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Abstract

This report describes final results on basic limits for spectrum sharing con-
sidered within SAPHYRE. At first, the spectrum sharing scenario has been
modeled by the multi-antenna interference channel. Then different basic limits
in terms of achievable rate regions under different assumptions on decoding
capabilities of the receivers and channel state information at the transmitters
have been derived. Finally, performance and fundamental limits of a novel
wireless network coding technique for spectrum sharing have been proposed.
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Executive Summary

This report is organized in two parts. In the first part (Chapters 2–4) achiev-
able rate regions are derived for the downlink of the spectrum sharing scenario
where the multi-antenna base stations (BSs) of different operators transmit over
the same channel, each to its own single-antenna mobile station (MS). This sce-
nario is modeled by the multiple-input single-output (MISO) interference channel
(IC). In Chapter 2 and 3, we consider the scenario of MSs with single-user decoding
(SUD) capabilities with perfect CSI and imperfect CSI at the BSs respectively. In
Chapter 4, multi-user decoding (MUD) capabilities at MSs with perfect CSI at BSs
are considered. The second part (Chapter 5) focuses on a physical layer (PHY)
resource sharing technique, which is based on a hierarchical decode and forward
(HDF) strategy. It is a network aware modulation and coding for multi-terminal
and multi-relay communications.

Chapter 2 considers the case of SUD, where the MSs treat the interference as ad-
ditive Gaussian noise. Three different topics regarding Pareto-optimal operation
points are discussed in subsequent sections. In Section 2.2, the outer (Pareto)
boundary of the MISO IC achievable rate region is characterized. The eigenvector
corresponding to the maximum eigenvalue of a weighted sum of Hermitian forms of
channel vectors is shown to achieve all points on the boundary. Section 2.3 focuses
on the maximum sum-rate operating point, the proportional-fair operating point
and the max-min rate point which lead to non-convex optimization problems. A
corresponding non-convex optimization framework which takes as much as possible
of the problem structure into account has been developed. In contrast to exhaustive
search methods, such as a grid search, the proposed approach has the advantage
that it can achieve a given accuracy. Section 2.4 proposes an efficient method to find
any Pareto-optimal rate pair of the two-user MISO IC achievable rate region. Con-
strained optimization is used and it is shown that the problem can be formulated
as a (sequence of) second-order cone programming (SOCP) feasibility problems.
The SOCP problems are convex and they are solved very efficiently using standard
off-the-shelf (namely, interior-point) algorithms. The number of SOCP problems
that must be solved, for the computation of a Pareto-optimal point, grows only
logarithmically with the desired accuracy of the solution. In Section 2.5, the con-
ditions in which non-orthogonal spectrum sharing, e.g. MISO IC, is beneficial as
compared to non-sharing baseline scenario e.g. MISO broadcasting channel (BC),
are determined. For both the IC and BC, achievable (lower) and upper bounds on
the maximum sum-rate are provided. A new fast algorithm is proposed for finding a
lower bound on the sum-rate of the BC using linear beamforming. The bounds are
used to numerically evaluate the potential gain of non-orthogonal spectrum sharing.
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Chapter 3 focuses on the achievable rate region of MISO IC in the scenario with
imperfect CSI at the transmitters. In Section 3.1, the robust achievable rate region
of MISO is investigated. The transmitters have imperfect CSI with the channel
mismatch followed the spherical uncertainty model. Considering the worst case
achievable rate of the links, we characterize the beamforming vectors that achieve
points on the Pareto boundary of the robust rate region. In addition, we investigate
the gain in spectrum sharing under channel information uncertainty compared to
time division multiple access (TDMA). The spectral efficiency gain with spectrum
sharing is larger in the mid SNR regime. We provide the analytical results of optimal
sum rate transmission in asymptotic cases on SNR. Section 3.2 considers the slow-
fading two-user MISO IC, where the receivers treat the interference as additive
Gaussian noise. We study the rate points that can be achieved, allowing a non-
zero outage probability. The points which meet the outage probability specification
constitute a so-called outage rate region. There exist several definitions of the outage
rate regions for the IC, as for the broadcast and the multiple-access channels. We
give four definitions for the outage region of the MISO IC. The definitions differ on
whether the rates are declared in outage jointly or individually and whether there is
instantaneous or statistical channel state information (CSI) at the transmitters. For
the statistical CSI scenario, we discuss how to find the outage probabilities in closed
form. We provide interpretations of the definitions and compare the corresponding
regions via analytical and numerical results.

Chapter 4 considers the case of MUD, where the MSs have interference decoding
capability (IDC) such that the interference, when strong enough, can be decoded
and subtracted from the received signal. The achievable rate regions, obtained
with this new feature, are explored and the improvement compared with the single-
user detection is shown. The achievable rate region of the MISO IC with IDC is not
trivial as the additional freedom of interference removal may pose rate constraints on
other BSs. The achievable rate region is formulated for the two-user MISO IC with
IDC. It is shown that the Pareto-optimal transmit covariance matrices are rank one,
i.e. beamforming attains the Pareto boundary. Moreover, the Pareto boundary is
characterized, in terms of both power allocation and transmit beamforming vectors.

Chapter 5 (Fundamental Limits for Code, Signal, and Receiver Processing Design)
substantially extends the D2.1a deliverable scope by Section 5.4. Section 5.4 deals
with the fundamental limits of hierarchical decode and forward (HDF) strategy with
extended cardinality mapping and the closely related impact of imperfect comple-
mentary side-information. In simple words, the wireless network coding (WNC)
with HDF strategy can use the relay hierarchical symbol mapping with the car-
dinality higher than the minimal one (i.e. it partially contains information about
individual sources) which allows to have imperfect complementary side information
at the final destination while still being capable of correctly determining the target
data. The relay HDF extends cardinality map therefore allows a trade-off between
side information quality and the required throughput over the relay. Such situa-
tion captures more realistically the scenarios where sources and destinations are not
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collocated. We evaluate quantitatively the limits and the relation between comple-
mentary side-information and the relay throughput and we also design a proper
extended mapper.
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Notations

Abbreviations

AF Amplify and Forward
AWGN Additive White Gaussian Noise
BC Broadcast Channel
BPSK Binary Phase Shift Keying
BS Base Station
C-SI Complementary Side-Information
CSI Channel State Information
CSIT Channel State Information at the transmitter
HBC Hierarchical Broadcast Channel
HDF Hierarchical Decode and Forward
HXA Hierarchical eXclusive Alphabet
HXC Hierarchical eXclusive Code
IC Interference Channel
IDC Interference Decoding Capability
i.i.d. independent identically distributed
ITC Interference Temperature Constraint
JDF Joint Decode and Forward
IFC Interference Channel
NBS Nash Bargaining Solution
NC Network Coding
NCM Network Coded Modulation
NE Nash Equilibrium
NP Non-deterministic Polynomial-time
MAC Multiple Access Channel
MIMO Multiple-Input Multiple-Output
MISO Multiple-Input Single-Output
MRT Maximum-Ratio Transmission
MS Mobile Station
MUD Multi-User Decoding
PDF Probability Density Function
PHY Physical Layer
PSK Phase Shift Keying
QAM Quadrature Amplitude Modulation
QPSK Quadrature Phase Shift Keying
SINR Signal-to-Interference-plus-Noise Ratio
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SISO Single-Input Single-Output
SNR Signal-to-Noise Ratio
SRN Source Relay Network
SUD Single-User Decoding
SOC Second-Order Cone
SOCP Second-Order Cone Programming
TC Topology C
TDMA Time Division Multiple Access
WNC Wireless Network Coding
ZF Zero-Forcing

Mathematical Notations

C set of complex numbers
R set of real numbers
R+ set of non-negative real numbers
R++ set of positive real numbers
xk,ℓ ℓth component of vector xk
‖a‖ Euclidean norm of vector a
|b| absolute value of b ∈ C

vi(Z) eigenvector corresponding to the ith eigenvalue of matrix Z
vmax(Z) eigenvector corresponding to the largest eigenvalue of matrix Z
vmin(Z) eigenvector corresponding to the smallest eigenvalue of matrix Z
Π⊥Z orthogonal projector onto the orthogonal complement of the range of Z
{·}H the Hermitian (complex conjugate) transpose of a vector or matrix
trace{X} the trace of a matrix X
rank{X} the rank of a matrix X
diag{x} a diagonal matrix, whose diagonal elements are the elements in a vector x
E{·} the expectation operator
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1 Introduction

The objective of SAPHYRE is to come to new approaches to make better use
of the spectrum resources that are available for mobile communication services.
Beside other options that have been identified and will further be explored, spectrum
sharing is of major concern. This deliverable describes final results on basic limits
for spectrum sharing which has been modeled by the multi-antenna interference
channel.

Interference is known to be one of the major factors that limits the performance of
a communication system in a wireless network. This situation is common in multi-
user settings when the systems concurrently share the available communication
resources. In general interference networks, the performance measure of individual
users is described by a utility function. This function depends in a monotonic way
on the received signal power, the interference signal power and the noise power.
The joint operation of the systems is efficient if it is impossible to improve the
performance of one system without degrading the performance of another. In this
case, the operating point is said to be Pareto optimal. It is always desired to design
resource allocation schemes that lead to Pareto optimal operation points. In this
way, the available communication resources are utilized efficiently to grant efficient
operation of the systems. However, developing efficient resource allocation schemes
is not straightforward and proves to be difficult.

The deliverable is organized in two parts. In the first part the downlink of a spec-
trum sharing scenario is modeled by the MISO IC and corresponding achievable
rate regions are derived under different assumptions on the decoding capabilities of
the receivers and different channel state information available at the transmitters.
Then, corresponding Pareto-optimal transmission strategies are identified. In the
second part a novel wireless network coding technique is proposed when both the
spectrum and the use of a relay is shared. The performance and fundamental limits
of this technique are studied.

SAPHYRE D2.1b
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2 Achievable Rate Region of the MISO IC with

SUD Capability

2.1 Spectrum-Sharing Paradigm: MISO IC

2.1.1 Related Work

The MISO IC is an example of an interference network where the systems consist
of transmitter-receiver pairs. For the two-user case, real-valued parametrization of
each transmitter’s efficient beamforming vectors is provided in [2]. The beamform-
ing vectors that achieve Pareto optimal points are proven to be a linear combi-
nation of zero-forcing (ZF) transmission and maximum ratio transmission (MRT).
Based on this characterization, a monotonic optimization framework is developed
in [3] to find maximum sum-rate, proportional-fair and minimax operating points.
The parametrization in [2] relates to a parametrization using the virtual signal-to-
interference-plus-noise-ratio (SINR) framework in [4]. The use of this framework is
motivated by the design of distributed algorithms that require local channel state
information (CSI) at each transmitter. This framework is extended to the precoding
design in MIMO settings in [5]. The concept of combining the MRT and ZF strate-
gies is important for developing so-called distributed bargaining algorithms. These
algorithms improve the operation of the systems from the noncooperative outcome
[6, 7]. In [6], a distributed bargaining algorithm is developed which requires one
bit signaling between the transmitters. Extension to the precoding design in the
MIMO case is given in [8]. In [7], a similar distributed beamforming algorithm in
the MISO IC is proposed for the case of statistical CSI at the transmitters. Also
utilizing the parametrization in [2], a distributed bargaining process is proposed
in [9] which requires four bit signaling between the transmitters. The process is
proven to converge to an operating point arbitrarily close to the Pareto boundary
and dominates the noncooperative outcome of the systems. In [10], the high SINR
approximation of the achievable sum-rate of a system pair is utilized to determine
suboptimal joint transmission strategies. The achieved performance is shown to be
better than the joint MRT and joint ZF strategies.

In the K-user MISO IC, complex-valued parametrization of the Pareto boundary
of the MISO IC rate-region is derived in [11] which requires K(K − 1) complex-
valued parameters in order to attain all Pareto optimal points. In [12], the K-user
MISO IC is considered with the capability of time sharing the resources between the
links. All points on the Pareto boundary of the MISO IC rate region are achieved
with K(K − 1) real valued parameters each between 0 and π. In [13], the authors

SAPHYRE D2.1b



14 2 Achievable Rate Region of the MISO IC with SUD Capability

characterize the Pareto boundary of the MISO IC through controlling interference
temperature constraints (ITC) at the receivers. Each Pareto optimal rate tuple is
achieved iteratively when each transmitter optimizes its transmission constrained
by the ITCs. It is shown that K(K − 1) real valued parameters, each between
zero and a value depending on the channel vectors, are needed to achieve all Pareto
optimal points. ITC is a terminology used in cognitive radio scenarios under the
underlay paradigm [14]. It quantifies the amount of interference from the secondary
transmitters that is tolerated by the primary users.

In [15], joint linear precoding is investigated taking into account the signaling over-
head between the transmitters. The rate-region achieved with joint precoding is
larger than the MISO IC rate-region, and all Pareto optimal beamforming vectors
are parameterized by K(K−1) complex-valued parameters. For the same setting, a
recent result in [16] reduces the number of parameters to K+L real-valued scalars,
each between zero and one, where L is the number of linear constraints on the
transmission. Linear precoding MIMO IC algorithms are moreover investigated in
[17] for a two-user system.

2.1.2 System Model

The MISO IC with K users is studied in [11]. All base stations BSk have N transmit
antennas each, that can be used with full phase coherency. The mobiles MSk,
however, have a single receive antenna each. In Figure 2.1, the MISO IC under
study is illustrated for K = 2 users and N = 2 transmit antennas.

MS1BS1

MS2BS2

h11

h12

h22

h21

Figure 2.1: The MISO IC for K = 2 users and N = 2 transmit antennas.

We shall assume that transmission consists of scalar coding followed by beamform-
ing, and that all propagation channels are frequency-flat. This leads to the following
basic model for the matched-filtered, symbol-sampled complex baseband data re-
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2.1 Spectrum-Sharing Paradigm: MISO IC 15

ceived at MSk:

yk = hTkkwksk +
K∑

l=1,l 6=k

hTlkwlsl + ek, (2.1)

where sl, 1 ≤ l ≤ K is the symbol transmitted by BSl, hij is the (complex-valued)
N×1 channel-vector between BSi and MSj, and wl is the beamforming vector used
by BSl. The variables ek are noise terms which we model as i.i.d. complex Gaussian
with zero mean and variance σ2.

We assume that each base station can use the transmit power P , but that power
cannot be traded between the base stations. Without loss of generality, we shall
take P = 1. This gives the power constraints

||wk||2 ≤ 1, 1 ≤ k ≤ K (2.2)

Throughout, we define the signal-to-noise ratio (SNR) as 1/σ2. The precoding
scheme that we will discuss requires that the transmitters (BSk) have access to CSI
for some of the links. However, at no point we will require phase coherency be-
tween the base stations. In [11], a characterization of the beamforming vectors that
reach the Pareto boundary of the achievable rate region with interference treated
as additive Gaussian noise is provided by a complex linear combination.

Throughout this chapter, we will assume that all receivers treat co-channel interfer-
ence as noise, i.e. they make no attempt to decode and subtract the interference. We
treat the case of multi-user detection in Chapter 4. For a given set of beamforming
vectors {w1, . . . ,wK}, the following rate is then achievable for the link BSk →MSk,
by using codebooks approaching Gaussian ones:

Rk(w1, . . . ,wK) = log2

(

1 +
|wTkhkk|2

∑

l 6=k |wTl hlk|2 + σ2

)

. (2.3)

We define the achievable rate region to be the set of all rates that can be achieved
using beamforming vectors that satisfy the power constraint:

R ,
⋃

{wk:||wk||2≤1,1≤k≤K}

{R1(w1, . . . ,wK), . . . , RK(w1, . . . ,wK)} ⊂ R
K
+ . (2.4)

The outer boundary of this region is called the Pareto boundary, because it consists
of operating points (R1, . . . , RK) for which it is impossible to improve one of the
rates, without simultaneously decreasing at least one of the other rates. More
precisely we define the Pareto optimality of an operating point as follows.

Definition 2.1. A rate tuple (R1, . . . , RK) is said to be Pareto optimal if there exists
no other tuple (Q1, . . . , QK) ≥ (R1, . . . , RK) with (Q1, . . . , QK) 6= (R1, . . . , RK) (the
inequality is component-wise). 2

SAPHYRE D2.1b



16 2 Achievable Rate Region of the MISO IC with SUD Capability

2.2 Characterizing the Pareto-Optimal Transmit Strategies

In a multiuser setting, efficient operation of the systems requires the transmitters
to maximize the power gain at intended receivers and also minimize the power gain
at unintended receivers. In this section, we characterize the transmission strategies
of each transmitter that are relevant to achieve Pareto-optimal operating points.
Moreover, we parameterize these by real values between zero and one. In this
way, the set of efficient transmission strategies is confined and represented by low
dimensional real parameters. This result tremendously reduces the complexity of
designing efficient resource allocation schemes, and the parametrization can be uti-
lized for low complexity coordination between transmitters.

While previously available results are provided for the MISO IC, the parametriza-
tion of efficient transmission strategies in a general multiuser setting is not straight-
forward. Moreover, neither the ITC-based [13] nor the Lagrangian-based [18, 16]
characterizations can be generalized to our framework. A further example of a
MISO multiuser setting which can be applied to our framework is when a single
transmitter sends common information to K single-antenna receivers. This set-
ting corresponds to multicast transmission. Since the transmission rate depends
on the weakest link in the system, the transmitter optimizes its transmission to
achieve max-min-fairness at the receivers [19]. The multicast beamforming problem
to achieve max-min-fairness is proven to be NP-hard for K ≥ N [20], where N
is the number of transmit antennas. In [21], the two-user multicast max-min-fair
problem is studied, and the set of beamforming vectors which includes the solution
of the max-min-fair problem is characterized.

2.2.1 Main Characterization

Following the discussion on the boundary of Ωk, we formalize the upper boundary
following the definitions in [11]. There, this definition was used to derive the solution
of a monotonic optimization problem [22].

Definition 2.2. A point y ∈ R
n
+ is called upper boundary point of a normal set C

if y ∈ C while the set

Ky = y + R
n
++ = {y′ ∈ R

n
+|y′ > y} ⊂ R

n
+ \ C. (2.5)

The set of upper boundary points of C is called the upper boundary of C and it is
denoted by part+C. 2

The straightforward extension to include also the right boundary of a convex set C

is to define the upper boundary of C in direction e.

Definition 2.3. A point y ∈ R
n
+ is called upper boundary point of a normal set C

D2.1b SAPHYRE



2.2 Characterizing the Pareto-Optimal Transmit Strategies 17

in direction e if y ∈ C while the set

Ky(e) = {y′ ∈ R
n
+|y′ℓeℓ ≥ yℓeℓ ∀ 1 ≤ ℓ ≤ n} ⊂ R

n
+ \ C (2.6)

where the inequality has at least one strict inequality and directional vector e ∈
{−1, 1}n. We denote the set of upper boundary points in direction e as parteC. 2

For the choice e = 1 the upper boundary in direction e is the usual upper boundary,
i.e., part+C = part1C.

In the following, we omit the index k when considering only one user for convenience.
For efficient operation the boundary points of Ω in all directions (except e = −1)
are of interest. Let E , {−1, 1}n \{−1}n. Then the next result follows immediately
from the convexity of the boundary of the gain-region.

Theorem 2.1. All upper boundary points of the convex set Ω in direction e ∈ E

can be achieved by

w(λ) = vmax

(
K∑

ℓ=1

λℓeℓhk,ℓh
H
k,ℓ

)

(2.7)

with vmax(Z) denoting the eigenvector which belongs to the maximum eigenvalue
of the Hermitian matrix Z, λ = [λ1, . . . , λK−1, λ1, . . . , λK−1 with 0 ≤ λℓ ≤ 1,
1 ≤ ℓ ≤ K − 1 and λK = 1−

∑K−1
ℓ=1 λℓ. 2

The interesting observation from Theorem 2.1 is that all upper boundary points of
the K-dimensional gain-region can be achieved by a parameterization using K − 1
real parameters between zero and one, i.e.,

λ ∈ Λ = {λ ∈ [0, 1]K :
K∑

ℓ=1

λℓ = 1}. (2.8)

Depending on the application context different directions or even certain operating
points are to be optimized.

Theorem 2.2. All points of the Pareto boundary of the achievable rate region of
the MISO IC can be reached by beamforming vectors

wk(λk) = vmax

(
K∑

ℓ=1

λk,ℓeℓhk,ℓh
H
k,ℓ

)

(2.9)

with λk ∈ Λ and

eℓ =

{

1 ℓ = k

−1 otherwise
.

SAPHYRE D2.1b



18 2 Achievable Rate Region of the MISO IC with SUD Capability
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Figure 2.2: Pareto boundary of a three user MISO IC rate-region, where N = 3 and
SNR = -10 dB.

2

Note that for two users K = 2, the characterization in [11, Corollary 1] follows as
a special case.

The proof of Theorem 2.2 follows from the observation that the Pareto boundary of
the achievable rate region R in (2.4) corresponds for user k with the upper boundary
of Ωk in direction of ek = [−1, . . . ,−1, 1,−1, . . . ,−1] with a 1 at the k-th position.
The complete proof is provided in [23].

2.2.2 Illustrations

The Pareto boundary of a three user MISO IC rate-region is plotted in Figure 2.2
for SNR = −10 dB and in Figure 2.3 for SNR = 30 dB. The generated points
correspond to the beamforming vectors characterized in Theorem 2.2. The real-
valued parameters are varied in a 0.05 step-length. Since we are only interested in
revealing the Pareto boundary of the achievable rate-region, we do the following. We
randomly choose 104 generated rate tuples and remove all points that are dominated
by these. In other words, for a randomly chosen rate tuple, all points corresponding
to joint rates less than the chosen ones are removed. In addition, we apply the
algorithm provided in [24]. This algorithm reduces the number of plotted points
in removing points that are not visible from the viewed angle of the figure. This
algorithm further reduces the complexity of rendering the generated points.

The two-user MISO IC special case has an appealing form in terms of the parametriza-
tion of the Pareto boundary of the achievable rate-region. The efficient beamforming
vectors are a linear combination of the MRT and ZF strategies [11, Corollary 2].
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Figure 2.3: Pareto boundary of a three user MISO IC rate-region, where N = 3 and
SNR = 30 dB.

These two strategies have the interpretation of a transmitter being either selfish or
altruistic [2, 25]. The efficient beamforming vectors of transmitter k ∈ {1, 2} are
given as [11, Corollary 2]

wk(λ̂k) =
λ̂kw

MRT
k + (1− λ̂k)wZF

k∥
∥
∥λ̂kwMRT

k + (1− λ̂k)wZF
k

∥
∥
∥

, (2.10)

where λ̂k ∈ [0, 1], wMRT
k = hkk

‖hkk‖
, and wZF

k =
Π⊥

hkℓ
hkk

‚

‚

‚
Π⊥

hkℓ
hkk

‚

‚

‚

, k 6= ℓ. Next, we prove

that the parametrization in (2.10) has the same set of strategies as in Theorem 2.2
for K = 2. For this case, the eigenvalue equation for the hermitian matrix in
Theorem 2.1 is written as

(
λ1h11h

H
11 − (1− λ1)h12h

H
12

)
w1 = µw1. This equation

can be equivalently formulated to

λ1 ‖h11‖2
h11h

H
11

‖h11‖2
w1 − (1− λ1) ‖h12‖2

h12h
H
12

‖h12‖2
w1 = µw1. (2.11)

Adding (1− λ1) ‖h12‖2w1 to both sides of (2.11) gives

(
λ1 ‖h11‖2 Πh11

+ (1− λ1) ‖h12‖2 Π⊥h12

)
w1 = (µ+ (1− λ1) ‖h12‖2)w1. (2.12)

The left hand side of (2.12) states that the principal eigenvector is a linear combi-
nation of its orthogonal projection on h11 and the orthogonal projection onto the
orthogonal complement of h12. Since the largest eigenvalue µ is larger or equal
to zero, the weight in the right hand side of (2.12) is always positive. Hence, the
optimal set of beamforming vectors can be equivalently characterized by (2.10).
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20 2 Achievable Rate Region of the MISO IC with SUD Capability

2.3 Computing Important Points via Monotonic
Optimization

An explicit parameterization of the Pareto boundary for the K-user Gaussian MISO
IC, for the case when all multiuser interference is treated as additive Gaussian noise
at the receivers, was presented in the previous section. Also, it was shown that
for the special case of two users, any point in the rate region can be achieved by
choosing beamforming vectors that are linear combinations of the ZF and the MRT
beamformers. Hence, all important (i.e., Pareto-efficient) operating points can be
expressed by two real-valued parameters between zero and one 0 ≤ λ = [λ1, λ2] ≤ 1.

In this section, we build on this parameterization and focus on the maximum sum-
rate operating point, the proportional-fair operating point and the max-min rate
point. The corresponding optimization problems are non-convex problems which are
difficult to solve directly. In particular, the max-min problem is non-smooth and
therefore derivative-based (gradient) optimization approaches cannot be applied.
A suboptimal iterative algorithm based on alternating projection was proposed in
[11]. In general, this algorithm converges to a local optimum. Therefore, we are
interested in formulating a unified non-convex optimization framework which takes
as much as possible of the problem structure into account, and which is able to find
the global optimum of the problems.

The main contribution of this work is the development of a systematic approach
to solve the non-convex optimization problem. In contrast to exhaustive search
methods, such as a grid search, the proposed approach has the advantage that it
can achieve a given accuracy. The details of the following derivations including
proofs and further discussions can be found in [3].

2.3.1 Preliminaries

The following beamformers are well known in literature and their operational mean-
ing in a game-theoretic framework is studied in [26]. The MRT beamforming vectors
are given by

wNE
1 =

h∗11

‖h11‖
and wNE

2 =
h∗22

‖h22‖
. (2.13)

The ZF beamformers are given by

wZF
1 =

Π⊥h∗
12

h∗11
∥
∥
∥Π⊥h∗

12

h∗11

∥
∥
∥

and wZF
2 =

Π⊥h∗
21

h∗22
∥
∥
∥Π⊥h∗

21

h∗22

∥
∥
∥

(2.14)

for BS1 and BS2, respectively, where Π⊥X = I−X(XHX)−1XH denotes orthogonal
projection onto the orthogonal complement of the column space of X.
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2.3 Computing Important Points via Monotonic Optimization 21

The following Theorem is proved in [11].

Theorem 2.3. Any point on the Pareto boundary of the rate region is achievable
with the beamforming strategies

wk(λk) =
λkw

NE

k + (1− λk)wZF

k

‖λkwNE

k + (1− λk)wZF

k ‖
(2.15)

for some 0 ≤ λk ≤ 1, k ∈ {1, 2}.

The achievable rates as functions of the parameter vector λ = (λ1, λ2) read

R1(λ) = log

(

1 +
|wT1 (λ1)h11|2

σ2 + |wT2 (λ2)h21|2
)

R2(λ) = log

(

1 +
|wT2 (λ2)h22|2

σ2 + |wT1 (λ1)h12|2
)

.

(2.16)

2.3.2 Problem Statement

We are interested in efficient algorithms for finding the following operating points:

1. The weighted sum-rate point:

max
0≤λ≤1
{ωR1(λ) + (1− ω)R2(λ)} (2.17)

where ω ∈ [0, 1] is a weighting factor.

2. The proportional-fairness operating point:

max
0≤λ≤1
{R1(λ)R2(λ)}. (2.18)

3. The max-min optimal point (egalitarian solution):

max
0≤λ≤1

min{R1(λ), R2(λ)}. (2.19)

All three optimization problems (2.17), (2.18), and (2.19) are non-linear and non-
convex. In the following derivation, we propose a new approach that finds the global
solution to these problems within a given accuracy and in a finite number of steps.

2.3.3 Monotonic Optimization

The monotonic optimization framework described in [3] is now applied to the prob-
lem statements. First, the properties of our objective functions are analyzed and
next the programming problems are reformulated in standard form.
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22 2 Achievable Rate Region of the MISO IC with SUD Capability

First, we show that the atom functions of the individual user rates in (2.16) are
strictly increasing. Thus, the user rates can be expressed as the difference of two
strictly increasing functions. For future use, we define the functions

f1(λ) , log
(
σ2 + |wT1 (λ1)h11|2 + |wT2 (λ2)h21|2

)
, (2.20)

f2(λ) , log
(
σ2 + |wT2 (λ2)h22|2 + |wT1 (λ1)h12|2

)
, (2.21)

g1(λ) , log
(
σ2 + |wT1 (λ1)h12|2

)
, (2.22)

g2(λ) , log
(
σ2 + |wT2 (λ2)h21|2

)
, (2.23)

and further f , f1 + f2 and g , g1 + g2.

Lemma 2.1. The functions f, f1, f2 as well as g, g1, g2 are strictly increasing, i.e.,
monotonically increasing in λ1 and λ2.

It is shown in [22] that the class of difference of two monotonically increasing func-
tions (d.m. functions) is rich, i.e., it does not only contain the sum or product of
R1 and R2 but also other combinations including minimization and maximization.
The d.m. property is invariant under certain transformations, as detailed in the
following proposition.

Proposition 2.1 (Prop. 19 in [22]). If µ1(x), . . . , µm(x) are d.m. then

1. for any αi ∈ R the function
∑m

i=1 αiµi(x) is also d.m.;

2. the functions max{µ1(x), . . . , µm(x)} and min{µ1(x), . . . , µm(x)} is also d.m.

Based on this result, the next three corollaries show that the weighted sum-rate
maximization problem in (2.17) as well as the proportional fair rate maximization
problem in (2.18) and the max-min problem in (2.19) are d.m. programming prob-
lems.

Corollary 2.1. The maximum weighted sum-rate problem for weight 0 ≤ ω ≤ 1

max
0≤λ≤1

ωR1(λ) + (1− ω)R2(λ)

is a d.m. programming problem.

Corollary 2.2. The proportional-fair rate maximization problem

max
0≤λ≤1

R1(λ)R2(λ)

is a d.m. programming problem.

From Corollary 2.1 and Corollary 2.2 it can be observed that any linear combination
and polynomial in f1, f2, g1, and g2 can be expressed by expanding and collecting
positive and negative parts as a d.m. function.
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2.3 Computing Important Points via Monotonic Optimization 23

The following decomposition shows how to deal with the max-min problem in (2.19).
The minimum of R1 and R2 can be written as

min
{
R1, R2

}
= min

{
f1 − g2, f2 − g1

}

= min
{
f1 + g1 − g1 − g2, f2 + g2 − g2 − g1

}

= min
{
f1 + g1, f2 + g2

}

︸ ︷︷ ︸

mon.incr.

−
(
g1 + g2

)

︸ ︷︷ ︸

mon.incr.

.
(2.24)

The minimum of the d.m. functions is itself a d.m. function by Proposition 2.1.

Corollary 2.3. The max-min problem in (2.19)

max
0≤λ≤1

min
(
R1(λ), R2(λ)

)

is a d.m. programming problem.

Observe that the negative d.m. part of the max-min function in (2.24) is equal to the
negative d.m. part of the sum rate function. The difference is only in the positive
d.m. function part.

We have seen above that the three problems of interest can be formulated as the
following general d.m. problem

max
λ∈[0,1]2

φ(λ)− ψ(λ) (2.25)

with strictly increasing functions φ and ψ. The way forward that we propose here
is to transform the problem in (2.25) to a domain where the parameter space has
larger dimension but where the constraints are normal. After this transformation
has been performed, the polyblock algorithm can be used to solve the optimization
problems.

Specifically, we substitute ψ(λ) = ψ(1)(1−t) in (2.25) where the range of t depends
on λ and obtain the equivalent programming problem with x = [λ1, λ2, t]

max φ(x) + ψ(1)(x3 − 1)
︸ ︷︷ ︸

Φ(x)

s.t. x ∈ D (2.26)

with constraint set

D =
{
x ∈ R

3
+ : x1 ≤ 1, x2 ≤ 1, x3 ≤ 1− ψ(x1, x2)/ψ(1)

}
. (2.27)

Note that the function Φ(x) is strictly increasing and it holds that ψ(1) ≥ 0.

Lemma 2.2. The set D defined in (2.27) is normal.

Furthermore, the constraint set is compact, bounded, and connected. The program-
ming problem in (2.25) corresponds exactly to the monotonic optimization problem.
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24 2 Achievable Rate Region of the MISO IC with SUD Capability

Therefore, we can apply the outer polyblock approximation algorithm described in
[3] to solve all three problems, the weighted sum-rate maximization in (2.17), the
proportional fair problem in (2.18), and the max-min problem in (2.19).

2.3.4 Illustrations

First, the solution by the polyblock algorithm of the weighted sum-rate maximiza-
tion problem (2.17) is illustrated in the next subsection.

For this example, the channel realization (nT = 3) is given by

h11 = [0.0937 + 1.1175i; 1.1264 + 0.0556i; 0.7201 + 0.4820i],

h12 = [−0.7245 + 0.3036i;−0.8728− 0.0395i; 0.2042 + 0.2601i],

h21 = [−0.3288− 1.4935i; 0.2623 + 0.9598i; 0.5150 + 0.7231i],

h22 = [0.7339− 0.2231i;−0.2756− 1.0983i;−0.9767 − 0.5006i].

We operate at an SNR of 0 dB. In Figure 2.4, the objective function of the problem
(2.17) is illustrated.
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Figure 2.4: Sum-rate R1 +R2 over 0 ≤ λ ≤ 1.

The solution found by the polyblock algorithm achieves the individual ratesR1(λ
∗) =

1.891 and R2(λ) = 1.5713 and thus a sum-rate of 3.4623. A 20 × 20 grid search
(which corresponds to 400 function evaluations) gives the optimum as (R1 +R2) =
3.4619 < (R1(λ) + R2(λ)). This shows the advantage of the polyblock algorithm
compared to a grid search for one sample channel realization.

Additionally, we computed the average performances of the outer polyblock algo-
rithm and of the grid-search method for 1000 channel randomly chosen realizations,
in order to show that the proposed algorithm performs well on the average, too.
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2.3 Computing Important Points via Monotonic Optimization 25

Here, the average sum-rate achieved with the outer polyblock algorithm (using at
most 100 steps) is 4.374. A 10× 10 grid search (100 function evaluations) gives an
average sum-rate of 4.364.

2.3.5 SAPHYRE Gain of Operating Points
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Figure 2.5: Example of the instantaneous achievable rate region for the 2-user MISO
IC at SNR 10dB: Egalitarian solution (*), NBS (x), and sum rate max-
imization solution (+). The red carpet are the points for 0 ≤ λ1, λ2 ≤ 1
plotted on a grid with density 0.01. The small red squares on the axes
indicate the single-user points (dictatorial solution).

In Figure 2.5, the result of the optimization procedure for the three operating points
is shown. The egalitarian solution (*) converges to equal rates R1 = R2 = 2.3 and
the solution is the intersection point between the Pareto boundary and the bisector
line. The max sum-rate solution is the tangent point of a line with slope −1 with
the Pareto boundary and converges to rates R1 = 0.23 and R2 = 4.72. The NBS
converges to the rate tuple R1 = 1.08 and R2 = 3.48 and it is the intersection of
the Pareto boundary with the Nash curve 0.4 = (R1 − RNE

1 )(R2 − RNE
2 ). Finally,

the point at the left lower corner of the red carpet corresponds to the NE (threat
point). The NE rates are RNE

1 = 0.47 and RNE
2 = 2.86.

In Figure 2.6, the Pareto boundary is shown for an SNR of 30 dB. The red points
are generated from Theorem 2.1 by varying λ1 and λ2 over a grid 0 ≤ λ1 ≤ 1 and
0 ≤ λ2 ≤ 1. The pink circle is the ZF-point. It can be observed that the ZF point
is close to the Pareto boundary and to the maximum sum-rate point.
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26 2 Achievable Rate Region of the MISO IC with SUD Capability
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Figure 2.6: Pareto boundary for a sample channel realization with two transmit
antennas at 30 dB SNR.

2.4 Computing the Pareto Boundary via Convex
Optimization

The main merit of the parameterization derived in [11] is that it provides an ana-
lytical tool that has helped to develop an intuitive understanding for what Pareto-
optimal beamforming vectors look like. In particular, [25] presented game-theoretic
interpretations in terms of “altruistic” and “selfish” strategies. Unfortunately, the
parameterization derived in [11] is not particularly efficient when it comes to com-
puting Pareto-optimal beamforming vectors in practice. The main reason for this
is that it provides only necessary conditions that the beamforming vectors should
separately fulfil to achieve Pareto-optimality. Hence, using the parameterization as
it stands to generate pairs of beamforming vectors yields many rate points that
are far from optimum, in addition to the desired Pareto-optimal points. We have
also earlier presented extensions of the parameterization in [11] to the case where
the transmitters only have statistical CSI [27, 7]. Whilst important for analytical
studies, these parameterizations are further inefficient for the computation of the
Pareto boundary, due to the even larger number of involved parameters.

It becomes apparent, that there is a need to find a way to directly compute pairs
of Pareto-optimal beamforming vectors. This need motivated us to propose in [28]
an optimization problem, that for each point on the Pareto boundary accepts as
input the rate of one link and returns the rate of the other, along with the enabling
beamforming vectors. Therein, we considered the scenario where the transmitters
have statistical CSI, for which the corresponding (average) rate expressions are
involved functions of the beamforming vectors. Because of this, it was hard to
solve the proposed optimization problem directly. To overcome this difficulty, we
proposed a two-step algorithm to derive a solution. In the first step, the optimization
problem was solved separately for each beamforming vector and in the second step
the solutions were combined.
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2.4 Computing the Pareto Boundary via Convex Optimization 27

In this section, we show that the optimization problem, proposed in [28] to find pairs
of Pareto-optimal beamforming vectors, can be solved jointly when the transmitters
have perfect CSI. This is now possible because the corresponding (instantaneous)
rates are simple functions of the beamforming vectors. Specifically, we exploit the
fact that the rates are monotonously increasing with the SINR’s and recast the
original rate optimization problem as a sequence of SINR feasibility problems. These
feasibility problems have nonconvex quadratic constraints, but nevertheless admit
an equivalent reformulation as SOCP problems [29]. The SOCP problems are convex
[30] and they are solved very efficiently using standard off-the-shelf (namely, interior-
point) algorithms [31]. The number of SOCP problems that needs to be solved grows
only logarithmically with the desired accuracy of the solution. Taken together, we
obtain a computationally very efficient method of calculating the Pareto boundary
of the rate region for the MISO IC, that it is achieved when the transmitters have
perfect CSI.

2.4.1 Preliminaries

For the two-user MISO, when BS1 has perfect CSI and MS1 treats the interfer-
ence as noise, the achievable instantaneous rate (in bits/channel use) for the link
BS1 → MS1 is [32]

R1(w1,w2) = log2

(

1 +
|hH11w1|2
|hH21w2|2 + σ2

)

. (2.28)

It is evident that the instantaneous rate is monotonously increasing with the SINR,
which is defined by the ratio within the right-hand-side term of (2.28). Furthermore,
the rate depends on the choice of both beamforming vectors. We denote as p11(w1)
the useful signal power received in the direct link BS1 → MS1 and as p21(w2) the
interference power received in the crosstalk link BS2 → MS1, i.e.,

p11(w1) , |hH11w1|2 and p21(w2) , |hH21w2|2. (2.29)

It can be easily seen and understood that R1(w1,w2) is monotonously increas-
ing with p11(w1) for fixed p21(w2) and monotonously decreasing with p21(w2) for
fixed p11(w1). A conflict situation is associated with the choice of beamvectors. A
beamvector w1 which increases the useful signal power p11(w1) received by MS1,
might also increase the interference power p12(w1) experienced at MS2.

The union of all Pareto-optimal points defines the so-called Pareto boundary of the
rate region R. We denote as R1 and R1 the minimum and maximum, respectively,
Pareto-optimal rates of link BS1 → MS1. The Pareto boundary consists of all
Pareto-optimal points on the outer (upper-right) boundary of R, between (R1, R2)
and (R1, R2); see Fig. 2.7.
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28 2 Achievable Rate Region of the MISO IC with SUD Capability

As evidenced by (2.28), the maximum rate R1 is achieved when BS1 operates “self-
ishly” to maximize the useful signal power p11(w1) and BS2 operates “altruistically”
to null the interference power p21(w2). The selfish operation of BS1 corresponds to
the MRT strategy [25]

wMRT
1 = arg max

w1∈W

p11(w1) =
h11

‖h11‖
. (2.30)

Note that the computation of the MRT beamforming vector in (2.30) requires knowl-
edge only of the direct channel vector h11. That is, the MRT strategy does not take
into account the interference that it causes to the other communication link. Con-
trarily, the altruistic operation maximizes the useful signal power under the hard
constraint of causing no interference. The so-called ZF strategy of BS1 is [25]

wZF
1 = arg max

w1∈W

p12(w1)=0

p11(w1) =
Π⊥h12
h12

∥
∥Π⊥h12

h11

∥
∥
, (2.31)

where Π⊥h12
, I−h12(hH12h12)−1hH12 is the orthogonal projection onto the orthogonal

complement of h12 and I is the identity matrix. In [11], we showed that all the
Pareto-optimal transmit strategies can be represented as linear combinations of the
MRT and the ZF ones.

The maximum and minimum Pareto-optimal rates on link BS1 →MS1 are explicitly
written as functions of the MRT and ZF strategies of BS1 and BS2 as follows

R1 , R1(w
MRT
1 ,wZF

2 ) and R1 , R1(w
ZF
1 ,wMRT

2 ). (2.32)

2.4.2 Computation of the Pareto boundary

As discussed previously, we accurately know the endpoints of the Pareto boundary
and the transmit strategies that enable them. In this section, we propose an effi-
cient method to calculate the Pareto-optimal pair of beamforming vectors (w⋆1,w

⋆
2)

that corresponds to an arbitrary operating point (R⋆
1, R

⋆
2) on the Pareto bound-

ary of the achievable rate region. We do so by building on the observation that
the Pareto-optimal rates of the two links are related by an one-to-one function.
That is, every Pareto-optimal point is uniquely defined when the rate of one com-
munication link is known. The other rate is then the maximum one that can be
simultaneously achieved (see Fig. 2.7). This property motivated us to propose the
following optimization problem, which accepts as input the coordinate R⋆

1 of the
sought Pareto-optimal rate pair.

D2.1b SAPHYRE



2.4 Computing the Pareto Boundary via Convex Optimization 29

0 1 2 3 4 5 6
0

1

2

3

4

5

 

 

Nonorthogonal sharing
Orthogonal (TDMA) sharing

R1 [bits/channel use]

R
2

[b
it

s/
ch

an
n
el

u
se

]

(R⋆
1, R

⋆
2)

Figure 2.7: Achievable rate region for the two-user MISO IC with perfect CSI

max
(w1,w2)∈W2

R2(w2,w1) (2.33)

s.t. R1(w1,w2) = R⋆
1. (2.34)

The optimal value of the problem (2.33)–(2.34) is the other coordinate R⋆
2. The

optimal solution of (2.33)–(2.34) is the pair (w⋆1,w
⋆
2) of transmit strategies that have

to be employed in order to achieve (R⋆
1, R

⋆
2). It is apparent that the optimization is

always feasible and that the entire Pareto boundary can be calculated when R⋆
1 is

chosen in the range [R1, R1].

In [28], we considered the case where the transmitters only have statistical CSI,
for which the achievable rates are computed by averaging over the channel real-
izations. The resulting rate expressions are involved functions of the beamforming
vectors, comprising exponential integrals with quadratic terms in their limits. For
this reason, it was difficult in [28] to solve the problem (2.33)–(2.34) directly and we
had to break the optimization in two parts, each involving a different beamforming
vector. Herein, we assume that the transmitters have perfect CSI. Hence, the cor-
responding (instantaneous) rate expressions (2.28) are relatively simple functions of
the beamforming vectors. As shown in the sequel, this allows us to perform a num-
ber of reformulations to the original problem (2.33)–(2.34) in order to eventually
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30 2 Achievable Rate Region of the MISO IC with SUD Capability

cast it in convex form, that enables us to very efficiently yield the optimal pair of
beamforming vectors.

Towards this end, the first step is to replace the rate expression (2.28) in (2.33)–
(2.34) and yield

max
(w1,w2)∈W2

log2

(

1 +
|hH22w2|2
|hH12w1|2 + σ2

)

(2.35)

s.t. log2

(

1 +
|hH11w1|2
|hH21w2|2 + σ2

)

= R⋆
1. (2.36)

Note that the equality constraint (2.36) can be equivalently relaxed to a lower-
bounded inequality. It is rather straightforward to show that due to the concept
of Pareto optimality, the bound will be tight at the optimum. Furthermore, since
the instantaneous rates are monotonously increasing with the SINR’s, the rate op-
timization (2.35)–(2.36) is equivalent to the SINR optimization

max
(w1,w2)∈W2

|hH22w2|2
|hH12w1|2 + σ2

(2.37)

s.t.
|hH11w1|2
|hH21w2|2 + σ2

≥ c1, (2.38)

where c1 , 2R
⋆
1 − 1 is the SINR level which is required to achieve a rate equal to

R⋆
1.

The objective function (2.37) is a fraction of quadratic terms; hence, it is neither
convex nor concave. Since, we are dealing with a maximization problem, we would
like to have a concave or a linear objective function. This is easily achieved by
performing the standard trick of introducing a nonnegative real auxiliary variable t
[30]. The auxiliary variable can now serve as the new objective function, provided
that it will also bound from below the original objective function. Implementing
these changes, we equivalently reformulate (2.37)–(2.38) as

max
(w1,w2)∈W2, t≥0

t (2.39)

s.t.
|hH11w1|2
|hH21w2|2 + σ2

≥ c1,
|hH22w2|2
|hH12w1|2 + σ2

≥ t. (2.40)

Since the denominators of the ratios in the left-hand-side terms of the inequalities
(2.40) are positive, we can multiply with them and equivalently obtain

max
(w1,w2)∈W2, t≥0

t (2.41)
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s.t. |hH11w1|2 ≥ c1|hH21w2|2 + c1σ
2, (2.42a)

|hH22w2|2 ≥ t|hH12w1|2 + tσ2. (2.42b)

Now that the objective function (2.41) is linear, we may focus on the feasible set of
(2.41)–(2.42). If this was convex, then the optimization problem would be convex
and its global optimal solution could be efficiently found. We observe that the
constraint (2.42a) defines a quadratic inequality, which is nonconvex due to the left-
hand-side term. As we will later show, this poses no problem since it is possible to
recast the quadratic inequality in (2.42a) as a second-order cone (SOC) constraint,
which is convex. However, this is not directly possible for the inequality (2.42b),
because of the fact that the quadratic term in its right-hand-side is multiplied with
the variable t.

In order to overcome this difficulty, we propose solving (2.41)–(2.42) as a sequence
of optimization problems for given values of t. We basically need to perform a
line search over the values of t to determine which is the maximum feasible value.
We can employ the bisection algorithm, because the nonnegative variable t is also
bounded from above, since it corresponds to the achievable SINR of the link 2.
As initial lower and upper bounds we may set the values that correspond to the
endpoints of the Pareto boundary, i.e., L := 2R2 − 1 and U := 2R2 − 1, respectively.
In each iteration of the bisection algorithm, t takes the value (U − L)/2. Since t is
not a variable anymore, the formulation (2.41)–(2.42) denotes a feasibility problem
with respect to the variables w1 and w2. The feasibility problems are optimization
problems with constraints but without an objective function [30]. They return a
binary solution to answer the question whether the feasible set, defined by the
constraints, is empty or not. If a solution to the feasibility problem exists, then the
lower bound is updated with the feasible value of t, i.e., L := t. Otherwise, the
upper bound is updated with the infeasible value of t, i.e., U := t.

Let us now see what is the actual form of the feasibility problem that needs to be
solved in each iteration of the bisection algorithm. For a given value of t, (2.41)–
(2.42) reads

find (w1,w2) ∈W
2 (2.43)

s.t. |hH11w1|2 ≥ c1|hH21w2|2 + c1σ
2, |hH22w2|2 ≥ t|hH12w1|2 + tσ2. (2.44)

Now, both constraints in (2.44) are nonconvex quadratic inequalities of the same
form. As shown in [29], for the multiuser downlink beamforming problem with
SINR constraints, the inequalities of the form (2.44) admit a reformulation as SOC
constraints. This is possible because the beamforming vectors are only involved in
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homogeneous quadratic terms in problem (2.43)–(2.44). Hence, there is inherent
ambiguity on the phases of the optimal beamforming vectors. The trick is to con-
strain the phases of the beamforming vectors to the values that yield real-valued
the signals that are received on the direct links. Then, it is possible to take the
square root on the inequalities (2.44) and discard the absolute value operator from
the left-hand-side terms. With this change, the feasibility problem (2.43)–(2.44) is
now rewritten as

find (w1,w2) (2.45)

s.t. hH11w1 ≥
√

c1|hH21w2|2 + c1σ2, hH22w2 ≥
√

t|hH12w1|2 + tσ2, (2.46a)

Im
{
hH11w1

}
= 0, Im

{
hH22w2

}
= 0, (2.46b)

‖w1‖2 ≤ 1, ‖w2‖2 ≤ 1. (2.46c)

The inequalities (2.46a) define SOC constraints. The equalities (2.46b) which con-
strain the phases of the beamforming vectors are linear. The constraints (2.46c)
explicitly define the power constraints, that have so far been implicitly denoted as
(w1,w2) ∈W2. They are quadratic norm constraints, which can be seen as special
cases of SOC constraints. Thus, taken together problem (2.45)–(2.46) is a convex
(specifically, SOCP) feasibility problem.

2.4.3 Computational Complexity

The SOCP problem (2.45)–(2.46) is a small-scale problem involving 2 n-dimensional
variables, 4 SOC constraints and 2 linear constraints. It is solved very efficiently, re-
quiring at most O(n3.5) arithmetic operations, by modern interior-point algorithms
[31]. There exist freely-distributed software packages, e.g. [33], that use interior-
point algorithms to yield the optimal solution of such problems.

The number of SOCP problems that needs to be solved to determine the Pareto-
optimal pair of beamforming vectors that corresponds to a point on the Pareto
boundary is very small. This is because the bisection algorithm converges expo-
nentially fast to the desired accuracy, since the search interval is halved in every
iteration. Note that the sought value corresponds to an SINR value; hence, the
accuracy of the solution need not be very high. Typically, a handful of iterations
suffices to find a solution that is good-enough from engineering perspective.
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2.4.4 Discussion

We proposed an efficient method to yield the Pareto boundary of the achievable rate
region for the two-user MISO IC when the transmitters have perfect CSI. The merit
of the proposed approach, as opposed to previous ones, is that it directly computes
pairs of Pareto-optimal beamforming vectors using optimization techniques.

2.5 Achievable rate region in a Spectrum Sharing
perspective

2.5.1 Introduction

A series of recent activities have promoted the idea that operators of cellular wireless
networks would benefit from sharing spectrum resources. Activities reported in e.g.,
[34], suggest inter-operator sharing of spectrum on small timescales (comparable to
the fading coherence interval), using advanced scheduling and multiple antenna
techniques. The sharing concept makes technical sense since spectrum is a finite
resource, so whenever one operator does not need all of its resources, another one
may borrow from it. In the long run both could gain from doing so. Conceivably,
since spectrum is expensive, larger revenues could be generated by better spectrum
utilization.

Spectrum sharing comes in two basic forms; orthogonal sharing and non-orthogonal
sharing [35]. Orthogonal sharing means that each operator owns and operates in an
independent piece of spectrum, but that they can borrow spectrum from each other
on a need basis. The borrower can use the borrowed piece of spectrum exclusively.

Non-orthogonal sharing, by contrast, refers to permitting operators to transmit con-
currently in the same time-frequency resource. Fundamentally, a scenario with two
transmitters (TX1, TX2 herein, belonging to the two operators) using the same
time-frequency resource to send data to two receivers (RX1, RX2 herein, associ-
ated with TX1 and TX2 respectively) constitutes an interference channel (IC) [36].
For the TX1-RX1 and TX2-RX2 pairs to achieve good performance, it is required
that they coordinate their operations. Multiple antennas at the TXs is thereby a
fundamental enabler. With multiple antennas at the TXs but a single antenna at
the RXs, we have a multiple-input single-output (MISO) IC. It has been argued
that non-orthogonal spectrum sharing can bring substantial benefits in terms of
increased sum-rate. The paper [35], for example, reported gains close to a factor of
two.

In non-orthogonal sharing, the two operators compete for resources. However, by
cooperating in their choice of transmission strategies they can achieve rate pairs
that are Pareto optimal [37]. An appropriate approach to analyze the trade-off
involved here is to use game theory. Game theoretic analysis in the context of
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spectrum sharing and the MISO IC was probably first popularized by [37]. This
work has inspired a surge of results on characterization of Pareto-optimal transmit
strategies [38]; fast methods for computing such Pareto-optimal outcomes [39, 40];
and various beamforming techniques [40, 41] and extensions to frequency selective
channels [42].

One major practical difficulty in making non-orthogonal sharing work is that channel
state information (CSI) must be shared between the TXs that belong to different
operators. This must be done on a timescale substantially smaller than the channel
coherence time and with sufficient accuracy for coherent beamforming to work.
This also includes the CSI of the interfering channels, i.e. TX1 would have to know
the channel TX1 → RX2 and vice versa. This requires a coordinated approach to
training, and schemes that facilitate overhearing of training sequences. Therefore,
for non-orthogonal inter-operator sharing to have much practical potential, the gains
in communication performance must be substantial.

The objective of this section is to examine, fundamentally, and assuming the CSI
transfer problem can be solved, under what conditions non-orthogonal sharing can
provide gains as compared to conventional operations. Specifically, 1) we model
non-orthogonal spectrum sharing via a MISO IC, and the reference scenario as
a MISO broadcast channel (BC); 2) we summarize known upper and achievable
bounds on the sum-rate for these models in Secs. 2.5.3 and 2.5.4, respectively; 3)
we evaluate the bounds for flat and frequency selective fading in Sec. 2.5.5; 4) we
draw conclusions on what operating points where non-orthogonal spectrum sharing
is likely to work at all. Sec. 2.5.6 summarizes these conclusions.

While most modeling techniques and algorithms used in this section are known, to
our knowledge their use in the context in question is new and provides considerable
new insight. The fast method we use to compute achievable sum-rates for the MISO
BC using linear transmitter processing (Sec. 2.5.4) extends the work for the MISO
IC in [39] and represents a new algorithmic contribution; it is substantially faster
than the method developed specifically for the same purpose in [43].

2.5.2 Models

The system consists of a cell with two coexisting TXs belonging to different oper-
ators. The total spectrum is split into 2Ns subchannels. The bandwidth of each
subchannel is the coherence bandwidth Wc. Hence, the total bandwidth for the
system is 2B = 2WcNs. For the non-sharing case, each operator owns a spectrum
of bandwidth B, i.e., Ns subchannels. For the sharing case, both operators use the
entire 2B band, see Fig. 2.8. We assume that each TX is equipped with nt = 2
antennas. Hence, for the non-sharing and sharing scenarios, we can serve two users
and one user, respectively, per TX.1

1As a variation, in the sharing scenario, four users in total could be served (like in the non-sharing
setup), one in the first B band and one in the second B band. This however would not change
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For the spectrum sharing scenario, we assume that the operators have one RX (user)
each to serve. These have different channels. Summing rates over the subchannels
has the interpretation of ergodic capacity (coding over the subchannels) and sum-
ming over the users has the interpretation of sum-rate. Also, each TX can spend
power P . Hence, the total power spent in the system is 2P . Hence the average
power per served user is P , i.e., P/2Ns per user per subchannel. In order to meet
the power constraint, we must have

2Ns∑

k=1

Pi,k ≤ P (2.47)

for each TXi where Pi,k is the power sent by TXi on subchannel k.

For the non-sharing scenario, each operator serves two users. Each operator can
spend power P over the Ns subchannels. Hence, the average power per user and
subchannel is P/2Ns.

2 In order to meet the power constraint for the non-sharing
scenario, we must have

2∑

i=1

Ns∑

k=1

Pi,k ≤ P, (2.48)

where Pi,k is the power spent on user i on subchannel k.

As performance measure we use the average rate over users and subchannels. Maxi-
mizing the average rate is the same as maximizing the sum-rate. The motivation for
this choice of performance measure is that it gives the highest possible throughput
of the operators.

The analysis that follows will use information theoretic results for the MISO IC
[38, 44] and BC [43, 45, 46]. For the MISO IC, we define hij,k ∈ C

nt to be the
(conjugated) channel vector for the link TXi → RXj for i, j ∈ {1, 2} on subchannel
k. The channels for the MISO BC model can be obtained from the MISO IC model
by setting hij,k = hj,k, i, j = 1, 2 where hi,k is the channel between the TX and RXi

[38]. For both scenarios we assume that the TXs have instantaneous CSI.

2.5.3 Non-Orthogonal Sharing: The MISO IC

The problem of finding the capacity region of the general IC is still open. For the
single-antenna case, it was shown that interference does not reduce the capacity
when interference is strong [36]. One good known achievable rate region for the

the conclusion of our study, since the metric we will use is an average rate over all users and
subchannels.

2We have chosen to keep the total emitted power per cell the same in the non-sharing and
sharing scenarios. By contrast, in [35], it was assumed that the total emitted power per cell
in the sharing scenario was twice that of the non-sharing scenario. It is not clear what future
regulatory requirements would look like if non-orthogonal spectrum sharing becomes reality.
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P/Ns

P/2Ns

P/2Ns

B

2B

Wc

Ns1 2

1 user/operator

1 user/operator

2 users/operator

Operator 1 Operator 2

Operator 1 and Operator 2

Figure 2.8: Illustration of the spectrum sharing scenarios. The upper and lower
parts of the figure show the non-orthogonal sharing and non-sharing
scenarios, respectively.

general IC is given in [47]. Outer bounds of the capacity region were provided in
[48]. During the last decade, the multiple antenna IC has gained a lot of interest.
The so-called vector Gaussian IC was introduced in [49]. Many of the existing
achievable and upper bounds on the capacity region of the multiple-antenna IC are
extensions from the single-antenna case. Recent results on the capacity region of
the multiple-antenna IC are reported in [50, 44]. In this section, we summarize
some lower and upper bounds on the sum-rate of the MISO IC.

Lower (Achievable) Bounds Using Linear Beamforming

Here, we first give the system model for the MISO IC using linear beamforming.
Then, by using such a transmission scheme we obtain lower (achievable) bounds on
the sum-capacity of the MISO IC. The matched-filtered symbol-sampled complex
baseband data received by the RXs on subchannel k for the MISO IC is modeled as

y1,k =
√
P1,kh

H
11,kw1,ks1,k +

√
P2,kh

H
21,kw2,ks2,k + e1,k

y2,k =
√
P2,kh

H
22,kw2,ks2,k +

√
P1,kh

H
12,kw1,ks1,k + e2,k.

(2.49)

Also, Pi,k, wi,k ∈ C
nt , ‖wi,k‖ = 1 are the power and beamforming vector allocated

by TXi, respectively, and si,k ∼ CN(0, 1) is the transmitted symbol for RXi. By
ei,k ∼ CN(0, 1) we model the noise at RXi.

Assuming linear beamforming using the beamforming vectors wi,k and power allo-
cation Pi,k, i = 1, 2, k = 1, . . . , Ns, the average rate in bits per channel use (bpcu)
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per served user is

R̄IC =
1

2

2∑

i=1

1

2Ns

2Ns∑

k=1

RIC
i (P1,k, P2,k,w1,k,w2,k), (2.50)

where3 [38]

RIC
1 (P1,k, P2,k,w1,k,w2,k) , log

(

1 +
P1,k|hH11,kw1,k|2

P2,k|hH21,kw2,k|2 + 1

)

. (2.51)

The inner sum of (2.50) is the ergodic rate for the ith user while the outer sum
yields the average rate of the two users.

Zero-forcing (ZF) beamforming: ZF is a linear transmit beamforming strategy
that cancels out the interference to the unintended receiver. The ZF beamforming
vectors are [38],

wZF
1,k =

Π⊥h12,k
h11,k

∥
∥
∥Π⊥h12,k

h11,k

∥
∥
∥

, wZF
2,k =

Π⊥h21,k
h22,k

∥
∥
∥Π⊥h21,k

h22,k

∥
∥
∥

, (2.52)

where Π⊥x , I− xxH/ ‖x‖2 is the orthogonal projection onto the orthogonal com-
plement of the vector x. Using the ZF beamforming vectors in (2.50), we get

R̄ICZF =
1

4Ns

2∑

i=1

2Ns∑

k=1

log

(

1 + Pi,k

∥
∥
∥Π⊥hij,khii,k

∥
∥
∥

2
)

. (2.53)

We will consider two possible power allocations. The first is equal power allocation,
i.e., Pi,k = P/2Ns. The second is to maximize (2.53) with respect to Pi,k, i = 1, 2
and k = 1, . . . , 2Ns using water-filling.

Clearly, these schemes yield achievable bounds for the capacity. However, as we will
see next, we can obtain better achievable bounds by also optimizing the beamform-
ing vectors.

Maximum sum-rate using linear beamforming: Here, we maximize (2.50)–
(2.51) with respect to the beamforming vectors, assuming equal power allocation

3Whenever an expression is given for only one user, the expression for the other is obtained by
interchanging the indices. In this paper, we use the base-2 logarithm.
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over the subchannels. That is, for each subchannel, we solve4

max
w1,w2

2∑

i=1

RIC
i (P/2Ns, P/2Ns,w1,w2) (2.54)

s. t. ‖wi‖2 = 1, i = 1, 2. (2.55)

We can equivalently write (2.54)–(2.55) as

max
w1,w2

log

(

1+
|hH11w1|2

|hH21w2|2 + 2Ns
P

)

+ log

(

1+
|hH22w2|2

|hH12w1|2 + 2Ns
P

)

(2.56)

s. t. ‖wi‖2 = 1, i = 1, 2. (2.57)

The problem (2.56)–(2.57) is non-convex. However, by using our result from [39],
we find the optimum of (2.56)–(2.57) in an efficient way. Specifically, we find the
Pareto boundary of the two-user MISO IC in closed-form using the algorithm in [39].
In order to find the maximum sum-rate point, we then perform a one-dimensional
search over the Pareto boundary.

Upper Bounds

Here, we give two upper bounds on the MISO IC sum-capacity. The first bound is a
trivial bound, where interference is ignored. The second bound is more sophisticated
and hence tighter.

Trivial upper bound assuming no interference: In order to find a trivial
upper (TU) bound on the MISO IC capacity, we neglect the interference terms in
(2.49). For this case, it is optimal to use the maximum-ratio transmission (MRT)
beamforming vectors, i.e. wMRT

1,k = h11,k/ ‖h11,k‖ . Inserting these in (2.50), we get

R̄ICTU =
1

4Ns

2∑

i=1

2Ns∑

k=1

log
(
1 + Pi,k ‖hii,k‖2

)
. (2.58)

To obtain an upper bound, we optimize the power using water-filling.

Non-trivial upper bound: As an improvement of the trivial upper bound given

4In order to simplify notation, we omit the subchannel index when we focus on a single subchan-
nel.
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above, we give an upper bound based on [44]. From there, we have

R1 +R2 ≤ min
{

log(1 + P1 ‖h11‖2) + log(1 + P2 ‖h22‖2),
log(1 + P1 ‖h12‖2 + P2 ‖h22‖2) + log(1 + P1K1),

log(1 + P2 ‖h21‖2 + P1 ‖h11‖2) + log(1 + P2K2),

log(1 + P2 ‖h21‖2 + P1K1)

+ log(1 + P1 ‖h12‖2 + P2K2)
}

(2.59)

where

K1 , ‖h11‖2 − P1|hH12h11|2/(1 + P1 ‖h12‖2) (2.60)

K2 , ‖h22‖2 − P2|hH21h22|2/(1 + P2 ‖h21‖2). (2.61)

We see that the first term in (2.59) corresponds to the trivial upper bound given
above.

The bounds in [44] are derived for a single-channel MIMO IC. By formulating the
multi-channel system as a single-channel MIMO system with block-diagonal channel
matrices, we can extend (2.59) to also include optimal power allocation. However,
this is not done herein. Hence, the bound in (2.59) is only valid for a given power
allocation. As we will see in Sec. 2.5.5, power control appears to yield only a
marginal difference for the conclusions of the paper.

2.5.4 No Sharing: The MISO BC

The MISO BC models the scenario without sharing and there is no interference
between the operators. Here, no inter-operator CSI transfer is needed. The capacity
region of the general BC is still an open problem. Nevertheless, the capacity region
of the Gaussian BC is known. For the two-user MISO BC, the sum-capacity was
derived in closed form in [45]. This result was later extended to the entire capacity
region of the multiple-input multiple-output (MIMO) BC in [46]. Here, we give
lower and upper bounds for the sum-capacity of the MISO BC.

Lower (Achievable) Bounds Using Linear Beamforming

Assuming linear beamforming using the beamforming vectors wi,k, and power allo-
cation Pi,k, i = 1, 2, k = 1, . . . , Ns, the average rate over the users per subchannel
is

R̄BC =
1

2

2∑

i=1

1

Ns

Ns∑

k=1

RBC
i (P1,k, P2,k,w1,k,w2,k), (2.62)
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where [38]

RBC
1 (P1,k, P2,k,w1,k,w2,k) , log

(

1 +
P1,k|hH1,kw1,k|2

P2,k|hH1,kw2,k|2 + 1

)

. (2.63)

Zero-forcing beamforming: The ZF beamforming vectors for the MISO BC are
similar to those of the MISO IC, namely [43],

wZF
1,k =

Π⊥h2,k
h1,k

∥
∥
∥Π⊥h2,k

h1,k

∥
∥
∥

, wZF
2,k =

Π⊥h1,k
h2,k

∥
∥
∥Π⊥h1,k

h2,k

∥
∥
∥

(2.64)

Using the ZF beamforming vectors, we get

R̄BCZF =
1

2Ns

2∑

i=1

Ns∑

k=1

log

(

1 + Pi,k

∥
∥
∥Π⊥hj,khi,k

∥
∥
∥

2
)

. (2.65)

We consider two possible power allocations; either equal power allocation, i.e., Pi,k =
P/2Ns or maximizing (2.65) with respect to Pi,k, i = 1, 2, k = 1, . . . , Ns using water-
filling.

Maximum sum-rate using linear beamforming: We provide an algorithm
for finding the maximum sum-rate of the MISO BC when equal power allocation
over the subchannels is used. This method is an alternative to [43] where monotonic
optimization using polyblocks was used. For each subchannel we solve

max
w1,w2

2∑

i=1

RBC
i (P1, P2,w1,w2) (2.66)

s. t. ‖wi‖2 = 1, i = 1, 2, (2.67)

P1 + P2 = P/Ns. (2.68)

For a given power allocation (P1, P2) that meets (2.68), we solve

max
w1,w2

log

(

1+
P1|hH1 w1|2

P2|hH1 w2|2 + 1

)

+ log

(

1+
P2|hH2 w2|2

P1|hH2 w1|2 + 1

)

(2.69)

s. t. ‖wi‖2 = 1, i = 1, 2 (2.70)

If we use the effective channels h̃ij ,
√
Pihj, i, j = 1, 2, we can use the fast

method of [39], to find the optimum of (2.69)–(2.70) for fixed P1, P2. This requires
a one-dimensional search. By traversing all feasible power allocations (P1, P2) with
P2 = P/Ns − P1, we will find the optimum of (2.66)–(2.68). For example, we can
search over P1, which also is a one-dimensional search. Hence, in order to solve
(2.66)–(2.68), we have to perform a two-dimensional search, which is faster than
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the algorithm in [43].

Upper Bounds

As for the MISO IC in Sec. 2.5.3, we give two upper bounds; a trivial bound and
the sum-capacity.

Trivial Upper Bound Assuming No Interference: We obtain a trivial upper
bound by ignoring the interference and using MRT, i.e. wMRT

i,k = hi,k/ ‖hi,k‖ . Then
the upper bound on (2.62) is

R̄BCTU =
1

2Ns

2∑

i=1

Ns∑

k=1

log
(
1 + Pi,k ‖hi,k‖2

)
. (2.71)

We obtain the upper bound by performing power allocation using water-filling.
We note that if h1,k and h2,k are orthogonal, then these trivial upper bounds will
coincide with the achievable ZF bounds.

Sum-capacity of the MISO BC: The sum-capacity per subchannel for the two-
user MISO BC under the sum-power constraint P/Ns is found on closed form to be
[45]

CBC
sum =






log
(

1 + P‖h1‖
2

Ns

)

, P
Ns
≤ A,

log

(
( PNs det(HHH)+trace(HHH))

2

−4|hH
2
h1|2

4 det(HHH)

)

, P
Ns

> A,
(2.72)

where A , (‖h1‖2 − ‖h2‖2)/ det(HHH) and H , [h1 h2]
T . Without loss of gener-

ality, we have assumed that ‖h1‖2 ≥ ‖h2‖2. In order to achieve the capacity (2.72),
we need dirty-paper coding.

By using the duality property of the MIMO BC and MIMO multiple access channel
(MAC) [51], we can include power control across the subchannels. The trick is
to write the multi-channel system as an equivalent MIMO system. However, for
finding the capacity for this case, numerical methods are needed.

2.5.5 Numerical Comparisons

In this section we provide numerical evaluations of the bounds provided in Secs.
2.5.3 and 2.5.4. We assume unit-variance Rayleigh-fading, i.e., hij ∼ CN(0, I).
This corresponds to the scenario where the TXs are approximately co-located. We
provide numerical results for the cases of P/Ns = 7 dB and P/Ns = 17 dB and
Ns = 4 (the main conclusions seem to be insensitive of Ns). For each bound, we
perform 10000 Monte Carlo runs and plot the cumulative density function (cdf)
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Figure 2.9: Achievable sum-rate bounds using ZF beamforming, with and without
water-filling.
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Figure 2.10: Achievable sum-rate bounds using linear beamforming and equal power
allocation across the subchannels.
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Figure 2.11: Upper sum-rate bounds for sharing and no sharing.
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of the rate. Compared to time-average, the cdf gives us a better insight about
extreme-case performance. As a general note, we see that the lower and higher
choices of transmit power gives rates of approximately 1-3 and 3-6 bpcu and user,
respectively.

In Fig. 2.9, we plot the cdfs of the bounds achievable using ZF. As expected, we
get slightly higher rates with water-filling than without. Also, the spectrum sharing
yields slightly higher rates than the non-sharing baseline. This observation holds
for both choices of power.

For the achievable bounds using per subchannel sum-rate maximization and linear
beamforming, we see in Fig. 2.10 that the non-sharing case yields rates that are
approximately 0.2 bpcu and user higher than in the sharing case. This holds for
both the high and low power. This difference could be explained by that the fact
that we for the MISO BC do power control among the users in one subchannel.

Fig. 2.11 shows the upper bounds. There, we can make a number of interesting
observations. First, the trivial bounds for no-sharing and non-orthogonal sharing
coincide. Second, we observe that the non-trivial upper bound (2.59) for the IC
yields higher rates than the sum-capacity for the BC. The difference is approxi-
mately 0.1 bpcu and user for P/Ns = 7 dB and slightly more fore P/Ns = 17 dB.
Probably, the reason for this gap is the fact that (2.59) is an upper bound. However,
we cannot for sure say that we can achieve higher rates with spectrum sharing than
without, or vice versa. Third, for high transmit power, we notice that the trivial
upper bounds yield rates that are approximately 0.7 bpcu and user higher than the
sum-capacity bound for the MISO BC.

2.5.6 Conclusions

We have analyzed the potential gains of non-orthogonal spectrum sharing by using
first principles based information theoretic models. In conclusion, the gain of non-
orthogonal sharing appears to be very limited. The intuition behind this result is
that without sharing, each operator has a bandwidth of B and two spatial degrees
of freedom (DoF) per bandwidth unit. By contrast, with sharing each operator has
a bandwidth of 2B and two spatial DoF per bandwidth unit of which one can be
used for transmission and the other must be used to suppress interference.

The potential gain might be larger if, in the non-sharing scenario, highly suboptimal
transmission schemes are used (not fully utilizing all spatial DoF); however, in this
case, better utilization of spatial DoF per operator appears to be more attractive
than non-orthogonal sharing between operators. Taking into account the extra
CSI needed for non-orthogonal sharing, it is questionable whether non-orthogonal
sharing can give any gain in practice.

In this study, channels were randomly drawn but given. This corresponds to the
case of delay constrained traffic. For future studies, multi-user diversity, i.e., the
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possibility of selecting two users from a larger pool of users per subchannel, should
be incorporated. However, results not shown herein indicate that this does not
change the main conclusion.
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3 Achievable Rate Region of the MISO IC with

SUD and imperfect CSI

3.1 Achievable Rate region with incomplete Channel State
Information

We consider two transmitter-receiver pairs sharing the same spectral band. Each
transmitter is equipped with multiple antennas while each receiver uses a single
antenna. This setting corresponds to the MISO IC [52]. We assume that the
receivers treat the interference from unintended transmitters as additive Gaussian
noise. The achievable rate region, of this setting is in general not a convex set. The
outermost boundary of this region is called the Pareto boundary and consists of
Pareto optimal points. At these points, it is impossible to increase the rate of one
user without reducing the rate of the other.

In the case of perfect CSI, the beamforming vectors that are relevant for Pareto
optimal operation are proven in [11] to be a linear combination of MRT and ZF. For
the general K-user case, real-valued parametrization of the efficient beamforming
vectors is provided recently in [53, 54]. In [55], Pareto optimal beamforming for
partial CSI at the transmitters is considered in the two-user MISO IFC.

The parametrization of the Pareto optimal beamforming vectors requires that the
transmitters know the channels to all receivers. We consider the case where the
transmitters have imperfect CSI and the uncertainty of the channel information is
bounded by a spherical region. In [56], channel mismatches are modeled by spher-
ical uncertainty, while in [57] by ellipsoidal uncertainty. The latter work encom-
passes the spherical uncertainty model as a special case. Different robust adaptive
beamforming techniques are found in [58] and robust beamforming using convex
optimization is discussed in [19].

We investigate robust Pareto optimal transmission in which the transmitters have
imperfect CSI. We adopt the spherical uncertainty model from [56]. Considering
the worst case achievable rate of the links, we characterize the beamforming vectors
that achieve points on the Pareto boundary of the robust rate region. In addition,
we investigate the gain in spectrum sharing under channel information uncertainty
compared to time division multiple access (TDMA). The spectral efficiency gain
with spectrum sharing is larger in the mid SNR regime. We provide analytical
results for asymptotic cases on the SNR for optimal sum rate transmission.
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3.1.1 Preliminaries

System and Channel model

The quasi-static block flat-fading channel vector from transmitter k to receiver ℓ
is denoted by ĥkℓ ∈ C

N . We assume that transmission consists of scalar coding
followed by beamforming. The beamforming vector used by transmitter k is wk ∈
C
N . The matched-filtered, symbol-sampled complex baseband data received at

receiver k is
yk = ĥ

H

kkwksk + ĥ
H

ℓkwℓsℓ + nk, k 6= ℓ, (3.1)

where sk is the symbol transmitted by transmitter k. The random variables nk
are noise terms which are independent and identically distributed (i.i.d.) complex
Gaussian with zero mean and variance σ2. Each transmitter has a total power
constraint of P := 1 such that ‖wk‖2 ≤ 1. Define SNR as ρ = 1/σ2.

Spherical Uncertainty model

We assume a transmitter k does not know the channels ĥkk and ĥkℓ perfectly. In
the spherical uncertainty model, the channel estimation errors are defined as

δkℓ = ĥkℓ − hkℓ, δkℓ ∈ D(ǫkℓ), (3.2)

where hkℓ is the estimate of ĥkℓ and

D(ǫ) = {δ : ‖δ‖ ≤ ǫkk}. (3.3)

The worst case power gain at intended receiver k is the squared of

xkk(wk) = min
δkk∈D(ǫkk)

|wH
k ĥkk|. (3.4)

The error vector as a function of the used beamforming vector which realizes the
worst case intended power gain in (3.4) is determined in [56], and the worst case
intended power gain can be written as [56, 59].

xkk(wk)
2 =

(
(|wH

k hkk| − ‖wk‖ ǫkk)+
)2
, (3.5)

where (x)+ := max(0, x). Define the worst case interference gain as the squared of

xkℓ(wk) = max
δkℓ∈D(ǫkℓ)

|wH
k ĥkℓ|. (3.6)

Similarly, the error vector as a function of the used beamforming vector which
realizes the worst case interference power gain can be calculated and the interference
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power gain at receiver ℓ is

xkℓ(wk)
2 =

(
|wH

k hkℓ|+ ‖wk‖ ǫkℓ
)2
. (3.7)

Thus, the worst case SINR at receiver k can be written as

φk(w1,w2) =

(
(|hHkkwk| − ǫkk ‖wk‖)+

)2

(
|hHℓkwℓ|+ ǫℓk ‖wℓ‖

)2
+ σ2

, k 6= ℓ. (3.8)

Robust Rate Region

The achievable rate for link k is

rk(w1,w2) = log2(1 + φk(w1,w2)), (3.9)

where single-user decoding is performed at the receiver. The rate region is the set
of all achievable rate tuples:

R :=
{

(r1(w1,w2), r2(w1,w2)) : ‖wk‖2 ≤ 1
}
. (3.10)

Definition 3.1. An operating point (r1, r2) ∈ R is Pareto optimal if there is no
other operating point (r′1, r

′
2) ∈ R such that (r′1, r

′
2) ≥ (r1, r2), where the inequality

is componentwise and strict for at least one component. �

The set of all Pareto optimal operating points makes up the Pareto boundary of the
rate region. We are interested in operating points which are on the Pareto boundary
of the rate region.

3.1.2 Pareto Optimal Beamforming

In this section, we will first review the results for Pareto optimal beamforming for
perfect CSI. Then we provide the parametrization for the imperfect CSI case.

3.1.3 Perfect CSI case

For the two-user MISO IFC with perfect CSI at the transmitters and receivers,
the set of beamforming vectors for each transmitter that are relevant for Pareto
optimal operation are parameterized by a single real-valued parameter λk ∈ [0, 1]
as [11, Corollary 1]

wk(λk) =
√

λk
Πĥkℓĥkk∥
∥
∥Πĥkℓĥkk

∥
∥
∥

+
√

1− λk
Π⊥
ĥkℓ
ĥkk

∥
∥
∥Π⊥
ĥkℓ
ĥkk

∥
∥
∥

, (3.11)
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where k 6= ℓ. This parametrization is valuable for designing efficient low complexity
distributed resource allocation schemes [9]. The set of beamforming vector in (3.11)

includes maximum ratio transmission (MRT) (λMRT

k =
∥
∥
∥Πĥkℓĥkk

∥
∥
∥

2

/
∥
∥
∥ĥkk

∥
∥
∥

2

) and

zero forcing transmission (ZF) (λZF
k = 0). According to [11, Corollary 2], it suffices

that the parameters λk only be from the set [0, λMRT

k ] for Pareto optimal operation.

Imperfect CSI case

In case the channel knowledge at the transmitters is not perfect but lies within the
uncertainty region, robust transmission can be modeled with worst case analysis.
According to the SINR expression in (3.8), worst case signal power and interfer-
ence powers include additive terms influenced only by the norm of the beamforming
vectors. It is thus expected that robust Pareto optimal beamforming includes ad-
ditionally varying transmission power.

Proposition 3.1. The Pareto boundary of the rate region R in (3.10) is achieved
by the beamforming vectors

wk(pk, λk) = pk
√

λk
Πhkℓhkk
‖Πhkℓhkk‖

+ pk
√

1− λk
Π⊥hkℓhkk∥
∥Π⊥hkℓhkk

∥
∥
, (3.12)

where k 6= ℓ, pk ∈ [0, 1], and λk ∈ [0, λMRT

k ], with λMRT

k = ‖Πhkℓhkk‖
2 / ‖hkk‖2.

Proof: The proof is provided in [60]. �

The result in Proposition Proposition 3.1 differs to the case with perfect CSI in
(3.11) in the additional parameter which controls the power allocation. Otherwise,

the estimated channels ĥkk and ĥkℓ replace the true channels from (3.11).

The beamforming vectors corresponding to MRT and ZF represent extreme strate-
gies which have the objective of either maximizing the power at the intended receiver
or minimizing the interference power gain. Robust MRT is the solution of the fol-
lowing problem

max.
‖wk‖≤1

|ĥHkkwk| = |hHkkwk| − ‖wk‖ ǫkk, (3.13)

which is wR-MRT
k = hkk/ ‖hkk‖. In other words, to maximize the power gain at

the intended receiver in the worst case of spherical uncertainty, the transmitter
chooses full power transmission in the direction of the estimated channel. Robust
ZF transmission is achieved only by allocating zero power. This is observed in the
expression in (3.7) which can only be zero for ‖wk‖ = 0.
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3.1.4 Efficiency in High and Low SNR

Efficiency at High SNR

The quantitative performance is analyzed using the high-SNR offset concept in [61,
Section II]. Denote as C(ρ) the sum rate as a function of the SNR. The high-SNR
slope is

S∞ = lim
ρ→∞

C(ρ)

log2(ρ)
and (3.14)

which corresponds to the multiplexing gain, i.e. the slope of the sum rate curve at
high SNR. The maximum sum rate for the case of perfect CSI is

Ĉ(ρ) = max
λ1,λ2

log2

(

1 +
ρ|ĥH11w1(λ1)|2

1 + ρ|ĥH21w2(λ2)|2

)

+ log2

(

1 +
ρ|ĥH22w2(λ2)|2

1 + ρ|ĥH12w1(λ1)|2

)

.

(3.15)

In the high SNR regime, the maximum sum rate is achieved with ZF transmissions:

Ĉ(ρ) = log2

(

1 + ρ|ĥH11w1(λ
ZF
1 )|2

)

+ log2

(

1 + ρ|ĥH22w2(λ
ZF
2 )|2

)

,
(3.16)

which gives the maximum high-SNR slope of

Ŝ∞ = lim
ρ→∞

Ĉ(ρ)

log2(ρ)
= 2. (3.17)

The maximum sum rate for the case of imperfect CSI is

C(ρ) = max
p1,λ1,p2,λ2

log2

(

1 +
ρ
(
(|hH11w1(p1, λ1)| − ǫ11p1)

+
)2

ρ
(
|hH21w2(p2, λ2)|+ ǫ21p2

)2
+ 1

)

+ log2

(

1 +
ρ
(
(|hH22w2(p2, λ2)| − ǫ22p2)

+
)2

ρ
(
|hH12w1(p1, λ1)|+ ǫ12p1

)2
+ 1

)

,

(3.18)

where ǫ12 > 0, ǫ21 > 0 and 0 ≤ ǫ11 ≤ ‖h11‖ and 0 ≤ ǫ22 ≤ ‖h22‖. In the high-SNR
regime single-user transmission is optimal achieving the largest high-SNR slope of
S∞ = 1. The maximum sum rate is

C(ρ) = log2

(

1 + ρmax
k=1,2

(
(‖hkk‖2 − ǫkk)+

)
)

, (3.19)
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where only one user operates using MRT and full power transmission. Note that the
condition that determines the dominant user does not only depend on the channel
gains but also on the amount of uncertainty present at the transmitter.

Efficiency at Low SNR

In [62], the low-SNR regime has been analyzed and two performance measures
namely the (Eb/N0)min and the wideband slope S0 were introduced. The sys-
tem parameters bandwidth B, transmission rate R, transmit power P and spec-

tral efficiency C(Eb/N0) satisfy the fundamental limit R
B
≤ C

(
Eb
N0

)

. The func-

tion C(Eb/N0) is directly related to the common capacity expression C(SNR), i.e.
C(Eb/N0) = C(SNR) for the SNR which solves (Eb/N0)C(SNR) = SNR. At low
SNR, the function C(Eb/N0) can be expressed as [62]

C

(
Eb
N0

)

≈ S0

3dB

((
Eb
N0

)∣
∣
∣
dB
−
(
Eb
N0

)

min

∣
∣
∣
dB

)

, (3.20)

with (Eb/N0)min = loge 2

Ċ(0)
and S0 =

2[Ċ(0)]
2

−C̈(0)
. The closer (Eb/N0) gets to (Eb/N0)min

the better is the approximation in (3.20).

For the sum spectral efficiency for perfect CSI we obtain

(
Eb
N0

)pCSI

min

=
loge 2

|ĥH11w1(λ1)|2 + |ĥH22w2(λ2)|2
, (3.21)

where the minimum is achieved with loge 2

‖ĥ11‖2

+‖ĥ22‖2 corresponding to MRT trans-

mission. For the case of imperfect CSI, we obtain

(
Eb
N0

)iCSI

min

=
loge 2

(
∥
∥
∥ĥ11

∥
∥
∥− ǫ11)2 + (

∥
∥
∥ĥ22

∥
∥
∥− ǫ22)2

, (3.22)

which clearly shows the loss due to channel uncertainty.

3.1.5 Illustrations

In Figure 3.1, three rate regions are plotted. The largest region corresponds to
the case of perfect CSI where the Pareto boundary is attained from (3.11). The
second largest region corresponds to the case of imperfect CSI. For this case, we fix
ǫkk = ǫkℓ = 0.1 and generate the beamforming vectors characterized in Proposition
Proposition 3.1. We choose for the parameters pk 10 samples uniformly in [0, 1].
For the parameters λk we chose 20 samples uniformly in the range [0, λMRT

k ]. The
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Figure 3.1: Comparison of rate regions for perfect CSI, imperfect CSI and TDMA
with imperfect CSI. Two antennas are used at the transmitters, with 5
dB SNR and ǫkk = ǫkℓ = 0.1

SAPHYRE D2.1b



54 3 Achievable Rate Region of the MISO IC with SUD and imperfect CSI

−10 0 10 20 30 40
0

5

10

15

20

25

SNR [dB]

M
ax

im
um

 S
um

 R
at

e 
[b

pc
u]

 

 
Perfect CSI
Robust (ε = 0.1)
TDMA (ε = 0.1)
Robust (ε = 0.05)
TDMA (ε = 0.05)

Figure 3.2: Comparison of maximum sum rates (ǫ = ǫkk = ǫkℓ). Two antennas are
used at the transmitters.

smallest region corresponds to TDMA with imperfect CSI. The region is a triangle
with two corners at the axes corresponding to the single-user points.

In Figure 3.2, maximum sum rate is plotted for different SNR levels. We compare
the cases of perfect CSI, imperfect CSI, and TDMA with imperfect CSI. We generate
1000 random channel realizations and average over achievable sum rates. For each
channel realization, the maximum sum rate point is found by a grid search over
the rate samples corresponding to the parameterized beamforming vectors. In the
case of perfect CSI, we used the parametrization in (3.11), and for the imperfect
CSI case we used the parametrization in Proposition Proposition 3.1. For each
parametrization, we generate 100 samples uniformly in the ranges of the parameters.
The estimation error amplitude is equally chosen for all channels such that ǫ = ǫkk =
ǫkℓ. The plots are generated for two values of ǫ, 0.1 and 0.5. The sum rate in TDMA
is determined as the maximum of the single-user rates. The gain in spectrum sharing
for the case of imperfect CSI to that of TDMA is observed as the distance between
the two curves. This distance is highest in the mid SNR regime and increases for
smaller ǫ, i.e., less channel uncertainty. The performance of spectrum sharing and
TDMA is the same for low and high SNRs. The high-SNR slope for the imperfect
CSI is 1 and for the perfect CSI case is 2 as calculated in Section 3.1.4. In the high
SNR regime, ZF transmission is optimal to achieve maximum sum rate. In the low
SNR regime, MRT is sum rate optimal and all curves in Figure 3.2 overlap.
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3.1.6 Conclusions

In this work, we studied robust Pareto optimal beamforming in a two-user multiple-
input single-output interference channel. It turns out that a similar beamforming
parametrization can be used as in the perfect CSI case. However, additional power
allocation is necessary. Since ZF beamforming is not possible due to uncertainty,
the achievable high SNR sum rate converges to the TDMA case with slope one.

For future work, we plan to extend the setting to the K-user scenario and include
also ellipsoidal uncertainty regions. Furthermore, an important question is related
to strategic bargaining in interference channels with imperfect channel state infor-
mation.

3.2 Outage Rate Regions for the MISO Interference
Channel

We consider the two-user MISO IC, consisting of two transmitter (TX) - receiver
(RX) pairs (or else links). The TXs employ multiple antennas and the RXs a single
antenna. The transmissions are concurrent and cochannel; hence, they interfere
with each other. We assume that the channels are flat and slow fading. The latter
means that the coherence time of the channels is longer than the codeword length.
We assume that TXi encodes data at rate Ri. If the channels are in fading states
that cannot support this rate, the decoding error probability cannot be arbitrarily
small and the link is in outage [32, Ch. 5]. The fundamental question raised is
which rates can be achieved for given specifications on the outage probabilities of
the links, i.e. how to define the outage rate region?

Previous work on the MISO IC rate regions has focused on scenarios without the
possibility of allowing the links to be in outage; specifically, on the achievable in-
stantaneous and ergodic rate regions. In [38], the authors characterized the transmit
strategies, which yield operating points on the outer boundary of the instantaneous
rate region. This refers to the scenario that the TXs have instantaneous CSI, i.e.
they perfectly know the realizations of the channel vectors. In [63], the characteriza-
tion in [38] was extended to the ergodic rate region. There, the TXs have statistical
CSI, i.e, they assume that the channels are zero-mean complex Gaussian random
variables with known covariance matrices. The ergodic rate is a long-term achiev-
able rate, averaged over the time-varying channel and requires coding across an
infinite number of channel realizations. However, for some applications (e.g. real-
time), we cannot tolerate these coding delays. If we accept that the transmission is
in outage during severe fading, then we can achieve higher rates when the channel
conditions are good. For some applications, e.g. voice or video communications, we
can tolerate some data loss without appreciably degrading the call quality.

The outage probability for a single-user multi-antenna link with statistical CSI was
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studied in [64]. For the scenario of spatially white channel vectors and very low
SNR, it was shown that it is optimal for the TX to use only some of its antennas.
Also, a scheme was proposed to find locally-optimal power allocations when the
channel vectors are correlated.

In multi-user systems, such as those modeled via the IC, broadcast channel (BC),
and multiple-access channel (MAC), one can consider individual or common out-
age. By individual outage we refer to the event that a specific user is unable to
communicate with its desired rate. For this scenario, there is an outage probability
specification for each link. That is, one link might be declared in outage when others
support their desired rates. Common outage is declared if the rate of at least one
link cannot be supported (see, e.g. [65] for the MAC). Therefore, the common out-
age probability is specified for the entire multi-user system. Common outage might
be of interest in applications where the transmitted information is useful only when
all RXs can obtain it simultaneously [66], e.g., multicast channels [67].

All studies so far of the outage rate regions have been restricted to the single-antenna
BC and MAC [66, 65, 68, 69]. The outage capacity regions for the BC were studied
in [66] for the case of instantaneous CSI and bounded time-averaged total transmit
power. First, outage regions were determined for superposition coding (with and
without successive decoding) and time division (TD). Superposition coding implies
simultaneous and cochannel transmissions, whereas TD means that transmissions
are separated in time. Second, outage capacity regions were determined for both
individual and common outage probability specifications. It was shown that the
outage capacity regions are implicitly obtained from the outage probability regions
for a given rate vector. For different spectrum sharing methods and given rate
points, power allocations that bound the outage probabilities were found.

Outage capacity regions for the MAC were studied in [65], again for instantaneous
CSI. Given a required rate and an average power constraint, a successive decoding
strategy and an optimal power allocation policy for achieving points on the bound-
ary were determined. Both common and individual outage were discussed. In [69],
outage capacity regions were studied for a cognitive radio network that constitutes
a MAC operating on the same spectrum with an existing primary network. Un-
der an interference power constraint together with the individual transmit power
constraint of each user, the outage capacity regions for the cognitive MAC were
defined for individual and common outage specifications. The optimal power allo-
cation strategies that achieve the boundary points of the regions were derived by
maximizing the usage (i.e. non-outage) probability for given rate vectors. The case
of statistical TX CSI, with channels modeled as i.i.d. zero-mean Gaussian with unit
variance, was treated in [68].

Up to our knowledge, there are no published results on definitions and characteri-
zations of the outage rate regions for the IC. However, various methods have been
proposed to find specific operating points and the enabling transmission schemes.
For example, in [70], the optimal power allocations were found, given transmission

D2.1b SAPHYRE



3.2 Outage Rate Regions for the MISO Interference Channel 57

rates and outage probability specifications. Also, in [71], for given rates, the outage
probabilities were minimized taking into account the cost of power consumption.
The results of [70] were derived under the assumption of statistical CSI at the TXs
with channels modeled as zero-mean Gaussian with general variance. The same
channel model was considered in [72], where it was assumed that the RXs can
decode interference and rate splitting was used. The asymptotic behavior of the
outage probability in the interference-limited regime was studied. Upper and lower
bounds on the exponent of the outage probability for the IC were derived. The
two-user SISO IC with mixed channel knowledge was studied in [71], where it was
assumed that each TX has perfect knowledge of the direct channel and statistical
knowledge of the forward crosstalk channel. The power and rate allocation problem
was considered based on the throughput accounting for the outage event. The pro-
posed algorithms were based on either Bayesian games or optimization. In [73], the
results in [74] were used to solve the weighted sum-rate maximization under outage
constraints for the MISO IC. It was assumed that the TXs have statistical CSI and
the problem was solved via a convex optimization approach.

Contributions and Organization

In this section, we propose a two-fold generalization of the outage rate regions defi-
nitions for multiuser systems. Not only we consider the IC, which is a generalization
of the BC and MAC, but we do so for multi-antenna transmitters. In Section 3.2.1,
we describe the system model. Our contributions are organized as follows:

• In Sections 3.2.2 and 3.2.2, we consider the statistical CSI case and propose
definitions for the common and individual outage rate regions, respectively.
We discuss the interpretations of the regions. Compared to [74], we extend
the single-stream transmission scheme to multi-stream.

• In Section 3.2.2, we show how the outage probability can be obtained in
closed-form.

• In Sections 3.2.3 and 3.2.3, we consider the instantaneous CSI case and propose
definitions for the common and individual outage rate regions, respectively.
We discuss the interpretations of the regions. Compared to [74], we propose
a definition for the individual outage region.

• In Section 3.2.4, we give a numerical example and observe a number of rela-
tions between the regions. We formalize and prove these relations.

Finally, in Section 3.2.5, we summarize the conclusions of this study.

For the ease of notations, by x ∼ CN(0,Q) we say that x is a zero-mean complex-
symmetric Gaussian random vector with covariance matrix Q. We define the index
set I , {(1, 2), (2, 1)}.
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3.2.1 System Model

We consider the two-user MISO IC, where the receivers treat the interference as
additive Gaussian noise, the transmit power is bounded, the channels experience
slow fading and a non-zero probability of outage is allowed. We assume that each
TX employs n antenna elements. TXi transmits a vector xi ∈ C

n ∼ CN(0,Ψi), with
covariance matrix Ψi = E

{
xix

H
i

}
. The matched-filtered symbol-sampled complex

baseband data received by RXi is modeled as

yi = hHii xi + hHjixj + ei, (i, j) ∈ I, (3.23)

where ei is i.i.d. zero-mean Gaussian noise with variance σ2
i . The conjugated1

channel vector hij ∈ C
n between TXi and RXj is modeled as hij ∼ CN(0,Qij). We

assume that the channel vectors {hij}2i,j=1 are statistically independent.

Due to regulatory and hardware constraints, the transmit power is constrained.
Without loss of generality we set this bound to

E
{
‖xi‖2

}
= E

{
trace

{
xix

H
i

}}
= trace{Ψi} ≤ 1. (3.24)

Hence, the set of feasible transmit covariance matrices WΨ consists of all positive
semi-definite n× n matrices whose trace is at most one, i.e.

WΨ , {Ψ ∈ C
n×n : Ψ � 0, trace{Ψ} ≤ 1}. (3.25)

The transmit covariance matrix Ψi can potentially be of any rank{Ψi} ≤ n. The
optimal choice of number Ni of transmitted streams depends on the CSI available
at TXi. For instantaneous CSI, single-stream transmission, i.e. Ni = 1, is optimal
[75] and this means that Ψi is rank-one. However, for statistical CSI, multi-stream
transmission, i.e. Ni ≥ 1, is in general optimal [76]. In principle, the number of
transmitted streams may be any positive integer. Without loss of generality, we can
assume that Ni ≤ n. If we have more than n streams, then stream n+ 1 must be a
linear combination of streams 1, . . . , n. Hence, equivalently to transmitting stream
n + 1, streams 1, . . . , n could be modified. The notation of the rate expression
differs somewhat between the multi-stream and single-stream scenarios; therefore,
we present them separately.

Multi-Stream Transmission

In this section, we illustrate how the symbol vector xi ∼ CN(0,Ψi) is constructed
[64]. TXi splits the incoming data stream si intoNi parallel data streams si,1, . . . , si,Ni .
Data stream l of TXi, si,l, is then scaled by a factor

√
pi,l and a unit-norm beam-

shaping vector ui,l. We assume that the vectors ui,1, . . . ,ui,Ni are orthogonal. This

1We incorporate conjugation in definition to simplify subsequent notation.
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scheme is depicted in Fig. 3.3. We define wi,l ,
√
pi,lui,l to be the effective beam-

forming vector of stream l of TXi. Summing up the parallel weighted streams, we
get the transmitted vector

xi =

Ni∑

l=1

√
pi,lui,lsi,l = P

1/2
i U isi,=W isi =

Ni∑

l=1

wi,lsi,l, (3.26)

where P i = diag{pi,1, . . . , pi,Ni}, U i = [ui,1, . . . ,ui,Ni ] is a semi-unitary matrix,
si = [si,1, . . . , si,Ni ]

T is the vector of transmitted symbols, andW = [wi,1, . . . ,wi,Ni ].

Assuming that E
{
sis

H
i

}
= I, i.e. the streams are statistically independent with

unit average power, we have

Ψi = E
{

xix
H
i

}
= E

{
W isis

H
i W

H
i

}
=W iW

H
i = U iP iU

H
i . (3.27)

The power constraint (3.24) can be rewritten as

E
{
‖xi‖2

}
= trace{Ψi} = trace

{
U iP iU

H
i

}
= trace{P i} =

Ni∑

l=1

pi,l ≤ 1. (3.28)

Assuming that RXi treats the signal from TXj as additive noise, the achievable rate,
in bits per channel use, of link i as a function of the channel vectors and transmit
covariance matrices is given by

Ri(hii,hji,Ψi,Ψj) = log2

(

1 +
hHii Ψihii

hHjiΨjhji + σ2
i

)

. (3.29)

The rate in (3.29) is achieved when RXi uses multiuser detection to decode the
streams intended for it and treats the interfering streams (from TXj) as noise. It is
further assumed that TXi performs an appropriate rate and power allocation over
the streams si,1, . . . , si,Ni . In order to illustrate this point, we sum up interference
and noise into a new variable zi , hHjixj + ei and get

yi = hHii xi + zi =

Ni∑

l=1

hHii wi,lsi,l + zi =

Ni∑

l=1

αi,lsi,l + zi, (3.30)

where αi,l , hHii wi,l. We can interpret (3.30) as the received signal in a MAC of Ni

TXs, each transmitting a single stream, where si,l is the symbol from TXl and αi,l
is the gain of the channel between TXl and the receiver. By performing multiuser
detection, we can achieve the sum-capacity [32, Ch. 6]

Csum = log2

(

1 +

∑Ni
l=1 |αi,l|2

E{|zi|2}

)

. (3.31)
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Single-Stream Transmission

When single-stream transmission is used, the transmitted symbol vector can be
written as xi = wisi, which gives us Ψi = wiw

H
i . In this case, the power constraint

(3.28) reads
E
{
‖xi‖2

}
= E

{
|si|2

}
‖wi‖2 = ‖wi‖2 ≤ 1. (3.32)

Hence, we get the feasible set of beamforming vectors

Ww , {w ∈ C
n : ‖w‖2 ≤ 1}. (3.33)

Then, the maximum achievable rate of link i in bits per channel use, (3.29), can be
written as

Ri(hii,hji,wi,wj) = log2

(

1 +
hHii E

{
xix

H
i

}
hii

hHji E
{

xjxHj
}

hji + σ2
i

)

= log2

(

1 +
|hHii wi|2

|hHjiwj|2 + σ2
i

)

.

(3.34)

3.2.2 Outage Rate Regions for Statistical CSI

In this section, we assume that the TXs have statistical CSI; hence, they can only
adapt their transmit covariance matrices to the statistical distributions of the chan-
nels. When a TX chooses a rate, it continues transmitting with this rate as if the
RX is able to correctly decode it, no matter if the communication is actually in out-
age or not. Under these assumptions, we would like to find the outage rate region,
which consists of all the rate pairs that can be achieved given common or individual
outage specifications.

We determine the outage rate region in two steps. Given a pair of transmit covari-
ance matrices, the rates in (3.29) are functions of the random channels; hence, they
are random variables. Using these transmit covariance matrices, we find the set of
rate points which are achievable for a specific outage probability specification. It
is apparent that each choice of transmit covariance matrices yields a different rate
region, that we denote RΨ. Second, we define the outage rate region as the union
of all these regions RΨ. In the following, we consider the cases of common and
individual outage probabilities, in Sections 3.2.2 and 3.2.2, respectively.

Common Outage Rate Region for Statistical CSI

We denote by Rcom
stat (ǫ) the sought common outage rate region for statistical CSI,

where ǫ > 0 is the common outage probability specification. We say that a rate
point (r1, r2) is in Rcom

stat (ǫ) if there exists a pair of transmit covariance matrices
(Ψ1,Ψ2), such that r1 and r2 are achieved with probability at least 1 − ǫ. That
is, the chance is at least 1 − ǫ that the channels are in fading states which enable

D2.1b SAPHYRE



3.2 Outage Rate Regions for the MISO Interference Channel 61

the links to operate simultaneously at rates r1 and r2. In this case, an outage is
declared when either (or both) RX(s) cannot correctly decode the received data.

Let us assume a specific choice of transmit covariance matrices (Ψ1,Ψ2). Then,
using these matrices, the common usage (i.e. non-outage) probability of rate point
(r1, r2) is

U stat
com(r1, r2,Ψ1,Ψ2) , Pr

{
⋂

(i,j)∈I

{Ri(hii,hji,Ψ1,Ψ2) > ri}
∣
∣
∣Ψ1,Ψ2

}

. (3.35)

With this specific (Ψ1,Ψ2), a common outage rate region is achieved, consisting of
the rate points that have common usage probability at least 1− ǫ, i.e.

R
com
Ψ (ǫ,Ψ1,Ψ2) =

{
(r1, r2) : U stat

com(r1, r2,Ψ1,Ψ2) ≥ 1− ǫ
}
. (3.36)

Considering all possible choices for (Ψ1,Ψ2), the overall common outage rate region
for statistical CSI is the union of the regions in (3.36).

Definition 1. Let ǫ > 0 denote the common outage probability specification. The
common outage rate region for statistical CSI is the set of rate points (r1, r2) that
can be achieved with probability at least 1 − ǫ, using a pair of feasible transmit
covariance matrices (Ψ1,Ψ2), i.e.

R
com
stat (ǫ) =

⋃

(Ψ1,Ψ2)∈W2

Ψ

{
(r1, r2) : U stat

com(r1, r2,Ψ1,Ψ2) ≥ 1− ǫ
}
. (3.37)

Individual Outage Rate Region for Statistical CSI

We denote by Rind
stat(ǫ1, ǫ2) the sought individual outage rate region for statistical

CSI, where ǫ1 > 0 and ǫ2 > 0 are the individual outage probability specifications for
links 1 and 2, respectively. A rate point (r1, r2) is in Rind

stat(ǫ1, ǫ2), if there exists a pair
of transmit covariance matrices such that r1 and r2 are achieved with probabilities
at least 1− ǫ1 and 1− ǫ2, respectively.

Let us denote the individual usage probability of link i, for a specific rate value ri
and pair of transmit covariance matrices (Ψ1,Ψ2), as

U stat
i (ri,Ψ1,Ψ2) , Pr{Ri(hii,hji,Ψ1,Ψ2) ≥ ri|Ψ1,Ψ2}, (i, j) ∈ I. (3.38)

With this specific (Ψ1,Ψ2), an individual outage rate region is achieved, consisting
of the rate points that have individual usage probabilities at least 1− ǫi,

R
ind
Ψ (ǫ1, ǫ2,Ψ1,Ψ2) = {(r1, r2) : U stat

1 (r1,Ψ1,Ψ2) ≥ 1−ǫ1, U
stat
2 (r2,Ψ1,Ψ2) ≥ 1−ǫ2}.

(3.39)
Considering all possible choices for (Ψ1,Ψ2), the overall individual outage rate
region for statistical CSI is the union of the regions in (3.39). Note that the region
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Rind
Ψ defined in (3.39) has a rectangular shape. Its north-east corner is the point

(r1, r2) where the usage probabilities in (3.39) are exactly 1− ǫ1 and 1− ǫ2. On the
contrary, the common outage rate region Rcom

Ψ defined in (3.36) is not rectangular.

Definition 2. Let ǫ1 > 0 and ǫ2 > 0 denote the individual outage probability
specifications. The individual outage rate region for statistical CSI is the set of rate
points (r1, r2) such that r1 and r2 are achieved with probabilities at least 1− ǫ1 and
1− ǫ2, respectively, using a pair of feasible transmit covariance matrices (Ψ1,Ψ2),
i.e.

R
ind
stat(ǫ1, ǫ2) =

⋃

(Ψ1,Ψ2)∈W2

Ψ

{(r1, r2) : U stat
1 (r1,Ψ1,Ψ2) ≥ 1−ǫ1, U

stat
2 (r2,Ψ1,Ψ2) ≥ 1−ǫ2}.

(3.40)

Usage Probabilities for Statistical CSI

In this section, we discuss how to to find the usage probabilities in closed-form. We
begin by showing that the common usage probability is equal to the product of the
individual ones. We see from (3.29) that, for a specific (Ψ1,Ψ2), the rates of links
1 and 2 depend on different pairs of channel vectors. Since the channel vectors are
independent, the rates are independent too. Hence, the events intersected in the
probability term of (3.35) are independent and we can use (3.38) to rewrite (3.35)
as a product of the individual usage probabilities, i.e,

U stat
com(r1, r2,Ψ1,Ψ2) = U stat

1 (r1,Ψ1,Ψ2)U
stat
2 (r2,Ψ1,Ψ2). (3.41)

Note that (3.41) holds for any distribution of the channels, provided they are inde-
pendent.

Due to (3.41), we can focus on the individual usage probability for link i. We use
(3.29) and exploit the knowledge of channels’ distributions to elaborate (3.38) as

U stat
i (ri,Ψ1,Ψ2) = Pr

{

log2

(

1 +
hHii Ψihii

hHjiΨjhji + σ2
i

)

> ri

}

= Pr
{

hHii Ψihii − (2ri − 1)hHjiΨjhji > (2ri − 1)σ2
i

}

= Pr
{

hHii Ψihii − γihHjiΨjhji > γiσ
2
i

}
. (3.42)

In (3.42), we defined γi , 2ri − 1 to be the signal-to-interference-plus-noise ratio
(SINR) that yields, due to (3.29), rate ri. In Appendix 3.2.6, we explain how one
can derive the closed-form expression of (3.42). Using that result, we can write
(3.42) as

U stat
i (γi,Ψ1,Ψ2) =

Ni∑

k=1

Nj∑

l=1

χii,kχji,lλii,k
λii,k + γiλji,l

exp

(

−γiσ
2
i

λii,k

)

, (3.43)
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where λji,k is the kth eigenvalue of Q
1/2
ji ΨjQ

1/2
ji and

χji,k ,

Nj∏

n=1,n6=k

λji,k
λji,k − λji,n

. (3.44)

The result in (3.43) holds under the assumption that the non-zero eigenvalues of the
matrices of the form Q1/2ΨQ1/2 are distinct. The derivation of (3.43) capitalizes
on the fact that the random variables of the form hHΨh are hypoexponentially
distributed. For the single-stream transmission case, (3.43) can be written as

U stat
i (γi,w1,w2) =

wH
i Qiiwi

wH
i Qiiwi + γiwH

j Qjiwj

e
−

γiσ
2
i

wH
i

Qiiwi . (3.45)

The quadratic terms of the form wHQw are the mean of the random variables of
the form hHΨh. For single-stream beamforming, we write this as hHwwHh, which
is exponentially distributed with mean wHQw.

3.2.3 Outage Rate Region for Instantaneous CSI

In this section, we assume that the TXs have instantaneous CSI so that they can
adapt their beamforming vectors to the current fading state. Based on this, we
provide two definitions for the outage rate region of the two-user MISO IC with
instantaneous CSI. We consider the cases of common and individual outage proba-
bilities, in Sections 3.2.3 and 3.2.3, respectively.

We again follow a two-step approach, but now we first consider a given realization
of the channels; thus, the rates in (3.34) are functions only of the beamforming
vectors. Then, for this realization, we define the region Rh consisting of the rate
points that can be achieved using all possible pairs of beamforming vectors, i.e.

Rh(h11,h21,h22,h12) =
⋃

(w1,w2)∈W2
w

(R1(h11,h21,w1,w2), R2(h22,h12,w1,w2)) .

(3.46)
The instantaneous rate region of (3.46) has been the topic of many previous studies;
see, e.g. [38] and references therein. We denote the maximum rate for link i as

Si(hii) , log2

(
1 + ‖hii‖2 /σ2

i

)
. (3.47)

This is the rate that corresponds to the point where the outer boundary of Rh meets
the ith rate axis. It is achieved when TXi uses the maximum-ratio beamforming
vector, i.e. wi = hii/ ‖hii‖, and TXj creates no interference to RXi, either by not
transmitting or by transmitting into the nullspace of hji; see, e.g. [38].
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Common Outage Rate Region for Instantaneous CSI

We denote by Rcom
inst (ǫ) the sought common outage rate region for instantaneous CSI.

We say that a rate point (r1, r2) is in Rcom
inst (ǫ), if the chance is at least 1 − ǫ, that

the fading state is such that operation at this rate point is possible. Here, being
able to operate means that we can find a pair of feasible beamforming vectors that
yields the rate point in question.

Contrary to in Section 3.2.2, we define the usage probabilities for instantaneous CSI
taking into account all feasible pairs of beamforming vectors. It is apparent that
each fading state yields a different achievable instantaneous rate region Rh, defined
in (3.46). Since Rh is a function of the random channels, it may be seen as a random
variable. Drawing an arbitrary realization of Rh, the common usage probability of
a rate point (r1, r2) is the probability that this point lies within this realization, i.e.

U inst
com(r1, r2) , Pr{(r1, r2) ∈ Rh}. (3.48)

Definition 3. Let ǫ > 0 denote the common outage probability specification. The
common outage rate region for instantaneous CSI is the set of all rate points (r1, r2)
that can be achieved with probability at least 1− ǫ, using a pair of feasible beam-
forming vectors (w1,w2), i.e.

R
com
inst (ǫ) =

{
(r1, r2) : U inst

com(r1, r2) ≥ 1− ǫ
}
. (3.49)

Individual Outage Rate Region for Instantaneous CSI

We denote by Rind
inst(ǫ1, ǫ2) the sought individual outage rate region for instantaneous

CSI. At first glance, one might be misled to give the following straightforward
definition for the individual rate region: “A point (r1, r2) is in the region, if there
is a chance of at least 1− ǫ1 that channels are in a fading state such that r1 ≤ S1,
and there is a chance of at least 1 − ǫ2 that r2 ≤ S2.” This definition results in
a rectangular region, whose north-east corner point is given by Pr{ri ≤ Si} =
1 − ǫi, i = 1, 2. This definition is flawed because it does not take into account the
coupling of the links and looks at them as being parallel rather than constituting
an interference channel.

Contrary to in Section 3.2.2, we assume that when the rate of one link cannot
be achieved, the corresponding TX is turned off. This is now possible due to the
availability of instantaneous CSI at the TXs. In such an occasion, the other link
experiences an interference-free environment and hence has increased chances of
achieving its rate. In this context, the problem of interest is to determine how
probable it is to achieve r1 and r2, i.e. how to define the individual usage probabil-
ities for instantaneous CSI.

In the following, we focus on a given rate pair (r1, r2) and a realization of the region
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Rh. We need to determine whether the rates r1 and r2 are achievable. It can be
either that none of them is achievable, or both of them are achievable, or only one
of them is achievable. In order to formalize the answer, we introduce the flowchart
in Fig. 3.4 and perform the following checks:

1. Is r1 > S1 and r2 > S2? If yes, we have case A: none of r1 and r2 is achievable.
That is, both links will be in outage, so both TXs are turned off.

2. Is (r1, r2) ∈ Rh? If yes, we have case B: both r1 and r2 are achievable. That
is, there exists a pair of beamforming vectors that enables operation at the
desired rate point.

3. Is r1 > S1 or r2 > S2? If r2 > S2, we have case C1: r1 is achievable and TX2 is
turned off. If r1 > S1, we have case C2: r2 is achievable and TX1 is turned off.
If neither r1 > S1 nor r2 > S2, we have case D: both rates can be achieved,
but not simultaneously. In this case, there is ambiguity; the channels are in
fading states that can support any of the two rates, provided that only one
link operates. Therefore, in this case the TX that would be on has to be
chosen. In order to later define a region which is as large as possible, we make
this binary choice at random. Otherwise, we can e.g. always decide in favor
of link 1. The binary choice can be seen as the outcome of a coin flip.

4. What is the outcome of the coin flip? If heads, we have case D1: r1 is achievable
and TX2 is turned off. If tails, we have case D2: r2 is achievable and TX1 is
turned off.

The previous discussion reveals that link 1 can operate at rate r1 if the fading states
and coin outcome are such that they give either of the cases B, C1, or D1. Similarly,
link 2 can operate at rate r2 in the cases B, C2, or D2. Hence, the usage probabilities
of link 1 and link 2 for instantaneous CSI are defined as

U inst
1 (r1, r2) , Pr{B}+ Pr{C1}+ Pr{D1} and (3.50)

U inst
2 (r1, r2) , Pr{B}+ Pr{C2}+ Pr{D2}. (3.51)

In order to elaborate the usage probabilities, we express the probabilities of the
cases A–D as

Pr{A} , Pr{r1 > S1, r2 > S2} = Pr{r1 > S1}Pr{r2 > S2}, (3.52)

Pr{B} , Pr{(r1, r2) ∈ Rh}, (3.53)

Pr{C1} , Pr{r1 ≤ S1, r2 > S2} = Pr{r1 ≤ S1}Pr{r2 > S2}, (3.54)

Pr{C2} , Pr{r1 > S1, r2 ≤ S2} = Pr{r1 > S1}Pr{r2 ≤ S2}, (3.55)

Pr{D} , Pr{r1 ≤ S1, r2 ≤ S2, (r1, r2) /∈ Rh}. (3.56)

Note that in (3.52), (3.54), and (3.55), the equalities are true since the random
variables S1 and S2 are independent. This is due to (3.47) and the assumption that
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the channels h11 and h22 are independent. The probabilities of the form Pr{ri ≤
Si(hii)} can be computed in closed form, based on the results in Appendix 3.2.6.
This is because they can be rewritten, due to (3.47), as Pr{‖hii‖2 ≥ γiσ

2
i } and

‖hii‖2 is hypoexponentially distributed. The probability Pr{(r1, r2) ∈ Rh} can be
numerically approximated by drawing a large number of regions Rh and counting
how many times the point (r1, r2) lies in them. In the following, we express (3.56)
with respect to Pr{ri ≤ Si} and Pr{(r1, r2) ∈ Rh}. We note that if a point lies
in Rh, then it also lies in the rectangle rate region with north-east point (S1, S2).
Hence, we can write

Pr{r1 ≤ S1, r2 ≤ S2} = Pr{r1 ≤ S1, r2 ≤ S2|(r1, r2) ∈ Rh}Pr{(r1, r2) ∈ Rh}
+ Pr{r1 ≤ S1, r2 ≤ S2|(r1, r2) /∈ Rh}Pr{(r1, r2) /∈ Rh}

= Pr{(r1, r2) ∈ Rh}+ Pr{D} ⇔
Pr{D} = Pr{r1 ≤ S1}Pr{r2 ≤ S2} − Pr{(r1, r2) ∈ Rh}. (3.57)

While traversing the flowchart, if we happen to be in D, then we will terminate in
either D1 or D2, depending on the outcome of the coin. The coin outcome depends
on the bias that we define as t , Pr{heads}. So, the probability of case D1 and D2

is

Pr{D1} , tPr{D} and (3.58)

Pr{D2} , (1− t) Pr{D}. (3.59)

It is apparent that, by construction, the cases A, B, C1, C2, D1, and D2, to which the
flowchart terminates, are mutually exclusive. Using (3.52)–(3.55) and (3.57)–(3.59),
one can easily verify that their probabilities sum up to one.

The usage probability of link 1 in (3.50) is expressed, due to (3.53), (3.54), (3.57),
(3.58), and (3.59), as

U inst
1 (r1, r2, t) = Pr{r1 ≤ S1} − (1− t)

(
Pr{r1 ≤ S1}Pr{r2 ≤ S2} − Pr{(r1, r2) ∈ Rh}

)

(3.60)

= Pr{r1 ≤ S1} − Pr{D2}. (3.61)

As mentioned in the beginning of this section, it is flawed to consider the usage
probability of link 1 being equal to Pr{r1 ≤ S1}. This would only hold if links 1
and 2 were parallel. Due to the coupling, the usage probability is actually lower by,
as seen in (3.61), the probability that TX2 is on, when either one of r1 and r2 can be
achieved. By the same token, the usage probability of link 2 in (3.51) is expressed,
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due to (3.53), (3.55), (3.57), (3.58), and (3.59), as

U inst
2 (r1, r2, t) = Pr{r2 ≤ S2} − t

(
Pr{r1 ≤ S1}Pr{r2 ≤ S2} − Pr{(r1, r2) ∈ Rh}

)

(3.62)

= Pr{r2 ≤ S2} − Pr{D1}. (3.63)

Using the usage probabilities in (3.60) and (3.62), we can formalize the definition of
the individual outage rate region for instantaneous CSI. Note that the expressions of
the usage probabilities depend on the coin bias t. By increasing the value of t, link 1
is prioritized over link 2. So, if there exists a t ∈ [0, 1] such that U inst

1 (r1, r2, t) ≥ 1−ǫ1

and U inst
2 (r1, r2, t) ≥ 1−ǫ2, then (r1, r2) belongs to the individual outage rate region.

Definition 4. Let ǫ1 > 0 and ǫ2 > 0 denote the individual outage probability
specifications. Then, the individual outage rate region for instantaneous CSI is the
set of all rate points (r1, r2) that yield usage probabilities for links 1 and 2, defined
in (3.60) and (3.62), at least 1− ǫ1 and 1− ǫ2, respectively. Considering all possible
values for the coin bias t ∈ [0, 1], it is

R
ind
inst(ǫ1, ǫ2) =

⋃

0≤t≤1

{
(r1, r2) : U inst

1 (r1, r2, t) ≥ 1− ǫ1, U
inst
2 (r1, r2, t) ≥ 1− ǫ2

}
.

(3.64)

Computing the Outage Rate Regions for Instantaneous CSI

Here, we sketch a method to determine numerically whether a rate point (r1, r2)
is within an outage rate region for instantaneous CSI. The core ingredient of the
method is the approximate calculation of the usage probabilities as sums of fre-
quencies of occurrence for the cases B–D. We draw a large number of channel
realizations. For each of them, we use the flowchart in Fig. 3.4 to determine which
of the mutually exclusive cases occurs. For each of the cases, we have a counter
that we increase according to the termination of the flowchart. We normalize the
counters with the total number of trials to approximately obtain Pr{B}, Pr{C1},
Pr{C2}, and Pr{D}. Obviously, the accuracy of the approximation increases with
the number of realizations. We use (3.58) and (3.59) to obtain Pr{D1} and Pr{D2},
respectively, as functions of t. Then, due to (3.48), the common usage probability is
given by Pr{B} and comparing it with the common outage specification, we deter-
mine whether the rate point is in the common outage rate region. The individual
usage probabilities are given by the sums in (3.50) and (3.51). If there exists a
t ∈ [0, 1] that meets the individual outage specifications, we determine that the rate
point is in the individual outage rate region.

We now illustrate with the anecdotal example in Fig. 3.5 the approximation of
(3.50) and (3.51) by the frequencies of occurrence for the cases B–D. For three
different channel realizations, we plot the respective instantaneous rate regions, R1

h,
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R2
h, and R3

h. Also, we show four different rate points, a, b, c, and d for which we
would like to find the usage probabilities. The results are summarized in Table 3.1.
For point a, the flowchart of Fig. 3.4 terminates at B for all three trial regions.
Hence, the common and individual usage probabilities of a are equal to 1. For point
b, the flowchart terminates at B in the first and third trial and at C2 in the second
trial. Therefore, the common usage probability of b is 2/3 and the individual ones
are 2/3 and 1 for link 1 and 2, respectively. For point c and either of R1

h and R2
h, we

have case D. That is, the flowchart terminates at D1 with probability t and at D2

with probability 1− t. For R3
h, the flowchart terminates at B. Hence, the common

usage probability of c is 1/3 and the individual ones are (1 + 2t)/3 for link 1 and
(1 + 2(1− t))/3 = 1− 2t/3 for link 2. For point d, the flowchart terminates at A.
Hence, the common and individual usage probabilities of d are zero.

3.2.4 Comparison of Regions

In this section we compare the outage rate regions of Definitions 1–4. In Fig. 3.6,
we depict the four regions for a set of randomly drawn full-rank channel covariance
matrices. In the example, both TXs have n = 5 antennas and employ single-stream
beamforming, even for the scenario of statistical CSI. The noise variance is σ2

i = 0.5
for both RXs and the outage specifications are set to ǫ = ǫ1 = ǫ2 = 0.1. First, we
discuss the methods we used to generate the regions in Fig. 3.6. Second, we make
some observations from the graphical comparison of the regions. Third, we formalize
these observations on the relations between the regions into two propositions.

We use exhaustive-search methods to generate the regions in Fig. 3.6. For statistical
CSI we draw beamforming vectors randomly. For each pair of beamforming vectors,
we determine the rate points that meet the outage specifications using (3.45). Then,
we find the boundary via a brute-force search of the north-eastern rate points. For
instantaneous CSI, we make a grid of rate points. Then, for each rate point, we use
the method sketched in Section 3.2.3 to determine whether the rate pair is in the
outage rate region or not. We use the closed-form method in [39] to compute the
outer boundary of the instantaneous rate region Rh for each channel realization.

In the anecdotal example of Fig. 3.6, we see that the individual outage regions are
larger than the common outage regions. Also, the instantaneous CSI regions are
larger than the corresponding statistical CSI regions. As stated in the following
propositions, these relations are true in general.

Proposition 1. When ǫ1 = ǫ2 = ǫ, the individual outage regions are larger that the
common outage regions, i.e.,

a) Rcom

stat
(ǫ) ⊆ Rind

stat
(ǫ1, ǫ2) and

b) Rcom

inst
(ǫ) ⊆ Rind

inst
(ǫ1, ǫ2).

Proof of Prop. 1a): Due to Definition 1, for any rate point (r1, r2) ∈ Rcom
stat (ǫ), there
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is a pair of transmit covariance matrices (Ψ1,Ψ2) such that

U stat
com(r1, r2,Ψ1,Ψ2) ≥ 1− ǫ. (3.65)

This implies that U stat
i (ri,Ψ1,Ψ2) ≥ 1 − ǫ, i = 1, 2. Hence, (r1, r2) ∈ Rind

stat(ǫ1, ǫ2).
�

Proof of Prop. 1b): For any rate point (r1, r2) ∈ Rcom
inst (ǫ), we have U inst

com(r1, r2) =
Pr{B} ≥ 1− ǫ. From (3.50) and (3.51), we get that U inst

i (r1, r2, t) ≥ 1− ǫ = 1− ǫi,
since Pr{Ci} ≥ 0 and Pr{Di} ≥ 0. Hence, it follows that (r1, r2) ∈ Rind

inst(ǫ1, ǫ2). �

This statement is quite intuitive; the definition of common outage says that the
entire IC is in outage when at least one of the links is in outage. Individual outage
is less restrictive since it allows one link to be in outage while the other is not.

Proposition 2. For given ǫ, ǫ1, and ǫ2, the instantaneous CSI regions are larger
than the statistical CSI regions, i.e.,

a) Rcom

stat
(ǫ) ⊆ Rcom

inst
(ǫ) and

b) Rind

stat
(ǫ1, ǫ2) ⊆ Rind

inst
(ǫ1, ǫ2).

Proof of Prop. 2a): If (r1, r2) ∈ Rcom
stat (ǫ), then there is a pair of transmit covariance

matrices (Ψ1,Ψ2) such that the common usage probability of (r1, r2) is at least
1 − ǫ. So, the probability is at least 1 − ǫ that we get channel realizations for
which there exists a pair (Ψ1,Ψ2) yielding the rate pair (r1, r2). Hence, we have
(r1, r2) ∈ Rcom

inst (ǫ). �

Proof of Prop. 2b): First, we simplify notation by usingRi instead ofRi(hii,hji,Ψi,Ψj).
For all pairs of transmit covariance matrices (Ψ1,Ψ2), we note that Pr{ri ≤ Ri} ≤
Pr{ri ≤ Si}, since Si is the maximum rate we can achieve for a given realization of
the channels.

We assume that U stat
i (ri,Ψ1,Ψ2) = Pr{ri ≤ Ri} = 1 − ǫi, i = 1, 2, for a rate

point (r1, r2) and a pair of transmit covariance matrices (Ψ1,Ψ2). Hence, (r1, r2) ∈
Rind

stat(ǫ1, ǫ2). We note that

1− ǫ1 = Pr{r1 ≤ R1}
= Pr{r1 ≤ R1|r1 ≤ S1}Pr{r1 ≤ S1}+ Pr{r1 ≤ R1|r1 > S1}Pr{r1 > S1}
= Pr{r1 ≤ R1|r1 ≤ S1}Pr{r1 ≤ S1} (3.66)

since Pr{r1 ≤ R1|r1 > S1} = 0. Also, we can write (3.60) as

U inst
1 (r1, r2, t) = Pr{r1 ≤ S1}

(

1− (1− t) Pr{r2 ≤ S2}
(

1− Pr{(r1, r2) ∈ Rh}
Pr{r1 ≤ S1}Pr{r2 ≤ S2}

))

.

(3.67)
For r2, we have expressions similar to (3.66) and (3.67).

We have to show that there exists a t ∈ [0, 1] such that U inst
i (r1, r2, t) ≥ 1 − ǫi,
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i = 1, 2. Then it follows that (r1, r2) ∈ Rind
inst(ǫ1, ǫ2). Comparing (3.66) and (3.67),

we see that they have the factor Pr{r1 ≤ S1} in common. So, we show that there
exists a t ∈ [0, 1] such that

Pr{r1 ≤ R1|r1 ≤ S1} ≤ 1− (1− t) Pr{r2 ≤ S2}
(

1− Pr{(r1, r2) ∈ Rh}
Pr{r1 ≤ S1}Pr{r2 ≤ S2}

)

,

(3.68)

Pr{r2 ≤ R2|r2 ≤ S2} ≤ 1− tPr{r1 ≤ S1}
(

1− Pr{(r1, r2) ∈ Rh}
Pr{r1 ≤ S1}Pr{r2 ≤ S2}

)

.

(3.69)

In order to simplify notation, we define αi , Pr{ri ≤ Ri|ri ≤ Si}, βi , Pr{ri ≤ Si},
i = 1, 2, and η , 1− Pr{(r1, r2) ∈ Rh}/(Pr{r1 ≤ S1}Pr{r2 ≤ S2}). Now, we write
(3.68) and (3.69) as

t ≥ tL ,
β2η − 1 + α1

β2η
, t ≤ tU ,

1− α2

β1η
. (3.70)

Since αi ≤ 1, we have tU ≥ 0 and tL ≤ 1. So, there exists a feasible t if we can
verify that tL ≤ tU . From (3.70) we have

tL ≤ tU ⇔ β1β2η ≤ β1(1− α1) + β2(1− α2). (3.71)

From the definitions of β1, β2, and η, we have β1β2η = β1β2 − Pr{(r1, r2) ∈ Rh}.
Also, we know that αiβi = 1− ǫi. Hence, we write (3.71) as

β1β2 ≤ Pr{(r1, r2) ∈ Rh}+ β1 + β2 + ǫ1 + ǫ2 − 2. (3.72)

From (3.41) and Definition 1 we note that since (r1, r2) ∈ Rind
stat(ǫ1, ǫ2) implies

(r1, r2) ∈ Rcom
stat (ǫ1 + ǫ2 − ǫ1ǫ2). Using Proposition 2 a), we know that (r1, r2) ∈

Rcom
inst (ǫ1 + ǫ2 − ǫ1ǫ2). Hence, Pr{(r1, r2) ∈ Rh} ≥ 1− ǫ1 − ǫ2 + ǫ1ǫ2. Therefore, it is

sufficient to prove that
β1β2 − β1 − β2 ≤ ǫ1ǫ2 − 1. (3.73)

Since Pr{ri ≤ Si} ≥ Pr{ri ≤ Ri} = 1− ǫi, one can verify that β1β2−β1−β2 cannot
be larger than ǫ1ǫ2 − 1. Hence, there exists a t ∈ [0, 1] such that (3.68) and (3.69)
are satisfied. Then, it follows that (r1, r2) ∈ Rind

stat implies (r1, r2) ∈ Rind
inst. �

Also, the results of this proposition are quite intuitive. When the TXs only have
statistical CSI, they will spread their power in many directions in order to get
some good channel. For the scenario of instantaneous CSI, the TXs know the good
directions and transmit along them.
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3.2.5 Conclusions

We defined four outage rate regions for the MISO IC. The different definitions
correspond to different scenarios of channel knowledge and outage specification.
Comparing the definitions, we saw that regions for individual outage are larger
than those for common. Also, we proved that the regions become larger when the
TXs have instantaneous CSI instead of statistical CSI.

3.2.6 Appendix: Derivation of the Individual Usage Probability for
Statistical CSI

In order to find a closed form expression of the usage probability (3.42), we have to
find the pdfs of a random variable of the form X , hHΨh, where h ∼ CN(0,Q).
We let T∆TH , where ∆ = diag{λ1, . . . , λn}, be the eigenvalue decomposition of
Q1/2ΨQ1/2. Also, we define h̃, h̄ ∼ CN(0, I). Then, we get

X = hHΨh = h̃HQ1/2ΨQ1/2h̃ = h̃HT∆THh̃ = h̄H∆h̄. (3.74)

We define h̄k to be the kth element of h̄. Now we can write (3.74) as

X = hHΨh =
K∑

k=1

λk|h̄k|2, (3.75)

where K = rank
{

Q1/2ΨQ1/2
}

≤ n. Also |h̄k|2 ∼ exp(1), that is |h̄k|2 is exponen-

tially distributed with parameter 1. Note that all |h̄k|2 are statistically independent.
Without loss of generality we can assume that λ1 ≥ λ2 ≥ . . . ≥ λn. We define ρ(∆)
to be the number of distinct eigenvalues of ∆, λ〈1〉 > λ〈2〉 > . . . > λ〈ρ(∆)〉. Also,
we define τk(∆) to be the multiplicity of λ〈k〉. Then, hHΨh is hypoexponentially
distributed with pdf [77, Ch. 5], [78]

f(x) =

ρ(∆)
∑

k=1

τk(∆)
∑

l=1

χkl(∆)
λ−l〈k〉

(l − 1)!
xl−le−x/λ〈k〉 , x ≥ 0. (3.76)

For the general case of non-distinct eigenvalues, the derivation of the coefficients
χkl(∆) in (3.76) can be found in [79]. Assuming that τk(∆) = 1, ∀k, i.e. all
eigenvalues of Q1/2ΨQ1/2 are distinct, we can write (3.76) as

f(x) =
K∑

k=1

χk1(∆)

λk
e−x/λk , x ≥ 0 (3.77)
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with

χk1(∆) =
K∏

n=1,n6=k

λk
λk − λn

. (3.78)

Now, we define fii(x) and fji(x) to be the pdf of hHii Ψihii and hHjiΨjhji, respectively.
Combining (3.42) and (3.75), we have

Pr
{

hHii Ψihii − γihHjiΨjhji > γiσ
2
i

}
= Pr

{
Xii − γiXji > γiσ

2
i

}
= Pr

{
Xii + X̃ji > γiσ

2
i

}
,

(3.79)
where X̃ji , −γiXji. We note that the pdf of X̃ji is fji(−x/γi)/γi. To get the pdf
fi(x) of Xii + X̃ji, we convolve fii(x) and fji(−x/γi)/γi. Then we get (3.79) by
computing

U stat
i (Ψi,Ψj, ri) =

ˆ ∞

γiσ2
i

ˆ ∞

−∞

1

γi
fji(−y/γi)fii(x− y)dydx. (3.80)
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Figure 3.3: Implementation of the multi-stream transmission.
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headstails
Flip coin D1: r1D2: r2

yes

no

no

yes
(r1,r2) in Rh?

A: none

r1 > S1 or r2 > S2?
r1 > S1 r2 > S2

r1 > S1 and r2 > S2?

Compute outer boundary of Rh

Input: (r1,r2),t,h11,h12,h21,h22

B: (r1,r2)

C1: r1C2: r2

D: coin flip

neither

Figure 3.4: Flowchart determining achievability of rates r1 and r2 for given channel
realizations and coin bias.
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Figure 3.5: Three examples of instantaneous rate regions and rate points.
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Figure 3.6: Outer boundaries of the outage rate region for the MISO IC.
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Table 3.1: Example of approximating usage probabilities for three realizations.

R1
h R2

h R3
h U inst

com U inst
1 U inst

2

a B B B 1 1 1

b B C2 B 2/3 2/3 1

c D D B 1/3 (1 + 2t)/3 1− 2t/3

d A A A 0 0 0
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4 Achievable Rate Regions of the MISO IC with

MUD Capability

4.1 Achievable Rate Regions of the Two User MISO IC
with IDC

In this chapter the Multiple-Input-Single-Output Interference Channel (MISO IC)
is considers in which transmitters and receivers are in a spectrum sharing environ-
ment. We consider receivers with interference decoding capability (IDC) so that
the interference signal can be decoded and subtracted from the received signal. On
the MISO IC with single user decoding, transmit beamforming vectors are designed
to mitigate interference at the receivers. With IDC, receivers can potentially de-
code interference which yields a higher data rate. However, decoding interference
poses a rate constraint on the interferer and in turn on the sum rate of the sys-
tem. This brings some interesting questions: when should the transmitters (Txs)
mitigate interference and when should Txs amplify interference? Under what sit-
uations should Txs change from mitigating interference to amplifying interference?
We answer these questions in this chapter.

4.2 Introduction

The capacity region of the two-user SISO IC has been studied extensively [80, 81,
82, 83, 84, 85, 86], although the general capacity region is not fully known, except
for special cases, e.g. the low and strong interference regime.

To extend the above results, the authors [87, 52] study the capacity region of the
vector Gaussian interference channel in the weak interference regime. Results show
that treating interference as noise in the weak interference regime achieves capac-
ity. Apart from the capacity of the IC, the frontier of the achievable rate region
assuming linear precoders, also known as the Pareto boundary, holds importance to
the understanding of the IC. Any rate points on the Pareto boundary are operating
points such that it is impossible to increase one user’s rate without decreasing the
others. Assuming perfect channel state information at transmitters (CSIT), the
Pareto boundary of the SISO IC and MISO IC with single user detection (SUD) are
characterized in [88, 11] respectively. In [7], the authors extended the results to par-
tial CSIT. In this chapter, we assume simple single user encoding transmitters and
interference decoding capability at receivers, which yield a simpler achievable rate
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region comparing to the Han-Kobayashi scheme [89]. This allows us to study the ef-
fects of transmit beamforming on the achievable rate region and to characterize the
Pareto boundary. We limit ourselves to the two transmitter-receiver (Tx-Rx) pairs
interference channel with interference decoding capability (IDC), each receiver can
choose to decode interference or treat interference as noise. The main contributions
of this chapter are the followin.g

We formulate the achievable rate region of the 2-user MISO IC IDC which is a
region achieved by varying transmit powers and beamforming vectors in Section 4.4.
Then, we show that the achievable rate region of the MISO IC IDC is a union of
four rate regions of different decoding structures (e.g. Rx 1, 2 decode interference or
treat interference as noise). In Section 4.6, we characterize the boundaries of rate
regions of each decoding structures and therefore characterize the Pareto boundary
of the MISO IC IDC. As an application of the Pareto boundary characterization,
we characterize the maximum sum rate points and the conditions in which MRT
strategies are sum rate optimal [90]. Due to space limit, we do not include the
results here, for details please refer to [90]. In Section 4.7, we use these results to
develop a simple suboptimal algorithm that performs close to the maximum sum
rate point, whose computation is NP-hard [91].

4.3 Channel Model

We assume a simple system of two transmitter-receiver (Tx-Rx) pairs in which each
Tx has N antennas and each Rx has only one antenna. This results in a two-user
MISO IC, which is illustrated in Figure 4.1 as an example with N = 3. We assume
linear pre-coders and the Txs use the same Gaussian codebooks and therefore the
Rxs, if the channel qualities allow, can decode the interference and subtract it from
the received signal. Also, we assume that the interference is successfully decoded
if the rate of the interference signal is smaller than the Shannon capacity of the
interference channel.

Denote the transmit beamforming vector of Tx i by wi and the channel from Tx
i to Rx ī, where i, ī ∈ {1, 2} , ī 6= i, hīi ∈ C

N×1. Note that the channel gains are
i.i.d complex Gaussian coefficients with zero mean and unit variance. The received
signal at Rx i is therefore

yi = hHii wixi
√

Pi + hHīi wīxī
√

Pī + ni. (4.1)

The noise ni is a complex Gaussian random variable with zero mean and unit
variance. Pi is the transmit power at each Tx and we assume the same power
constraint for both Txs, Pi ≤ P ∗. The symbol xi is the transmit symbol at Tx
i with unit power. The transmit beamformer has unit norm ‖wi‖ = 1. Denote
the hypersphere of dimension N in the complex space with unit radius by S: S =
{

w ∈ C
N×1 : ‖w‖ = 1

}
, wi ∈ S. We define here the projector matrices which will
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MAC 1

Tx1 Tx2

w1 w2

h11
h22

h12

h21

Rx1 Rx2

MAC 2

Figure 4.1: The 2-user MISO IC where Txs are quipped with 3 antennas.

be referenced to later:

Πij =
hijh

H
ij

‖hij‖2
(4.2)

Π⊥ij = I−Πij. (4.3)

4.4 Achievable Rate Region

We assume simple matched filter decoders and propose the following four decoding
schemes, similar to the SISO case [80]. We define the following important quantities:

C1 , C1(w1, P1) , log2

(
1 + |hH11w1|2P1

)
,

C2 , C2(w2, P2) , log2

(
1 + |hH22w2|2P2

)
,

D1 , D1(w1,w2, P1, P2) , log2

(

1 +
|hH11w1|2P1

|hH12w2|2P2 + 1

)

,

D2 , D2(w1,w2, P1, P2) , log2

(

1 +
|hH22w2|2P2

|hH21w1|2P1 + 1

)

,

T2 , T2(w1,w2, P1, P2) , log2

(

1 +
|hH12w2|2P2

|hH11w1|2P1 + 1

)

,

T1 , T1(w1,w2, P1, P2) , log2

(

1 +
|hH21w1|2P1

|hH22w2|2P2 + 1

)

.

C1 and C2 are the single user rates, the largest rate user 1 and 2 can achieve without
the influence of interference. D1 and D2 are the rates of decoding desired signal
while treating interference as thermal noise and T1 and T2 are the rate of decoding
interference while treating desired signals as noise.
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If both receivers decode interference, user i must transmit at a rate that ensures
interference decoding at Rx ī, thus we have the following:

R1 ≤ min{C1, T1}
R2 ≤ min{C2, T2}.

(4.4)

Denote the rate region with interference decoding at both receivers by (4.5) (shown
at the top of the page).

R
dd =

⋃

w1,w2∈S

0≤P1,P2≤P ∗

{

(R1, R2) ≤
(
min{C1, T1},min{C2, T2}

)}

(4.5)

R
nn =

⋃

w1,w2∈S

0≤P1,P2≤P ∗

{

(R1, R2) ≤
(
D1, D2

)}

(4.6)

R
dn =

⋃

w1,w2∈S

0≤P1,P2≤P ∗

{

(R1, R2) ≤
(
C1,min{D2, T2}

)}

(4.7)

R
nd =

⋃

w1,w2∈S

0≤P1,P2≤P ∗

{

(R1, R2) ≤
(
min{D1, T1}, C2

)}

(4.8)

Remark 4.1. For each selected pair of transmit beamformers, a corresponding rate
region which satisfies the inequalities (4.5) is obtained. The achievable rate region
Rdd is defined as the union of all regions achieved by all possible transmit beam-
formers.

On the other hand, if both Rxs choose to treat interference as noise, we obtain (4.6).
If Rx 1 decodes interference but Rx 2 treats interference as noise, Tx 2 transmits
a rate that ensure interference decoding at Rx 1 as described in (4.7). Similarly,
exchanging the role of Tx 1 and 2, we have (4.8).

The achievable rate region of the MISO IC with interference decoding capability is
therefore the union of the above regions:

R = R
nn ∪ R

dd ∪ R
dn ∪ R

nd. (4.9)

Definition 4.1. Denote the set of points on the Pareto boundary by B(R). If the
rate pair (r1, r2) ∈ R is on the boundary, (r1, r2) ∈ B(R), then there does not exist
a rate pair (r′1, r

′
2) ≥ (r1, r2), with one strict inequality. By (4.9),

B(R) ⊂ B(Rnn) ∪B(Rdd) ∪B(Rdn) ∪B(Rnd). (4.10)

Definition 4.2. Denote the set of beamforming vectors and power allocations that
achieve the rate boundaries B(Rxy) for x, y = {n, d}, the solution set of B(Rxy),
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termed as Ωxy.

Ωxy =
{

(w1,w2, P1, P2) :
(
R1, R2

)
∈ B(Rxy

)}
(4.11)

Similarly, the solution set of B(R) is Ω.

Ω =
{

(w1,w2, P1, P2) :
(
R1, R2

)
∈ B(R)

}
(4.12)

In the following sections, we study the Pareto boundary in terms of power allocation
and transmit beamforming vectors in different decoding structure namely Rnd and
Rdd. Rdn is symmetric to Rnd and is therefore omitted here. Rnn is treated in [11].

4.5 The Pareto Boundary Characterization

In this section, we characterize the Pareto boundary by characterizing the bound-
aries of different decoding structures. In Section 4.5.1, we compute the solution sets
of the boundary B(Rnd) whereas in Section 4.5.2, we compute the solution sets of
the boundary B(Rdd).

4.5.1 The Pareto Boundary Characterization in Rnd

With decoding structure Rnd, Rx 1 treats interference as noise and Rx 2 decodes
and subtracts the interference signal from the received signal before decoding the
desired signal. By the definition of rate pair (R1, R2) in Eqt. (4.8), the Pareto
boundary is the solution of the following optimization problem

max
w1,w2,P1,P2

min{T1, D1}

s.t. C2 = r2, ‖w1‖ = 1, ‖w2‖ = 1, P1 ≤ P ∗, P2 ≤ P ∗.
(4.13)

Lemma 4.1. The optimization problem (4.13) has the solution Ω1,

Ω1 = {w1 ∈W1, P1 = P ∗} (4.14)

where W1 is defined in (4.19).

Proof. see [90].

If we reverse the optimization order, we have

max
w2,P2

C2,

s.t. T1 ≥ r1, D1 ≥ r1, w1 ∈W1, ‖w2‖ ≤ 1, P1 = P ∗, P2 ≤ P ∗,
(4.15)
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for some positive value r1.

Lemma 4.2. The optimization problem (4.15) has the solution Ω2,

Ω2 = {w2 ∈W2, 0 ≤ P2 ≤ P ∗} (4.16)

where W2 is defined in (4.20).

Proof. see [90].

Lemma 4.1 gives the solution set of w1, for arbitrary fixed w2, which attain the
Pareto boundary of Rnd. On the other hand, Lemma 4.2 gives the solution set of w2

for arbitrary fixed w1. We combine both results and obtain the following theorem.

Theorem 4.1. The Pareto boundary B(Rnd) is attained by the solution set Ωnd

Ωnd = {w1 ∈W1,w2 ∈W2, P1 = P ∗, 0 ≤ P2 ≤ P ∗} (4.17)

where W1,W2 are defined in (4.19) and (4.20).

Proof. Note that Ω1
⋃

Ω2 ⊂ Ωnd. From Lemma 4.1 and Lemma 4.2, Ω1
⋃

Ω2 at-
tains Pareto boundary Q1

⋃
Q2 ⊃ B(Rnd). Thus, solution set Ωnd attains Pareto

boundary B(Rnd).

Note that in Theorem 4.1 we computed the set of beamformers that attain the Pareto
boundary in Rnd. This parameterization allows us to represent the beamforming
vectors with positive real scalars 0 ≤ λ1, λ2 ≤ 1. By varying λ1, λ2 from zero to
one and P2 from zero to P ∗, we obtain all beamforming vectors that may attain
the Pareto boundary. Intuitively, it means that the Pareto boundary attaining
beamforming vectors exist only in a two-dimensional subspace, spanned by the
direct channel and the interference channel, in a N -dimensional signal space.

In the next section, we investigate the Pareto boundary attaining beamforming
vectors in decoding structure Rdd.

4.5.2 The Pareto Boundary Characterization in Rdd

Theorem 4.2. The pareto boundary B(Rdd) is attained by solution set

Ωdd = {0 ≤ P1, P2 ≤ P ∗,w1 ∈ V1,w2 ∈ V2} . (4.18)

where V1,V2 are defined in (4.21) and (4.22).

Proof. see [90].

D2.1b SAPHYRE



4.6 The Pareto Boundary of MISO IC IDC 85

Note that the solution sets Wi and Vi are different as Wi is a set of beamforming

vectors spanned by
Πjihii
‖Πjihii‖

and
Π⊥jihii

‖Π⊥jihii‖
whereas Vi is a set of beamforming vectors

spanned by
Πiihji
‖Πiihji‖

and
Π⊥iihji
‖Π⊥iihji‖

.

W1 =

{

w1 : w1 =
√

λ1
Π21h11

‖Π21h11‖
+
√

1− λ1
Π⊥21h11

‖Π⊥21h11‖
; 0 ≤ λ1 ≤ 1

}

(4.19)

W2 =

{

w2 : w2 =
√

λ2
Π12h22

‖Π12h22‖
+
√

1− λ2
Π⊥12h22

‖Π⊥12h22‖
; 0 ≤ λ2 ≤ 1

}

(4.20)

V1 =

{

w1 : w1 =
√

λ1
Π11h21

||Π11h21||
+
√

1− λ1
Π⊥11h21

||Π⊥11h21||
; 0 ≤ λ1 ≤ 1

}

(4.21)

V2 =

{

w2 : w2 =
√

λ2
Π22h12

||Π22h12||
+
√

1− λ2
Π⊥22h12

||Π⊥22h12||
; 0 ≤ λ2 ≤ 1

}

(4.22)

4.6 The Pareto Boundary of MISO IC IDC

The Pareto Boundary is attained if at least one of the boundaries of the decoding
structures is attained. Thus, we have the following solutions sets that attain the
Pareto boundary.

Ω = Ωnd
⋃

Ωdd. (4.23)

Note that the solution set of Rnn is a subset of Ωnd [11]. By reversing the role of
Tx 1 and 2, we see that the solution set of Rdn is Ωnd except with 0 ≤ P1 ≤ P ∗

which is included in Ωdd.

4.7 A Simple Transmit Strategy

In this section, we propose a simple suboptimal transmission strategy. This trans-
mission strategy is inspired by the parameterizaiton of each decoding structure.
We propose to select only one beamforming vector in each solution set. Given the
channel states information, we compare the sum rate performance of these four
beamforming vectors and choose the beamforming vector and the corresponding
decoding structure which achieves the highest sum rate.

• Rnn: w1 =
Π⊥

21
h11

‖Π⊥
21

h11‖
,w2 =

Π⊥
12

h22

‖Π⊥
12

h22‖
.

• Rnd: w1 = h21

‖h21‖
,w2 = h22

‖h22‖
.

• Rdn: w1 = h11

‖h11‖
,w2 = h12

‖h12‖
.
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• Rdd: w1 = h21

‖h21‖
,w2 = h12

‖h12‖
.

• TDMA: time sharing between single user points and therefore wi = hii
‖hii‖

.

4.8 Simulation Results

In this section, we demonstrate that the proposed parameterization allows us to
design beamforming vectors which attain the Pareto boundaries. We also plotted
the corresponding MRT strategies and maximum sum rate points, in Section 4.8.1.
In Section 4.8.2, we observe the change of sum rate optimal decoding structure
when the strength of the interference channel increases. We compare the sum rate
performance between the optimal sum rate and the proposed simple algorithm.

4.8.1 The Pareto Boundary in Different Decoding Structure

In Figures 4.2 and 4.3 we plot the achievable rate region of the decoding structure
Rnd and Rdd respectively. The number of transmit antennas is three and the SNR
is set at 0dB. The channel coefficients for this particular channel realization are:

h11 = [0.3776 + 0.8444i,−1.0265 + 0.3100i, 0.2292 + 0.6424i]T ,

h22 = [−0.1445− 0.0385i,−1.2045− 0.1070i, 0.9119− 0.3682i]T ,

h12 = [1.0156 + 0.6832i, 0.6064− 0.2969i, 0.1510 + 0.8155i]T ,

h21 = [−0.1735 + 0.5270i, 0.6659 + 0.3887i,−1.6426− 0.4348i]T .

We vary the parameters λ1, λ2 and the transmit power from zero to P ∗ in order to
generate the beamforming vectors in the proposed solution sets.

4.8.2 The Simple Algorithm

In this section, we assume a symmetric channel [92] in which the direct channels,
hii, are i.i.d complex Gaussian vector channels. The interference channel hji has a
projection angle θi with the direct channel hii: |hHjihii| = ‖hii‖‖hji‖ cos(θi). More-
over, we assume that the strength of the interference channel is α times of that of
the direct channel: ‖hji‖2 = α‖hii‖2 where α ∈ R

+. In Figures 4.4 and 4.5, we plot-
ted the maximum sum rate achieved by different decoding structure and compare
it with the proposed simple algorithm when the strength of interference channel,√
α, increases. In both figures, we see that when the interference is weak, it is sum

rate optimal to treat interference as noise and when the interference strength in-
creases, sum rate can be increased by allowing one of the Rx to decode interference
and in the strong interference regime, both Rxs. decoding interference achieves the
highest sum rate. Depending on the channel coefficients, TDMA may outperform
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Figure 4.2: Achievable rate region of Rnd: proposed parameterization achieves the
Pareto Boundary at SNR 0dB.

Rnn and Rdd in the medium interference regime. Note that the computation of
the maximum sum rate point is NP-hard. However, we see the the proposed simple
algorithm achieves nice sum rate performance with only five choices of beamforming
vectors.

4.8.3 The SAPHYRE Gain

We define here the SAPHYRE gain to be the performance gain of the proposed low
complexity algorithm over the TDMA schemes where no cooperation is performed.
As shown in Figures 4.4 and 4.5, we see a big difference between the sum rate
performance of the proposed algorithm over the TDMA scheme in medium and
high SNR regime.

4.9 Conclusion

We proposed and formulated the achievable rate region and the Pareto boundary of
the MISO IC IDC. We characterized the Pareto boundary in terms of beamforming
vectors and power allocation. The Pareto boundary attaining beamforming vectors
are parameterized by two real valued scalars that take values from zero to one. As
an application of this parameterization, we compute the maximum sum rate point
and compare with a simple suboptimal algorithm that takes only five beamforming
vectors of choice. In symmetric channels, we show that the sum rate optimal de-
coding structures changes from treating interference as noise to TDMA to decoding
interference when the strength of interference increases. The suboptimal algorithm
performs nicely according to simulations.
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Figure 4.3: Achievable rate region of Rdd: proposed parameterization achieves the
Pareto Boundary at SNR 0dB.
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5 Fundamental Limits for Code, Signal, and

Receiver Processing Design

5.1 Introduction

5.1.1 Wireless Network Coding with Hierarchical Decode and Forward
Strategy

Background And Related Work

Multi-node and multi-source wireless communication scenarios are currently under
intensive investigation in the research community. Generally, these can be seen as
similar to the Network Coding (NC) paradigm [93]. NC operates with a discrete
(typical binary) alphabet over loss-less discrete channels. It is in fact an operation on
data rather than on the channel codewords. NC has great potential in substantially
increasing the throughput of complicated communication networks. An extension
of these principles into the wireless (signal space) domain is however non-trivial.
Some attempts have been carried out using a simple concatenation of NC and a
single-link physical layer modulation and coding technique. This has number of
drawbacks and only limited optimality. An optimal solution is a direct signal space
domain code synthesis.

Limited code design and capacity region results are available for the simplest pos-
sible scenario of the 2-Way Relay Channel (2-WRC). Authors of [94], [95], [96], [97]
concentrate on the distance optimization of the relay hierarchical mapping regions
as a function of the channel parametrization. A specific approach using a lattice
code construction is taken by [98] and [99]. The authors of [98] and [99] provide
lattice based code construction using principles of [100] but do not investigate the
impact of the channel parametrization. The results of this section are also based
on our earlier work [101], [102], [103].

Concept of Sharing PHY Layer in Multi-Source and Multi-Node
Networks

The research target is a general multi-source and multi-node wireless communica-
tion network where all network nodes (relays) contribute to providing data flows
without an explicit routing. It can be described as a flood of the information having
different “colors” (from individual sources) at the inputs. The network processes
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the “rainbow” mixture-color not distinguishing individual sources. The destinations
pick a particular “color” from the received flood with the help of various forms of
the side-information on other data streams available at the destination. Since the
mixture-data flow represents jointly (but not necessarily individually distinguished)
data stream, we call those data hierarchical data and corresponding relay processing
a hierarchical decode and forward relay strategy.

This resembles the principles of Network Coding, but with important differences.
(1) The information transfer is achieved through signal-space wireless links including
all phenomena of channel parametrization, fading and received signal superpositions.
(2) The distributed source coding joint with distributed channel coding can play an
important role. The source-channel separation theorem does not hold generally for
correlated sources. This problem arises mainly when we do not fully decode and
re-code the hierarchical codewords at relays (e.g. due to the latency constraints).
Then the resulting per-symbol relay processing must source-code the soft-symbol
metric. These metrics are possibly correlated due to the codeword structure and
due to the multi-path network flow topology.

The above stated concept relies on following tools.

• Network Coded Modulation is the network structure aware modulation and
coding. Each node, either source or relay, transmits the signal that it can be
processed in the remaining receiving nodes performing various joint relaying
strategies.

• Relaying strategies should work on the hierarchical data using hierarchical
decode and forward strategy, not on individual separated data streams.

• Combined distributed source and channel coding at various levels including
full frame and also per-symbol soft-decoding metric for symbol-wise relay
strategies can help improving the overall network efficiency.

The simplest particular network example capable of demonstrating some of the
above stated concepts is the 2-Source Relay Network. (see also [SAPHYRE deliv-
erable D3.2a] for details)

5.1.2 WNC and HDF in the context of SAPHYRE project

The WNC technique with HDF relaying strategy is a cooperative coding & relay-
ing technique fulfilling the SAPHYRE project goals in the SAPHYRE TC (relay-
ing) reference scenario (see SAPHYRE deliverable [D3.3a]). The ultimate target
WNC/HDF based relaying scenario is shown on Fig. 5.1. Each system operation
stage shares the wireless propagation medium at the same time and same frequency
band. Each node uses Network Coded Modulation (NCM) which (1) has output
codewords directly in the signal space (hence “modulation”) and (2) fully respects
the structure and connectivity of other nodes in the network including the comple-
mentary side-information available there (hence “network coded”). The information
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Figure 5.1: Ultimate sharing scenario with relaying using WNC and HDF relaying
strategy.

is thus propagated between the source and the destination by all available paths
and with full respect of the amount of the information obtained by other paths (i.e.
minimizing any redundancy). This approach is much more effective in compari-
son with multi-slot traditional packet network forwarding technique. In fact, the
WNC/HDF overcomes to some extend any need of the network layer. All the infor-
mation is “flooded” through all “pipes” purely by means of PHY layer technique.
Additional details on WNC/HDF and NCM are provided in SAPHYRE [D3.2a]
deliverable.

5.2 System model

5.2.1 2-Source Relay Network with Partial C-SI

A 2-Source Relay Network (2-SRN) consists of two independent data sources SA
and SB which want to deliver their data to two destinations DA and DB through
shared relay R. During the first (MAC) stage sources A and B transmit to the relay
and also destination B collects complementary side information (C-SI) on the data
A and destination A C-SI on the data B. The relay operates with HDF strategy. In
the second (BC) stage, R produces on its output hierarchical symbols (details will
be given later) carrying both data A and B only through the Hierarchical eXclusive
Code (HXC). Both destination receive this common signal and combine that with
the C-SI received in the MAC stage to decode the data. See Fig. 5.2. The figure
also shows individual Signal-to-Noise Ratios (SNRs) of the individual links.

The system is symmetric in its structure (SA → R → DA, and SB → R → DB),
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Figure 5.2: 2-Source Relay Network with Partial C-SI.

which allows us to investigate it from the perspective of the data flow A with data
B being only a nuisance parameter. All conclusions drawn for A should then be
equally applicable to B.

Next sections define formal details. Subscripts A and B denotes variable associated
with node A and B respectively. For notational simplicity, we omit the sequence
number indices of individual symbols. We use also a slightly relaxed notation for
the symbol and the codebook sets and the corresponding mapping and encoding
operations. The notation uses the same letter symbol in two different contexts.
This simplifies the reader’s appreciation of the relatively large number of code-
books/alphabets involved. As an example, the codebook (the set of all codewords)
is denoted by C and it is optionally supplemented by a subscript corresponding to
the particular codeword. The notation C(d) denotes a codeword corresponding to
the data input d. A similar notation holds for symbol alphabets, denoted by A, and
corresponding mapping operations A(�). All continuous-valued time-domain signals
are represented through their signal space (with an orthonormal basis) representa-
tions.

5.2.2 Exclusive Law and Hierarchical Exclusive Code/Alphabet

The exclusive law [95] is defined as a property of the joint representation of two
data symbols through the function Xd(dA,dB). It must hold that

Xd(dA,dB) 6= Xd(d
′
A,dB), ∀dA 6= d′A, (5.1)

Xd(dA,dB) 6= Xd(dA,d
′
B), ∀dB 6= d′B. (5.2)

The functions fulfilling exclusive law will called exclusive mapping and denoted by
the operator Xd(�, �) specifying also the corresponding symbol (in this case d) for
which it applies. Simply speaking, the exclusive mapping allows an inverting the
mapping function provided we have a side-information on one of the data symbols.
Assuming that the destination node B has perfect Side Information (SI) on the
node’s own data dB it can then decode the message dA (and similarly for node A).
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Data dB will be called called complementary data from the perspective of the data
dA operations. The SI on the complementary data will be denoted as Complemen-
tary SI (C-SI).

The exclusive mapping can be applied at various levels — complete or partial
codewords/messages or individual symbols. We define Hierarchical eXclusive Code
(HXC) as a two-source codebook fulfilling the exclusive law. Similarly we define
Hierarchical eXclusive Alphabet (HXA) when it is applied symbol-wise.

Assume a HXC codebook CAB with mapping X : (CA,CB) 7→ CAB. In order for
the exclusive law to hold, the relay hierarchical codebook cardinality must satisfy
|CAB| ≥ max(|CA|, |CB|). On the other hand, the cardinality is upper-bounded by
all possible dA and dB message combinations |CAB| ≤ |CA||CB|. The lower bound
case requires perfect C-SI on the complementary data at the destination. The upper
bound is in fact a classical MAC channel with joint and separate decoding of both
data messages at the relay and requires no C-SI. Any situation in between those
two extreme cases requires partial C-SI at the destination.

The HXC having the minimal cardinality |CAB| = max(|CA|, |CB|) will be called
Minimal-HXC (M-HXC). This case puts minimum throughput requirements on the
BC channel at the price of requiring perfect C-SI at the destination. All codebooks
with a higher cardinality will be called Extended-HXC (E-HXC).

5.2.3 H-MAC Phase

Source data messages are dA, dB and they are composed of data symbols dA, dB ∈
Ad = {0, 1, . . . ,Md − 1}, with alphabet cardinality |Ad| = Md. Source node code-
words are cA, cB with code symbols cA, cB ∈ Ac, |Ac| = Mc. The encoding operation
is performed by the encoders CA,CB with codebooks cA ∈ CA and cB ∈ CB. Trans-
mitted channel symbols are sA = s(cA), sB = s(cB), sA, sB ∈ As ⊂ C

N . We
assume a common channel symbol mapper As(�). A signal space representation of
the overall coded frame is sA(cA) and sB(cB).

The received signal at the relay in a parameterized flat fading (constant over the
frame) channel is

u = sA + hsB. (5.3)

The relative equivalent parameterization by h ∈ C represents the parametric chan-
nel with both parametric links u′ = hAsA+hBsB by a proper rescaling by 1/hA and
denoting h = hB/hA, hA, hB ∈ C

1. The received signal at the relay is

x = u+ w (5.4)

where the circularly symmetric complex Gaussian noise w has the variance σ2
w per

complex dimension. See Fig. 5.3.

The SNR is defined as the ratio of the real base-band symbol energy of one source
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Figure 5.3: The system model for H-MAC phase with layered HXC design.

(e.g. A, to have a fair comparison for reference cases) to the noise power spectrum
density ratio γxA = (EsA/2) /N0. Assuming orthonormal basis signal space com-
plex envelope representation of the AWGN, we have σ2

w = 2N0 and thus γxA =
E [‖sA‖2] /σ2

w.

5.2.4 H-BC Phase

The HDF front-end (H-MAC phase) processing at the relay produces the hierar-
chical symbols dAB = Xd(dA,dB) which are the minimal HXC. The data dAB
are encoded at the back-end (H-BC phase) of the relay to produce codewords
bAB = CR(dAB). The discrete code symbols are mapped in symbol-by-symbol
manner on the signal space symbols v = v(bAB) ∈ Av and and broadcast to destina-
tions DA and DB. At the destination for data A, the received signal space symbols
are

yA = v(bAB) + wA (5.5)

where the complex circularly symmetric AWGN wA has variance σ2
A per complex

dimension. We denote the signal space symbols at node A (a destination for data
B) similarly yB = v + wB. We define the SNR on the R to DA link as γyA =
E [‖v‖2] /σ2

wA
.

The C-SI on the data from the source SB are received at the destination DA during
the first H-MAC phase and they are stored for the later processing at the second
H-BC phase. The transmitted signal is identical to the one transmitted at H-MAC.
The received signal is

zA = s(cB) + ξA (5.6)

where the complex circularly symmetric AWGN ξA has variance σ2
ξA

per complex
dimension. The SNR of the C-SI link is γzA = E [‖sA‖2] /σ2

ξA
. Fig. 5.4.
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Figure 5.4: The system model for H-BC phase with layered HXC design.

5.3 Capacity/Throughput Regions of HDF Strategy with
Minimal mapping

5.3.1 Hierarchical MAC Rate Region

Hierarchical Mutual Information

It follows from the Layered HXC Design theorem that the throughput rate region
is rectangular and given by the hierarchical mutual information I(cAB;x). It is
evaluated for given chosen symbol alphabets As with given channel parameterization

x = u (s(cA) + hs(cB)) + w. (5.7)

The hierarchical code symbols are mapped on the useful signal by u(cA, cB) =
Au(cAB). The transmitted signals, the useful H-MAC signal and the received signal
are signal space representations s(cA), s(cB), u, x ∈ C

N . The mutual information
evaluation must respect the fact that the Au(cAB) is generally a set (class) of mul-
tiple possible symbols for each particular cAB.

The hierarchical mutual information (uniform-input capacity) is

CAB = I(cAB;x) = H [x]−H [x|cAB] (5.8)

= H [x]−H [x|Au(cAB)] . (5.9)

The channel parameterization h and symbol space alphabets s(�) are implicitly hid-
den in the hierarchical class Au(cAB) definition and we do not use an explicit nota-
tion for that.

Received Signal Entropy

From the entropy definition, we get (all integrals are over C
N support)

H [x] = −
ˆ

p(x) lg p(x) dx (5.10)
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where the PDF is

p(x) =
1

M2
c

∑

cA,cB

pw(x− u(cA, cB)) (5.11)

and pw(w) is the PDF of complex signal space AWGN representation

pw(w) =
1

(πσ2
W )

N
exp

(

−‖w‖
2

σ2
w

)

. (5.12)

We assumed uniformly distributed code symbols cA,cB.

Conditional Entropy

An evaluation of the conditional entropy H [x|cAB] = H [x|Au(cAB)] is slightly more
complicated compared to the classical point-to-point single user channel. Generally,
it is not the entropy of the AWGN H [x|cAB] 6= H [w] as it would have been in the
single user channel. This is because, given cAB, the actual useful signal is a multi-
symbol class Au(cAB).

From the definition, we get

H [x|cAB] = −
∑

cAB

Pr{cAB}
ˆ

p(x|cAB) lg p(x|cAB) dx. (5.13)

Then we apply the results of the p(x|cAB) evaluation (see also [SAPHYRE de-
liverable D3.2a] for details). In a special case of a minimal exclusive code (M-
HXC) and uniformly distributed cA, cB, the hierarchical symbols have Pr{cAB} =
1/
∑

cA,cB
Ic(cA, cB, cAB) = 1/Mc and the conditional PDF is simply

p(x|cAB) =
1

Mc

∑

cA,cB :Xc(cA,cB)=cAB

pw (x− u(cA, cB)) . (5.14)

Classical MAC and Cut-Set Bound Reference

As a reference case, we consider the classical MAC rate region first and second order
limits

I(cA;x|cB), I(cA, cB;x). (5.15)

Notice that the first order rate limit I(cA;x|cB) is in fact a cut-set bound [104] with
finite alphabet limitation. The second order limit I(cA, cB;x) corresponds to the
joint decode and forward strategy where individual data streams from A and B are
separately decoded at the relay.

For comparison, we evaluate I(cA;x|cB) as a limiting performance criterion. The
value R0 is in fact the mutual information of the single user A channel as if there is
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Figure 5.5: Capacity regions for H-MAC.

no user B at all. Notice that this can be quite easily modeled by setting the channel
B transfer h = 0. The uniform-input alphabet constrained capacity is found as

C0 = I(cA;x|cB) = H [x|cB]−H [x|cA, cB] (5.16)

where the second term is simply the entropy of AWGN

H [x|cA, cB] = H [w] = N lg
(
πeσ2

w

)
. (5.17)

The second order cut-set bound limit is in fact a sum-rate. We evaluate the sum-rate
rescaled to one user (assuming symmetric rates from nodes A and B)

Cs =
1

2
I(cA, cB;x). (5.18)

All capacities and regions are depicted in Fig. 5.5.

Unconstrained Capacity

We also include the true alphabet unconstrained cut-set bound capacity for given
input variance which is

Cu = lg

(

1 +
E [‖sA‖2]

σ2
w

)

. (5.19)

Numerical Results and Discussion

The hierarchical rate and single-user (alphabet limited cut-set bounds) rates were
evaluated for a number of signal alphabets As and channel parameterizations.
The alphabet As is indexed by symbols cA, cB ∈ {0, . . . ,Mc − 1}. We used a
natural constellation index mapping for BPSK, QPSK and 8PSK constellations
{exp(j i2π/Mc}Mc−1

i=0 . The constellation denoted by QPSK-cross has indexing de-
fined by {1,−1, j,− j}. 16QAM constellation uses a natural row-wise index mapping
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starting from the south-west corner. The exclusive minimal hierarchical mapping
is cAB = cA ⊕ cB. The amplitude of h = |h| exp(jψ) is kept constant (|h| = 1) in
our setup to respect the symmetry of the rates from A and B.

Figs. 5.7, 5.8, 5.9, 5.10, 5.11 show comparisons of the hierarchical symmetric capac-
ity with various channel parameterizations with the alphabet constrained cut-set
bound (both first and second order bound) and the unconstrained AWGN cut-set
bound capacity. There are two main observations. First, we see that HXA out-
performs the classical C-MAC capacity second order cut-set bound (sum-rate per
user) and closely approaches the first order cut-set bound for medium to high sig-
nal to noise ratios. This means that the 2-WRC behaves at the MAC stage as if
there was just one user alone. In the region of very low signal to noise ratio, the
C-MAC is marginally better. However this is strongly affected by the choice of con-
stellations, which is ad-hoc and not optimized. An optimization of the component
constellation could improve this. The second observation shows a relatively small
dispersion of the capacity over all possible channel relative phase parameterizations
for some component symbol constellations. This is strongly dependent on the con-
stellation. For example, the QPSK-cross constellation is particularly vulnerable to
this phenomenon. Again, proper selection and optional optimization of the alphabet
components is an important aspect.

Encouraged by the previous observation, we also plot a relative H-MAC capacity
degradation due to the phase channel relative rotation ψ (Figs. 5.12, 5.13, 5.14).
Various channel phases cause a capacity degradation due to the movement of the
composite hierarchical points u. Their mutual position influences the metric, the
decision regions, and thus also the capacity. However we can observe two types
of behavior. In the first case, the capacity is just a little lowered when the points
occupy less favorable mutual positions. But for some constellations and a given
indexing catastrophic failure of the exclusivity law may occur, where several points
belonging to different hierarchical indices cAB reach same position. Fortunately
these phases are relatively isolated. This observation encourages an evaluation of
the mean capacities, which indicates that they have only a limited impact on the
mean capacity over all phase rotations. The mean capacity is quite close to the
maximum and, most importantly, it also exceeds the C-MAC capacity.

The results on the mean value over all channel phases have a direct practical implica-
tion. They also suggest the use of phase scrambling schemes. The phase scrambling
pattern would be known to the relay, which could easily unscramble it. This op-
eration would effectively erase the influence of the particular critical phase channel
rotation at the price of slightly lower throughput. Particular implementation details
of this phase scrambling technique are not discussed here.
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Figure 5.6: An example of the catastrophic exclusive law failure for QPSK-cross
(cross indexing) and specific phase rotation.
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Figure 5.12: A degradation of the capacity CAB(ψ)/maxψ′ [CAB(ψ′)] as a function
or channel relative phase rotation for BPSK alphabet.
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Figure 5.14: A degradation of the capacity CAB(ψ)/maxψ′ [CAB(ψ′)] as a function
or channel relative phase rotation for QPSK-cross alphabet.

Monte-Carlo Evaluation of the Integrals

All integrals involved in the entropy evaluations are complicated multi-fold integrals
over the N -dimensional complex plane. Their direct evaluation by traditional nu-
merical integration procedures is known to be complex and very slowly converging.
Better computational efficiency is achieved by Monte-Carlo numerical evaluation
of the integrals. This is not to be confused with Monte-Carlo simulation. We use
it for the numerical evaluation of the integrals, not for running the system with
some particular coding and signal processing algorithms. The method is usable for
evaluation of any summation or integration of the form

I =

ˆ

f(x)g(x) dx. (5.20)

We consider f(x) as a PDF, and hence the integral can be evaluated as

I = Ef(x)[g(x)]. (5.21)

Providing that we are able to generate random values with the distribution f(x):

x ∼ f(x) then the integral is approximated by evaluating the empirical mean Ê[�]
of g(x). Generation of the random variable with given a density is a relatively easy
task particularly for linear Gaussian mixture densities. We can also always resort
to building a full system model producing the desired random variable and feeding
that system with its all random excitations — typically data and noise sources.
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A numerical evaluation of H [x] gives

H [x] ≈ −Êx∼p(x)

[

lg

(

1

M2
c

∑

cA,cB

pw(x− u(cA, cB))

)]

(5.22)

where x is generated with the distribution (5.11). The conditional entropy approx-
imation is obtained as

H [x|cAB] = −Êx,cAB∼p(x,cAB) [lg p(x|cAB)] . (5.23)

5.3.2 Alphabet constrained Hierarchical BC with Partial Side
Information

Destination decoding metric with partial complementary
side-information

Invertibility of Minimal Exclusive Mapping

Lemma 1 (Reciprocal minimal exclusive mapping). Assume a minimal exclusive
mapping aAB = X(aA, aB) for finite alphabet symbols aA, aB, aAB with the cardi-
nality M . Then we can always construct some other minimal exclusive mapping X′

such that aA = X′(aAB, aB).

Proof. For a finite alphabet, we can always index the symbols by integers iA, iB, iAB ∈
{0, . . . ,M − 1}. The minimal exclusive mapping for the index alphabets can be
implement by modM operations iAB = iA ⊕ iB. But it directly implies that
iA = iAB ⊖ iB which also forms a minimal exclusive mapping.

This property simply means that given the knowledge of arbitrary 2 symbols out of
aA, aB, aAB, we can uniquely obtain the remaining one provided that the mapping
is the minimal one.

Symbol-wise Destination Decoding Metric Assume a layered HXC with
common H-MAC and H-BC relay code CR = C and transmitting the symbols at
relay

v = v(bAB), bAB = C(dAB) (5.24)

where symbol-wise mappings dAB = Xd(dA, dB) and bAB = Xb(bA, bB) are minimal
exclusive mappings. The destination received signal symbols are yA = yA(bAB).
The function yA(bAB) represents a general input-output description of the H-BC
observation at the destination including full channel model. An example is a special
case of AWGN R to DA channel yA = yA(bAB) = v(bAB) + wA.

Assume a C-SI transmitted signal sharing the same codebook as the H-MAC phase
sB = s(cB), cB = C(dB). The C-SI is in fact the same signal as it is transmitted
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from the source at the H-MAC phase. The destination received signal symbols
are zA = zA(cB) which is conditionally independent with observation yA: zA ⊥
yA|bAB, cB. A general input-output description of the C-SI link is represented by
zA(cB).

From lemma 1, it must hold dA = X′d(dAB, dB). The symbols b and c are coded
by the same codebook, thus they must share the same alphabet. Again, from the
lemma 1, it holds bA ≡ cA = X′c(bAB, cB) and also bB ≡ cB. The symbol equivalence
comes from the common isomorphic indexing. The distributive law of the coding
over the minimal per-symbol mapping (see [101] or [102]) gives

X
′
c(bAB, cB) = C (X′d(dAB, dB)) . (5.25)

Therefore, dA must be decodable from the observations yA = yA(bAB) and zA =
zA(cB).

The symbol-wise decoding metric µ(bA) = p(yA, zA|bA) is

p(yA, zA|bA) =
∑

cB

p(yA, zA|bA, cB)p(cB)

=
∑

cB

p(yA|bA, cB)p(zA|bA, cB)p(cB)

=
∑

cB

p(yA|Xc(bA, cB))p(zA|cB)p(cB). (5.26)

This metric is used by the destination decoder D corresponding to the coded C.

Equivalent H-BC Channel The destination B has two channel observations
yA and C-SI link zA. The equivalent channel for the capacity evaluation has multi-
output form

[yA, zB] = [yA(bAB), zA(cB)] . (5.27)

H-BC Symmetric Capacity with Partial C-SI

The H-BC phase transmits a common HXC signal to both destinations. The H-BC
capacity region is thus rectangular with maximum rates given by I(bA; yA, zA) and
similarly for destination B.

The symmetric alphabet constrained H-BC capacity corresponds to the mutual
information evaluated for the uniform code symbols distribution

CHBC = I(bA; yA, zA) = H[yA, zA]−H[yA, zA|bA]. (5.28)
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Both entropies are relatively easy to evaluate

H[yA, zA] = −EyA,zA [lg p(yA, zA)] , (5.29)

H[yA, zA|bA] = −EyA,zA,bA [lg p(yA, zA|bA)] . (5.30)

For the Gaussian channels, it is

p(yA, zA|bA) =

=
∑

cB

pwA (yA − v (Xc(bA, cB))) pξA (zA − s(cB)) p(cB) (5.31)

and
p(yA, zA) =

∑

bA

p(yA, zA|bA)p(bA) (5.32)

where pwA(�) is the PDF of the R to DA link additive noise and pξA(�) is the PDF
of the SB to DA side-information link additive noise (see Fig. 5.4).

For a comparison purposes, we also evaluate pure C-SI link capacity, as if there was
no other signal at all. The capacity CCSI = I(cB; zA) is a simple capacity of the
Gaussian alphabet constrained channel.

Numerical Results

All symmetric alphabet constrained capacities were evaluated numerically by the
Monte-Carlo integral evaluation. The detailed procedure follows similar principles
as explained in [101] and [102]. We assumed identical alphabets As = Av. The H-BC
capacity as a function of the γz SNR for various alphabets and relay-to-destination
SNR γx are on Figs. 5.15, 5.16, 5.17, 5.18. We also show a pure “stand-alone”
capacity of the C-SI link for a comparison.

A slightly different perspective on the the same results is shown on Figs. 5.19, 5.20,
5.21, 5.22. We plotted the H-BC capacity as function of the stand-alone C-SI link
capacity implicitly parameterized by all γZ . The curves are plotted for various
alphabets and relay-to-destination link SNR.

Upper Bound & Product Capacity Law

The numerical results show some qualitative phenomena.

1. The H-BC capacity is upper bounded by the C-SI link capacity (Figs. 5.15,
5.16, 5.17, 5.18)

CHBC(γy, γz) ≤ CCSI(γz), ∀γy, γz. (5.33)

This is not surprising, and in fact, it directly follows from the assumption of
the minimal HXC used. Unless the C-SI link is capable providing reliable
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Figure 5.15: BPSK alphabet constrained capacity of H-BC stage and capacity of
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Figure 5.16: QPSK alphabet constrained capacity of H-BC stage and capacity of
the complementary SI link.
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Figure 5.17: 8PSK alphabet constrained capacity of H-BC stage and capacity of the
complementary SI link.
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Figure 5.18: 16QAM alphabet constrained capacity of H-BC stage and capacity of
the complementary SI link.

D2.1b SAPHYRE



5.3 Capacity/Throughput Regions of HDF with Minimal mapping 111

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
C−SI

 [bit/symbol]

C
H

−
B

C
 [b

it/
sy

m
bo

l]

H−BC capacity vs C−SI capacity (over all γ
z
) for alphabets A

s
= (−1  1)

 

 
γ
y
= −10[dB]

γ
y
= −5[dB]

γ
y
= 0[dB]

γ
y
= 5[dB]

γ
y
= 10[dB]

γ
y
= 15[dB]

Figure 5.19: BPSK alphabet constrained capacity of H-BC versus capacity of C-SI
link as a parametric plot over all γz.
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Figure 5.20: QPSK alphabet constrained capacity of H-BC versus capacity of C-SI
link as a parametric plot over all γz.
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Figure 5.21: 8PSK alphabet constrained capacity of H-BC versus capacity of C-SI
link as a parametric plot over all γz.

C-SI, we cannot decode the main data from the source A.

2. This cannot be exceeded even for the perfect relay-to-destination link γy →∞.
Then the capacity is purely given by the C-SI capacity

CHBC(γy →∞, γz) = CCSI(γz). (5.34)

This corresponds to the linear identity function in Figs. 5.19, 5.20, 5.21, 5.22.

3. However a rather surprising fact is that this linear law also holds for finite
values of γy (see Figs. 5.19, 5.20, 5.21, 5.22)

CHBC(γy, γz) = αCCSI(γz) (5.35)

where

α =
CHBC(γy, γz →∞)

CHBC(γy →∞, γz →∞)
. (5.36)

We used the fact that the perfect C-SI case corresponds to γz → ∞, with
CperfCSI = lg |AS| and CperfCSI

HBC (γy) = CHBC(γy, γz →∞). The capacity CperfCSI
HBC

is however given as a simple finite alphabet Gaussian link. The capacity

CHBC(γy →∞, γz →∞) = lg |Av| = lg |As| (5.37)

corresponds to both perfect (error-less) relay-to-destination and C-SI links.

The above stated facts leads to the following conjecture.

Conjecture 5.1 (Product capacity law of the H-BC). The H-BC finite alphabet
constrained capacity with minimal HXC and common source and relay alphabet A
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Figure 5.22: 16QAM alphabet constrained capacity of H-BC versus capacity of C-SI
link as a parametric plot over all γz.

is given by

CHBC(γy, γz) =
CperfCSI

HBC (γy)CCSI(γz)

lg |A| . (5.38)

Note The case of 8PSK exhibits very slight depart (a positive margin) from this
law (see Fig. 5.21). An explanation of this phenomena is yet to be investigated.

5.4 Capacity/Throughput Regions of HDF Strategy with
Extended Mapping

The extended mapping case is the case where the relay performs a decoding of the
original sources data function, called Hierarchical Network Code map (HNC map),
having the output cardinality |CR| such that max(|CA|, |CB|) < |CR| < |CA||CB|
where |CA|, |CB| are the cardinalities of the source nodes A and B codebooks. In
such a case, the destination complementary side-information does not need to the
perfect one. The cardinality extension can be done at various levels, either on
codeword symbol level on one side on the complete codebook size. A very natural
system scenario which nicely demonstrates the potentials of extended HNC map and
impacts of imperfect (partial) C-SI is the “butterfly” network (2-SRN) in Fig. 5.2.

Although an extension of the WNC principles from the 2-WRC system into a slightly
advanced network structures like the butterfly network [105] could seem relatively
straightforward, several new unconventional features of the WNC arise. First of all,
the unreliable transmission of the C-SI can be overcome by an increased cardinality
of the relay output (extended cardinality relaying [106, 107]) — the phenomenon
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which does not have its counterpart in the traditional (binary) NC systems. The
legacy of the NC approach is hence broken here, rising a huge number of new (and
challenging) research problems.

It has been shown in [107] that the extended cardinality relaying/relay output map-
ping could (under specific channel conditions) outperform the minimal one (see e.g.
[101]). This was demonstrated on an example of the butterfly network with 4-ary
source and 8-ary relay constellation alphabets, using the Hierarchical Decode &
Forward (HDF) strategy [101]. Moreover, as also proved in [107], the HDF strategy
with a layered hierarchical coding approach (see e.g. [101]) and linear mapping can
achieve the end-to-end capacity upper bound in the butterfly network.

One of the crucial steps in the HDF system design is the choice of a suitable Hier-
archical Network Code (HNC) mapper at the relay. Simply speaking, this mapper
defines how the separate data streams (from individual users) are mapped to the
hierarchical (network-coded) data [101] stream at the relay node.

Design of the HNC mapper is quite simple in the case of the minimal mapping (see
e.g. [101]) where it is usually given by a simple bit-wise xor operation. However,
in case of the extended mapping the suitable HNC mapper should respect also the
amount of destinations’ C-SI (i.e. a quality of the C-SI links) to maximize the
potential throughput of the system.

In this section we focus on this problem. We introduce a systematic approach to
the design of a set of HNC mappers for relay output mapping in the Broadcast
(BC) phase of communication in the butterfly network. Consequently, we focus
mainly on a relay processing and the subsequent BC phase of communication. The
parametric Multiple-Access (MAC) phase (essentially identical to that in the 2-
WRC) is analyzed e.g. in [101, 108, 109].

In a numerical evaluation of the alphabet-constrained capacity (mutual informa-
tion) we show how the performance of the butterfly network can be controlled by a
suitable choice of the HNC mapper (from the pre-designed set) at the relay. These
results pave the way for an idea of adaptive butterfly network, where the perfor-
mance can be adapted to the actual channel conditions (and thus the quality of
C-SI).

The topology of the butterfly network can be justified also from the point of view
of the SAPHYRE project. Sources SA, SB correspond to the base stations of two
different mobile operators. Since both mobile nodes (destinations DA, DB) are
out of their respective operator’s coverage area, the communication is not possible.
However, if the operators implement the SAPHYRE approach, which in this case
means that they will share their time-frequency slots (sharing resources) and deploy
a common relay R (sharing infrastructure), they will both benefit from the situation,
since a communication to both mobile nodes will be made possible (using the HDF
strategy).
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Figure 5.23: Butterfly network with HDF strategy – SAPHYRE project point of
view.

5.4.1 Relay processing with Extended HNC mapping

After receiving x, the relay performs an eXclusive mapping operation (see [101] for
details) to map the received signal to the relay output symbol sR (cAB), where cAB =
X
(
ciA, c

j
B

)
. This hierarchical symbol mapping is referred to as the Hierarchical

Network Code (HNC map) in [110]. In principle, the hierarchical (network-coded)
output signal from the relay must jointly represent the data from both sources
(SA, SB), while a knowledge of respective C-SI at the destination is necessary for a
successful decoding of the desired (separate) data stream [101].

For the purpose of this work we will assume that the HNC mapping operation can
be described directly on the signal-space symbol level s

kij
R = Xs

(
siA, s

j
B

)
. In this

case it is suitable to describe the specific HNC mapping by the HNC matrix

XHNC =






k11 · · · k1M

...
. . .

...

kM1 · · · kMM




 , (5.39)

where kij = XHNC (i, j) , i, j ∈ {1, 2, . . .M} is an index of the relay output (signal

space) channel symbol s
kij
R ∈ AR

s . Note that for the cardinality of the relay output
alphabet holds (see e.g. [101])

|As| = M ≤
∣
∣A

R
s

∣
∣ ≤M2 = |As|2 . (5.40)

The equalities in (5.40) correspond to the minimal (
∣
∣AR

s

∣
∣ = |As|) and full (

∣
∣AR

s

∣
∣ =

|As|2) mapping (see e.g. [101, 106]). More details about the relay output alphabet
cardinality and corresponding required amount of the C-SI will be provided later.

In the BC phase the relay transmits the signal to both destinations. The constella-
tion space signals received at DA, DB are

yA = sR + wA, (5.41)

yB = sR + wB. (5.42)
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Assuming that a suitable HNC mapper has been used at the relay, destinations are
able to decode the desired data from the relay signal and C-SI.

5.4.2 The Role of Complementary Side Information

The amount of information on the complementary data stream (C-SI) which is
available at Di (after the MAC phase) is given by a number of reliably received bits
ciCSI, i ∈ {A,B}. This corresponds to a level of granularity at which the destination
can distinguish particular symbols received on the C-SI link, and consequently also
to the partitioning of the HNC map (HNC matrix XHNC). For the unambiguous
decoding each destination needs to identify only the relay symbol inside the resulting
subset of the HNC map (submatrix of XHNC). This is obvious from the example
system with |As| = 4 in Figs. 5.24, 5.25, 5.26 for perfect, zero and partial C-SI
(respectively).

As proved e.g. in [107], for unambiguous decoding in the presence of perfect C-SI
at each destination each particular relay output symbol can appear at most once on
each row and in each column of the HNC map (see Fig. 5.24). This corresponds to
the minimal cardinality relay output mapping (

∣
∣AR

s

∣
∣ = M). Similarly (as also noted

in [107]), for the case of partial/imperfect C-SI each particular relay output symbol
can appear at most once within a group of rows/columns (given by the HNC map
partitioning – see Fig. 5.26). This corresponds to the extended cardinality relay
output mapping. In the last case, i.e. in the butterfly network where the C-SI
links are fully unreliable (Fig. 5.25), the relay needs to deliver data to both sources
without assistance of the C-SI and hence a full cardinality relay output mapping
(
∣
∣AR

s

∣
∣ = M2) is required.

As it is obvious from the discussion above, the C-SI (overheard by destinations in
the MAC phase) has a crucial impact on the overall system performance, since it
determines a required minimal cardinality of the relay output alphabet

∣
∣AR

s

∣
∣ (as

proved e.g. in [107]). This is obviously a direct consequence of the eXclusive law
(see e.g. [101]). Accordingly, the C-SI introduces some preconditions on a suitable
HNC matrix design. In the following section we introduce an algorithm for the
design of a set of HNC matrices for arbitrary source alphabet cardinality M (and
the corresponding range of permissible values of cACSI, c

B
CSI).

5.4.3 HNC Mapper Design

As noted in the previous section, the quality of the C-SI links defines the partitioning
of the HNC matrix XHNC (see examples in Figs. 5.24, 5.25, 5.26), where unique relay
output symbols are required in all the resulting submatrices (for a given cACSI, c

B
CSI).

In this way the XHNC can be partitioned into a set of (generally rectangular) blocks
Bl (see examples in Fig. 5.27).
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C-SI C-SI

sA

sB
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sB

Figure 5.24: Butterfly network with perfect C-SI links (cACSI = cBCSI = 2).

C-SI C-SI

sA

sB

sA

sB

Figure 5.25: Butterfly network with unreliable/missing C-SI links (cACSI = cBCSI = 0).

C-SI C-SI

sA

sB

sA

sB

Figure 5.26: Butterfly network with imperfect C-SI links (cACSI = cbCSI = 1). Imper-
fection of the C-SI links can be visualized as a loss of (several) least
significant bits (only the last bit is lost in this example).
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Algorithm 1 HNC matrix X
(m)
M design (M = |As|, m = cCSI).

1. Assumptions:

a) Block dimensionality: B = M
2m

b) Number of unique blocks: L = 2m

c) Input elements: k ∈ K =
{

0, 1, 2, . . .
(
M2

L

)

− 1
}

2. Design the set of blocks {Bl}L−1
l=0 :

a) Partition the set K into L non-overlapping subsets Kl, where |Kl| =
B2, ∀l ∈ {0, . . . L− 1}

b) Fill in successively (e.g. columnwise) the block Bl with unique elements
from Kl

3. Set up (block-by-block) the HNC matrix X
(m)
M :

a) Ai,j = Bi⊕j, where i, j ∈ {0, 1, . . . L− 1} and ⊕ is a bit-wise XOR

b) X
(m)
M =






A0,0 · · · A0,L−1

...
. . .

...

AL−1,0 · · · AL−1,L−1






This observation leads to an idea of a systematic, block-based design of the HNC ma-
trix. A suitableXHNC must have unique symbols in each individual block Bl and also
in all the respective subsets of blocks corresponding to the given partitioning (e.g.
{B0, B1, B2, B3} , {B4, B5, B6, B7} and {B0, B4} , {B1, B5} , {B2, B6} , {B3, B7} in
Fig. 5.27).

It is interesting to note that square building blocks Bl can be assumed without loss
of generality (for arbitrary cACSI, c

B
CSI)

1. Each individual block is hence a B × B

submatrix of XHNC. The block dimensionality is given by B = M
2cCSI

, where cCSI =
min

{
cACSI, c

B
CSI

}
. The HNC matrix designed for the source alphabet with cardinality

M and CSI-links quality cCSI will be denoted as X
(cCSI)
M . The design algorithm for

the HNC matrix X
(cCSI)
M is summarized in Algorithm 1.

1The minimal required relay alphabet cardinality
∣
∣ARs

∣
∣ is given by the weaker C-SI link. To

clarify this statement we can consider an example where one C-SI link is fully unreliable (e.g.
cA

CSI
= 0). In this case the relay must use full cardinality relaying in order to guarantee successful

decoding at DA (even if DB has a perfect C-SI available). Hence for the purpose of the HNC
mapper design we can assume the same level of partitioning given by cCSI = min

{
cA

CSI
, cB

CSI

}
,

resulting in the square blocks Bl.
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sA

sB

sA

sB

Figure 5.27: Examples of HNC matrix partitioning for cACSI = 2, cBCSI = 1 and cACSI =
cBCSI = 1.

cCSI 1 2

X
(cCSI)
4








0 2 4 6

1 3 5 7

4 6 0 2

5 7 1 3















0 1 2 3

1 0 3 2

2 3 0 1

3 2 1 0








Table 5.1: Example HNC matrices X
(1)
4 and X

(2)
4 .

cCSI 1 2

X
(cCSI)
8

















0 4 8 12 16 20 24 28

1 5 9 13 17 21 25 29

2 6 10 14 18 22 26 30

3 7 11 15 19 23 27 31

16 20 24 28 0 4 8 12

17 21 25 29 1 5 9 13

18 22 26 30 2 6 10 14

19 23 27 31 3 7 11 15

































0 2 4 6 8 10 12 14

1 3 5 7 9 11 13 15

4 6 0 2 12 14 8 10

5 7 1 3 13 15 9 11

8 10 12 14 0 2 4 6

9 11 13 15 1 3 5 7

12 14 8 10 4 6 0 2

13 15 9 11 5 7 1 3

















Table 5.2: Example HNC matrices X
(1)
8 and X

(2)
8 .
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Figure 5.28: Partitioning of the QPSK source constellation alphabet.

The complete set of HNC matrices X
(cCSI)
M for given M and all permissible values of

cCSI (0 ≤ cCSI ≤ log2 M) can be designed with Algorithm 1. This design algorithm
is suitable even for the design of HNC mappers for minimal (B = 1, L = M) and
full cardinality (B = M, L = 1) relaying. Some examples of the proposed HNC
matrices are given in Tables 5.1, 5.2 for M = 4 and M = 8 (respectively). As it is
also obvious from these tables, the cardinality of the relay output alphabet is given
by

∣
∣A

R
s

∣
∣ = |K| = M2

L
. (5.43)

Source Alphabet Partitioning

The HNC mapper design in Algorithm 1 is based on the assumption that each des-
tination can identify (at least) first cCSI bits from the constellation symbol received
on the C-SI link (except for the full cardinality case) – see examples in Figs. 5.24,
5.26. Obviously, it is possible to increase the reliability of this (partial) C-SI by
a suitable partitioning (and corresponding constellation indexing) of both source
alphabets As.

The idea is to partition the source constellation alphabet into smaller subsets (ac-
cording to the principles similar to Ungerboeck mapping rules [111]) to increase the
probability of successful (partial) C-SI retrieval at the destination. Hence the inten-
tion is to maximize the distance between the particular subsets (not the particular
symbols)2. The principle of the proposed source constellation alphabet partitioning
is visualized in Figs. 5.28, 5.29 for QPSK and 8PSK (respectively).

2This should be clear e.g. from Fig. 5.26, where symbols 00 and 01 define the same subset of the
HNC map and consequently the successful decoding would be possible even if the destination is
unable to distinguish between these two symbols on the C-SI link. Hence, these symbols should
be grouped into one subset {00, 01} (and similarly for the other symbols).
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Figure 5.29: Partitioning of the 8PSK source constellation alphabet.

5.4.4 Numerical Evaluations

In this section we finally demonstrate a feasibility of the proposed HNC mapper
design (Algorithm 1) for the butterfly network. Without loss of generality, we focus
on the DB processing. Destination DB has two channel observations – the relay
(network-coded) signal yB (cAB) and C-SI link zB (cA).

Since the relay transmits a common signal to both destinations, the broadcast phase
capacity region is rectangular [106] with maximum rate given by I(cB; yB, zB) (and
similarly for DA). The broadcast phase alphabet-constrained capacity [106] (mutual
information) is given by

CHBC = I(cB; yB, zB) = H[yB, zB]−H[yB, zB|cB]. (5.44)

The pure C-SI link capacity CCSI = I(cA; zB) will be also evaluated (for a compar-
ison)3. This capacity is simply a capacity of the Gaussian (alphabet constrained)
channel [106].

The alphabet constrained capacities were evaluated numerically by the Monte-Carlo
integral evaluation (for details see [106] and references therein). The broadcast
phase capacity was evaluated as a function of the C-SI link SNR (γzB) for various
relay-to-destination SNR (γyB). The results are on Figs. 5.30, 5.31, 5.32 (QPSK
source alphabet) and on Figs. 5.34, 5.35, 5.36, 5.38 (8PSK source alphabet). For

3It is important to note that some caution is necessary when interpreting the numerically evalu-
ated C-SI link capacity and the C-SI link "quality indicator" cCSI used in this work. Obviously,
the particular value of cCSI does not directly correspond to the C-SI link capacity and the proper
relation between these quantities needs further investigation.
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Figure 5.30: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (minimal mapping, As = QPSK, AR

s = QPSK).

−10 −5 0 5 10 15 20
0

0.5

1

1.5

2

SNR γ
z
 [dB]

bi
ts

 p
er

 s
ym

bo
l

H−BC and C−SI capacity for alphabets AsA: QPSK−opt and AsR: 16QAM

 

 
C

H−BC
, γ

y
= −10[dB]

C
H−BC

, γ
y
= −5[dB]

C
H−BC

, γ
y
= 0[dB]

C
H−BC

, γ
y
= 5[dB]

C
H−BC

, γ
y
= 10[dB]

C
H−BC

, γ
y
= 15[dB]

C
C−SI

Figure 5.31: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (full mapping, As = QPSK, AR

s = 16QAM).

all these results the source alphabets were partitioned according to the Figs. 5.28,
5.29 and the HNC mappers (matrices X

(cCSI)
M ) were designed using the Algorithm 1.

For the extended relaying scenarios we have evaluated also the capacities for source
alphabets with Ungerboeck [111] mapping (see Figs. 5.33, 5.37, 5.39). Here a sig-
nificant degradation of the broadcast phase capacity can be observed (see Figs. 5.32
and 5.33; Figs. 5.36 and 5.37; Figs. 5.38 and 5.39), although the C-SI link capacity
is identical for both compared source alphabet partitioning. Hence it is obvious
that Ungerboeck source alphabet partitioning is not appropriate for the proposed
HNC mappers.
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Figure 5.32: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = QPSK, AR

s = 8PSK).
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Figure 5.33: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = QPSK with Ungerboeck
mapping, AR

s = 8PSK). Compare with Fig. 5.32.
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Figure 5.34: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (minimal mapping, As = 8PSK, AR

s = 8PSK).
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Figure 5.35: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (full mapping, As = 8PSK, AR

s = 64QAM).
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Figure 5.36: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = 8PSK, AR

s = 16QAM).
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Figure 5.37: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = 8PSK with Ungerboeck
mapping, AR

s = 16QAM). Compare with Fig. 5.36.
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Figure 5.38: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = 8PSK, AR

s = 32QAM).
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Figure 5.39: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = 8PSK with Ungerboeck
mapping, AR

s = 32QAM). Compare with Fig. 5.38.
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Figure 5.40: Maximum achievable BC phase (alphabet constrained) capacity for the
adaptive butterfly network (As = QPSK).

Adaptive Butterfly Network Performance

As it is clear from the presented numerical results, the achievable broadcast phase
capacity depends strongly on the employed HNC mapper. Obviously, by a suitable
choice of the HNC mapper (according to the actual channel conditions) it would
be possible to maximize the throughput of the system. Provided that the observed
quality of the C-SI link is delivered to the relay by both destinations DA, DB, a
suitable HNC mapper can be chosen (from the predesigned set) to maximize the
achievable capacity of the network.

To demonstrate a potential performance of such a system, we will assume a genie-
aided relay which possess a perfect knowledge about the actual quality of the C-SI
links quality (γzA , γzB) and the respective relay to destination links (γyA , γyB). The
achievable broadcast phase capacity of this (genie-aided) system is evaluated in
Figs. 5.40, 5.41 for QPSK and 8PSK (respectively) source alphabets.

5.4.5 Conclusion

In this work we have proposed a systematic algorithm for the HNC mapper design
(see Algorithm 1) for relaying in the butterfly network with HDF strategy. The
feasibility of the proposed HNC mappers was demonstrated by evaluation of the
broadcast phase capacity. We have shown that suitable source alphabet partitioning
should be performed by the sources to increase the probability of successful (partial)
C-SI retrieval at destinations (to maximize the achievable capacity of the system).
The observed behavior of the broadcast phase capacities gives rise to the idea of
adaptive butterfly network, where the performance of the system can be adapted
to the actual quality of the C-SI and relay to destination links.
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Figure 5.41: Maximum achievable BC phase (alphabet constrained) capacity for the
adaptive butterfly network (As = 8PSK).
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6 Conclusions

The first part of the deliverable provides achievable rate regions for the downlink
of the spectrum sharing scenario where the multi-antenna base stations of different
operators transmit over the same channel, each to its own single-antenna mobile
station. This scenario is modeled by the multiple-input single-output interference
channel. Thereby, the base stations are assumed to have perfect channel state infor-
mation. The two distinct cases of systems with single-user decoding or multi-user
decoding capabilities are considered. With single-user decoding, we further inves-
tigate the scenario where the channel state information at the base station is not
perfect. The second part of the deliverable studies a physical layer resource sharing
technique, which is based on a hierarchical decode and forward strategy. It is a
network aware modulation and coding for multi-terminal and multi-relay commu-
nications. The results of the deliverable are organized in the following structure.

In Chapter 2 achievable rate regions of the MISO IC have been studied under the
assumption that all receivers treat the interference as additive Gaussian noise. The
main results are:

• In Section 2.2 an explicit parametrization of the Pareto boundary is given for
an arbitrary number of users and antennas. The parametrization describes
the boundary in terms of a low-dimensional manifold.

• In Section 2.3 the maximum sum-rate operating point, the proportional-fair
operating point and the max-min rate point is shown to be non-convex op-
timization problems. A corresponding non-convex optimization framework
which takes as much as possible of the problem structure into account is de-
veloped.

• In Section 2.4 a computationally-efficient method is proposed for computing
the Pareto boundary of the MISO IC achievable rate region. It is shown that
the problem of finding an arbitrary Pareto-optimal rate pair, along with its
enabling beamforming vector pair, is quasi-convex and hence, it can solved
very efficiently using interior-point algorithms.

• In Section 2.5, the condition in which spectrum sharing (as in MISO IC)
provides benefits over non-sharing scenario (as in MISO BC) is investigated.
A new fast algorithm is proposed for finding a lower bound on the sum-rate
of the BC using linear beamforming. The bounds are used to numerically
evaluate the potential gain of non-orthogonal spectrum sharing.

Chapter 3 studies the achievable rate region of MISO IC in the scenario of imperfect
CSI. The main results are:
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• In Section 3.1, the robust achievable rate region of MISO is investigated.
Considering the worst case achievable rate of the links, we characterize the
beamforming vectors that achieve points on the Pareto boundary of the robust
rate region. The spectral efficiency gain with spectrum sharing over baseline
TDMA (non-sharing) is larger in the mid SNR regime.

• Section 3.2 studies the outage rate region for MISO IC. The definitions, which
differ on whether the rates are declared in outage jointly or individually and
whether there is instantaneous or statistical channel state information (CSI)
at the transmitters, are given. Outage probabilities are given in closed form
for the statistical CSI scenario.

Chapter 4 considers the case where the receivers have interference decoding capabil-
ity such that the interference, when strong enough, can be decoded and subtracted
from the received signal. The main results are:

• The achievable rate regions are explored and the improvement compared with
the single-user detection is shown.

• The achievable rate region for the cases with two users is formulated and it
is shown that the Pareto-optimal transmit covariance matrices are rank one,
i.e. beamforming attains the Pareto boundary.

• The Pareto boundary is characterized, in terms of both power allocation and
transmit beamforming vectors.

In Chapter 5, a general multi-source and multi-destination wireless communication
network where all network nodes (relays) contribute to providing data flows without
explicit routing is investigated. The main results are:

• In Section 5.1.1, a bare-bone scenario is identified, capturing all fundamental
elements and still being simple enough to allow theoretical analysis.

• The capacity regions of the hierarchical multiple-access channel and hierar-
chical broadcast channel stage are analyzed under various direct component
and complementary side-information quality.

• Results on achievable rate regions for two new scenarios are carried out. The
first relaxes the minimum cardinality requirement of the exclusive code used
in HDF strategy at the relay. The second is focused on minimal hierarchical
distance conditions in parametric channel under various symbol alphabet size
and dimensionality.

• A general technique for input-output description of the wireless network cod-
ing with arbitrary network topology and HDF strategy is developed and
achievable rate regions for finite alphabet extended HXC codes were eval-
uated.

• Section 5.4 deals with the fundamental limits of HDF strategy with extended
cardinality mapping and the closely related impact of imperfect complemen-
tary side-information.
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• The relay HDF extended cardinality map allows a trade-off between side in-
formation quality and the required throughput over the relay. Such situation
captures more realistic scenarios where sources and destinations are not col-
located. We evaluate quantitatively the limits and the relation between com-
plementary side-information and the relay throughput and we also design a
proper extended mapper.
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