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Experiments are achieving the control of quantum systems with increasingly large numbers of 
identifiable subsystems. As a result their quantum states and processes are increasingly 
complex and the resources required for their verification are growing exponentially with the 
number of subsystems if one relies on standard methods. This exponential scaling may be 
overcome if we sacrifice the exact determination of physical quantities by their approximate 
determination. Ideally such schemes come with a certificate that provides an upper bound on 
the distance between the estimate and the true quantity underlying the experiment. With this 
aim in mind WP3.3 aims to identify and develop a toolbox of verification methods that certify 
quantitatively that the experimental implementation of a protocol or physical procedure was 
successful. The emphasis will be on methods that are efficient in terms of experimental 
resources and, in particular, do not require full state tomography. 
 
In the course of the duration of the Q-ESSENCE project project partners have innovated a 
wide variety of new theoretical protocols for the efficient estimation of quantum properties 
and the efficient approximate reconstruction of quantum states, processes and detectors as 
well as of the properties of their environment. Considerable effort was placed on the 
application of these protocols in real experiments realized in a wide variety of technological 
platforms. 
 
Theoretical work has proposed more efficient realizations of dimension witnesses which 
enable the device independent and assumption-free experimental verification of the Hilbert 
space dimension of a physical system [GBH1-10]. This development enabled the application 
of these witnesses in experiments with photons entangled in both polarization and orbital 
angular momentum [HGM1-11]. 
 
Theoretical work has proposed novel approaches to the assumption-free and quantitative 
verification of entanglement in many-body systems [CPW1-10] and has realized this protocol 
in an experiment of ultracold interacting bosons in optical lattices of approximately 
$105$ lattice sites realizing the first rigorous experimental large-scale entanglement 
quantification in a scalable quantum simulator [CBF1-13]. Theoretical work has designed a 
novel and very efficient way to probe the non-classicality of the state of light or any other 
physical system that realises a harmonic oscillator degree of freedom has applied it to data 
from experimental optical Fock state preparation [MKN1-10]. 
 
Theoretical work has built on earlier work by project partners to introduce quantum detector 
tomography protocols for the reconstruction of the POVM of photon number resolving and 
phase sensitive optical detectors [ZCD1-11,ZCD2-12] and has applied it to two variations of a 
weak-homodyne detector: photon-counting and photon number-resolving (PNRD) [ZCD1-
11,ZCD2-12]. This reconstruction involved the largest number of free parameters of a 
quantum device at the time of realisation. 
 
Theoretical work has developed the concept of a privacy witness and secret key estimation 
[BHH1-12] and demonstrated the efficiency in a four-qubit experiment [DKD1-11]. 
 
Theoretical work developed efficient (polynomially scaling in the number of subsystems) 
schemes for quantum state tomography for both pure [CPF1-10] and mixed states [BGC1-12]. 
The application of this method is currently under active consideration in concrete 
experimental setups. [ONE1-12] proposes a novel method to perform quantum state 
tomography for many-particle systems which is particularly suitable for estimating states in 
lattice systems such as of ultra-cold atoms in optical lattices. For specific classes of quantum 



states, permutation invariant states, efficient tomography schemes were introduced and 
realized [TWG1-10]. 
 
In theoretical work the concepts of compressive sampling was transferred from the field of 
image processing to quantum information science [GLF1-10,FGL1-12,APP1-12] and 
proposals for its application in concrete experiments were made [ONG1-12]. 
 
The non-Markovian character of environments was characterized [CEW1-10] and quantified 
[RHP1-10,CKR1-11] and experimental realisations of these schemes are under consideration 
and partially realized [GTP1-13]. Experimental realizations of the estimation of decoherence 
rates due to the presence of environments have been proposed [BRR1-12]. 
 
Theoretical work has proposed schemes for the unambiguous state comparison of two 
unknown squeezed vacuum states of an electromagnetic field [OSR1-11,FZ1-12]. 
 
The broad range of techniques that have been developed in the course of the project work 
establish a new set of theoretical and experimental tools, a toolbox, that was not in existence 
at the start of the project and which is of fundamental importance for ensuring the verification 
of increasingly complex composite quantum systems. In order to ensure the lasting impact of 
the project work a review article comprising descriptions of the most important achievements 
of QESSENCE putting them into context with the broader development of the field 
worldwide, is being written by Marcus Cramer (UULM), Jens Eisert (FUB) and Martin Plenio 
(UULM) and will be published in Reviews of Modern Physics (commissioned by Editor Prof. 
D.P. DiVincenzo). 
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Over the last years the question of how to extract information efficiently from many-particle quantum states
has attracted considerable attention. A wide variety of results have been obtained starting with work on en-
tanglement witnesses, the quantitative verification of entanglement, compressive sensing and efficient quantum
state tomography. Connections to classical signal processing, finitely correlated states and optimization theory
have been uncovered. More importantly, experiments are now reaching a complexity that makes the application
of these methods a very timely issue indeed as they are becoming increasingly necessary for the analysis and
verification of experiments. Indeed, first experiments that apply clever methods beyond mere state tomography
have been carried out for example in optical systems and more are currently under way or nearly completed
in ion traps and ultracold atoms. Hence, we believe that now is a good time to write a comprehensive review
of this field which deals both with the theoretical framework but also, importantly, with the application of this
framework to actual experiments. We would aim at presenting the formal apparatus carefully and completely
but always in a fashion that recipes are provided to experimentalists on how to apply these ideas. This will,
we hope, ensure the lasting value of such an article for the field. All of the authors have contributed both to
the theoretical development of this field and, crucially, also collaborated with experimentalists to realize these
ideas.

I. INTRODUCTION AND BACKGROUND

We would start with a detailed description of the challenges
involved and how they were addressed in the past – maximum
likelihood methods and witnesses being prominent examples.
The description of recent experimental developments—the
ability to coherently control and analyze systems consisting of
an ever increasing number of particles, the advances towards
analogue quantum computation and quantum simulators—
will lead us naturally to the challenges we face today (all of
which share the issue of scalability): How may states of many
particles be reconstructed from a feasible (and hence neces-
sarily informationally incomplete) number of measurements?
How may certain state properties such as entanglement, classi-
cality, entropy, purity, dimensionality be obtained from mea-
surements? How may one guarantee that a given quantum
simulation is indeed performed in the laboratory, i.e., how can
one verify and/or learn the process or Hamiltonian that gov-
erns the system’s dynamics?

II. EXPERIMENTALLY AVAILABLE SYSTEMS

In this section, we will briefly review the experimentally
available and controllable quantum many-body systems for
which the schemes reviewed in subsequent sections were de-
veloped. They will serve as starting point and illustration of
the theoretical concepts that will be reviewed.

A. Ion traps

Trapped ions are the prime example of a fully controllable
quantum-many body system. They provide the necessary ac-

cess to informationally complete measurements, as impres-
sively demonstrated by full quantum state tomography of a
system of eight qubits in Ref. [1]. Further, they may serve as
quantum simulators of spin systems, see e.g., Ref. [2] for an
experimental demonstration. We will briefly cover the funda-
mentals of ion trap experiments and detail the available mea-
surements that allow for the efficient extraction of informa-
tion about states. The number of controllable qubits in these
system is at the brink of what can still be handled on a classi-
cal computer with standard methods (in Ref. [2] a spin model
of 9 spins was simulated and recently a Greenberger-Horne-
Zeilinger states with up to 14 qubits was created in Ref. [3]),
which makes them ideal systems for the application of the
scalable schemes that we review below.

B. Cold gases

We will briefly review the available systems, bosonic,
fermionic, and multi-component versions thereof, and cover
the available measurements and experimental techniques such
as time-of-flight [4, 5], noise correlation [6–8], single-site res-
olution density measurements [10], collective spin measure-
ments and tomography [11–14], and super-lattice techniques
[15]. All of these measurements have either already been used
for the tasks under review or are key to theoretical propos-
als: Via spin-squeezing inequalities, multi-particle entangle-
ment has been experimentally demonstrated [11–13], time-of-
flight measurements have been used to experimentally quan-
tify the mode-entanglement content of bosons in optical lat-
tices [16], single-site resolution density and noise-correlation
measurements demonstrated the onset of a phase transition
in the quantum simulation of antiferromagnetic spin chains
[17]. Super-lattices techniques allow for the implementation
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of beam-splitter operations, which holds the possibility of
measuring Rényi entropies [18], and also for the implemen-
tation of random circuits, which holds the possibility of per-
forming tomography of ultracold atoms [19].

C. Photonic systems

In photonic setups, an eight-photon Schrödinger cat state
has been created [20], permutationally invariant tomography
[21], tomography via compressed sampling [22], and detec-
tor tomography [23–27] have been demonstrated, and non-
classicality has been directly estimated [28]. On integrated
photonic circuits, arbitrary two-qubit states were created and
completely characterized [29]. We will review these exper-
imental setups—single photon, continuous mode, integrated
circuits—and detail the available measurements which make
the below reviewed system-identification techniques possible.

D. Other systems

Here, we will briefly discuss other technologies in which
(for which) tomography or verification has been achieved
(methods have been proposed). These will include the follow-
ing. NV-centers in diamond [30], magnetic materials [31, 32],
circuit quantum electrodynamics [33], and complex biologi-
cal systems [34, 35]. Also, in opto-mechanical systems to-
mographic knowledge can in principle be achieved by making
appropriate use of pulses [36].

III. VERIFYING AND LEARNING QUANTUM STATES,
PROCESSES AND HAMILTONIANS

This section will be dedicated to tomography in its various
forms, including process, Hamiltonian, and detector tomogra-
phy. We aim at making a clear distinction between the veri-
fication (Has an intended state been prepared?) and learning
(Which state has been prepared?) of a quantum state, process,
or Hamiltonian. The focus will lie on scalable methods.

A. Verifying the experimental creation of quantum states and
the implementation of processes

At the hand of experimental examples, we will briefly re-
view standard ways to verify that an intended state or pro-
cess has indeed been implemented in the laboratory. Going
beyond this, recent verification methods such as random sam-
pling methods [33, 37, 38, 106] which require significantly
fewer measurements than full state or process tomography and
methods based on witness construction based on local mea-
surements [39] will be covered.

B. Compressed sensing

Under certain conditions like low rank, matrices may be
completely recovered from a few entries. This insight has
kickstarted one of the fasted growing topics in applied math-
ematics – compressive sensing and matrix completion, see,
e.g., Ref. [42]. We will briefly review the classical results
that relate to the quantum domain and then present applica-
tions to quantum state [43–45], process [46, 47] and Hamil-
tonian tomography [48], and discuss experimental demonstra-
tions [22].

C. Learning quantum states based on local measurements

Ground and thermal states of local Hamiltonians and many
states relevant for quantum information processing (such as
GHZ, W, cluster states) belong to a class of states that are
specified by a few parameters: Matrix product states/operators
and analogues [49–52]. Based on this class of states, tomog-
raphy schemes have been proposed that rely only on the mea-
surement of a linear (in the number of particles) number of
local observables [39, 53, 54]. We will review the relevant
theory of such states and present the key results of these re-
construction schemes.

D. Predicting measurement outcomes by small “Training sets”

In a certain sense, full state tomography might be the an-
swer to a wrong question: Usually, one is not interested in
the full state but rather in the prediction of certain measure-
ment outcomes. Following this philosophy, in Ref. [55] (see
also Ref. [56]) the following was shown: Suppose that one
is given the expectation value of a linear (in the number of
qubits) number of observables sampled from some set of ob-
servables. Then, with high probability and up to small error,
all expectations of observables from that set may be predicted
– if the set is sufficiently large, this is of course equivalent to
learning the state itself, so full tomography.

E. Learning permutationally-invariant quantum states

If states in the laboratory are known to have a certain struc-
ture, reconstruction methods may be tailored to this assump-
tion. This reduces the number of necessary measurements
that are needed to fully reconstruct the state. Ideally, such a
method would come with a certificate which validates the as-
sumption about the underlying structure of the state. A promi-
nent example along these lines is permutationally-invariant
quantum state tomography [21, 57], which does come with
such a certificate and has already been demonstrated experi-
mentally [21].
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F. Detector tomography

A specific but important case of quantum process tomogra-
phy consists in the determination of the POVM describing the
action of quantum detectors. The most prominent examples in
this context concern optical detectors for which experimental
demonstration of a variety of schemes have been achieved for
photon avalanche detectors and photon counters [23–25] as
well as detectors that can tune continuously from phase sensi-
tivity to photon number sensitivity [26, 27].

G. Hamiltonian estimation

Suppose the outcome of a quantum simulation relies on im-
plementing a given Hamiltonian – one might be interested in
ground or thermal state properties of this Hamiltonian or study
the dynamics it generates. How does one guarantee that the in-
tended Hamiltonian has indeed been implemented? Ways to
address this question via compressed sensing [47, 48] will be
reviewed in Section 3.3. Here, we will review Hamiltonian
tomography based on different (scalable) methods. One key
result are proposals that rely on measurements on one parti-
cle only to infer the coupling constants of a given many-body
Hamiltonian [58–63], which has been experimentally demon-
strated [64].

H. Assessment of systematic errors

A framework of assessing systematic errors in experiment
has been put forth and applied to tomographic data taken in
an ion-trap experiment in Ref. [65]. Drift of quantum sources
and other errors have been discussed in Ref. [66].

IV. ESTIMATION OF STATE AND PROCESS PROPERTIES

As opposed to obtaining full knowledge about a quantum
system, i.e., tomography, the last part of the review will be
concerned with the estimation of certain relevant properties of
quantum states and processes.

A. Entanglement and Rényi entropies

As opposed to merely deciding wether a system contains
entanglement (mainly based on witnesses, the literature on
which is quite large, see, e.g. Ref. [67]), recent proposals
have addressed the question of how much entanglement is
contained in a many-body system, i.e., have proposed ways
to quantify entanglement. We will focus on the latter and re-
view, amongst others, the following schemes. Based on earlier
work [68–71], ways to quantifying entanglement using readily
available measurements have been proposed [32, 72, 73] and
partly been demonstrated experimentally [16]. Further pro-
posals include simultaneous measurements on several copies

of a state to estimate Rényi entropies relying on quantum
switches [74] and beam-splitter operations [18].

B. Classicality

Several notions of classicality of quantum states have been
considered in the literature. Many such approaches base their
quantitative estimates on properties of phase space functions.
Most commonly, a state is called classical if its P-function
[75] or its Wigner function are positive [28, 76]. Since the
Wigner function is obtained from the P-function as a convolu-
tion with a Gaussian distribution, a negative Wigner function
also implies a negative P-function. Specifically in the context
of quantum information theory, the Wigner function plays an
important role, as classicality can then be precisely linked to
the impossibility of violating a Bell inequality based on ho-
modyning measurements [77] and of encountering a compu-
tational speedup in quantum circuits [78, 79]. In recent work,
the negativity of both the Wigner function [28, 76] and the
P-function has been directly detected, with less than full to-
mographic knowledge.

C. Decoherence rates

The decoherence rate of a quantum process (or channel)
quantifies the decay of off-diagonal elements of a quantum
state subject to the process. In the recent Ref. [80], a scheme
relying on two copies of the channel (similar to the require-
ment of being able to perform measurements on two copies of
a state to estimate purities [18]) has been proposed to directly
estimate decoherence rates.

D. Markovian character of evolution

Open systems dynamics is Markovian if it is forgetful.
Formally, this means that the dynamical map fulfils a semi-
group law. Recently, several quantitative measures of non-
Markovianity of a family of processes parameterized by time
have been proposed [81–84]. Signatures of non-Markovianity
are also directly assessable in experiments [85, 86].

E. Dimension

Usually, the dimension of a quantum system is an a priori
assumption. Dimension witnesses [87–92] allow for bounds
on the dimension of unknown quantum systems from per-
formed measurements only, i.e., in a device-independent man-
ner without any extra assumptions. We will review the theory
of dimension witnesses and recent experimental implementa-
tions [93].
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atom clouds, S. Fölling, F. Gerbier, A. Widera, O. Mandel, T.
Gericke, and I. Bloch, Nature 434, 481 (2005).

[8] Probing pair-correlated fermionic atoms through correlations
in atom shot noise, M. Greiner, C. A. Regal, J. T. Stewart, and
D. S. Jin, Phys. Rev. Lett. 94, 110401 (2005).

[9] Light-cone-like spreading of correlations in a quantum many-
body system, M. Cheneau, P. Barmettler, D. Poletti, M. Endres,
P. Schauss, T. Fukuhara, C. Gross, I. Bloch, C. Kollath and S.
Kuhr, Nature 481, 484 (2012).

[10] A quantum gas microscope for detecting single atoms in a
Hubbard regime optical lattice, W.S. Bakr, J.I. Gillen, A.
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A. Acin, N. Gisin, A. A. Méthot, and V. Scarani, Phys. Rev.
Lett. 100, 210503 (2008).

[90] Assessing quantum dimensionality from observable dynamics,
M. M. Wolf and D. Perez-Garcia, Phys. Rev. Lett. 102, 190504
(2009).

[91] Device-independent tests of classical and quantum dimen-
sions, R. Gallego, N. Brunner, C. Hadley, and A. Acin, Phys.
Rev. Lett. 105, 230501 (2010).

[92] Bounding the quantum dimension with contextuality, O.
Gühne, C. Budroni, A. Cabello, M. Kleinmann, and J.-A.
Larsson, arXiv:1302.2266.

[93] Experimental estimation of the dimension of classical and
quantum systems, M. Hendrych, R. Gallego, M. Micuda, N.
Brunner, A. Acin, and J. P. Torres, Nature Phys. 8, 588 (2012).

[94] Full characterization of a three-photon GHZ state using
quantum state tomography, K.J. Resch, P. Walther, and A.
Zeilinger, Phys. Rev. Lett. 94, 070402 (2005).

[95] Scalable and robust randomized benchmarking of quantum
processes, E. Magesan, J.M. Gambetta, and J. Emerson, Phys.
Rev. Lett. 106, 180504 (2011).

[96] Complete characterization of quantum-optical processes, M.
Lobino, D. Korystov, C. Kupchak, E. Figueroa, B.C. Sanders,
and A.I. Lvovsky, Science 322, 5901 (2008)

[97] Selective and efficient estimation of parameters for quantum
process tomography, A. Bendersky, F. Pastawski, and J.P. Paz,
Phys. Rev. Lett. 100, 190403 (2008).

[98] Selective and efficient quantum process tomography with sin-
gle photons, C.T. Schmiegelow, M.A. Larotonda, J.P. and Paz,
Phys. Rev. Lett., 104, 123601 (2010).

[99] Quantum non-demolition detection of strongly correlated sys-
tems, K. Eckert, O. Romero-Isart, M. Rodriguez, M. Lewen-
stein, E.S. Polzik, and A. Sanpera, Nature Physics 4, 50
(2008).

[100] Detection of spin correlations in optical lattices by light scat-
tering, I. de Vega, J.I. Cirac, and D. Porras, Phys. Rev. A 77,
051804(R) (2008).

[101] Coherent light scattering from a two-dimensional Mott insu-
lator, C. Weitenberg, P. Schauß, T. Fukuhara, M. Cheneau, M.
Endres, I. Bloch, and S. Kuhr, Phys. Rev. Lett. 106, 215301
(2011).

[102] Detection of entanglement in ultracold lattice gases, G. De

Chiara and A. Sanpera, arXiv:1105.2446.
[103] Quantum control of spin-correlations in ultracold lattice

gases, P. Hauke, R. J. Sewell, M. W. Mitchell, and M. Lewen-
stein, arXiv:1208.1861.

[104] Device-independent entanglement quantification, T. Moroder,
J.-D. Bancal, Y.-C. Liang, M. Hofmann, and O. Gühne,
arXiv:1302.1336.

[105] Experimental Schmidt decomposition and state indepen-
dent entanglement detection, W. Laskowski, D. Richart, C.
Schwemmer, T. Paterek, and H. Weinfurter, Phys. Rev. Lett.
108, 240501 (2012).

[106] Quantum tomography via compressed sensing: Error bounds,
sample complexity, and efficient estimators, S. T. Flammia,
D. Gross, Y.-K. Liu, and J. Eisert, New J. Phys. 14, 095022
(2012).

[107] Adaptive Bayesian quantum tomography, F. Husz´r and N. M.
T. Houlsby, Phys. Rev. A 85, 052120 (2012).

[108] Quantum system identification D. Burgarth and K. Yuasa,
Phys. Rev. Lett. 108, 080502 (2012).

[109] Machine learning in a quantum world, E. Aimeur, G. Bras-
sard, and S. Gambs in Advances in Artificial Intelligence, Lec-
ture Notes in Computer Science 4013, 431 (2006).

[110] Robust online Hamiltonian learning, C. E. Granade, C. Ferrie,
N. Wiebe, and D. G. Cory, New J. Phys. 14, 103013 (2012).

[111] Accurate quantum state estimation via ”Keeping the ex-
perimentalist honest”, R. Blume-Kohout and P. Hayden,
arXiv:quant-ph/0603116.

[112] Optimal, reliable estimation of quantum states, R. Blume-
Kohout, New J. Phys. 12, 043034 (2010).

[113] Hedged maximum likelihood estimation, R. Blume-Kohout,
Phys. Rev. Lett. 105, 200504 (2010).

[114] Entanglement verification with finite data, R. Blume-Kohout,
J. O. S. Yin, and S. J. van Enk, Phys. Rev. Lett. 105, 170501
(2010).

[115] Robust error bars for quantum tomography, R. Blume-
Kohout, arXiv:1202.5270.

[116] Adaptive quantum state tomography improves accuracy
quadratically, D.H. Mahler, L. A. Rozema, A. Darabi, C. Fer-
rie, R. Blume-Kohout, and A.M. Steinberg, arXiv:1303.0436.

[117] Reliable quantum state tomography, M. Christandl and R.
Renner, Phys. Rev. Lett. 109, 120403 (2012).

[118] Optimal quantum tomography of permutationally invari-
ant qubits, A.B. Klimov, G. Bjork, L.L. Sanchez-Soto,
arXiv:1301.2123.

[119] Fourier Transform Quantum State Tomography, M. Moham-
madi, A.M. Branczyk, and D.F. V. James, Phys. Rev. A 87,
012117 (2013).

[120] Noise effects and tomography of remote entangled spins in
quantum dots, A. Pineiro-Orioli, D.P.S. McCutcheon, and T.
Rudolph, arXiv:1301.2144.

[121] Efficient entanglement length measurements for pho-
tonic cluster state sources, I. Schwarz and T. Rudolph,
arXiv:1202.5950.

[122] Quantum dynamics of bio-molecular systems in noisy environ-
ments, M. B. Plenio and S. F. Huelga, Procedia Chemistry 3,
248 (2011).

[123] Simplified quantum process tomography, M. P. A. Bran-
derhorst, J. Nunn, I. A. Walmsley, and R. L. Kosut,
arXiv:0910.4609.

[124] Maximum-likelihood coherent-state quantum process tomog-
raphy, A. Anis and A.I. Lvovsky, arXiv:1204.5936.


	QESSENCE-D333-core
	QESSENCE-D333-extra
	Verification and estimation of state and process properties based on tomographically incomplete data
	Abstract
	Introduction and Background
	Experimentally available systems
	Ion traps
	Cold gases
	Photonic systems
	Other systems

	Verifying and learning quantum states, processes and Hamiltonians
	Verifying the experimental creation of quantum states and the implementation of processes
	Compressed sensing
	Learning quantum states based on local measurements
	Predicting measurement outcomes by small ``Training sets"
	Learning permutationally-invariant quantum states
	Detector tomography
	Hamiltonian estimation
	Assessment of systematic errors

	Estimation of state and process properties
	Entanglement and Rényi entropies
	Classicality
	Decoherence rates
	Markovian character of evolution
	Dimension

	References



