation scheme which outputs the state;
or, in the case of thermodynamical equilibrium states, a
local Hamiltonian and a temperature. This insight is not
new: researchers in many-body physics and quantum in-
formation theory have found many classes of states which
are described by a number of parameters scaling polyno-
mially in N [9–13] and which closely approximate the
kind of states found in physical systems [14, 15]. How-
ever, the question of whether these restricted classes can
be put to use in the context of tomography has remained
largely open.

In this work, we address the above challenge. The
physical system we have in mind is one where the con-
stituents are arranged in a one-dimensional configura-
tion (e.g., ions in a linear trap [3]). But the methods
that we are presenting here can be generalized to higher-
dimensional arrangements such as those realized in opti-
cal lattices [16]. It is highly plausible that in such a set-
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ting, correlations between neighboring particles are much
more pronounced (due to direct interaction) than corre-
lations between distant systems (mediated e.g. by global
fluctuations of control fields). An efficiently describable
class of states anticipating exactly this behavior has long
been studied under the names of finitely correlated states
(FCS) or matrix product states (MPS) [9, 10]. Impor-
tantly, restricting to this class is not a limitation since
every state may be written as a MPS with a suitable, al-
beit possibly large, matrix dimension. Since many states
that are relevant for quantum information processing or
quantum many-body physics have a small (independent
of N) bond dimension, our methods are directly applica-
ble to such states; examples include, but are not limited
to, ground and thermal states, the GHZ, W, cluster, and
AKLT states, the latter two being universal resources
states for quantum computing.

Given that standard tomography is no longer feasible
in a range of recent and upcoming experiments involving
large numbers of qubits, our results represent a signifi-
cant advance in the ability to verify and quantitatively
and efficiently benchmark systems of experimental im-
portance.

II. RESULTS

In the following we present two schemes for identify-
ing systems that are well approximated by an MPS, ini-
tially focusing on pure states for simplicity. We will view
each system as consisting of a linear chain of N qudits,
each having dimension d. Both schemes require the mea-
surement of linearly (in the system size N) many local
observables within finite accuracy, polynomial classical
post-processing of the data and can certify the accuracy
of the reconstructed state without making any technical
assumptions about the state in the laboratory. The first
scheme requires unitary control and local measurements
while the second scheme removes the need for unitary
control at the cost of more elaborate post-processing.

A. Scheme based on unitary transformations

The key idea of the method consists of a sequential
procedure to disentangle the left hand side of the chain
from the right hand side, using a sequence of unitary
operations with small interaction length independent of
N . The result will be a product state and a sequence
of local unitary operations from which to construct the
original state.

Suppose the ideal state in the laboratory is %̂ = |φ〉〈φ|,
which we assume for clarity is a MPS of given bond di-
mension. This implies that the rank of reductions to
one part of a bipartite (left vs. right) split of the chain
is bounded by a constant R. The protocol starts by
estimating, through standard state tomography, the re-
duced density matrix of the first κ = dlogd(R)e+ 1 sites,

FIG. 1. Quantum circuit that transforms |φ〉 into

|0〉⊗N−κ+1 ⊗ |η〉 with κ = 3. The unitaries Ûi successively
disentangle the particles and the state |η〉 on the last sites
acts as a boundary condition to determine the MPS descrip-
tion of |φ〉.

σ̂ ≈ trκ+1,...,N [%̂]. This reduced density matrix has the

eigendecomposition σ̂ =
∑R
r=1 σr|φr〉〈φr| where the rank

R ≤ dκ−1. Hence there exists a density matrix with one
fewer qudit that has the same rank R and eigenvalues σr
as σ̂. Therefore we can disentangle the first site in σ̂ with
the following unitary acting on the first κ sites:

Û =

d−1∑

s=0

dκ−1−1∑

s′=0

|s〉1 ⊗ |s′〉2,...,κ〈φsdκ−1+s′+1|1,...,κ, (1)

where |φ1〉, . . . , |φR〉 have been extended in some arbi-
trary way to get a complete basis for sites 1, . . . , κ. Ap-
plying Û produces the state Û |φ〉 = |0〉1⊗|v〉2,...,N , where

|v〉 is some pure state on sites 2, . . . , N . Hence Û disen-
tangles the first qudit from all the others. Now, set aside
this first qudit, look at sites 2, . . . , κ+ 1, and repeat the
above process as indicated on Fig. 1. In this way, one ob-
tains a sequence of unitaries Û1, . . . , ÛN−κ+1, where each

Ûi acts on sites i, . . . , i+κ−1. This sequence transforms
|φ〉 into ÛN−κ+1 · · · Û1|φ〉 = |0〉⊗N−κ+1 ⊗ |η〉, where |η〉
is some pure state on the last κ− 1 sites.

In summary, this scheme infers the quantum circuit
used to prepare an MPS [17]. The MPS decomposition of
|φ〉 can then be obtained readily from the Ui and |η〉 [18].
If the state in the laboratory %̂ is arbitrary, then the
reduced density matrices σ̂ will generally have full rank.
Hence in each step we will need to truncate the κ qudit
state σ̂ to a rank R subspace with R < dκ−1. Then the
above method will produce an MPS approximation to %̂.
The accuracy of this estimate can be certified, without
any assumptions on the state, by keeping track of the
effects of truncating each of the reduced states σ̂. As
shown in the Methods, errors of magnitude ε due to finite
measurement precision or truncation error (as measured
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by the weight of the truncated space) accumulate at most
linearly with the number of sites, and can be evaluated
directly from the data, leading to an estimate of accuracy
Nε.

The present scheme requires unitary control of κ neigh-
boring qudits, which is challenging to implement in many
current experimental settings. We now present a second
scheme that avoids unitary control and requires only lo-
cal measurements.

B. Scheme based on local measurements:
Certification of estimated state

Consider again the state %̂ in the laboratory and sup-
pose that a tomographically-complete set of local mea-
surements on all groups of k neighbouring qubits has
been performed. Further suppose that sufficient data has
been taken to yield estimates σ̂i of the local reductions
%̂i = tr1,...,i;i+k+1,...,N [%̂] such that

‖%̂i − σ̂i‖tr ≤ εi . (2)

Determining these approximate reduced density opera-
tors σ̂i completes the experimental work. In the remain-
der we describe the classical post-processing that will re-
sult in a MPS estimate |ψ〉 to %̂ and a lower bound to the
fidelity 〈ψ|%̂|ψ〉 [19] that does not require assumptions on
the nature of the state %̂.

We start with the latter, since the following easy
calculation yields the fidelity bound we have in mind
and hints at the MPS estimate we are after. Suppose,
for the sake of the argument, that |ψ〉 is the unique
ground state (with energy zero) of a local Hamiltonian

Ĥ =
∑
i ĥi, where the ĥi is a projection operator act-

ing only on sites i+ 1, . . . , i+ k (as it turns out, generic
MPS are of this type). Then, expanding in the eigenbasis

Ĥ =
∑2N−1
n=0 En|En〉〈En|,

tr[Ĥ%̂] ≥ ∆E
∑

n>0

〈En|%̂|En〉 = ∆E(1− 〈ψ|%̂|ψ〉), (3)

where we denoted by ∆E the energy gap above the
ground state |ψ〉. Hence, we have the fidelity bound

〈ψ|%̂|ψ〉 ≥ 1−
∑
i tr[hiρ̂]

∆E
≥ 1− 1

∆E

(∑

i

tr[ĥiσ̂i] + εi

)
.

(4)

In other words, the Hamiltonian acts as a witness for its
ground state |ψ〉. This bound is tight: suppose the ex-
perimental estimates σ̂i and the reductions of the state
in the laboratory %̂i coincide, that is εi = 0. If, in addi-
tion, the reductions of |ψ〉 match the σ̂i then, as |ψ〉 was
assumed to be the unique ground state with energy zero

of
∑
i ĥi, we have

∑
i tr[ĥiσ̂i] = 0, i.e., 〈ψ|%̂|ψ〉 = 1.

The goal is now clear: find a local gapped Hamilto-
nian Ĥ such that the reductions of its ground state are

close to the σ̂i. A priori it is unclear whether such a con-
venient witness always exists and how it could be found
efficiently. However, using formal methods, one can show
that if the true state %̂ is close to a generic MPS, then
such a witness Hamiltonian always exists [10]. What is
more, it can be constructed from the estimate of the algo-
rithm sketched below. Its properties, chief among them
the gap, are efficiently computable. In the Methods sec-
tion, we detail the efficient computation of these quan-
tities, and we also consider how to treat states such as
the GHZ for which local marginals alone are not quite
sufficient for complete characterization (they violate our
“generic” condition).

C. An illustrative example

We illustrate how our certification procedure operates
if our estimate for the state %̂ is a linear cluster state
[20]. The cluster state is defined as the unique eigenstate

(with eigenvalue +1) of stabilizers K̂i = Ẑi−1X̂iẐi+1

for all i = 2, . . . , N − 1 (together with boundary terms

X̂1Ẑ2 and ẐN−1X̂N , which we do not treat separately for
simplicity). Assume that we have performed standard
quantum state tomography on sets of three neighbour-
ing spins, k = 3, which is the smallest useful set because
in a cluster state the rank of the reduced density ma-
trices of contiguous blocks is upper bounded by R = 4.
Let us now assume that on the basis of these data, our
procedure suggests that the linear cluster state is indeed
our estimate. The local Hamiltonian in this case is given

by Ĥ =
∑
i(1 − K̂i)/2, where the (1 − K̂i)/2 = ĥi are

projectors, Ĥ has the cluster state as its unique ground
state (with energy zero) and an energy gap ∆E = 1. The
fidelity between the cluster state |ψCS〉 and the state %̂ is

bounded by 〈ψCS |%̂|ψCS〉 = 1−∑i(tr[ĥiσ̂i] + εi), where
εi from Eq. (3) quantifies the statistical and experimen-

tal error in the local experimental estimates, and tr[ĥiσ̂i]
quantifies how much the laboratory state %̂ deviates from
an exact cluster state.

Tomography on a cluster state can also be performed
with the scheme based on unitary transformations. A
cluster state is the output of a quantum circuit where
each qubit is initially prepared in the state |+〉 =

1/
√

2
(
|0〉+ |1〉

)
and a controlled phase transformation

CZ acts successfully on each pair of neighboring qubits.
The CZ gate changes the sign of state |11〉 and acts
trivially on the other states of the computational basis.
Thus, a cluster state is the output of a circuit whose
structure corresponds to the one indicated on Fig. 1 with
κ = 2 and the scheme based on unitary transformations
directly applies. Note that the unitary scheme takes ad-
vantage of the decreased rank of a reduced density matrix
on the boundary to save one qubit worth of local tomo-
graphic effort (κ = 2 vs. k = 3).
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D. Scheme based on local measurements: Efficient
determination of an MPS estimate

With the experimentally obtained σ̂i, we now turn to
the task of finding an MPS |ψ〉 such that its reductions
tr1,...,i;i+k+1,...,N [|ψ〉〈ψ|] closely match the σ̂i. In other

words: Let P̂ i,km be all possible products of Pauli oper-
ators (enumerated by m) that act non-trivially only on

sites i+ 1, . . . , i+ k. Then, as the P̂ im are an orthogonal
basis, the σ̂i may be expanded as

σ̂i =
1

2N

∑

m

tr[σ̂iP̂
i
m]P̂ im, (5)

where the expectations tr[σ̂P̂ im] ∈ R are obtained as re-
sults of tomographic measurements. Then we need to
find a matrix |ψ〉〈ψ| such that for all m and i the ex-

pectations tr[|ψ〉〈ψ|P̂ im] coincide with those of the tomo-

graphic estimates, tr[|ψ〉〈ψ|P̂ im] = tr[σ̂iP̂
i
m].

The method of choice for such a problem is singular
value thresholding (SVT) [21, 22], which has been devel-
oped very recently in the context of classical compres-
sive sampling or matrix completion [23] and may also be
applied to the quantum setting [24–28]. SVT is a re-
cursive algorithm that provably converges to a low-rank
matrix satisfying constraints of the type tr[|ψ〉〈ψ|P̂ im] =

tr[σ̂iP̂
i
m]. Unfortunately, a straightforward application of

SVT requires time and memory that scale exponentially
with the number of particles. However, a modification of
the algorithm allows us to overcome this problem.

Given the measured values tr[σ̂iP̂
i
m] the algorithm may

then be described as follows. First set up the operator
R̂ =

∑
m,i tr[σ̂iP̂

i
m]P̂ im/2

N and initialize Ŷ0 to some arbi-

trary matrix (e.g., the zero matrix). Then proceed recur-
sively by finding the eigenstate |yn〉 with largest eigen-

value, yn, of Ŷn and set

X̂n = yn
∑

m,i

〈yn|P̂ im|yn〉
2N

P̂ im,

Ŷn+1 = Ŷn + δn(R̂− X̂n).

(6)

So far, this algorithm still suffers from the fact that in ev-
ery step the 2N ×2N matrix Ŷn needs to be diagonalized.

However, the Ŷn are of the form
∑M
m,i am,iP̂

i
m, am,i ∈ R,

where the P̂ im act non-trivially only on sites i+1, . . . , i+k,
i.e., they have the form of a local “Hamiltonian”. Hence,
|yn〉 can be determined as the highest energy state of
this Hamiltonian. For this task standard methods have
been developed in condensed matter physics [13, 29] for
which the number of parameters scale polynomially in
the system size and converge rapidly [30, 31] to the op-
timal MPS approximation. The standard but exponen-
tially inefficient SVT algorithm possesses a convergence
proof while our efficient modification does not. Hence,
we now present numerical examples for different target
states |φ〉 to demonstrate the feasibility and efficiency of
the proposed algorithm.

n 100
200

300
400

1
N2

1
1021

122
1

1621
302

1
82

100

300

500

700

1
1−fN,n

FIG. 2. Performance of the MPS-SVT algorithm for the
ground state (the target state |φ〉) of the critical Ising model.
We chose k = 2, i.e., only nearest neighbour reductions are
used to reconstruct the state. Plot illustrates the scaling of
the error in the fidelity 1− fN,n = 1− |〈φ|yn〉|2 ∼ N2/n with
the number of spins N and the iterations n of the algorithm.

These numerical examples suggest convergence of our
algorithm to a MPS that closely matches the experimen-
tally obtained reductions σ̂i. To arrive at the fidelity
bound we follow the steps of Section II B: (i) Obtain es-
timates σ̂i of the reductions to k adjacent spins %̂i of the
state in the laboratory such that ‖σ̂i − %̂i‖tr ≤ εi, (ii)

compute the expectations pmi = tr[σ̂iP̂
i
m], which are the

input to the MPS-SVT algorithm, (iii) obtain a MPS es-
timate |yn〉, the reductions of which closely match the
σ̂i by utilizing the MPS-SVT algorithm. As |yn〉 is an
MPS, one can then efficiently obtain a parent Hamilto-
nian [10] and a lower bound, ∆, on the energy gap above
the ground state (see Methods for details). Putting all
this together, the above programme returns a state |yn〉,
its parent Hamiltonian Ĥ =

∑
i ĥi, and a number ∆ such

that

〈yn|%̂|yn〉 ≥ 1−
∑
i(εi + tr[ĥiσ̂i])

∆
. (7)

E. Example: Strongly interacting quantum systems

We start with ground states of nearest-neighbor Hamil-
tonians on a chain, i.e., the |φ〉 = |gs〉 are completely de-
termined by all the reductions to two adjacent spins and
we expect the above algorithm not only to produce states
that match the reduced density matrices of the ground
states but, in fact, states that are themselves close to the
ground states. Among ground states of one-dimensional
nearest-neighbor Hamiltonians, those at a critical point
are the most challenging to approximate by MPS as they
violate the entanglement area law [32]. We demonstrate
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N

�
1 − fN,n

0.1
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15 20 25 30

FIG. 3. Fidelity fN,n = |〈φ|yn〉|2, for a fixed value n = 5, as
a function of the number of spins N for the ground state (the
target state |φ〉) of the random nearest-neighbour Hamiltoni-
ans of Eq. 8. As in Fig. 2, we chose k = 2 to reconstruct the
state. The plot shows densities (arrows indicate the mean)
obtained from 1000 random realizations. Similar to the Ising
model, the scaling for fixed n of 1− fN,n is better than ∼N2.

the effectiveness of our algorithm for such an example:
the critical Ising model in a transverse field on a chain
of length N with open boundary conditions. The ground
state of this Hamiltonian is unique and hence it is com-
pletely characterized by its reductions to k = 2 neigh-
bouring sites. In other words, if we find an MPS that has
the same reductions, the fidelity will be one. We proceed
as follows. (i) We obtain the reductions %̂i to two neigh-
bouring sites of the true ground state, (ii) from these

reductions we obtain the expectations pmi = tr[%̂iP̂mi ],
which are the input to the MPS-SVT algorithm. In Fig. 2
we show the fidelity fN,n = |〈yn|φ〉|2 of the true ground
state |φ〉 and the n’th iterate of the above algorithm as
a function of n and the length N of the chain. It shows
that for fixed system size 1 − fN,n decreases as ∼ 1/n
while for fixed n it increases slower than N2. This pro-
vides an indication that our algorithm is polynomial in
the system size.

The Ising model is solvable and, in order to show that
we are not considering a special case that is particu-
larly favourable, we also consider one-dimensional ran-
dom Hamiltonians of the form

Ĥ =

N−1∑

i=1

r̂
(i)
i r̂

(i)
i+1, (8)

where the r̂
(i)
i , r̂

(i)
i+1 act on spin i and i+ 1, respectively,

and are hermitian matrices with entries that have real
and imaginary part picked from a uniform distribution
over [−1, 1]. For each Hamiltonian, as before, we first

determine the ground state |gs〉 (our target state |φ〉)
and its reductions and then computed the fidelity fN,n
after n iterations of the MPS-SVT algorithm, see Fig. 3.

F. Example: W-state preparation in ion traps

Our method is of interest for many situations in which
standard tomography will not be feasible. This is the
case for the verification of state preparation in experi-
ments with too many particles. An example is the recent
ion trap experiment [3] for the preparation of W-states,

|φ〉 = (|10 · · · 0〉 + |010 · · · 0〉 + · · · + |0 · · · 01〉)/
√
N , that

were limited to 8 qubits principally because the classi-
cal postprocessing of data became prohibitive for longer
chains. Here we demonstrate the efficiency of our ap-
proach (we are not limited to few ions and demonstrate
convergence for up to 20 ions – even higher number of
ions are easily accessible due to the MPS alteration of
the SVT method) by illustrating how one would postpro-
cess experimentally obtained reduced density matrices to
guarantee the generation of |φ〉 or a state very close to it.
Note that, as in the above spin chain examples, one need
only take tomographic data on pairs (k = 2) of neigh-
bouring qubits. We mimic experimental noise by adding
Gaussian distributed random numbers with zero mean
to the pmi . After initializing the algorithm with Ŷ0 = R̂,

where we obtain R̂ from the MPS representation of |φ〉,
we use xn :=

∑
mi
|pm,i−〈yn|P̂ i,km |yn〉| as a figure of merit

for convergence, i.e., after a given number of iterations,
we pick the |yn〉 with minimum xn. The result of such a
procedure is shown in Fig. 4.

III. DISCUSSION

We have presented two schemes that efficiently produce
an MPS description as a tomographic estimate of a quan-
tum state, along with a tight fidelity bound. We empha-
size that no assumptions are necessary for our scheme; if
no such MPS description exists, this will be evident from
the local tomographic data and our schemes will herald
a failure. However, the enormous successes of MPS for
describing both one-dimensional quantum systems found
in nature as well as a host of states relevant to quantum
information ensures that our methods will be very useful
in practice.

So far we presented the method for pure states and one-
dimensional systems. Various generalizations are pos-
sible: Our first scheme using unitary control can also
handle mixed states corresponding to small ensembles
of pure MPS. Suppose we are presented with a state %̂
that is a mixture of M pure states, each of which is an
MPS having bond dimension D. Then the reduction of
%̂ to any subsystem has rank at most MD. We can pro-
ceed as before, performing unitary operations on blocks
of κ = dlogd(MD)e + 1 sites, in order to disentangle in-
dividual sites from the rest of the chain. At the end of
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FIG. 4. Performance of the MPS-SVT algorithm for W-
states, |φ〉 = (|10 · · · 0〉+ |010 · · · 0〉+ · · ·+ |0 · · · 01〉)/

√
N . We

are not limited to few ions and demonstrate convergence for
up to 20 ions – even higher number of ions are easily acces-
sible due to the MPS alteration of the SVT method, demon-
strating the efficiency of our approach. We mimic experimen-
tal noise by adding Gaussian distributed random numbers
with zero mean to the local expectations pmi = tr[σ̂iP̂mi ] and
show results for n = 4000 MPS-SVT iterations. Plot shows
fN,n = |〈φ|yn〉|2 as a function of the number of ions, N , for no
noise (dots) and Gaussian noise (densities obtained from 100
realizations for each N , arrows indicate mean) with a stan-
dard deviation of 0.005 (blue; only even values of N plotted
for clarity) and 0.01 (black, odd N).

the chain, we will find a mixed state η of rank M on the
last κ− 1 sites. We decompose η as a mixture of M pure
states. This yields a representation of %̂ as an ensemble of
M pure MPS, each with bond dimension at most dMD.

Our second scheme using local measurements can also
be extended to handle mixed states. While the k-particle
reduced density matrices do not uniquely determine the
mixed state %̂, reconstructions of better and better qual-
ity can be obtained by increasing k. As an example,
suppose %̂ is the Gibbs state corresponding to a k-local
Hamiltonian Ĥ, i.e. the state minimizing the free energy

tr[%̂Ĥ]− TS(%̂). (9)

The first term is, as before, determined by the reduced
density matrices. The entropy of the total state how-
ever can only be learned exactly from the complete den-
sity matrix. Yet, for essentially all reasonable physical
systems, the entropy density limk→∞ S(trk+1,...(%̂))/k in
the thermal state of a Hamiltonian exists [33] (In partic-
ular, finitely correlated states are precisely those states
whose entropy density is exactly equal to S(trk+1,...(%̂))−
S(trk,...(%̂)) for some finite value of k). As a consequence,
the total entropy of the state can be estimated efficiently
from knowledge of the reduced density matrices. Hence,
our second scheme using local measurements may be ex-

tended to mixed states by considering purifications and
can then, e.g., also handle thermal states of local Hamil-
tonians, under the physically reasonable assumption that
the entropy density exists [33]. In addition, it can be gen-
eralized to all mixed finitely correlated states (FCS) [9],
though it is not always possible to certify the resulting
estimates.

Higher-dimensional systems are more challenging, be-
cause the most straightforward generalization of MPS,
known as projected entangled-pair states (PEPS) [34],
cannot be computed as efficiently. However, the certifi-
cation method using a frustration-free parent Hamilto-
nian remains efficient in the case of qubits with nearest-
neighbor couplings [35]. Combinations of our techniques
can be used to reconstruct other classes of states, such
as tree tensor networks [36] and multiscale entanglement
renormalization ansatz (MERA) states [37], for which ef-
ficient heuristics for minimizing local Hamiltonians are
available.

ACKNOWLEDGMENTS

The authors acknowledge discussion with F.G.S.L.
Brandão at early stages of this project. The work at
Ulm University has been supported by the EU Integrated
Project QAP, the EU STREP’s CORNER and HIP and
an Alexander von Humboldt Professorship. SDB ac-
knowledges the support of the Australian Research Coun-
cil and the Perimeter Institute. STF and RS were sup-
ported by the Perimeter Institute for Theoretical Physics.
Research at Perimeter is supported by the Government of
Canada through Industry Canada and by the Province of
Ontario through the Ministry of Research & Innovation.
DG is glad to acknowledge support from the EU (COR-
NER). OLC and DP are partially funded by NSERC and
FQRNT. YKL is funded by the US ARO/NSA.

IV. METHODS

We start by recalling the MPS representation of a state
|ψ〉 with open boundary conditions (generalisations to pe-
riodic boundary conditions are entirely straightforward).

|ψ〉 =

d1−1∑

s1=0

· · ·
dN−1∑

sN=0

M1[s1] · · ·MN [sN ]|s1 · · · sN 〉, (10)

where the Mi[s] are Di × Di+1 matrices with D1 =
DN+1 = 1. We denote the bond dimension by D =
maxDi.

A. Direct tomography

This method proceeds by disentangling all the qudits
of the chain sequentially. Thus, it yields a valid MPS
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description if every unitary exactly disentangles one qu-
dit. Put another way, while it is crucial to obtain a good
estimate of the dκ−1-dimensional subspace on which σ̂ is
supported, it is not necessary to identify the eigenvectors
of σ̂ exactly : any set of orthonormal vectors generating
the subspace is sufficient for our tomography procedure
and leads to an MPS description in another gauge [10].
This property will be central to our error analysis.

To understand the effect of errors and imperfections in
our tomography procedure, consider the very first step
of the recursive procedure. Tomography is performed on
the first κ sites to ideally find a state with non-maximal
support, and unitary Û1 is applied to rotate that state
into the subspace Hcutoff

1 = |0〉 ⊗ (Cd)⊗n−1. In any ex-

perimental setting, the resulting state Û1|φ〉 would surely
not lie entirely in that subspace. This can be either be-
cause the state of the system is not exactly an MPS with
bond dimension D, but merely close to one or because
our estimate of the density matrix σ̂ on sites 1 to κ is
slightly wrong due to measurements that are, in prac-
tice, noisy and restricted to finite precision. Indeed, we
can expect that the reduced density matrix on the first κ
sites will actually be full-rank, though most of its prob-
ability mass will lie on a subspace of dimension at most
D. So, each time we apply a disentangling operation Ûi,
we also want to truncate the reduced state to the desired
subspace. Similarly, a faulty estimate of σ̂ will result in
a small probability mass that lies outside the estimated
support.

Given an estimated disentangling unitary Û1, any state
|φ〉 can be expressed as

Û1|φ〉 =
|0〉 ⊗ |η1〉+ |e1〉√

1 + 〈e1|e1〉
(11)

where |e1〉 is some sub-normalized error vector supported

on the subspace orthogonal to Hcutoff
1 . The unitary Û1

is chosen to minimize the norm ε1 = 〈e1|e1〉 of this error
vector. It is possible to directly estimate the magnitude
of the error ε1 by measuring the first qudit in the stan-
dard basis; the error is equal to the population of the
non-zero states.

In subsequent steps of the recursion, we are given a
state of the form

Ûi . . . Û1|φ〉 =
|0〉⊗i ⊗ |ηi〉+ |ecm

i 〉√
1 + 〈ecm

i |ecm
i 〉

(12)

where |ecm
i 〉 is the accumulated error vector that lies in

the subspace orthogonal to Hcutoff
i = |0〉⊗i ⊗ (Cd)⊗N−i.

As a first step, we can truncate this error vector by mea-
suring the first i particles in the standard basis and post-
select on the all-zero outcome. This occurs with a proba-
bility roughly 1− εcm

i , and leaves the system in the state
|0〉⊗i ⊗ |ηi〉. We then repeat the steps leading to Eq. 11
with the post-selected state |ηi〉. The resulting state will

be

Ûi+1Ûi . . . Û1|φ〉 =
|0〉⊗i ⊗ Ûi+1|ηi〉+ Ûi+1|ecm

i 〉√
1 + 〈ecm

i |ecm
i 〉

(13)

=
|0〉⊗i+1 ⊗ |ηi+1〉+ |ecm

i+1〉√
1 + 〈ecm

i+1|ecm
i+1〉

(14)

where

|ecm
i+1〉 =

|ei〉+ Ui+1|ecm
i 〉√

1 + 〈ecm
i |ecm

i 〉
(15)

and therefore εcm
i+1 ≤ εcm

i + εi+1.
Thus, we see that errors accumulate linearly with

the number of particles; if we denote |ψ〉 =

Û†1 . . . Û
†
N−κ+1|0〉N−κ+1|ηN−κ+1〉 the estimated MPS, we

have

∥∥|φ〉 − |ψ〉
∥∥ =

∥∥∥|ecm
N−κ+1〉

∥∥∥ ≤
N−κ+1∑

i=1

∥∥|ei〉
∥∥ ≤ N ε (16)

where ε = maxi
∥∥|ei〉

∥∥. The overall error is at most the
sum of the individual errors on each step. In addition,
each of the εi is revealed during the tomographic proce-
dure because they correspond to the post-selection suc-
cess probability. This provides a direct method to certify
the inferred state.

B. Parent Hamiltonians

Let |ψ〉 be as in (10) and such that
∑
sMi[s]Mi[s]

† = 1

for all i = 1, . . . , N . This can always be achieved by
subsuming qudits at the beginning and end of the chain
into qudits with higher dimension and successive singular
value decompositions [9, 10]. Now let N, k ∈ N such that
N/k ∈ N, and assume that the MPS is injective [10] such
that for all j = k, . . . , N − 2k the set

{
Mj+1[s1] · · ·Mj+k[sk]

∣∣∣ si = 1, . . . , di

}
(17)

spansCDj+1×Dj+k+1 . Then |ψ〉 is the unique ground state
of

Ĥ =

N/k−2∑

n=0

P̂n, (18)

where P̂n is the projector onto the subspace orthogonal
to the range of the mapping Γn : CDnk+2k+1×Dnk+1 →
Cdnk+1···dnk+2k ,

Γn(X) =
∑

snk+1,
...,

snk+2k

tr
[
XMnk+1[snk+1] · · ·Mnk+2k[snk+2k]

]

×|snk+1 · · · snk+2k〉.
(19)
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To get an efficiently computable lower bound the energy
gap, we use

∆E = max

{
λ
∣∣∣ Ĥ(Ĥ − λ) ≥ 0

}
. (20)

We find

Ĥ2 = Ĥ +
∑

n,m
n 6=m

P̂nP̂m ≥ Ĥ +
∑

n,m
1≤|n−m|k≤2k

P̂nP̂m + P̂mP̂n
2

,

(21)
where we omitted non-negative summands. Now consider
the following quantity, which will bound the individual
terms in the previous equation,

γn,m = min

{
λ
∣∣∣ P̂nP̂m + P̂mP̂n + λ(P̂n + P̂m) ≥ 0

}

= min

{
λ
∣∣∣ (P̂n + P̂m)2 ≥ (1− λ)(P̂n + P̂m)

}

= 1−max

{
λ
∣∣∣ (P̂n + P̂m)2 ≥ λ(P̂n + P̂m)

}
,

(22)

where the maximum is given by the smallest non-zero
eigenvalue of P̂n + P̂m. Hence

Ĥ2 ≥ Ĥ −
∑

n,m
1≤|n−m|k≤2k

γn,mP̂n ≥ (1− γ)Ĥ, (23)

and therefore we have the lower bound ∆E ≥ 1 − γ,
where

γ = max
0≤n≤N

∑

m
1≤|n−m|k≤2k

γn,m. (24)

Injectivity may fail to hold in certain singular cases.
The simplest example given by the family of GHZ-type
states 1√

2
(|0, . . . , 0〉 + eiφ|1, . . . , 1〉). Since any local re-

duced density matrix is independent of φ, it is impossible
to distinguish the members of that family based on local
information alone. Indeed, in this example, the ground
state space of Ĥ will be two-dimensional, spanned by
|0, . . . , 0〉 and |1, . . . , 1〉. One may check that the gap
analysis above continues to hold in the degenerate case
(unlike the original in [9]), now certifying the overlap
between %̂ and the ground-state space. This fact alone
implies an exponential reduction in the number of un-
known parameters. It is easy to see that the small re-
maining uncertainty about %̂ can be lifted in our example
by measuring the “string operator” σx ⊗ . . .⊗ σx, which
has expectation value cosφ. Using e.g. the results of [38],
the method of this particular example immediately gen-
eralizes to any MPS with a two-fold degeneracy, such
as the W state. Higher degeneracies may be treated by
straight-forward, but more tedious, methods.
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We consider the entanglement between two internal states of a single atom and two photon number states
describing either the vacuum or a single photon and thus containing, on average, less than one photon. We
show that this intriguing entanglement can be characterized through substantial violations of a Bell inequality by
performing homodyne detections on the optical mode. We present the experimental challenges that need to be
overcome to pave the way toward a loophole-free Bell test.
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I. INTRODUCTION

Is quantum physics a complete theory, or does the descrip-
tion of nature’s laws require local-hidden-variable theories?
The answer to this question, which was asked by Einstein,
Podolsky, and Rosen in 1935, can be found by realizing
a Bell test [1]. On the one hand, two distant observers,
who have performed appropriate measurements on entangled
photon pairs, have observed correlated results violating a Bell
inequality even though the measurement choices were made
long after the pair creation [2] and even though the photons
were too far from each other to agree on the results once
they knew the measurement basis [3]. On the other hand,
two ions close to each other have also exhibited the violation
of a Bell inequality even though they were forced to give a
result at each trial [4]. But to constitute a definitive answer, it
would be necessary to close all the loopholes in the same Bell
experiment, i.e., to perform a Bell test both at a distance and
with high detection efficiencies.

Closing the detection loophole for the Clauser-Horne-
Shimony-Holt (CHSH) inequality [5] requires overall detec-
tion efficiencies larger than 82.8% for a maximally entangled
state and larger than 66.7% using partially entangled states
[6] in the absence of other imperfections. This threshold
detection efficiency can further be lowered using states with
a dimension higher than qubits. For example, in Ref. [7], it
has been shown that a detection efficiency of 61.8% can be
tolerated using four-dimensional states and a four-setting Bell
inequality. However, considering realistic noise, achievable
coupling into the quantum channel (usually an optical fiber),
and detection efficiencies, one rapidly becomes aware that
closing the detection loophole in an optical Bell test is
extremely challenging.

The problem of the single-photon detection efficiency might
be circumvented by using homodyne measurements, which
are known to be very efficient [8–10]. In this framework,
theoretical proposals leading to substantial violations of Bell’s
inequalities and combining feasible states and measurements
have been put forth recently [11].

An attractive alternative is to use an asymmetric con-
figuration involving, e.g., atom-photon entanglement. Since
the atom can be detected with an efficiency close to 1, the
detection efficiency on the photon side is lower than the case
wherein the detections at both sides are inefficient [12,13]—
as low as 50% for the CHSH inequality and 43% for a

three-setting inequality. Furthermore, the photon is naturally
used to distribute entanglement over long distances so that the
choice of the measurement on one side and the measurement
result on the other side can easily be spacelike separated. Note
that the entanglement between internal states of an atom and
the polarization degree of freedom of a photon have already
been observed experimentally [14–16]. Such entanglement
has further been used to entangle remote atoms from an
entanglement-swapping operation [17]. We focus on the
entanglement between internal states of an atom and a partially
filled optical mode, containing on average less than one photon,
as described in detail in Sec. II. We propose Bell-type scenarios
either combining a homodyne detection and a photon counting
on the optical mode or using homodyne detections only to
characterize this special entanglement. Although homodyne
detections are used, we show in Sec. III that unexpectedly large
violations of the CHSH inequality can be observed. We also
present a feasibility study in Sec. IV. We provide the minimal
entanglement generation and photon-counting efficiencies that
are required to close the detection loophole. We then give the
typical distance that is necessary to close the locality loophole.
We also take the branching ratios into account, we analyze the
effect of the atomic motion, and we present the requirement
on the optical-path-length stability. The last section is devoted
to the conclusion.

II. ENTANGLEMENT CREATION BETWEEN ONE ATOM
AND LESS THAN ONE PHOTON

Let us start with a description of the methods enabling
the creation of entanglement between two atomic states
and a single optical mode containing on average less than
one photon. Consider an atom with a lambda-type level
configuration (as depicted in Fig. 1), initially prepared in the
state g. A pump-laser pulse with the Rabi frequency � partially
excites the atom in such a way that it can spontaneously decay
to the level s by emitting a photon [18]. Long after the decay
time of the atom, the atom-photon state is given by

ψφ = cos θ |g,0〉 + eiφ sin θ |s,1〉, (1)

where θ = 1
2

∫
ds�(s) refers to the area of the pump pulse.

The phase term is defined by φ = kprp − ksrs , where kp

(and ks) correspond to the wave vector of the pump (and the
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FIG. 1. Basic level scheme for the creation of entanglement
between one atom and one optical mode containing on average less
than one photon. The branching ratio is such that when the atom is
excited, it decays preferentially in s.

spontaneous photon) and rp (and rs) are the atom position
when the pump photon is absorbed (and the spontaneous
photon is emitted). Note that φ may vary in practice, e.g., due
to atom-position variations. The requirements for the phase
stability are studied in detail below, but we first answer this
question: can the entanglement between an atom and a partially
filled optical mode be measured from the violation of a Bell
inequality?

III. HOMODYNE DETECTIONS IN AN ASYMMETRIC
BELL TEST

A. Principle of the Bell test

First, let us recall the principle of a Bell-CHSH test. Two
distant observers, usually named Alice and Bob, share a
quantum state. Each of them randomly chooses a measurement
among two projectors, {Xi} for Alice and {Yj } for Bob, where
i,j ∈ [1,2], and each obtains a binary result, {ai} and {bj }
for Alice and Bob, respectively. By repeating the experiment
several times, Alice and Bob can compute the conditional
probabilities p(aibj |XiYj ). They can then easily deduce the
value of the CHSH parameter

S = EX1Y1 + EX1Y2 + EX2Y1 − EX2Y2 , (2)

where E(XiYj ) = p(ai = bj |XiYj ) − p(ai �= bj |XiYj ).
Alice and Bob will conclude that the observed correlations
cannot be described by local-hidden-variable theories if they
find measurement settings such that S > 2. Note that all
possible states leading to a violation of a Bell inequality are
entangled. Therefore, a Bell test can be seen not only as a test
of the laws of nature but also as a witness of entanglement.

B. Bell test with one atom and less than one photon

Now, consider the specific case in which Alice and Bob
share a state of the form (1). Alice applies projective measure-
ments on the atomic states and can freely choose projections on
arbitrary vectors −→vj = cos αj

2 |g〉 + eiϕj sin αj

2 |s〉 of the Bloch
sphere. For each measurement Xj, j = 1,2, and Alice sets
aj = +1 if she gets a result along −→vj and aj = −1 if the
result is directed along −→vj

⊥. Bob applies measurements on the
optical mode and chooses either to count the photon number
Y1 = n or to measure the quadrature Y2 = cos ζ X̂ + sin ζ P̂ .

When he measures n, he naturally sets b1 = +1 if the result is

positive and b1 = −1 if there is no photon. When he performs
the quadrature measurement, he gets a real number x. He then
has to process this result to get binary outcomes. He decides
to attribute the results b2 = −1 if the result is negative (x � 0)
and b2 = +1 otherwise.

We now show that Alice and Bob can obtain a substantial
violation of the CHSH inequality for appropriate settings. But
let us first detail the calculation of probability distributions
p(aibj |XiYj ) for the four pairs of measurements separately.
When Bob measures n, he gets b1 = −1 with the probability
cos2 θ , and Alice’s qubit is projected into |g〉. Therefore,

p(+1, − 1|XjY1) = cos2 θ |〈−→vj |g〉|2 = cos2 θ

(
1 + cos αj

2

)
.

Similarly,

p(−1, − 1|XjY1) = cos2 θ |〈−→vj
⊥|g〉|2

= cos2 θ

(
1 − cos αj

2

)
.

Following similar lines for b1 = +1, one finds

p(aj , + 1|XjY1) = sin2 θ

(
1 − aj cos αj

2

)
,

leading to

EXj Y1 = − cos αj . (3)

When Bob measures Y2 and obtains b2 = −1, Alice’s state is
projected into

ρA
b2=−1 = cos2 θ

∫ 0

−∞
dx |
0(x)|2 |g〉〈g|

+ 1

2
sin 2θe−iφeiζ

∫ 0

−∞
dx
∗

1(x)
0(x)|g〉〈s|

+ 1

2
sin 2θeiφe−iζ

∫ 0

−∞
dx
∗

0(x)
1(x)|s〉〈g|

+ sin2 θ

∫ 0

−∞
dx |
1(x)|2 |s〉〈s|,

where 
0(x) = 〈x|0〉 and 
1(x) = 〈x|1〉 are the probability-
amplitude distributions for the vacuum and single-photon Fock
states, respectively [
n(x) = 1

(2nn!
√

π )1/2 Hn(x)e−x2/2, where
Hn(x) is the Hermite polynomial]. p(+1, − 1|XjY2) is merely
deduced from 〈−→v j |ρA

b2=−1|−→v j 〉 and p(−1, − 1|XjY2) from

〈−→v ⊥
j |ρA

b2=−1|−→v ⊥
j 〉. One can check that p(aj , + 1|XjY2) has

the same expression as p(aj , − 1|XjY2), but where the
integration over dx runs from 0 to +∞, one finds

EXj Y2 =
√

2

π
sin αi sin 2θ cos(ϕj − φ + ζ ).

Interestingly, this expression is the same, up to a factor of√
2/π , as the expression of the correlator when Bob applies

a perfect qubit measurement along cos ζσx + sin ζσy . This
invites us to interpret the homodyne measurement above (with
the binning x � 0 → b2 = −1 and x > 0 → b2 = +1 in the
{|0〉,|1〉} subspace) as a noisy qubit measurement in the xy

plane of the Bloch sphere with visibility
√

2/π as was also
noticed in Ref. [19].
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Substituting the correlators by their expressions into Eq. (2),
one obtains a value of the CHSH polynomial for any state of
the form (1) and for any measurement of Alice. We found
the maximal violation S = −2 cos α1 + 2

√
2/π sin α1 ≈ 2.56

for θ = π/4 and φ = 0, i.e., the φ+ state and for ϕ1 = ϕ2 =
ζ = 0, and α1 = −α2 = 2 arctan(

√
π+√

2+π√
2

). This violation is
the largest that we know in a scenario involving a homodyne
detection in which both the measurements and the state can
be realized experimentally (see Ref. [11] and the references
therein).

C. Bell test with homodyne detections only on the optical mode

A natural question is whether a violation of the CHSH
inequality can also be observed by measuring the optical mode
with homodyne detections only. It turns out that a violation
S = 4/

√
π ≈ 2.26 can indeed be obtained if Alice and Bob

share a maximally entangled state of the form (1) with θ = π/4
and φ = 0, provided that Bob’s measurements are performed
in complementary quadratures Y1 = X̂ and Y2 = P̂ and that
Alice’s measurements correspond to projections along vectors
spanning the (xy) plane with angles ±45◦ between them. This
result can easily be understood using the analogy previously
mentioned. If Bob uses either σx or σy, the CHSH parameter
would be saturated (S = 2

√
2). Since X̂ and P̂ correspond to

such measurements but with the reduced visibility
√

2/π, S is
reduced by the corresponding factor.

IV. IMPERFECTIONS

So far, we have shown that an ideal realization would lead
to significant violations of the CHSH inequality. However,
the story would not be complete without a discussion taking
experimental imperfections into account.

A. Transmission inefficiency

Let ηt be the transmission efficiency which accounts
for all the coupling inefficiencies from the atom to Bob’s
location. The probability amplitude associated with |s,1〉
is now multiplied by

√
ηt , and Alice and Bob can share

the state ψφ
ηt

= 1√
N

(cos θ |g,0〉 + eiφ sin θ
√

ηt |s,1〉) with the

probability N = cos θ2 + sin θ2ηt . Alternatively, the photon
can be lost. Tracing out the lost photon, the resulting state
is |s,0〉, and it contributes to the global state with a weight
sin2 θ (1 − ηt ). To know the sensitivity of the CHSH inequality
with respect to the transmission inefficiency, we thus have to
compute S from the overall state

ρηt
= N

∣∣ψφ
ηt

〉 〈
ψφ

ηt

∣∣ + sin2 θ (1 − ηt ) |s,0〉〈s,0| (4)

for all possible values of θ , φ, ϕ1, ϕ2, ζ , α1, and α2 as a function
of ηt . The result is shown in Fig. 2. In the scenario in which
Bob uses a photon counter and a homodyne detection with
unit efficiencies, a transmission efficiency of ηt = 61% can
be tolerated [see the solid (blue) curve of Fig. 2]. Although
this is certainly demanding, recent results suggest that this
might soon be within reach of experiments [20]. It is also
interesting to study the sensitivity of the violation with respect
to the detection inefficiency. The homodyne measurements
can fairly be considered to have unit efficiencies, but most
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FIG. 2. (Color online) Robustness of the CHSH violation with
respect to the transmission efficiency ηt . The dashed-dotted (purple)
line is associated with the case in which Bob uses two homodyne
detections (with unit efficiencies). The other lines correspond to the
cases in which Bob chooses either a photon counter or a measurement
of a field quadrature. The upper, solid (blue) curve is associated with
a photon detector with unit efficiency ηd = 1. The three dashed lines
are associated with inefficient counting (from ηd = 0.8 to 0.4).

of the single-photon detectors are inefficient. Let ηd be the
efficiency of the photon-counting detector. From an optimiza-
tion similar to the previous one, we find that a threshold
detection of ηd = 39% can be tolerated for a transmission
with unit efficiency. Our scheme is less sensitive to counting
inefficiency than transmission inefficiency since the former
affects only one of Bob’s measurements. The two previous
efficiency thresholds can be compared with a scheme that
exhibits the same asymmetry but uses the entanglement with
the polarization mode [13] and for which the violation of
the CHSH inequality requires ηtηd � 50%. (The effects of
detection and transmission imperfections are the same in this
case since Bob uses two photon-counting detectors.) The latter
is less sensitive to inefficiency in the transmission (for ideal
detectors with ηd = 1) while the scheme we propose is less
sensitive to the detector inefficiency (for transmission with
ηt = 1.) Note also that regarding the results presented in
Refs. [7,13] wherein the threshold efficiency has been lowered
using inequalities with more settings, one could have possible
improvements using inequalities different from the CHSH
inequality. However, we could not find better resistances with
additional binnings for Bob’s results and for more (up to three)
inputs.

In the case in which Bob uses only quadrature measure-
ments, the CHSH inequality can be violated provided that the
transmission efficiency is larger than 79%. This scenario is thus
more robust to the transmission inefficiency than the proposals
of Refs. [7,13] if the single-photon detectors required in the
latter have an efficiency smaller than 63%.

B. Required distance between Alice and Bob

In the previous section, we addressed efficiency issues
related to the photon detection and to the transmission. If we
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intend to close the locality loophole too, we have to determine
how long the state detection takes. It is likely reasonable to
believe that the detection time is limited by the atom [21]. If
the atomic states are read out on the basis of stimulated Raman
adiabatic passage, ultrafast laser ionization, and registration of
the correlated electron-ion pairs with coincident counting via
two opposing-channel electron multipliers [22], we can reach
a measurement time of less than 1 μs. Therefore, the locality
loophole can be closed if Alice and Bob are separated by
300 m. For 800-nm photons, the losses are of 2 dB/km. This
translates into a transmission of 93%.

C. Branching ratio

So far, we have considered that once the atom is excited,
it decays into the state s. Consider the more realistic case
in which the decay from e to s occurs with the probability
fs. Let fg be the probability of a decay into g and faux the
decay probability into other auxiliary states such that fs +
fg + faux = 1. Taking these branching ratios into account, the
state long after the interaction with the pump pulse is

ρf = N ′∣∣ψφ

fs

〉〈
ψ

φ

fs

∣∣ + sin2 θfg|g,0〉〈g,0|
+ sin2 θfaux|aux,0〉〈aux,0|.

ψ
φ

fs
is defined from ψφ

ηt
, where ηt is replaced by fs and

N ′ = cos θ2 + sin θ2fs . We now present a strategy to make
S > 2 (calculated from this state) as soon as fs �= 0. If Alice
chooses to attribute the result aj = −1 when she measures the
atom in the state aux, the correlators calculated from |aux,0〉
are EXj Y1 = 1,EXj Y2 = 0 ∀j ∈ {1,2}, and the resulting S
value is equal to 2 in this case. Moreover, if she chooses
two measurements very close to σz, i.e., (α1 = π − ε,ϕ1 = 0)
and (α2 = −π + ε,ϕ2 = 0), one can check that the S value
computed from the component |g,0〉 is 2 − ε2. If she further
excites the atom so that θ = π/4 and φ = 0 and if Bob chooses
ζ = 0, the S value from ψ

φ

fs
is roughly 2 + 4 ε

1+fs

√
2fs√
π

. The
overall CHSH value is thus given by

S ≈ 2 + 4

√
fs√
2π

ε + o(ε2). (5)

Therefore, in the absence of errors, the only requirement on the
branching ratios to observe a violation of the CHSH inequality
is that once the atom is excited, the probability that it decays
into s has to be nonzero. This Bell test can thus be applied to
a large number of atomic species since it is very resistant to
branching-ratio variations. However, the larger the decay into
s is, the larger the violation.

D. Stability requirements

Let us now focus on the phase-stability constraints. The
phase term of the state (1) has to remain stable from trial to trial.
In practice, however, φ may vary, e.g., due to atom-position
variations. For wave vectors with the same norm ||−→k || =
||−→kp || = ||−→ks ||, the fidelity of the resulting entanglement

ρ = F |ψφ〉〈ψφ| + (1 − F )|ψφ+π 〉〈ψφ+π | (6)

is found to be

F = 1
2

[
1 + e−2a2(n̄+1/2)�k

]
(7)

in the weak-confinement regime [23,24]. a = √
h̄/(2mω) is

the size of the harmonic-trapping-potential ground state for an
atom of mass m within a trap of frequency ω. n̄ is the average
number of thermal quanta of motion, and �k = ||−→k ||(1 −
cos θ ), where θ is the angle between the pump beam and the
emission direction. Hence, the problem of the atomic motion
can not only be overcome by cooling the ions deeply within
the Lamb-Dicke limit (where n̄ is small) but more simply by
collecting the photons scattered in the forward direction where
θ = 0.

Let us also comment on the stability requirement on the
optical path lengths. The local oscillator that is required to
perform the homodyne detections at Bob’s location can be
obtained by removing a fraction of the pump beam with
a beam splitter. In this case, the setup is made of a large
Mach-Zehnder interferometer, and the path-length difference
between the two arms of the interferometer �L has to be
stable so that ||−→k ||�L � 1. Note that temperature variations
change both the refraction index (and thus ||−→k ||) and the
length of the fibers �L. For commercial fibers, several tens of
kilometers long, installed in an urban environment, the typical
time needed for a mean-phase change of 0.1 rad (corresponding
to a fidelity of 0.9) is of the order of 100 μs [25]. This lets
us believe that an active stabilization of the phase should be
possible even for very long interferometers using available
technologies. This is well confirmed by recent experimental
results [26].

V. CONCLUSION

We proposed different scenarios to measure the entangle-
ment between the internal state of an atom and an optical mode
containing, on average, less than one photon. We reported
large violations of a CHSH inequality for both the case
in which one homodyne detection and one-photon counting
are performed on the optical mode and for that involving
two homodyne detections. With homodyne detections only,
a minimal entanglement-generation efficiency of 79% can be
tolerated. This efficiency goes down to 61% if homodyne
detections are combined with unit-efficiency photon counting.
We have also shown that in principle, a violation of the CHSH
inequality can be obtained even for branching ratios favoring
photon emission in undesired modes. There is no need to
cool the atom deeply within the Lamb-Dicke regime if the
scattered photons are collected close to the forward direction
with respect to the pump propagation. Finally, the stability
requirements for the optical path lengths are within reach of
experiments.

We believe that our work could provide motivations for
several research groups. Much effort has already been devoted
to the characterization of single-photon Fock states with
homodyne detections [27]. Moreover, although the setup
recently developed by the Rempe group has been used to
address squeezed light [28], it is of particular interest for
our proposal as it combines a single atom embedded in a

052122-4



LOOPHOLE-FREE BELL TEST WITH ONE ATOM AND . . . PHYSICAL REVIEW A 84, 052122 (2011)

high-finesse cavity with a homodyne detection. Note also
that beyond its fundamental interest, our proposal might
find exciting applications in the framework of quantum-
information sciences, e.g., for device-independent quantum
cryptography [29].
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Abstract. We report on the quantification of entanglement by means of
entanglement measures on a four- and a six-qubit cluster state realized by using
photons entangled both in polarization and linear momentum. This paper also
addresses the question of the scaling of entanglement bounds from incomplete
tomographic information on the density matrix under realistic experimental
conditions.
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1. Introduction

Experiments in quantum information science (QIS) rely heavily on multipartite entangled
quantum states. Cluster states [1], or more generally graph states, are a particular class of
multipartite states that offer a diversity of applications in QIS, ranging from measurement-
based quantum computation and error-correction codes to nonlocality tests. Due to the
importance of graph states, considerable experimental effort has been made to realize them
using photons [2]–[7] and cold atoms [8]. Proposals for trapped ions are also pursued [9]–[11].

In this paper, we characterize the four- and six-qubit cluster states realized in [6, 7, 12]
in terms of fidelity, purity and entanglement. In particular, we quantify the amount of
experimentally generated entanglement using entanglement measures [13]. Cluster states are
uniquely defined by a set of correlation operators, which generate a group called the stabilizer.
An interesting question this paper addresses is how bounds based on measurement results of the
generator of the stabilizer alone scale with increasing system size under realistic conditions
using the results developed in [14]–[16]. We compare the optimal bounds based on such
measurements for the fidelity, purity and the robustness of entanglement [17]–[19] as well as
the relative entropy of entanglement [20] with the density matrix obtained from all stabilizers
in order to answer this question.

2. Experimental setup

Cluster states are particular multi-qubit entangled states associated with a graph. In the
following, we denote the Pauli spin matrices acting on the Hilbert space of qubit q by Xq ,
Yq and Zq . Given a lattice with n vertices and L links, an n-qubit cluster state can be defined by
associating a qubit in the superposition state |+〉 =

1
√

2
(|0〉 + |1〉) to each vertex and a control-Z

gate CZab = |0〉a〈0| ⊗ 1b + |1〉a〈1| ⊗ Zb to each link between vertices a and b. In an equivalent
way, the cluster state is defined as the unique eigenvector with positive eigenvalues of the
n generators ga defined as ga = Xa

∏
b∈Na

Zb, where Na is the set of neighboring vertices
linked with a. The set of operators {ga} generate an Abelian group called the stabilizer S
of the underlying graph. Note that eigenstates of the generators with negative eigenvalues
ga|{i}〉 = (−1)ia |{i}〉 with |{i〉} = |i1, . . . , in〉 (the graph state basis states) are also referred to as
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Figure 1. Left: source of polarization-path hyperentangled state. Right:
measurement setup for the path DOF.

graph states in the literature. These states are equivalent to each other up to single-qubit unitary
transformations and therefore have the same entanglement properties.

As an example, by considering a graph of four qubits linked in a row, the corresponding
cluster is given by

|8lin
4 〉 =

1
2(| + 00+〉 + | + 01−〉 + | − 10+〉 − | − 11−〉). (1)

One way of generating cluster states is using photons. A useful tool to realize multi-qubit
states is represented by the so-called hyperentanglement (HE), i.e. the entanglement of two (or
more) particles in several degrees of freedom (DOFs) [21]. Precisely, by using the source shown
in figure 1, we can generate two photons hyperentangled in polarization and path,

|44〉 =
1

√
2
(|H〉A|H〉B + |V 〉A|V 〉B)⊗

1
√

2
(|`〉A|r〉B − |r〉A|`〉B). (2)

In the previous equation, |H〉 (|V 〉) represent the horizontal (vertical) polarization state and |r〉

and |`〉 are the two modes (right and left) in which each photon (A and B) can be emitted.
The two photons (at degenerate wavelength λ= 728 nm) are emitted by the spontaneous

parametric down conversion (SPDC) process in a nonlinear type-I β-barium-borate (BBO)
crystal. The BBO crystal is shined by a vertically polarized continuous wave (cw) Ar+ laser
(λp = 364 nm). Polarization entanglement is generated by the double passage (back and forth,
after the reflection on a spherical mirror) of the UV beam. The backward emission generates
the so-called V-cone: the SPDC horizontally polarized photons passing twice through the
quarter waveplate (QWP) are transformed into vertical polarized photons. The forward emission
generates the H-cone. Temporal and spatial superpositions are, respectively, guaranteed by the
long coherence time of the UV beam and by aligning the crystal at a distance from the spherical
mirror, which is equal to its radius of curvature. In this way, the indistinguishability of the two
perpendicularly polarized SPDC cones creates polarization entanglement: when two photons
are detected, it is impossible to know in which pump passage through the crystal they have been
generated. It is worth noting that the probability of double-pair emission (i.e. four photons) is
negligible due to the low power of the cw pump beam (<100 mW). By translating the spherical
mirror, it is possible to change the relative phase between the states |H H〉AB and |V V 〉AB.
A lens L located at a focal distance from the crystal transforms the conical emission into a
cylindrical one.

Path entanglement can be generated by exploiting the properties of type-I phase matching.
The two polarization-entangled photons are emitted over two opposite directions of the SPDC
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cone. By selecting with a four-holed mask two pairs of correlated modes, thanks to the spatial
coherence property of the source, the two photons are also entangled in path. We labeled the two
pairs of correlated modes, as rA − `B and `A − rB. We set the relative phase between the two-
pair emissions to the value ϕ = π by tilting think glass on the photon paths. The state expressed
in (2) encodes four qubits into two photons [22, 23].

2.1. Four-qubit cluster

The hyperentangled state may be transformed into a cluster state |C4〉 by using a waveplate
with vertical optical axis and placed on the |r〉 mode of the A photon. The waveplate acts as a
π -phase shift on the state |V 〉B|r〉B. When applied to |44〉 it generates the following cluster
state,

|C4〉 =
1
2(|H`〉A|Hr〉B − |Hr〉A|H`〉B + |V `〉A|V r〉B + |V r〉A|V `〉B). (3)

By using the correspondence |H〉A,B ↔ |0〉3,4, |V 〉A,B ↔ |1〉3,4, |`〉A,B ↔ |0〉2,1, |r〉A,B ↔ |1〉2,1,
the generated state |C4〉 is equivalent up to single-qubit unitaries to |8lin

4 〉: |C4〉 = U |8lin
4 〉 =

X1 H1 ⊗ Z2 ⊗ 13 ⊗ H4|8
lin
4 〉, where H represents the Hadamard gate H =

1
√

2
(X + Z). The latter

relation between |C4〉 and |8lin
4 〉, implies that |C4〉 is the only common eigenstate of the

generators g̃a = UgaU−1 obtained from ga by changing X1 → Z1, Z1 → −X1, X2 → −X2 and
X4 ↔ Z4.

2.2. Six-qubit cluster

It is possible to add more qubits to the state by selecting more optical paths. Precisely, by
selecting four pairs of modes, it is possible to generate a two-photon six-qubit hyperentangled
state [24]. We labeled the four modes on which each photon can be emitted as |Er〉, |E`〉,
|I r〉 and |I`〉, where E(I ) stands for external (internal) mode (see figure 2(a)). The six-qubit
hyperentangled state can be written as

|46〉 =
1

√
2
(|H〉A|H〉B − |V 〉A|V 〉B)⊗

1
√

2
(|r〉A|`〉B + |`〉A|r〉B)⊗

⊗
1

√
2
(|E〉A|E〉B + |I 〉A|I 〉B). (4)

As shown in figure 2(a), two half-waveplates are used to transform the previous state into the
six-qubit linear cluster state [7, 12],

|L̃C6〉 =
1
2

[
|E E〉|φ+

〉π |r`〉 + |E E〉|φ−
〉π |`r〉 + |I I 〉|ψ+

〉π |r`〉 − |I I 〉|ψ−
〉π |`r〉

]
, (5)

where |ψ±
〉π = 1/

√
2(|H V 〉 ± |V H〉 and |φ±

〉π = 1/
√

2(|H H〉 ± |V V 〉. |L̃C6〉 corresponds to
the graph shown in the inset of figure 2(a) up to single-qubit unitaries. Precisely, |L̃C6〉 is
the only common eigenstate (with +1 eigenvalues) of the generators g̃i obtained from gi by
changing X2 ↔ Z2, X3 → −Z3, Z3 → X3, X4 ↔ Z4 and X5 → −X5. In order to measure Pauli
path operators, two cascade interferometers are implemented (see figure 2(b)).
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Figure 2. Generation and measurement of the six-qubit linear cluster. (a) By
selecting four pairs of correlated SPDC modes, a six-qubit polarization-path
hyperentangled state can be generated. Two half-waveplates (λ/2) are used to
transform it into a six-qubit linear cluster state corresponding to the graph shown
in the inset. (b) Two cascade interferometers are used for path measurement.
The first BS1 performs the measurement in the {|r〉, |`〉} qubit for both photons,
while the two beam splitters BS2A and BS2B perform the measurement in the
{|I 〉, |E〉} qubit for Alice and Bob photons, respectively. Each detection stage Di

is composed of a polarization analyzer (waveplates and polarizing beam splitter)
followed by a single-photon detector. Two translation stages change the optical
delay 1x1,2 to obtain the correct temporal superposition of the different modes.

3. Results

3.1. Quantitative entanglement verification

The detection and quantification of entanglement has become a standard part of quantum
information experiments. Methods for entanglement detection range from Bell inequalities
over entanglement witnesses [25] to semidefinite programs [26, 27]. In order to quantify
entanglement, it is necessary to evaluate an entanglement measure for the state under
scrutiny [13]. Entanglement measures have the advantage that they do not only detect
entanglement but they may also provide an operational meaning to the amount of entanglement
in a given quantum state. Until today, many entanglement measures have been invented, and the
choice of the appropriate measure depends on the specific task [13].

Here, we choose the global robustness of entanglement [17]–[19] and the relative entropy
of entanglement [20]. Both measures are suitable to quantify graph state entanglement for the
following reasons: cluster states were introduced as multipartite entangled states that exhibit a
particular persistence against noise. While Greenberger–Horne–Zeilinger (GHZ) states become
more vulnerable under noise with increasing system size, this is not the case for cluster states [1].
Hence, the robustness of entanglement is a measure that quantifies this property. The relative
entropy provides an operational meaning for cluster states in the sense that it ‘counts’ the
number of entangling gates. As shown in [28, 35], the relative entropy of entanglement for
cluster states is proportional to the number of applied controlled-phase gates.

The relative entropy of entanglement is defined as [20]

ER(ρ)= min
σ∈Sep

S(ρ|σ), (6)

where Sep denotes the set of fully separable states, and S(ρ|σ)= tr[ρ(log2ρ− log2σ)].
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The global robustness of entanglement measures how much noise must be mixed into a
given quantum state such that the mixture becomes separable [17]–[19],

RG(ρ)= min
σ∈D,s∈R

{
s :
ρ + sσ

1 + s
∈ Sep

}
, (7)

where D is the entire Hilbert space.
From a mathematical point of view, it is more convenient to relax the global robustness

by replacing the set of fully separable states by the set of states with positive partial transpose
(PPT), thus obtaining the following semidefinite program,

RPPT
G (ρ)= min tr{σ } (8)

subject to σ > 0, (9)

(ρ + σ)0 > 0. (10)

Here, 0 denotes partial transpostion with respect to a partition of choice. In principal, one
could check all possible partitions. In this way, we have relaxed the global robustness to a
PPT version that can be formulated as a semidefinite program. Hence, numerical tools such as
convex optimization solvers are instantly available to evaluate this measure [29].

3.2. Four-qubit cluster state

To verify the creation of the four-qubit cluster state, all elements of the stabilizer group were
measured [30]. As the measurements were local measurements, also statistics of single Pauli
operators are available. These local measurements do not contribute to the fidelity, but they
allow us to improve bounds on entanglement measures as those are restricted minimizations that
can only improve when more constraints are added [32]. Using the measured data, we calculated
the raw fidelity F|C4〉 =

1
16

∑1
{ka}=0〈Sk1k2k3k4〉 = 0.880 ± 0.013 [30], where Sk1k2k3k4 =

∏4
a=1(ga)

ka

are the 16 stabilizers built as all possible products of generators. The raw purity is found to be
P(ρ)= tr(ρ2)= 0.779 ± 0.005. From the raw data, it is possible to obtain the fidelity with all
possible graph state bases |{i}〉〈{i}| since |{i}〉〈{i}| =

1
16

∑
{k}

S{k}(−1)i·k with i · k =
∑4

a=1 iaka.
Some of the raw fidelities are negative because of experimental inaccuracies and statistical
fluctuations of coincidence counts (the same problem arises in quantum state tomography [31]).
To solve the problem, we applied a maximum likelihood estimation. We determine the physical
density matrix diagonal in the graph state basis and written as

ρphys =

∑
{k}

p{k}|{k}〉〈{k}|, p{k} > 0, (11)

which is most compatible with the experimental data. The value of the optimized p0000

corresponds to the fidelity with the cluster state, with value equal to 0.880, which is completely
compatible with the raw fidelity. The other values of the optimized p{k} are shown in figure 3.
The optimized purity is given by Popt =

∑
{k}
(p)2

{k}
= 0.778, again compatible with the raw

value.
While for few-qubit systems the determination of the whole stabilizer is feasible, this is not

the case for large graph states. Therefore, it is natural to ask which bounds on the fidelity, purity
and entanglement can be obtained from incomplete information on the density matrix [32]–[34],
e.g. from measuring generators of a graph state only; and how do such bounds scale with system
size under realistic conditions?
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Figure 3. Raw and optimized values of p{k} for the four-qubit cluster state.
Each value corresponds to a given p{k} according to the correspondence
{k} ↔ 8k4 + 4k3 + 2k2 + k1.

Table 1. Four-qubit cluster state: measurement results of generators.

Generators Measurement outcomes

g1 = −Z1 ⊗ Z2 ⊗13 ⊗14 0.994 ± 0.001
g2 = −X1 ⊗ X2 ⊗ Z3 ⊗14 0.849 ± 0.003
g3 = 11 ⊗ Z2 ⊗ X3 ⊗ X4 0.937 ± 0.003
g4 = 11 ⊗12 ⊗ Z3 ⊗ Z4 0.911 ± 0.002

Let us consider the estimation of the fidelity from information on the generators only. This
is formulated as a worst-case estimation [14]

Fmin = min
ρ

{F(ρ) : tr(ρgi)= ai , ρ > 0}, (12)

where gi are the generators of the graph for i = 1, . . . , 4 with corresponding measurement
outcomes ai , and g0 = 1. Remarkably, this problem can be solved optimally, leading to a
solution of the analytic form [14]

Fmin = max

{
0,

∑n
i=1 |ai | − n + 2

2

}
(13)

for n qubits and holds for all stabilizer operators with spectrum {+1,−1}. One may quickly
check that the optimal lower bound on the fidelity consistent with the measurements of the
generators (see table (1)) is given by Fmin = 0.846 ± 0.009. The relative loss of information
on the fidelity is therefore only around 5%, even though only 4 out of the 16 elements
of the stabilizer were determined. It is also possible to optimally estimate the purity using
only generator measurements. Following the techniques of [15], we obtain a minimal purity
consistent with such measurements of Pmin = 0.715 ± 0.014.

Quantifying the experimentally created entanglement is achieved by evaluating the global
robustness of entanglement and the relative entropy. The density matrix reconstructed from
the stabilizer measurements and local observables obtained as a side product of the stabilizer
measurements serves as the input for the semidefinite program (8), where we evaluate the
global robustness with the constraint of positivity of the partial transpose with respect to
all partitions. We find that the PPT-robustness is given by RPPT

G = 2.519 ± 0.012. Note that
this value represents a lower bound to the global robustness in its standard version (7). It is
straightforward to compute the logartihmic global robustness: LRPPT

G = 1.817 ± 0.005, which is
not far from its desired value of 2.
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Table 2. Six-qubit cluster state: measurement results of generators.

Generators Measurement outcomes

g1 = X1 ⊗ X2 ⊗13 ⊗ X4 ⊗15 ⊗16 0.593 ± 0.008
g2 = Z1 ⊗ Z2 ⊗13 ⊗14 ⊗ Z5 ⊗16 0.879 ± 0.005
g3 = −11 ⊗12 ⊗ Z3 ⊗14 ⊗15 ⊗ Z6 0.998 ± 0.001
g4 = Z1 ⊗12 ⊗13 ⊗ Z4 ⊗15 ⊗16 0.997 ± 0.001
g5 = −11 ⊗ X2 ⊗13 ⊗14 ⊗ X5 ⊗ Z6 0.791 ± 0.006
g6 = 11 ⊗12 ⊗ X3 ⊗14 ⊗ Z5 ⊗ X6 0.831 ± 0.006

As in the case of the fidelity, one might ask which bound on the entanglement can be
obtained from generator measurements alone. Here, the estimation is analogously formulated
as a minimization of the measure over states consistent with the measurement data

RGmin = min
ρ

{RG(ρ) : tr(ρgi)= ai , ρ > 0}. (14)

A lower bound to this problem was derived in [16], namely RGmin =max{0, 2|B|(
∑n

i=1 |ai |−n+2
2 )−1}.

Here, B denotes the smaller set of qubits resulting from a coloring of the system into two colors,
say amber A and blue B with |A|> |B| (see [35] for more details). With this formula, we attain
the following analytic bound on the global robustness based on the outcomes of the generators
only [16],

RGmin = 2.384 ± 0.036. (15)

In turn, one can then easily compute an analytic bound on the logarithmic global robustness:
LRGmin = 1.759.

The relative entropy can also be bounded from below using techniques presented in [16].
The problem reads

ERmin = min
ρ

{ER(ρ) : tr(ρgi)= ai , ρ > 0}. (16)

A lower bound to this minimization is given by

ERmin = max

{
0, |B| −

∑
i

H(pi)

}
, (17)

where pi =
1+ai

2 and H(x)= −x log(x)− (1 − x) log(1 − x) is the classical entropy function.
Then, by merit of equation (17), we achieve the following bound on the relative entropy of
entanglement: ERmin = 1.120 ± 0.021. Using all stabilizer measurements, we find a lower bound
to the relative entropy of 1.449 ± 0.013. Hence, the relative difference of the entanglement
bounds of the relative entropy is considerably larger than the relative difference of the estimate
of the robustness to its real value.

3.3. Six-qubit cluster state

The six-qubit cluster state is verified utilizing the same techniques as in the four-qubit case. All
64 stabilizer operators were measured and mapped to a density matrix via maximum likelihood,
giving a fidelity of F = 0.645 ± 0.006. Estimating the fidelity from the generators alone gives
Fmin = 0.545 ± 0.027 (see table 2).
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Table 3. Summary of experimental results.

Fidelity Purity Minimal global Minimal relative
robustness entropy

Four qubits 0.880 ± 0.006 0.778 ± 0.005 2.519 ± 0.012 1.449 ± 0.013
Six qubits 0.645 ± 0.006 0.424 ± 0.010 4.507 ± 0.047 1.492 ± 0.027

Next, we obtain for the purity P(ρ)= tr(ρ2)= 0.424 ± 0.010, and the worst-case purity
estimate from the generators Pmin = 0.297 ± 0.015. We compute the PPT-robustness for the
reconstructed state and find RPPT

G = 4.507 ± 0.047 resulting in a logarithmic PPT-robustness
of LRPPT

G = 2.461. If one only measures the generators of the stabilizer, one obtains RGmin =

3.360 ± 0.216 and LRGmin = log(1 + RGmin)= 2.124, respectively. This means that despite the
lower fidelity and lower fidelity estimate, one obtains a higher bound on the entanglement, even
though only 6 out of the 64 elements of the stabilizer are used to obtain the bound.

To obtain a bound on a second measure, the relative entropy of entanglement, we use
equation (17) to obtain ERmin = 1.013 ± 0.046. Using all stabilizer measurements, one obtains a
lower bound to the relative entropy of 1.492 ± 0.027.

4. Conclusion

We have presented the creation of four- and six-qubit cluster states using photons. The
cluster state entanglement was encoded in path and polarization DOF, thus rendering the state
hyperentangled. A summary of the relevant characteristics of the created states is given in
table 3. The created state could serve as the basis for one-way quantum computation and
represents an important step in realizing optical quantum computing.

The experimentally created entanglement was quantified in terms of entanglement
measures, namely the global robustness of entanglement and the relative entropy of
entanglement. Our results also give an insight into the question how analytic bounds from
incomplete tomographic information scale with the system size under realistic noisy conditions.
Our results demonstrate that despite the decreasing fidelity and purity of the state, one can
still infer higher amounts of entanglement with a number of observables, which is linear in the
number of constituents.

Acknowledgments

We thank E Pomarico, R Ceccarelli and G Donati for their contribution to the measurements
presented in [6, 7, 12, 30]. This work was supported by the EU Integrated Project Q-ESSENCE,
the EU STREP project HIP and by an Alexander von Humboldt Professorship.

References

[1] Briegel H J and Raussendorf R 2001 Phys. Rev. Lett. 86 910
[2] Walther P et al 2005 Nature 434 169
[3] Kiesel N et al 2005 Phys. Rev. Lett. 95 210502
[4] Lu C Y et al 2007 Nat. Phys. 3 91

New Journal of Physics 13 (2011) 033033 (http://www.njp.org/)

http://dx.doi.org/10.1103/PhysRevLett.86.910
http://dx.doi.org/10.1038/nature03347
http://dx.doi.org/10.1103/PhysRevLett.95.210502
http://dx.doi.org/10.1038/nphys507
http://www.njp.org/


10

[5] Chen K et al 2007 Phys. Rev. Lett. 99 120503
[6] Vallone G, Pomarico E, De Martini F and Mataloni P 2007 Phys. Rev. Lett. 98 180502
[7] Ceccarelli R, Vallone G, De Martini F, Mataloni P and Cabello A 2009 Phys. Rev. Lett. 103 160401
[8] Mandel O, Greiner M, Widera A, Rom T, Hänsch T W and Bloch I 2003 Nature 425 937
[9] Wunderlich H, Wunderlich Chr, Singer K and Schmidt-Kaler F 2009 Phys. Rev. A 79 052324

[10] Stock R and James D F 2009 Phys. Rev. Lett. 102 170501
[11] Ivanov P A, Vitanov N V and Plenio M B 2008 Phys. Rev. A 78 12323
[12] Vallone G, Donati G, Ceccarelli R and Mataloni P 2010 Phys. Rev. A 81 052301
[13] Plenio M B and Virmani S 2007 Quantum. Inf. Comput. 7 1
[14] Wunderlich H and Plenio M B 2009 J. Mod. Opt. 56 2100
[15] Wunderlich H and Plenio M B 2010 Int. J. Quantum. Inf. 8 32535
[16] Wunderlich H, Virmani S and Plenio M B 2010 New J. Phys. 12 08306
[17] Vidal G and Tarrach R 1999 Phys. Rev. A 59 141
[18] Harrow A and Nielsen M A 2003 Phys. Rev. A 68 012308
[19] Steiner M 2003 Phys. Rev. A 67 054305
[20] Vedral V and Plenio M B 1998 Phys. Rev. A 57 1619
[21] Kwiat P G 1997 J. Mod. Opt. 44 2173
[22] Barbieri M, Cinelli C, Mataloni P and De Martini F 2005 Phys. Rev. A 72 052110
[23] Cinelli C, Barbieri M, De Martini F and Mataloni P 2005 Laser Phys. 15 124
[24] Vallone G, Ceccarelli R, De Martini F and Mataloni P 2009 Phys. Rev. A 79 030301
[25] Tóth G and Gühne O 2009 Phys. Rep. 474 1
[26] Doherty A C, Parrilo P A and Spedalieri F M 2002 Phys. Rev. Lett. 88 187904
[27] Navascués M, Owari M and Plenio M B 2009 Phys. Rev. Lett. 103 160404
[28] Anders J, Markham D, Vedral V and Hajdušek M 2008 Found. Phys. 38 506
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