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Abstract

This report describes the final results from the applicationof game theory to the
spectrum and infrastructure sharing problems considered within SAPHYRE. First,
noncooperative game theory is used to design transmit beamforming vectors for
systems where users access bands with different priorities. Second, the problems
of beamforming and power allocation for partial channel knowledge are modelled
as Bayesian games and their Nash equilibria are analysed. Third, a framework for
cooperative games in dynamics systems, capable to distribute instantaneously the
payoff, is developed. Fourth, game-theoretic tools are applied to develop efficient
resource allocation algorithms for spectrum and infrastructure sharing problems.
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Executive Summary

The technical goals of SAPHYRE are to demonstrate how physical resource sharing in
wireless networks improves spectral efficiency, enhances coverage, increases user satis-
faction, and maintains Quality-of-Service (QoS) performance. But, spectrum sharing in
wireless systems also comes at the cost of increased interference in the physical layer and
gives rise to conflict situations. The main goal of Task 2.2 was to analyse these resource
conflicts. Game theory is a branch of applied mathematics that can be used for analysing
optimisation problems with multiple conflicting objectivefunctions. In Task 2.2, non-
cooperative and cooperative game theory was applied to find important operating points
in various achievable utility regions and to motivate distributed algorithms for resource
allocation. This report summarizes the main results; it is organised in four chapters.

In Chapter 1, noncooperative game theory is used for the analysis of a multi-user network,
where multiple transmitter-receiver (TX-RX) pairs coexistin the same geographical area
and utilize the same spectral band. The spectrum sharing scenario is modelled by the
multiple-input single-output (MISO) interference channel (IC).

Section 1.1 considers the scenario where multiple secondary TX-RX pairs coexist with
multiple primary systems and the secondary TXs are considered to operate under sec-
ondary to primary user interference-limitation constraints. Two cases of particular in-
terest are distinguished and the transmission strategies corresponding to Pareto-optimal
operation points of the secondary systems are characterised. In the first case, the pri-
mary systems are assumed to tolerate a certain amount of interference from secondary
systems. This amount of interference is controlled by penalising the secondary systems
in proportion to the interference they produce on the primary users. This mechanism is
referred to as pricing and is interpreted as introducing theeffect of disturbance created
from a user as a penalty measure in his utility function. In this means, the secondary
TXs can be controlled to choose their transmission strategies satisfying soft interference
constraints on the primary users. In the second case, the primary systems are assumed to
tolerate no interference from secondary systems at all. That is null-shaping constraints
are imposed on the secondary users. The solution to the first case simplifies the second
case significantly. It is shown that all points on the Pareto boundary can be achieved as
the outcome of a noncooperative game by imposing certain null shaping constraints.

Section 1.2 considers the scenario where two non-cooperating cells, each have a protected
band to provide service to its high priority users. A shared band for the two cells is
employed to deliver service to low priority users. The situation between the two cells
is formulated as a non-cooperative game and its Nash equilibrium (NE) is studied. It
is proven that the game belongs to a class of games called supermodular games which
have several interesting properties, such as global stability of a unique NE. A sufficient
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condition is provided for the existence of a unique NE and itsefficiency is studied by
extensive simulations.

In Chapter 2, spectrum-sharing scenarios are considered with partial channel state infor-
mation (CSI) at the TXs and RXs. The problems of beamforming andpower allocation
are modelled as Bayesian games and their NE are analysed.

Section 2.1 considers the multi-antenna spectrum-sharingscenario, which is modelled by
the multiple-input multiple-output (MIMO) IC. The beamforming design is studied under
two extreme criteria; namely, egoism and altruism. The former maximizes the beamform-
ing gain at the intended RX and the latter minimizes interference created towards other
RXs. These designs are motivated by previous studies, where it was shown that combin-
ing egoistic and altruistic beamforming is instrumental for optimizing the rates in a MISO
IC. Using the framework of Bayesian games, more light is shed onthese game-theoretic
concepts, in the more general context of MIMO IC and particularly when coordinating
parties only have CSI that they can be measured directly. These games are analyzed by
establishing the equilibria for the egoistic and altruistic games.

Section 2.2 considers a quasi-static block fading single-input single-output (SISO) IC,
with knowledge of the state of the direct links but only statistical knowledge on the inter-
fering links. With this assumption, reliable communications are not possible and a certain
level of outage has to be tolerated. Power allocation is considered for utility functions
based on the real throughput accounting for the outage events. Power allocation algo-
rithms are proposed based on both Bayesian games and optimization. In the context of
Bayesian games, the two cases of power allocation for predefined transmission rates and
joint power and rate allocation are investigated. The first game is a concave game and the
mathematical tools by Rosen ’65 are adopted for its analysis.The second group of games
is studied introducing an equivalent game. The characteristics of the game-theoretical ap-
proaches are analyzed in terms of existence and multiplicity of the NE. Special attention
is devoted to the extreme regimes of high noise and interference limited regime. In the
former case, a closed-form expression for the NE is provided. In the latter case, criteria
for the convergence of best response algorithms, the existence and uniqueness of the NE
are discussed. The optimization approach is also analyzed in the two above mentioned
regimes and closed form expressions for the allocation are provided.

In Chapter 3, spectrum sharing systems which are evolving in time are considered. A
framework for cooperative games in dynamics systems, capable to distribute instanta-
neously the payoff, is proposed. Fundamental mathematicaltools are developed to deal
with dynamics systems and guarantee the stability of the coalition and a fair instanta-
neous redistribution of the payoff over time. With this aim,the dynamic of the system is
modeled as a Markov Decision Process (MDP), algorithms are developed for distribut-
ing the payoff, and the issue of complexity is analyzed. Then, the theoretical results are
applied to communication systems.

Section 3.1 provides analytical tools to address the quite frequent situation where some
providers share their own resources (e.g. nodes) in a commondynamic network but prefer
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to keep control of their own nodes. Zero-sum two-player stochastic games with perfect in-
formation are studied. Two algorithms are proposed to find the uniform optimal strategies
and one method to compute the optimality range of discount factors. The convergence in
finite time is proven for one algorithm. The uniform optimal strategies are also optimal
for the long run average criterion and, in transient games, for the undiscounted criterion
as well.

Section 3.2 extends the previous setting to the case of a system that evolves dynamically
and all decision makers/operators can take decision simultaneously, eventually, influenc-
ing the evolution of the system itself. Multi-agent MDPs arestudied in which cooperation
among players is allowed. A cooperative payoff distribution procedure (MDP-CPDP) is
found that distributes in the course of the game the payoff that players would get in the
long run static game. It is shown under which conditions sucha MDP-CPDP fulfills fun-
damental properties that guarantee the stability of the game, namely, time consistency
property, contents greedy players, and strengthen the coalition cohesiveness throughout
the game.

Section 3.3 considers a special kind of games known as weighted voting games to investi-
gate suboptimal algorithms with polynomial complexity providing solutions within a con-
trolled confidence interval of the optimum solution. The approximation of the Shapley-
Shubik power index in the Markovian game (SSM) is investigated. It is proven that an
exponential number of queries on coalition values is necessary for any deterministic al-
gorithm even to approximate SSM with polynomial accuracy. Motivated by this, three
randomized approaches are proposed to compute a confidence interval for SSM. They rest
upon two different assumptions, static and dynamic, about the process through which the
estimator agent learns the coalition values.

Section 3.4 studies a cooperative game where several providers coexist by sharing net-
work nodes which are individually controlled. They offer a connection service to the
same service point and want to minimize the cost of the service offered to their customers
while maximizing the costs for the customers of their opponents by properly defining a
routing strategy. Algorithms are provided to determine thenetwork link costs in such a
way that all providers have interest in cooperating. As by-product, the proposed algo-
rithm is applied to two-player games both in networks subject to hacker attacks and in
epidemic networks.

Section 3.5 considers a multiple access channel (MAC) in which the channel coefficients
follow a Markov chain on a finite set of states. It is assumed that any subset of users that
does not intend to cooperate can, in the worst case scenario,jam the active users. The
feasibility region of the Markovian MAC is derived, under both the discounted and the
average criterion. The set of allocation rates in the Markovian process is computed, that
are feasible, efficient, and stable. Some fair allocations are analyzed, such as max-min
fairness, proportional fairness and Nash bargaining solution. A condition is provided
ensuring the consistency of such fairness criteria betweeneach single stage game and the
long run game. The situation in which no agreement is reachedis investigated and the
relation between the already mentioned fair allocations criteria and the Nash bargaining
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solution is studied, when the number of players increases.

In Chapter 4, game theory is applied to the investigation of both spectrum and infrastruc-
ture sharing.

Section 4.1 considers an orthogonal sharing mechanism among the network operators.
Many algorithms can be proposed to this end, each one leadingto a different result in
terms of achievable data rate or allocation fairness. An upper bound on the achievable
data rate is obtained by evaluating a centralised algorithm, which represents a coopera-
tive game where the aim of the involved players (i.e. the operators) is to maximise the
aggregate capacity instead of their own. A sharing gain is identified, in particular for
scenarios where the involved operators have a different traffic load and unused resources
can be opportunistically exploited.

Section 4.2 considers the infrastructure sharing scenarioof relay sharing. The theory of
coalitional games is applied to the case of a network with cross-layer interaction between
routing and medium access control. The proper cooperation mechanism to be adopted by
the users is investigated so that a gain is obtained by both those who have their transmis-
sion relayed to the final destination and also those who act asrelays.

Section 4.3 continues the study of infrastructure (relay) sharing. A scenario is considered
where the network operators have many relay nodes but are willing to share only a part
of them. Then, a proper selection mechanism has to be executed in order to maximise
the cell coverage and the overall system throughput. To thisaim, a Bayesian Network
approach is proposed to compute the correlation between local network parameters and
overall performance, whereas the selection of the nodes to be shared is made by means
of a cooperative game theoretic approach. It is shown that almost the entire sharing gain
is achieved by putting in common just a small fraction of the relays, provided they are
selected optimally.
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1 Non-cooperative Games for Multi-antenna Spectrum
Sharing Scenarios

1.1 Beamforming in Scenarios with Preferred Users

In this section, we consider a network of licensed primary users/systems that are capable
to detect their environment and to reconfigure their operation accordingly. These capabil-
ities are feasible due to measuring and feedback mechanismsin the network [1]. Through
the detection of spectrum holes, additional users can be supported in the network to uti-
lize these available resources. Nevertheless, an improvedinterference management is
possible in these systems in order to increase the efficiencyof the spectrum utilization.

In a setting where hierarchy exists between the systems, such detection capabilities can be
well utilized. Consider a network composed of primary users,the offered radio resources
might not be used up completely such that the left over resources can be made available
to secondary users. Secondary users can use these resourcesunder the condition of not
imposing QoS degradation to the primary systems. This scenario corresponds to the
underlay paradigm described in the overview paper [2].

A limited QoS degradation to the primary users is described by interference temperature
constraints (ITC) [1]. The ITC in [3] is distinguished in soft- and peak-power-shaping
constraints. These constraints refer to the maximum average power or peak average
power tolerated at the primary receivers, respectively. Inour case, the two types of
constraints are equivalent since we consider only single stream beamforming which is
shown in [4] to be optimal in the MISO IC. When no interference onthe primary users is
allowed, the constraint is said to be a null-shaping constraint.

Secondary transmitters equipped with multiple antennas can concentrate their radiation
pattern in the direction of their designated receivers or away from primary receivers.
Hence, through adaptive beamforming, a balance between theinterference induced on
primary receivers and spatial multiplexing can be done [5].In [5], the authors consider
the setting of a single secondary transmitter coexisting with multiple primary users and
provide optimal transmission strategies for the secondarytransmitter under ITC. It is
shown that single stream beamforming is optimal in such a scenario. In [6], the authors
characterize the Pareto boundary of the MISO IC through controlling the ITCs on the
receivers. Each Pareto rate tuple is achieved in a decentralized manner, where each trans-
mitter maximize its rate independently limited to ITCs at theother receivers.

In the following sections, we investigate the design of beamforming vectors that are
Pareto optimal for the secondary systems for two settings: (i) In the first setting, the
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Figure 1.1: A radio network composed of primary systems (smartphones) and secondary
systems (laptops).

secondary users are penalized for interfering on the primary systems. The penalty is
proportional to the interference rate produced from the secondary transmitter to each pri-
mary user. This mechanism is referred to as pricing and is interpreted as introducing the
effect of disturbance created from a user as a penalty measure in his utility function [7].
In this means, the secondary transmitters can be controlledto choose their transmission
strategies satisfying soft interference constraints on the primary users. In [8], this model
of exogenous prices is used to analyze a noncooperative gamebetween the secondary
users. Distributed algorithms are provided that iteratively modify the prices weights and
eventually reach the Nash equilibrium (NE) that satisfies the ITCs. In our case, the prices
weights are assumed to be fixed. (ii) In the second setting, the primary systems do not
tolerate any interference from the secondary systems, i.e.null-shaping constraints are
imposed on the secondary users. The solution to the first setting simplifies the second
scenario significantly.

For both settings, we characterize the transmit beamforming vectors that achieve opera-
tion points on the Pareto boundary of the secondary users’ utility region. Motivated by
distributed operation of the secondary systems, we turn ourinterest to the design of null-
shaping constraints that achieve Pareto-optimal operating points. For the two-user case,
we characterize these constraints that are to be imposed on the noncooperative systems
such that any point on the Pareto boundary of the MISO IC rate region is achieved in a
distributed manner.

Notations. Column vectors and matrices are given in lowercase and uppercase boldface
letters respectively. The notationxk,ℓ describes theℓth component of vectorxk. The
Euclidean norm of a vectora ∈ CN×1 is written as‖a‖ and the absolute value ofb ∈ C
is denoted by|b|. The eigenvector which corresponds to theith eigenvalue of the matrix
Z is denoted byVi(Z). The eigenvector corresponding to the largest eigenvalue of a
matrixZ is specified asVmax(Z). We always assume that the eigenvalues are ordered
in nondecreasing order such thatµi(Z) ≤ µi+1(Z). The orthogonal projector onto the
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1.1 Beamforming in Scenarios with Preferred Users 13

orthogonal complement of the column space ofZ is written asΠ⊥Z = I−Z(ZHZ)−1ZH .

System Model. We consider a scenario in whichK secondary transmitter-receiver
pairs, also referred to as users, coexist withL primary systems as depicted in Figure 1.1.
Define the set of secondary users asS , {1, . . . , K} and that of the primary users as
P , {K + 1, . . . , K + L}. Each transmitter is equipped withN transmit antennas and
each receiver with a single antenna. All systems share the same bandwidth such that the
setting leads to a MISO IC [9].

Channel Model. The quasi-static block flat-fading vector channel from secondary trans-
mitterk to secondary receiverj ∈ S is denoted byhkj ∈ CN×1. The channel vectors from
secondary transmitterk to primary receiverj ∈ P is denoted byzkj ∈ CN×1. The beam-
forming vector of secondary transmitterk is represented withwk ∈ CN×1. Moreover,
each transmitter has a total power constraint ofP , 1. Generalization to different power
constraints at each transmitter can be done without affecting the results in the next sec-
tions. This leads to the constraint:‖wk‖2 ≤ 1, k ∈ S. The set of feasible transmit
beamforming vectors of transmitterk ∈ S, is defined as

Ak , {w : ‖w‖2 ≤ 1}. (1.1)

Noise plus interference originating from primary users is assumed independent and iden-
tically distributed (i.i.d.) complex Gaussian with zero mean and varianceσ2. We define
the transmit signal-to-noise ratio (SNR) as1/σ2. Each secondary transmitter is assumed
to have perfect local CSI, i.e. it has perfect knowledge of thechannel vectors only be-
tween itself and all secondary and primary receivers. The achievable rate of secondary
userk is

Rk(w1, . . . ,wK) = ld

(
1 +

|hHkkwk|2
σ2 +

∑
l∈S\{k}

|hHlkwl|2

)
, (1.2)

where the receivers are assumed to treat interference from secondary transmitters as ad-
ditive noise. Thus, each transmitter needs not know the channels incident at its receiver
in order to allocate the transmission rate in (1.2). The achievable rate region defined as

R , {(R1, . . . , RK) : wk ∈ Ak, k ∈ S}, (1.3)

is the set of all rate tuples achieved by feasible beamforming vectors.

Gain Region. Define the power gain achieved by transmitterk on all receivers as a
function of the beamforming vectorwk as

xk,ℓ(wk) = |hHkℓwk|2, ℓ ∈ S ∪ P.

SAPHYRE D2.2b



14 1 Non-cooperative Games for Multi-antenna Spectrum Sharing Scenarios

For userk, the achievable gain region is defined as

Ωk =
⋃

‖wk‖=1

(
xk,1(wk), . . . , xk,K+L(wk)

)
.

Definition 1.1. A point y ∈ Rn+ is calledupper boundary pointof a convex setC in
directione if y ∈ C while the set

Ky(e) = {y′ ∈ Rn+|y′ℓeℓ ≥ yℓeℓ ∀ 1 ≤ ℓ ≤ n} ⊂ Rn+ \ C,

where the inequality has at least one strict inequality and directional vectore ∈ {−1,+1}n.
We denote the set of upper boundary points in directione as∂eC.

Lemma 1.1.The setΩk is compact and has a convex boundary in directione ∈ {−1,+1}N\−
1 according to Definition 1.1.

The proof of this lemma follows from observing that the setΩk is the joint numerical
range of the matriceshk1hHk1, . . . ,hk(K+L)h

H
k(K+L). This set is not necessarily convex,

however in [10] we proved that this set has a convex boundary in the specified directions.
Next, we define the upper boundary of a set in directione.

1.1.1 Soft Constraints Through Pricing

A pricing scheme can limit the secondary users from choosingthe strategies that induce
increased costs. By defining the utility function containinga penalty term that corre-
sponds to the amount of interference the secondary users produce on the primary users,
the ITCs can be applied. For userk, we define its utility function as its achievable rate
in (1.2) minus the sum of weighted interference rates this user produces at the primary
users, i.e.

uk(w1, . . . ,wK) = Rk −
∑

ℓ∈P

ηk,ℓld
(
1 + |hHkℓwk|2

)
, (1.4)

whereηk ∈ RL+ is a weight vector that regulates the penalty respective to each primary
user. Similar formulation of the pricing mechanism to reflect the interference power on
primary users is given in [8]. In the latter work, the authorsconsider noncooperative
or distributed operation of the secondary users in a cognitive radio setting with ITCs.
The weights are along with the strategies of the transmitters iteratively determined such
that the outcome corresponding to the NE satisfies the ITCs. Inour case, we assume
the weight vectorηk, k ∈ S is fixed. There is another operational meaning of the utility
function in (1.4): It corresponds to the weighted sum of mutual information from thek-th
secondary transmitter to all primary users. Hence, it couldbe interpreted as the amount
of information by linkk eavesdropped at the primary receivers.
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1.1 Beamforming in Scenarios with Preferred Users 15

Given the utility function in (1.4), the utility region is the set of all utility tuples that can
be achieved using beamforming vectors that satisfy the transmit power constraint, i.e.

U ,
⋃

wk:‖wk‖≤1
k∈S

{u1(w1, . . . ,wK), . . . , uK(w1, . . . ,wK)}.

Definition 1.2. A utility tuple (u1, . . . , uK) is Pareto optimal if there is no other tuple
(q1, . . . , qK) with (q1, . . . , qK) ≥ (u1, . . . , uK) and (q1, . . . , qK) 6= (u1, . . . , uK) (the
inequality is componentwise).

The Pareto boundary, denoted byPB, is the set of all Pareto-optimal points.

Theorem 1.1.All beamforming vectors that achieve points on the Pareto boundary of the
utility regionU can be written as

wk = Vmax

(
K+L∑

ℓ=1

λk,ℓek,ℓhkℓh
H
kℓ

)
, (1.5)

where

ek,ℓ =

{
+1 ℓ = k

−1 otherwise
, (1.6)

andk ∈ S andλk ∈ ΛK+L. The setΛK is defined as

λ ∈ ΛK =

{
λ ∈ [0, 1]K :

K∑

ℓ=1

λℓ = 1

}
.

Note that the converse is not true. Not all beamforming vectors defined by (1.5) lie
on the Pareto boundary, i.e. all beamforming vectors that achieve utility tuples on the
Pareto boundary can be represented aswk in (1.5) but not allwk in (1.5) correspond
to points on the Pareto boundary. Moreover, in the case thatN < K + L, full power
transmission does not achieve all Pareto-optimal points, hence the transmit powers of
the beamforming vectors determined in Theorem 1.1 have to bevaried between full and
zero power allocation. In [10], it is shown that power control is only needed for specific
beamforming vectors in the set determined in Theorem 1.1.

Proof. In [11, Theorem 2], it is shown for the case when no constraints exist that the
beamforming vectors that achieve Pareto-optimal points are within the beamforming vec-
tors that achieve the upper boundary of the gain region in thespecified directione. We
prove by contradiction that this result also holds for our case. Assume that there exist a
beamforming vectorwk for userk which is not at the upper boundary of thekth user gain
region in directionek, i.e.

xk(wk) /∈ ∂ekΩk, (1.7)
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16 1 Non-cooperative Games for Multi-antenna Spectrum Sharing Scenarios

and achieves a point on the Pareto boundary ofU, i.e.

(u1(w1, . . . ,wK), . . . , uK(w1, . . . ,wK)) ∈ PB. (1.8)

By assuming (1.7), we can find another beamforming vectorvk with ‖vk‖ = 1 and the
property

xk,ℓ(wk)ek,ℓ ≤ xk,ℓ(vk)ek,l, for all ℓ ∈ S ∪ P. (1.9)

Next we distinguish two case for the inequality in (1.9). Thefirst case is whenℓ = k. In
this case, userk can increase the gain in the direction of his receiver. The second case
is whenℓ 6= k corresponding to the case when userk can reduce the gain on the other
receivers.

1. Assume the inequality is strict forℓ = k with ek,k = 1 as given in (1.6), then
xk,k(wk) < xk,k(vk). The gains to all other receivers are to stay unchanged such
thatxk,ℓ(wk) = xk,ℓ(vk) for ℓ 6= k. Then,uk(w1, . . . ,wK) < uk(w1, . . . ,vk, . . . ,wK)
holds because of the following. In (1.2), the rate for userk changes when usingvk
asxk,k(wk) < xk,k(vk) and hence

ld

(
1 +

xk,k(wk)

σ2 +
∑
l∈S\{k}

xℓ,k(wℓ)

)
< ld

(
1 +

xk,k(vk)

σ2 +
∑
l∈S\{k}

xℓ,k(wℓ)

)
,

i.e.Rk(w1, . . . ,wK) < Rk(w1, . . . ,vk, . . . ,wK), which leads to a strict increase
in the kth user utility given in (1.4), since the penalty term remains unchanged.
This result contradicts (1.8).

2. Assume the inequality is strict forj 6= k with ek,j = −1, i.e.xk,j(wk) > xk,j(vk).
The gains to all other receivers stay the same such thatxk,ℓ(wk) = xk,ℓ(vk) for ℓ 6=
j. Then,uj(w1, . . . ,wK) < uj(w1, . . . ,vk, . . . ,wK) holds since the following.
We distinguish two cases:

a) If j ∈ S, the rate for userj changes asxk,j(vk) < xk,j(wk) and hence

ld

(
1 +

xj,j(wj)

σ2 + xk,j(wk) +
∑
l∈S\{k}

xℓ,j(wℓ)

)

< ld

(
1 +

xj,j(wj)

σ2 + xk,j(vk) +
∑
l∈S\{k}

xℓ,j(wℓ)

)
,

i.e. Rk(w1, . . . ,wK) < Rk(w1, . . . ,vk, . . . ,wK). Hence, the utility of the
jth user is strictly increased which contradicts assumption(1.8).

b) If j ∈ P, the rate for userk does not change, however his penalty term strictly
decreases asxk,j(wk) > xk,j(vk) and hence
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1.1 Beamforming in Scenarios with Preferred Users 17

Figure 1.2: In green is the Pareto boundary without constraints for the transmission of the
secondary users. Blue contains the Pareto boundary with pricing. Grey points are within
the utility region under the same constraints. In this setting, three transmit antennas are
used at the transmitters and the SNR defined as1/σ2 is 10 dB.

ηk,j ld
(
1 + xk,j(wk)

)
+
∑

ℓ∈P\{j}

ηk,ℓld
(
1 + xk,ℓ(wk)

)

> ηk,j ld
(
1 + xk,j(vk)

)
+
∑

ℓ∈P\{j}

ηk,ℓld
(
1 + xk,ℓ(wk)

)
.

which implies that the utility of userk increases contradicting (1.8).

Above, we have proven that a point which is not on the boundaryof the gain region in the
directionek given in (1.6) does not achieve Pareto-optimal points. In other words, any
point in the setPB has a corresponding beamforming vector that achieves gainson the
boundary of the gain region.

In Theorem 1.1, the Pareto boundary is characterized for theutility region of the sec-
ondary users where fixed prices weights are given. This characterization does not hold
for the rate region under soft- or peak-power-shaping constraints. Under such conditions,
each Pareto rate tuple is achieved under different prices weights. Acquiring these weights
requires an iterative process [6].

A plot of the utility region for two secondary users coexisting with a single primary user
is given in Figure 1.2. Under no interference constraints, i.e. zero prices weights, the
setting is equivalent to one without the primary user. The Pareto boundary in this case

SAPHYRE D2.2b



18 1 Non-cooperative Games for Multi-antenna Spectrum Sharing Scenarios

is characterized requiring the summation in (1.5) over the secondary users only, i.e. the
same characterization as in [11, Theorem 2]. The corresponding Pareto boundary is plot-
ted in green. For the case that the prices weights are fixed such thatη1,3 = η2,3 = 0.5,
the utility region, corresponding to two million randomly generated beamforming vectors
that satisfy the transmit power constraint, is representedin grey. This grey region hence
illustrates the achievable utility regionU. The utilities achieved through beamforming
vectors from Theorem 1.1 for the same prices weights are plotted in blue. These beam-
forming vectors are shown to lead to Pareto-optimal utilitytuples of the utility region
represented in grey.

1.1.2 Null-Shaping Constraints and Greedy User Selection

We now assume that the primary systems do not tolerate any interference from the sec-
ondary systems, i.e. the ITCs are fixed to be zero. In this case,the constraints are called
null-shaping constraints [3]. The outline and main resultsof this section are as follows:
First, given a set of existing primary users, the Pareto boundary of the secondary users’
achievable MISO IC rate region is characterized under the null-shaping constraints. The
Pareto-optimal strategies can be performed by the secondary users if they cooperate.
Then, motivated by distributed (noncooperative) operation of the secondary systems, we
turn our interest to the design of null-shaping constraintsthat improve the efficiency of
the noncooperative systems. We characterize the null-shaping constraints, correspond-
ing to virtual primary users, such that all points on the Pareto boundary of the MISO
IC rate region without constraints are achieved by the noncooperative secondary sys-
tems. This result shows that imposing null-shaping constraints on the secondary users
can be sufficient to improve their noncooperative outcome. Last, following the previous
result, we investigate the noncooperative secondary user selection problem to increase
the achievable sum rate. The selection should activate onlya subset of the existing sec-
ondary systems for operation. Assuming that the secondary users are noncooperative and
null-shaping constraints corresponding to existing primary users exist, we provide a sec-
ondary user selection algorithm that improves the sum performance of the systems. The
algorithm is greedy such that in each iteration step, activating a secondary system has to
increase the sum rate of the selected secondary systems set.

Pareto Boundary for Given Constraints

In this section, we characterize the beamforming vectors that achieve Pareto-optimal
points under null-shaping constraints. In other words, given the channels to primary
users, the secondary transmitters are to form a null in the direction of these channels, i.e.

∣∣zHkℓwk
∣∣ = 0, for all k ∈ S, ℓ ∈ P. (1.10)

Hence, the set of feasible transmission strategies for secondary transmitterk ∈ S is

Ãk , {w : ‖w‖2 ≤ 1,
∣∣zHkℓw

∣∣ = 0 for all ℓ ∈ P}. (1.11)

D2.2b SAPHYRE



1.1 Beamforming in Scenarios with Preferred Users 19

The achievable rate region under null-shaping constraint is defined as

R̃ ,

{
(R1, . . . , RK) : wk ∈ Ãk, k ∈ S

}
. (1.12)

In [12], null-shaping constraints on secondary users are considered in a noncooperative
MIMO cognitive radio game. The orthogonal projector onto the null space of the primary
user’s channel is used to transform the secondary user’s rate maximization problem to one
that is convenient to study. Next, we use a similar application of this projection. Define
the matrix containing the channels from secondary transmitter k to all primary users as
Zk , [zk1, . . . ,zkL].

Proposition 1.1. ( [13, Corollary 1]) AssumeN ≥ K + L. All beamforming vectors
which fulfill the null-shaping constraints in (1.10) and achieve the Pareto boundary of̃R

in (1.12) are

wk(λk) = Vmax

(
K∑

ℓ=1

λk,ℓek,ℓΠ
⊥
Zk
hkℓh

H
kℓΠ
⊥
Zk

)
, k ∈ S, (1.13)

where

ek,ℓ =

{
+1 ℓ = k

−1 otherwise
, (1.14)

andλk ∈ ΛK . The setΛK is defined as

ΛK ,

{
λ ∈ [0, 1]K :

K∑

ℓ=1

λℓ = 1

}
. (1.15)

We assumeN ≥ K+L in Proposition 1.1 for two reasons: First, the constraints in (1.10)
can be satisfied by an active secondary transmitter whenN ≥ L. Second, forN ≥ K
full power transmission is optimal to achieve Pareto-optimal points [10, Section III.A].
ForN < K, a transmitter has to vary its transmission power for specific beamforming
vectors in order to achieve Pareto-optimal operating points [10, Section III.B].

In Figure 1.3, we show a comparison of the rate regions with and without null-shaping
constraints. These regions correspond toR andR̃ defined in (1.3) and (1.12), respectively.
The setting has two secondary transmitters equipped with three antennas and a single
primary user. The Pareto boundary ofR is marked with crosses which correspond to
beamforming vectors characterized in [11, Theorem 2].

For the case in which null-shaping constraints are imposed on the secondary users, the
Pareto boundary of̃R is achieved by beamforming vectors characterized in Proposition 1.1.
By varying the parametersλ1 andλ2 in (1.13) between zero and one in a 0.02 step-length,
the Pareto boundary of̃R is plotted in Figure 1.3 with circle markers. The regionR̃ is
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Figure 1.3: The Pareto boundary ofR in (1.3) is marked with crosses. The Pareto bound-
ary of R̃ in (1.12) is marked with circles. The plots are made for single random channel
realization withN = 3 and SNR = 10 dB.

certainly always smaller and within the regionR, because the feasible transmission strate-
gies set is smaller,̃Ak ⊆ Ak for all k ∈ S. Notice that each secondary transmitter uses
three antennas. Due to the null-shaping constraint, one spacial transmit dimension is re-
duced for each secondary transmitter such that two spacial dimensions are left available
to operate in.

Given certain null-shaping constraints, beamforming vectors described in Proposition
Proposition 1.1 achieve Pareto-optimal rate tuples for thesecondary users. In the next
section, we study whether through the choice of virtual null-shaping constraints the sec-
ondary users could operate on the Pareto boundary ofR.

Constraints Achieving Pareto Boundary

In this section, we investigate the design of null-shaping constraints such that the sec-
ondary users in a noncooperative game achieve the Pareto boundary ofR defined in (1.3).
We denote this game in strategic form [14, Part I] by

〈S, (Ak)k∈S, (Rk)k∈S〉, (1.16)

whereAk is defined in (1.1) andRk is defined in (1.2). The players of this game are
assumed to be rational, i.e. seek to maximize their utility.The described game is a game
of complete information such that its outcome is a NE. In a setting where null-shaping
constraints on the secondary users do not exist, the unique NE strategy of each system is
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1.1 Beamforming in Scenarios with Preferred Users 21

maximum-ratio combining [15]

wNE
k =

hkk

‖hkk‖
, k ∈ S.

The rate tuple corresponding to the NE strategy profile is notnecessarily Pareto optimal
[15]. Of interest is to design constraints on the noncooperative systems such that NE rate
tuples lie on the Pareto boundary of the rate region achievedwith no constraints.

Proposition 1.2. AssumeN ≥ K. Define the matrix

Z̃k(λk) = [z̃1(λk), . . . , z̃K−1(λk)] , (1.17)

where

z̃i(λk) = Vi

(
K∑

ℓ=1

λk,ℓek,ℓhkℓh
H
kℓ

)
,

with λk ∈ ΛK defined in (1.15) andek,ℓ defined in (1.14). All points on the Pareto
boundary of the rate regionR defined in (1.3) can be reached by the beamforming vectors

wk(λ) =
Π⊥

eZk(λk)
hkk

∥∥∥Π⊥
eZk(λk)
hkk

∥∥∥
. (1.18)

This result follows directly from [10, Corollary 1] and generalizes the result in [13, Propo-
sition 1] where only the two-user case has been considered. Note that the beamforming
vector in (1.18) is the unique NE for transmitterk which abides by the null-shaping con-
straints. The noncooperative game in (1.16) is only betweenthe secondary users. The
null-shaping constraints in (1.17) are imposed on the secondary users by an authority
which is not included as a player in the game. This authority in game theoretic terms is
represented by an arbitrator [16].

Interestingly, the null-shaping constraints are sufficient to characterize the Pareto bound-
ary of the rate regionR without constraints. Thus, Pareto-optimal points can be obtained
in with noncooperative strategies described in (1.18). This result is related to the result
in [6] in that both methods achieve the same Pareto boundary in NE, and both methods
utilize interference constraints on the transmitters. However, ITCs for each receiver are
considered in [6], and we consider null-shaping constraints that correspond toK − 1 vir-
tual primary receivers. In [6], each point on the boundary isdetermined iteratively while
here we provide the constraints and the corresponding strategies in closed form.

Next, we continue to consider the noncooperative operationof the secondary users. How-
ever, the null-shaping constraints imposed on these users correspond to the existing pri-
mary users as described in (1.10). Our objective is to increase the sum rate for the non-
cooperative secondary users by secondary user subset-selection.
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Result: Greedy User Selection
Input : set of Secondary Users,K

initialize U = {}, T = K, n = 0, SR({}) = 0;
while n ≤ |K| do
n = n+ 1;
kn = arg maxu∈TSR({u} ∪ U);
if SR(U) > SR({kn} ∪ U) then

break;
else

T = T\{kn};
U = U ∪ {kn};

end
end
Output : Set of selected users,U

Algorithm 1 : Greedy User Selection.

Greedy Noncooperative Users Selection

In this section, each transmitter chooses its NE transmission strategy, such that the null-
shaping constraints in (1.10) are satisfied. The noncooperative game is described by

〈S, (Ãk)k∈S, R̃〉, (1.19)

whereÃk is defined in (1.11) and̃R is defined in (1.12). The unique NE strategy of a
secondary transmitter is

wNE
k =

Π⊥Zkhkk∥∥Π⊥Zkhkk
∥∥ , k ∈ S, (1.20)

whereZk , [zk1, . . . ,zkL]. We address the issue of selecting a subset of the users
U ⊆ S to operate in a noncooperative game. This scheme is motivated by the fact that
when interference dominates in the network, turning some links off could increase the
achievable sum rate of the remaining systems through interference reduction. Note that
the remaining usersS\U are to be inactive when not selected. The selection mechanism
could be done by an authority or an arbitrator. For a set of secondary usersU, U ⊆ K,
the achievable sum rate is written as

SR(U) =
∑

k∈U

log2


1 +

|hHkkwNE
k |2

σ2 +
∑

ℓ∈U\{k}

|hHℓkwNE
ℓ |2


,

wherewNE
k , k ∈ U, is given in (1.20). Finding the optimal user selection has very high

complexity and could be done by an exhaustive search over allpossible combinations
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Figure 1.4: Achievable average sum rates for 5 secondary users with 6 transmit antennas
and a single primary user.

of the user subsets. We propose a low complexity suboptimal user selection algorithm,
described in Algorithm 1. This algorithm is influenced by thealgorithm proposed in
[17] for the user selection in a downlink scenario with zero-forcing beamforming at the
transmitter. See [17] for details on the complexity of the algorithm. Starting with an
empty secondary user set, in each iteration step of Algorithm 1, a secondary user that
contributes highest sum rates to the set is added. The algorithm terminates when the sum
rate decreases with an additional user or when all users havebeen selected. The number
of selected users and their performance depends on the SNR.

In Figure 1.4, the achievable average sum rate of the secondary systems in different op-
eration schemes is compared for increasing SNR. The simulations are performed for a
single existing primary user and 5 secondary users with eachtransmitter using 6 transmit
antennas. The average sum rate is taken over 200 random samples of each channel. The
performance of Algorithm 1 is given under Greedy noncooperative user selection, and the
average number of selected users is written under the curve.The optimal noncooperative
user selection is obtained through exhaustive search, and the corresponding performance
is plotted with dashed line. The average number of supportedusers for this scheme is
written over the curve. The exhaustive search algorithm searches betweenK factorial
user combinations. Note that both algorithms select a subset of the secondary users that
are noncooperative. The performance of the suboptimal algorithm is very close to the op-
timal one. The gap between the optimal and suboptimal algorithm curves is largest in the
intermediate SNR regime between 0 and 20 dB. Moreover, it is noticed that the gap in-
creases as the number of transmit antennas increases. In thelow SNR regime, the number
of supported users is highest and decreases for increasing SNR values. In the high SNR
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Figure 1.5: Achievable average sum rates for 5 secondary users with 10 transmit an-
tennas. Increasing the number of primary usersL reduces the average sum rate of the
secondary users.

regime only a single transmitter is eventually selected. Similar curves are given in [18],
where opportunistic beamforming in the MISO broadcast channel is analyzed. There,
for small SNR, all spacial dimensions are exploited and usersare scheduled, whereas for
high SNR, only one user on one beam is scheduled due to interference.

The curve with cross markers in Figure 1.4 describes the performance when all nonco-
operative secondary transmitters are always chosen. This operation scheme has good
performance in the low SNR regime. At high SNR however, the average sum rate satu-
rates and approaches a constant value due to multiuser interference. In selecting fewer
users to operate as in Algorithm 1, better performance is achieved. The curve with cir-
cle markers describes the average sum rate achieved when allsecondary users perform
zero-forcing transmission strategies. This transmissionstrategy performs best in the high
SNR regime and achieves maximum multiplexing gain. A singletransmitter is capable
of performing this strategy if its number of transmit antennas is greater or equal to the
number of primary receivers plus the number of secondary receivers. This transmission
scheme is not denoted as optimal because it is not achieved inthe game described for this
section in (1.19).

In Figure 1.5, the achievable average sum rate of the secondary systems is compared for
increasing SNR and increasing number of existing primary users. Again, the average sum
rate is taken over 200 random channel vector samples. The number of primary users is
varied between 1 and 5 and the number of transmit antennas is 10. Including additional
primary users, the average sum rate of the secondary systemsalways decreases. It is
observed, however, that for a single channel sample the performance of the systems could
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1.2 Supermodular Games for Systems with Protected and Shared Bands 25

increase with increasing the number of primary users. This observation supports the result
given in Proposition 1.2 that null shaping constraints could improve the performance of
the noncooperative systems.

1.2 Supermodular Games for Systems with Protected and Shared
Bands

In this section, two non-cooperating cells are considered,each with its protected band to
provide service to its high priority users. A shared band forthe two cells is employed to
deliver service to low priority users. We formulate the situation between the two cells as
a non-cooperative game and study its NE. We prove that the game belongs to a class of
games called supermodular games which have several interesting properties, such as the
global stability of a unique NE. We provide a sufficient condition for the existence of a
unique NE and study its efficiency by extensive simulations.

The ever increasing demands on the wireless data networks has pushed more advanced
technologies to be integrated into commercial systems, where multiple-input multiple-
output (MIMO) is already a reality with its inclusion in several commercial standards
[19]. The MIMO technology enables several techniques for communications, where the
manufacturer/operator can choose the most interesting option on the basis of the scenario
and requirements. One of the most attractive options is the zero forcing beamforming
(ZFB) [20] that guarantees no interference between the serviced users, showing interest-
ing performance and thus, motivating its inclusion in several commercial standards.

We consider a setup which includes two base stations (BS). Each BS has aprotected
bandwhich it uses exclusively, and also a band which is shared with the other BS, named
theshared band. This setup has been considered in [21, 22] with single antennas at the
transmitters and receivers. In [21], the considered noncooperative game is shown to be
a supermodular game. Necessary and sufficient conditions for the uniqueness of NE are
provided. In [22], the manipulability of the NE is studied, and a cheat proof mechanism
is provided to suppress untruthful feedback from the mobileusers to the BSs. In this
work, MIMO is applied over the protected bands through the ZFB strategy, so that each
BS will guarantee zero interference to its customers, while the two BSs will interfere on
each other in the shared band.

In order to avoid the large amount of overhead that cooperation induces, we assume the
two BSs are non-cooperative. We formulate the situation between the two BSs as a non-
cooperative game in which the objective of each BS is to maximize the system data rate.
The outcome of the non-cooperative game is a NE [14]. We provethe existence of an NE
and provide sufficient conditions for its uniqueness. By proving that the non-cooperative
game is a supermodular game [23], the uniqueness of NE implies the global convergence
of best response dynamics (iterative waterfilling). The efficiency of the NE is compared
to the cooperative maximum sum rate by extensive simulations. It is shown that the setup
of protected and shared bands provides significant efficiency gains to the non-cooperative
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systems.

Notations

Column vectors and matrices are given in lowercase and uppercase boldface letters, re-
spectively.‖a‖ is the Euclidean norm ofa ∈ CN . |b| denotes the absolute value ofb ∈ C.
(·)H denotes Hermitian transpose.[A]i,j is the entry inA corresponding to theith row
andjth column. Define[x]ba := max {min {x, b}, a}. ld is logarithm base two.

1.2.1 System and Channel Model

A wireless multi-antenna downlink system is considered where two BSs are active:BS1

andBS2. The BSs are equipped with multiple antennas while several users are in the
scenario, each one with a single antenna. The total available spectrum is divided in three
different bands. The first and second bands are exclusively granted toBS1 andBS2,
respectively; while the third band is shared between the twoBSs. Therefore,BS1 has
two sub-bands to operate: a protected band where it can provide service without any
interference from the other BS, so that it will be allocated tohigh priority users (even
running demanding applications and/or customers paying high price for an “excellent"
communication). The second band is a shared band where serviced users will suffer
uncontrolled interference from the neighbor BS, so that low priority users will be assigned
to this sub-band.

We assume that each BS is equipped with two antennas. Thus, a BS can serve two users
in the protected band simultaneously. The shared band, we assume that a single user is
served by each BS. The channel vector in the protected band fromBSi to userj is denoted
by hij. In the shared band, the channel vector fromBSi to userk is h̃ik. The channel
characterization within each of the sub-bands follows a quasi static block fading model,
where the channel from each transmit antenna to a user is characterized by independent
and identically distributed (i.i.d.) complex Gaussian entries∼ CN(0, 1).

The availability of multiple antennas at the transmitter side enables the application of
MIMO processing at the transmitter side (i.e., precoding).The system is assumed to
operate time division duplexing (TDD), so that the channel information is available at the
transmitter, by reciprocity with the uplink channel, before the transmission starts. Several
options are presented in literature for the precoding at thetransmitter side in MIMO,
where this section will consider the zero forcing beamforming (ZFB) [20] strategy due to
its high performance and low complexity.

Define the matrixHi = [hi1,hi2]. Its pseudo inverse is

Wi =HHi (HiH
H
i )−1 = [wi1,wi2]H , (1.21)

with
‖wij‖2 = gij := [(HiH

H
i )−1]j,j (1.22)
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where the vectorswij are orthogonal. Using ZFB in the dedicated band, the interference
free signal at a receiverj is written as

yij =

√
pij
gij
hHijwijsij + nj, (1.23)

wheresij ∼ CN(0, 1) is the symbol transmitted byBSi to receiverj, pij is the power
allocation to userj, andnj is the noise term withnj ∼ CN(0, σ2).

In the shared band, the received signal at userk served byBSk is

ỹk =
√
p̃kh̃

H
kkw̃ks̃k +

√
p̃ℓh̃
H
ℓkw̃ℓs̃ℓ + nk, k 6= ℓ, (1.24)

wheres̃k ∼ CN(0, 1) is the symbol transmitted byBSk in the shared band and the beam-
forming vector used atBSk is w̃k ∈W with

W := {w̃ ∈ C2 : ‖w̃‖2 ≤ 1}. (1.25)

Each BSi has a total power constraintPi such that(pi1, pi2, p̃i) ∈ Pi with

Pi := {(p1, p2, p3) ∈ R3
+ : p1 + p2 + p3 ≤ Pi}. (1.26)

As the beamforming within the protected band is known to be through ZBF, then the
transmission strategy of a BS is a choice of beamforming vector in the shared band and
the power allocation to its three users. Next, we will analyze the transmission strategies of
the BSs assuming their distributed operation, i.e., a BS cannot cooperate with the other
BS. The setting is described by a strategic game and the outcome, NE, determines the
noncooperative operation of the BSs.

1.2.2 Strategic Game Formulation

A strategic game [14] between the two BSs is defined as

G = 〈{1, 2}, (A1,A2), (R1, R2)〉. (1.27)

where{1, 2} is the set of players corresponding to the two BSs. The strategy setAi of a
playeri ∈ {1, 2} is defined as

(pi1, pi2, p̃i, w̃i) ∈ Ai := Pi ×W. (1.28)

wherePi is defined in (1.26) andW is defined in (1.25). The utility of player1 (analo-
gously player2) is the achievable sum rate

R1(p11, p12, p̃1, w̃1, p̃2, w̃2) =
2∑

k=1

ld

(
1 +

p1k
g1kσ2

)
+ ld

(
1 +

p̃1|h̃H11w̃1|2
σ2+ p̃2|h̃H21w̃2|2

)
, (1.29)
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where single-user decoding is assumed in the shared band.

The outcome of a strategic game is a NE. A NE of the gameG in (1.27) is a strategy
profile, (aNE

1 ,a
NE
2 ) ∈ A1 × A2, in which no player can increase his utility by choosing

another strategy unilaterally, i.e.,

R1(a
NE
1 ,a

NE
2 ) ≥ R1(a1,a

NE
2 ), for all a1 ∈ A1, (1.30)

R2(a
NE
1 ,a

NE
2 ) ≥ R2(a

NE
1 ,a2), for all a2 ∈ A2. (1.31)

In a strategic game, each player maximizes his utility taking the strategies of the other
players as given. Given a strategya2 ∈ A2 of player2, thebest responseof player1 to
a2 is the strategya1 that maximizes his utility. The best response of player1 and player
2 solve the following problems

max
(p11,p12,p̃1,w̃1)∈A1

R1(p11, p12, p̃1, w̃1, p̃2, w̃2), (1.32)

max
(p21,p22,p̃2,w̃2)∈A1

R2(p21, p22, p̃2, w̃2, p̃1, w̃1), (1.33)

respectively. From the optimization problem in (1.32), we have the following two ob-
servations. First, maximum ratio transmission (MRT), written asw̃MRT

1 = h̃11/
∥∥h̃11

∥∥,
is always optimal in the shared band independent of the powerallocation and choice of
beamforming vectors of player2. Second, player1 (i.e., BS1) will choose a power allo-
cation that will satisfy the total power constraint with equality, i.e.,p11 + p12 + p̃1 = P1.
The same holds for player2.

Since a BS will allocate all available power to the users, we perform a change of variables
in order to reduce the dimension of the strategy spaces of theplayers. Defineπi ∈ [0, 1].
Player1 allocates(1 − π1)P1 in his protected band andπ1P1 in the shared band. Define
βi ∈ [0, 1] and substitute the power allocation in the protected band asp11 = (1−π1)P1β1

and p12 = (1 − π1)P1(1 − β1). Analogously, player2 allocatesp21 = π2P2β2 and
p22 = π2P2(1− β2) for his two users in his protected band and(1− π2)P2 for the user in
his shared band. The sum rate of player1 is given on the top of the next page in (1.35)
and similarly for player2 in (1.36), where

g̃kj := |h̃Hkjw̃MRT
k |2, k, j = 1, 2. (1.34)

The problems in (1.32) and (1.33) forBS1 andBS2, are

max
β1∈[0,1]
π1∈[0,1]

R1(β1, π1, π2) and max
β2∈[0,1]
π2∈[0,1]

R2(β2, π2, π1), (1.37)

respectively.

Lemma 1.2. The objectives in(1.37)can be written depending only on the variablesπ1

andπ2 as in(1.41)and (1.42)shown on the top of the page after the next page with

β∗1(π1) =
[
1/2 +

(
g12σ

2 − g11σ
2
)
/(2(1− π1)P1)

]1
0
, (1.38)

β∗2(π2) =
[
1/2 +

(
g22σ

2 − g21σ
2
)
/(2π2P2)

]1
0
. (1.39)
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R1(β1, π1, π2) = ld

(
1 +

(1− π1)P1β1

g11σ2

)
+ ld

(
1 +

(1− π1)P1(1− β1)

g12σ2

)

+ ld

(
1 +

π1P1g̃11

σ2 + (1− π2)P2g̃21

)
(1.35)

R2(β2, π2, π1) = ld

(
1 +
π2P2β2

g21σ2

)
+ ld

(
1 +
π2P2(1− β2)

g22σ2

)

+ ld

(
1 +

(1− π2)P2g̃22

σ2 + π1P1g̃12

)
(1.36)

R1(π1, π2) = ld

(
1 +

(1− π1)P1β
∗
1(π1)

g11σ2

)
+ ld

(
1 +

(1− π1)P1(1− β∗1(π1))

g12σ2

)

+ ld

(
1 +

π1P1g̃11

σ2 + (1− π2)P2g̃21

)
(1.41)

R2(π1, π2) = ld

(
1 +
π2P2β

∗
2(π2)

g22σ2

)
+ ld

(
1 +
π2P2(1− β∗2(π2))

g22σ2

)

+ ld

(
1 +

(1− π2)P2g̃22

σ2 + π1P1g̃12

)
(1.42)

Proof. The first derivative ofR1 in (1.35) w.r.t.β1 is

∂R1(β1, π1, π2)

∂β1

= (1− π1)P1/
(
g11σ

2 + (1− π1)P1β1

)

− (1− π1)P1/
(
g12σ

2 + (1− π1)P1(1− β1)
)
. (1.40)

Setting (1.40) to zero and solving forβ1, we get the expression in (1.38). Including
β∗1(π1) in (1.35), we get (1.41). The analysis is analogous for the second player.

According to Lemma Lemma 1.2, the optimization problems in (1.37) can be written as

max
π1∈[0,1]

R1(π1, π2) and max
π2∈[0,1]

R2(π1, π2). (1.43)

We state the new game in which the strategy space of each player is a single dimensional
set as

G′ = 〈{1, 2}, ([0, 1], [0, 1]), (R1(π1, π2), R2(π1, π2))〉. (1.44)

Next, we will show that the gameG′ is a supermodular game.

Supermodular Games

The non-cooperative gameG′ in (1.44) is supermodular [23] if the following conditions
are satisfied for each player: (C1) The strategy set of single dimensional feasible strate-
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gies is a compact set. (C2) The utility functionRi(π1, π2) is upper semi continuous and
has increasing differences in(π1, π2) on [0, 1] × [0, 1]. For a more general definition of
supermodular games in multi-dimensional strategies, refer to [24].

The first condition (C1) is satisfied because the strategy space [0, 1] is compact. Second,
the utility functions in (1.41) and (1.42) are continuous which satisfies the first part of
property (C2). The second part of the property can be proven byshowing

∂2Ri(π1, π2)

∂π1∂π2

≥ 0, i ∈ {1, 2}. (1.45)

For player1 (analogously player2), (1.45) is fulfilled since

∂2R1(π1, π2)

∂π1∂π2

=
P1g̃11P2g̃21

(σ2 + (1− π2)P2g̃21 + π1P1g̃11)2
≥ 0, (1.46)

Hence, the gameG′ is a supermodular game. Supermodular games have several interest-
ing properties. A few properties from [24, Theorem 4.2.1] and [25, Result 4] are: (A1)
There exists at least one pure strategy NE. (A2) The set of NEsis a complete lattice and
there exist a largest and a smallest element. (A3) A unique NEis globally stable. Due to
their interesting properties, supermodular games have been recognized in a few wireless
network settings such as in [26,27].

According to (A1), the gameG′ has at least one NE. From (A3) follows that the unique-
ness on NE implies convergence of best response dynamics from all strategy points. Next,
we will deliver a sufficient condition under which a unique NEexists in the gameG′.

Best Response and Uniqueness of NE

In order to characterize the conditions for the existence ofa unique NE and also how to
reach it, we must formulate the best response of each player.

Proposition 1.3. The solution of the power allocation problem in (1.43) is characterized
for BS1 by the following cases: Case 1-1:If g12 >

1
σ2 + g11 − P1

σ2π
∗
11(π2) then

π∗11(π2) =

[
1

2
+
g11σ

2

2P1

− σ
2 + (1− π2)g̃21P2

2g̃11P1

]1

0

. (1.47)

Case 1-2:If g11 >
1
σ2 + g12 − P1

σ2π
∗
12(π2) then

π∗12(π2) =

[
1

2
+
g12σ

2

2P1

− σ
2 + (1− π2)g̃21P2

2g̃11P1

]1

0

. (1.48)

Case 1-3:If Cases 1-1 and 1-2 do not hold then

π∗13(π2) =

[
1

3
+

(g11 + g12)σ
2

3P1

− 2σ2 + 2(1− π2)g̃21P2

3g̃11P1

]1

0

(1.49)
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Figure 1.6: Plot of the reaction curves of the players. The intersection point of the two
reaction curves is a NE.

In Cases 1-1 and 1-2, only one user is supported in the protected band ofBS1. ForBS2,
the solution to its optimization problem in (1.43) is Case 2-1: If g22 >

1
σ2 +g21−P2

σ2π
∗
21(π1)

then

π∗21(π1) = 1−
[

1

2
+
g21σ

2

2P2

− σ
2 + π1g̃12P1

2g̃22P2

]1

0

. (1.50)

Case 2-2:If g21 >
1
σ2 + g22 − P2

σ2π
∗
22(π1) then

π∗22(π1) = 1−
[

1

2
+
g22σ

2

2P2

− σ
2 + π1g̃12P1

2g̃22P2

]1

0

. (1.51)

Case 2-3:If Case 2-1 and 2-2 do not hold then

π∗23(π1) = 1−
[

1

3
+

(g21 + g22)σ
2

3P2

− 2σ2 + 2π1g̃12P1

3g̃22P2

]1

0

. (1.52)

Proof. The proof is provided in [28].

In Figure 1.6 the strategy spaces of the transmitters are plotted choosingP1 = P2 = 1.
Thereaction curvesof the players represent the best response functions characterized in
Proposition 1.3. A NE is a state of mutual best responses of the players. The NE can
be found in Figure 1.6 as the intersection point of the reaction curves, where two cases
are presented. In Figure 1.6 (left), a single NE exists. In Figure 1.6 (right) three NEs
exist. A work that investigates the uniqueness of the NE using the constellation of the
reaction curves is reported in [29]. In [29], two system pairs are considered that operate
on two parallel channels, an interference channel and an interference relay channel. Two
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relaying strategies are investigated for which the uniqueness conditions of the NE are
derived.

In Figure 1.6 (left), it can be seen that the reaction curve ofplayer1 consists of three parts.
Whenπ1 is zero for smallπ2, then the user in the shared band of BS1 is not supported.
Whenπ2 is between0.2 and0.5, all three users are supported forBS1. For π2 greater
than0.5, the reaction curve changes slope, corresponding to the case where one user is
supported in the protected band, along with the user in the shared band.

Proposition 1.4. Sufficient condition for the existence of a unique NE is

g̃12

g̃11

g̃21

g̃22

<
9

4
. (1.53)

Proof. The proof is provided in [28].

It can be observed that the sufficient condition on the uniqueness of NE is satisfied, when
the product of the interference gains are small, compared tothe product of the direct
channel gains. Since in our case, uniqueness of NE implies global convergence of best
response dynamics, a unique NE can be reached in a distributed manner when each BS it-
eratively applies a best response to the strategy of the other BS. According to simulations,
a few iterations are sufficient to achieve a stable state in NE. In [30], a unified framework
for parallel interference channels is given, for the analysis of the convergence of the best
response dynamics. The condition in [30, Theorem 3] calculated for our setting is

max

{
a
g̃12

g̃11

,
1

a

g̃21

g̃22

}
< 1, for a > 0, (1.54)

which leads to the condition
g̃12

g̃11

g̃21

g̃22

< 1. (1.55)

Comparing (1.53) and (1.55), it can be observed that the condition in (1.53) is less re-
strictive than (1.55), for indicating whether a unique NE exists. Next, we will analyze the
efficiency of the NE of our system.

1.2.3 Simulation Results

We compare the sum rate achieved in NE to the maximum achievable sum rate of the
system. Finding the maximum sum rate of the two cells requires the search over all
strategies of the BSs. The strategy space of each BS is given in (1.28). Since, each BS has
a protected band in which no interference is caused to the other BS, then the maximum
sum rate must be achieved with full power transmission in that subband. Accordingly,
the strategy spacePi in (1.26) is parameterized using two parametersπi ∈ [0, 1] and
βi ∈ [0, 1]. In the shared band, the beamforming vectors that are necessary to obtain the
maximum sum rate point are parameterized in [31], requiringtwo real-valued parameters,
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Figure 1.7: Average sum rate versus signal to noise ratio.

each ranging between zero and one. Accordingly, the achievable sum rate region can be
produced using eight parameters, each between zero and one.We find the maximum sum
rate using grid search.

In Figure 1.7 the average maximum sum rate is plotted averaging over 500 channel real-
izations. For the simulation we choose the maximum transmission power asP1 = P2 = 1.
Signal-to-noise ratio is defined as SNR= 1/σ2. It can be observed that the NE is efficient
compared to the maximum achievable sum rate. In the low SNR regime, the rates in
NE are sum rate optimal. In mid and high SNR, slight performance loss in NE can be
observed with respect to the optimal sum rate curve. Note, that the performance loss in
NE is due to noncooperation between the BSs, which means that no signaling overhead
is required between them.
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2 Bayesian Games for Spectrum Sharing Systems with
Partial Information

2.1 Bayesian Games for MIMO Interference Channels

This section considers the MIMO IC which has relevance in applications such as multi-
cell coordination in cellular networks as well as spectrum sharing in wireless networks.
We study the beamforming design under two extreme criteria;namely, egoism and altru-
ism. The former maximizes the beamforming gain at the intended receiver and the latter
minimizes interference created towards other receivers. The motivation is that combining
egoistic and altruistic beamforming has been shown previously to be instrumental when
optimizing the rates in a MISO IC, where the receivers have no interference canceling
capability. Here, by using the framework of Bayesian games, we shed more light on
these game-theoretic concepts in the more general context of MIMO channels and more
particularly when coordinating parties only have CSI of the links that they can measure
directly.

2.1.1 MIMO Interference Channel

Let N = {1, . . . , N} be a set containing a finite setNc, with cardinalityNc ≤ N , of
cooperating TXs, also termed as players. From now on, we use players and TXs inter-
changeably. We call the setNc a coordination cluster and TXs outside the cluster will
contribute to uncontrolled interference. The provided model has general applications in
which the TXs can be base stations in cellular downlink wheretypically coordination is
restricted to a subset of neighbouring cell sites while moredistant sites cannot be coordi-
nated over [32] ; nodes in ad-hoc network and spectrum sharing scenarios.

Each TX is equipped withNt antennas and the RX withNr antennas. Each TX commu-
nicates with a unique RX at a time. TXs are not allowed or able toexchange users’ packet
(message) information, giving rise to an interference channel over which we seek some
form of beamforming-based coordination. The channel from TX i to RX jHji ∈ CNr×Nt

is given by:

Hji =
√
αjiH̄ji, i, j = 1, . . . , Nc (2.1)

Each element in channel matrix̄Hji is an i.i.d. complex Gaussian random variable with
zero mean and unit variance andαji denotes the slow-varying shadowing and path-loss

SAPHYRE D2.2b



36 2 Bayesian Games for Spectrum Sharing Systems with Partial Information

attenuation.H̄ji is circularly symmetric complex Gaussian and the probability density is

fH̄ji(H) =
1

πNtNr
exp(−Tr

(
HHH

)
). (2.2)

Limited Channel Knowledge

Although there may exist various ranges and definitions of local CSI, we assume a stan-
dard definition of a quasi-distributed CSI scenario where thedevices (TX and RX alike)
are able to gain knowledge of those local channel coefficientsdirectly connectedto them,
as illustrated in Figure 2.1, possibly complemented with some limited non local informa-
tion (to be defined later).

The set of CSI locally available (resp. not available) at TXi denoted byBi (resp.B⊥i ) is
denoted by:

Bi = {Hji}j=1,...,Nc
; B⊥i = {Hkl}k,l=1...Nc

\ Bi (2.3)

Similarly, define the set of channels known (resp. unknown) at RX i denoted byMi (resp.
M⊥i ) as:Mi = {Hij}j=1,...,Nc

; M⊥i = {Hkl}k,l=1...Nc
\ Mi. By construction here, locally

available channel knowledge,Bi, is only known to TXi but not other TXs. We call this
knowledgeBi thetypeof player (TX)i, in the game-theoretic terminology [33].

In the view of TX i, the decision to be made shall be based on its typeBi and itsbeliefs
on other TXs types. Since TXi does not know other TXs types, we assume that TX
i has a probability density over the possible values of other players channel knowledge
Bj. For simplicity, we assume that thesebeliefsare symmetric: the probability density
of the Gaussian channelsavailable at TXi regardingBj is the same as the probability
density of TXj overBi. The asymmetric path loss attenuationsαji are assumed to be
long-term statistics and known to the TXs. And we assume thatthe channel coefficients
in the network are statistically independent from each other. We define here the joint
beliefs (probability density) at TXi:

µi = p(B⊥i ) = fH̄ji(H)Nc(Nc−1) = µ. (2.4)

The TX index i is dropped because the beliefs are symmetric among TXs, given the
asymmetric path loss coefficientsαji. p(.) is a probability measure andfH̄ji(H) is the
probability density of a complex Gaussian channel defined in(2.2). The second equal-
ity relies on the assumptions that the channel coefficients from any TX to any RX are
independent.

Based on itsbelief, TX i designs the transmit beamforming vector,wi ∈ CNt×1. As
in several important contributions dealing with coordination on the interference channel
[31, 34–39], we assume linear beamforming. We call the transmit beamforming vector
wi an action of TXi and denote the set of all possible actions byA at any TX.

A =
{
w ∈ CNt×1 : ‖w‖2 ≤ 1

}
(2.5)
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Tx1 Tx2 Tx3 Tx4 Tx5 TxNc

Rx1 Rx2 Rx3 Rx4 Rx5 RxNc

H11 H12 H13 H14 H15

H1Nc
H2Nc

H3Nc
H4Nc

H5Nc

HNcNc

M1

BNc

Figure 2.1: Limited channel knowledge model: as an illustration, the local CSI available
at TX Nc is shown in dashed lines. The local CSI available at RX 1 is shownin solid
lines.

The received signal at RXi is therefore

yi = vHi Hiiwi +
Nc∑

j 6=i

vHi Hijwj + ni (2.6)

whereni is a Gaussian noise with powerσ2
i . Note that the noise levelsσ2

i depend on
the link index which was not considered in previous work on transmitter coordination.
The RXs are assumed to employ maximum SINR (Max-SINR) beamforming throughout
the section so as to also maximize the link rates [40]. The receive beamformervi is
classically given by:

vi =
CRi

−1Hiiwi

‖CRi−1Hiiwi‖
(2.7)

whereCRi is the covariance matrix of received interference and noise

CRi =
∑

j 6=i

Hijwjw
H
j H

H
ij P + σ2

i I. (2.8)

P is the transmit power. Note that the receive beamformervi is a function of all transmit
beamforming vectorswi. When the transmit beamforming vectorwi is optimized, the
received beamforming vector is modified accordingly.

Importantly, the noise will in practice capture thermal noise effects but also any inter-
ference originating from the rest of the network, i.e. coming from transmitters located
beyond the coordination cluster. Thus, depending on path loss and shadowing effects,
the{σ2

i } may be quite different from each other [41]. Figure 2.2 illustrates a system of
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N = 7; Nc = 4

Tx 1

Tx 2

Tx 3

Tx 4

Figure 2.2: This figure illustrates a system ofN = 7 cells whereNc = 4 form a co-
ordination cluster. Empty squares represent transmitterswhereas filled squares represent
receivers. The noise power (which includes out of cluster interference) undergone in each
cell varies from link to link.

N = 7 cells whereNc = 4 form a coordination cluster. Note that we consider the sum of
uncoordinated source of interference and thermal noise to be spatially white. The non-
colored interference assumption is justified in the scenario where receivers cannot obtain
specific knowledge of the interference covariance and can beinterpreted as a worst case
scenario, since the receivers cannot use their spatial degrees of freedom to further cancel
uncontrolled interference.

Receiver feedback v.s. Reciprocal Channel: In the case of reciprocal channels, e.g. time-
division-duplex systems (TDD), the feedback requirement to obtainBi can be replaced
by a channel estimation step based on uplink pilot sequences. Additionally, it will be
classically assumed that the receivers are able to estimatethe covariance matrix of their
interference signal, based on, say, transmit pilot sequences.

2.1.2 Bayesian Games with Receiver Beamformer Feedback

We assume that TXi has the local channel state informationBi and the added knowledge
of receive beamformers through a feedback channel. Note that in the case of reciprocal
channels, the receive beamformer feedback isnot required.

We can now define the Bayesian game on interference channel.

Definition 2.1. The Bayesian game on interference channel can be described bya 5-tuple:

G =< Nc,A, {Bi} , µ, {ui} > (2.9)
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whereµ denotes thebeliefsof the players and{ui} denotes the utility functions of the
players, which can be either egoistic or altruistic.

Specific definitions ofui will be given in the following sections. The players are assumed
to berational as they maximize their own utility based on theirtypesandbeliefs.

Definition 2.2. A pure-strategy of playeri, si : Bi → Ai is a deterministic choice of
action given informationBi of playeri.

Definition 2.3. A strategy profiles∗ = (s∗i , s
∗
−i) achieves the Bayesian Equilibrium if

s∗i is the best response of playeri given strategy tuples∗−i for all other players and is
characterized by

∀i s∗i = arg max EB⊥i

{
ui(si, s

∗
−i)
}
. (2.10)

Note that, intuitively, the player’s strategy is optimizedby averaging over thebeliefs(the
distribution of all missing state information) while in a standard game, such expectation
is not required.

In the following sections, we derive the equilibria for egoistic and altruistic Bayesian
games respectively.

Egoistic Bayesian Game

Definition 2.4. Denote the set of transmit beamforming vectors of playersj, j 6= i, by
w−i. The egoistic utility function for TXi is defined as its received SINR

ui(wi,w−i) =
|vHi Hiiwi|2P∑Nc

j 6=i |vHi Hijwj|2P + σ2
i

. (2.11)

Based on TXi’s belief, TX imaximizes the utility function in (2.11) wherevi is a known
quantity.

Lemma 2.1.There exist at least one Bayesian Equilibrium in the egoistic Bayesian Game
G (2.9)with utility function defined in(2.11).

Proof. Ai is convex, closed and bounded for all playersi and the egoistic utility function
ui(wi,w−i) is continuous in bothwi andw−i. The utility function is convex inwi for
any setw−i. Thus, at least one Bayesian Equilibrium exists [14,42].

Theorem 2.1. The best-response strategy of playeri in the egoistic Bayesian GameG
(2.9)with utility function(2.11)is to maximize the utility function based on its belief:

w
Ego
i = arg max EB⊥i

{ui(wi,w−i)} . (2.12)

The best-response strategy of playeri is

w
Ego
i = Vmax(Ei) (2.13)
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whereEi denotes theegoistic equilibrium matrixfor TX i, given by

Ei =HHii viv
H
i Hii.

Proof. The knowledge of receive beamformers decorrelates the maximization problem
which can be written as

w
Ego
i = arg max

‖wi‖≤1
EB⊥i

{
1

∑Nc
j 6=i |vHi Hijwj|2P + σ2

i

}

= arg max
‖wi‖≤1

wHi H
H
ii viv

H
i Hiiwi (2.14)

The egoistic-optimal transmit beamformer is therefore thedominant eigenvector ofHHii viv
H
i Hii.

Altruistic Bayesian Game

Definition 2.5. The utility of the altruistic game is defined here so as to minimize the sum
of interference powers caused to other receivers.

ui(wi,w−i) = −
∑

j 6=i

|vHj Hjiwi|2 (2.15)

Note that the receive beamforming vectorsvj is a Max-SINR receiver which depends on
the transmit beamforming vectorswj and cause conflicts between TXs.

Lemma 2.2. There exist at least one Bayesian Equilibrium in the altruistic Bayesian
GameG (2.9)with utility function defined in(2.15).

Proof. Ai is convex, closed and bounded for all playersi and the altruistic utility function
ui(wi,w−i) is continuous in bothwi andw−i. The utility function is concave inwi for
any setw−i. Thus, at least one Bayesian Equilibrium exists [14,42] .

Theorem 2.2. Based on beliefµ, TX i seeks to maximize the utility function defined in
(2.15). The best-response strategy is

wAlti = Vmin

(
∑

j 6=i

Aji

)
(2.16)

whereAji denotes thealtruistic equilibrium matrix for TXi towards RXj, defined by
Aji =HHji vjv

H
j Hji.

Proof. Recall the utility function to be−∑j 6=i |vHj Hjiwi|2 = −∑j 6=iwHi Ajiwi. Since
vj are known from feedback or estimation in reciprocal channels, the optimalwi is the
least dominant eigenvector of the matrix

∑
j 6=iAji.
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2.2 Bayesian Games for Uncoordinated SISO Spectrum Sharing
Systems

A large gain in spectral efficiency is promised to wireless systems if spectrum is shared. A
complete sharing of data and control information (information data and CSI) would lead
to a multiple-access channel in the uplink and to a broadcastchannel in the downlink, but
would imply a high capacity backhaul, scalability issues, high complexity. SAPHYRE
aims at investigating the tradeoff between performance andlevel of data and control in-
formation sharing in a network with complete sharing of the spectrum. In this section, we
investigate the performance of a system intrinsically characterized by (i) a limited level
of cooperation among communication entities which are rather competing for the same
resources and (ii) a decentralized resource management. Weassume here that data in-
formation sharing is not possible and we study the impact of alimited sharing of control
information (e.g. CSI, coordination, etc.).

In literature, many contributions focus on the channels with complete channel state infor-
mation at the transmitters. Alternatively, iterative algorithms are proposed whose conver-
gence to an equilibrium point is based on the feedbacks from the receivers. A well known
and thoroughly studied example of this class of algorithms is the iterative waterfilling al-
gorithm suitable for frequency selective interference channels (see [43] and references
therein). Each receiver feedbacks the transmitter of interest with overall power spectral
density (PSD) of the interference plus noise and the transmitter adapts its transmit PSD
consequently. The convergence speed of these algorithms limits their applicability. Addi-
tionally, the required feedbacks reduce the system spectral efficiency. In [44] slow fading
channels are considered with slow fading and initial partial channel state information.
By using the approach of repeated games, information about the channel and the inter-
actions is acquired. When the constraints of a communicationsystem do not allow for
the convergence of iterative algorithms (e.g. systems whose channels can be considered
constant during the transmission of a codeword with constrained length but still varying
from codeword to codeword or channels with constrained delay capacities) or do not sup-
port the intensive feedbacks required by iterative algorithms, Bayesian games provide a
convenient theoretical framework.

In this section, we consider a quasi-static block fading interference channel with knowl-
edge of the state of the direct links but only statistical knowledge on the interfering links.
With this assumption, reliable communications are not possible and a certain level of out-
age has to be tolerated. We consider the resource allocationfor utility functions based
on the real throughput accounting for the outage events. We propose resource allocation
algorithms based on both Bayesian games and optimization. Inthe context of Bayesian
games, we investigate the two cases of power allocation for predefined transmission rates
and joint power and rate allocation. The first game is a concave game and the mathe-
matical tools by Rosen ’65 are adopted for its analysis. The second group of games is
studied introducing an equivalent game. The characteristics of the game theoretical ap-
proaches are analyzed in terms of existence and multiplicity of the NE. Special attention
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is devoted to the extreme regimes of high noise and interference limited regime. In the
former case, a closed form expression for the NE is provided.In the latter case, criteria
for the convergence of best response algorithms, the existence and uniqueness of the NE
are discussed. The optimization approach is also analyzed in the two above mentioned
regimes and closed form expressions for the resource allocation are provided.

System Model

Let us consider an interference channel with two sourcesS1, S2 and two destinations
D1,D2. The two sources transmit independent information and source Si aims at com-
municating with destinationDi, for i = 1, 2.We assume that the channel is block fading,
i.e. the channel gains of all the links are constant in the timeframe of a codeword but
are independent and identically distributed from codewordto codeword. Note that these
channels are often referred to as quasistatic channels or aschannels with delay-limited
capacity [6]. We denote bygi, i = 1, 2 the channel power gains of the direct linksS1−D1

andS2 −D2 and byh12 andh21 the channel power gains of the interfering linksS1 −D2

andS2 −D1. All the channel gains fade independently such that the channel power gain
statistics are completely determined by the marginal distributions. Each source transmits
only private information that can be decoded only by its targeted destination, or equiva-
lently, each receiver performs single user decoding. Additionally, each source knows the
realizations of both direct linksg1 andg2 but not the realizations of the power gainsh12

andh21 for the interfering links. This corresponds to a typical situation (e.g. in cellular
systems) where the receivers estimate only the channel gains of the direct links and feed
them back to the transmitter but neglect the interfering links. Throughout this work we
make the additional assumption that the power gains of the interfering links are Rayleigh

distributed, i.e. their probability density function is given byγHij(hij) = 1
σ2
ij

e
−
hij

σ2
ij . Fur-

thermore, these statistics are known to both sources. At thereceiver the channel is im-
paired by additive Gaussian noise with varianceN0.

Problem Statement

Because of the partial knowledge of the channel by the sourcesand the assumption of
block fading, reliable communications, i.e. with error probability arbitrarily small, are
not feasible and outage events may happen. If the sourcei transmits at a certain rate,
expressed in nat/sec, with constant transmitted powerPi, an outage event happens if1

Ri > log

(
1 +

Pigi
N0 + Pjhji

)
, i, j = 1, 2 with i 6= j, (2.17)

and the outage probability of sourcei depends on the choice ofRi, Pi andPj.We define
the throughput as the average information that can be correctly received by the destina-

1We adopt the notationlog for natural logarithms and rates are expressed in nat/sec.
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tion. The throughput is given by

Ti(Pi, Ri, Pj) = RiPr

{
Ri ≤ log

(
1 +

Pigi
N0 + Pjhji

)}
(2.18)

wherei, j = 1, 2 with i 6= j, andPr{E} denotes the probability of the eventE.

The two sources need to determine autonomously and in a decentralized manner the
transmitting powerPi and, eventually also the rateRi. A natural criterion is to allocate
such resources in order to maximize the throughput while keeping power consumption
moderate. Then, we define the objective function for sourceSi as

ui((Pi, Ri), (Pj, Rj)) = Ti(Pi, Ri, Pj)− CiPi (2.19)

whereCi is the cost for unit power.

By making use of the assumption on the power gain distributions of the interfering links,
the utility of Si is given by

ui((Ri, Pi), (Rj, Pj))

= RiPr

{
Ri ≤ log

(
1 +

Pigi
N0 + Pjhji

)}
− CiPi

=





Ri

(
1− exp

(
− ti
Pjσ2

ij

))
−CiPi, {Pj > 0, Pi, Ri ≥ 0};

0, {Pj > 0, Pi = Ri = 0};
Ri − CiPi, {Pj = 0, Ri, Pi ≥ 0, Pi ≥ (eRi−1)N0

gi
};

−CiPi, {Pj = 0, Ri, Pi ≥ 0, Pi ≤ (eRi−1)N0

gi
};

=





RiFi(ti)− CiPi, {Pj > 0, Pi, Ri ≥ 0} \ {Pi = Ri = 0};
0, {Pj > 0, Pi = Ri = 0};
Ri − CiPi, {Pj = 0, Ri, Pi ≥ 0, Pi ≥ (eRi−1)N0

gi
};

−CiPi, {Pj = 0, Ri, Pi ≥ 0, Pi ≤ (eRi−1)N0

gi
};

(2.20)

whereti = Pigi
eRi−1

− N0 andFi(ti) = 1 − exp
(
− ti
Pjσ2

ij

)
andCi is the cost of unit power

by useri.

Since the objective function ofSi depends also on the power allocated bySj the problem
falls naturally in the framework of strategic games. Then, the objective of sourceSi is
to determine the transmit powerPi, and eventually the rateRi, that selfishly maximizes
its utility function ui((Pi, Ri), (Pj, Rj)) under the assumption that a similar strategy is
adopted by the other source. In the following Sections 2.2.1and 2.2.2 we investigate
the previous problem for two cases. More specifically, in Section 2.2.1 we consider the
practical case as the rate is fixed2 and each source has to determine the power which

2In practical systems rates are typically allocated at higher layer and defined in a discrete set eventually
singleton.
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maximizes its utility (2.19). In Section 2.2.2 we consider the general case where each
source has to select its strategy defined in terms of the powerand the transmitting rate,
jointly. In Section 2.2.3 we also consider the optimizationapproach in the two asymptotic
regimes of interference limited and noise limited systems.Closed form expressions for
the resource allocation are provided.

2.2.1 Interference Game for Power Allocation

In this section we assume that the ratesR1 andR2 are assigned to the source and define
the power allocation problem as a strategic gameGP defined by the triplet

{
S,P, (ui)i∈S

}
,

whereS = {S1, S2} is the set of players or sources,P represents the set of strategies, and
ui is the utility function of sourceSi. The set of strategies isP = R+×R+,whereR+ is the
set of nonnegative real numbers. Note that in this caseRi andRj need be interpreted as
parameters of the utility function (2.19) rather than as variables. Furthermore, we assume
thatRi 6= 0 for i = 1, 2 otherwise the game becomes trivial. The definition of the game
depends on the costsC1 andC2 via the utilities in (2.19). When convenient for the sake
of comprehension we express this dependency explicitly viathe notationGP(C1, C2).

We shall look for a NE, that is, a strategy(P ∗1 , P
∗
2 ) ∈ P such that for any(P1, P2) ∈ P,

u1((R1, P1), (R2, P
∗
2 )) ≤ u1((R1, P

∗
1 ), (R2, P

∗
2 )),

u2((R2, P2), (R1, P
∗
1 )) ≤ u2((R2, P

∗
2 ), (R1, P

∗
1 )).

The existence of NE for gameGP is established in the following proposition.

Proposition 2.1. A NE of the gameGP exists in any closed interval and it is a fixed point
of the equation

ρ((P ∗1 , P
∗
2 ), (P ∗1 , P

∗
2 );R1, R2) = max

(π1,π2)∈P

ρ((P ∗1 , P
∗
2 ), (π1, π2);R1, R2) (2.21)

being

ρ((P1, P2), (π1, π2);R1, R2) = u1((R1, π1), (R2, P2)) + u2((R2, π2), (R1, P1)). (2.22)

The Nash equilibriums of gameGP need to satisfy the system of equations

∂ui
∂Pi

= − Ri
Pjσ2

ji

F ′(ti)− Ci = 0 i, j ∈ {1, 2}, i 6= j. (2.23)

From (2.23) it is straightforward to expressPi as a function of the strategy of the other
competing playerPj

Pi =
(eRi − 1)

gi

(
N0 − σ2

jiPj log

(
Ci(e

Ri − 1)σ2
jiPj

Rigi

))
(2.24)
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Figure 2.3: Example of a system with three NE

with i, j = 1, 2 andi 6= j. This function provides the best strategy transmitteri can apply
when transmitterj adopts the strategyPi, and it is shortly referred to as best response of
userPi. The plot of these curves on the planeP1 − P2 admit interesting interpretation.
The points where the two curves intersect correspond to Nashequilibriums. Additionally,
it provides information on the convergence of a best response algorithm.

The analysis of the best response algorithm yields to the following proposition character-
izing the set of NE.

Proposition 2.2. The strategic gameGP might have at most three NE in the interval
[0, PN

1 ]× [0, PN

2 ], beingPN

i = N0

gi
(eRi − 1) + Ri

Cie
.

Figure 2.3 shows the best responses of a system with more thana NE and the following
setting:R1 = 0.1, R2 = 0.1, C1 = 10 C2 = 10, g1 = 0.1, g2 = 0.1, σ2

12 = 1, σ2
21 = 1,

andN0 = 0.01.

The characteristics of the NE set are of primary relevance topredict the output of a game.
The uniqueness of a NE is an appealing property for an uncoordinated system. In the
following proposition we provide sufficient conditions forthe uniqueness of the NE

Proposition 2.3. LetPi = Pi(Pj) denotes the best responses of useri to power allocation
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Pj of userj as defined in (2.24). If

Pi

(
N0

gj
(eRj − 1) +

Rj
Cje

)
>

gjRj
eCjσ2

ij(e
Rj − 1)

(2.25)

Pj

(
eRi − 1

gi
N0

)
> 0 i, j = 1, 2 andi 6= j (2.26)

gameGP has a unique NE.

In the rest of this section we modify the gameGP to account for the relevant practical
issue of power constraints. The constrained gameGc

P
is defined byGc

P
= {S,Pc, (Ti)i∈S},

whereS is as for the gameGP, Ti ≡ Ti(PI , Ri, Pj) is the throughput defined in (2.18),
and the strategy setPc = [0, PMAX

1 ]× [0, PMAX
2 ], beingPMAX

1 andPMAX
2 the maximum

transmit powers. GamesGP andGc
P

are closely related as illustrated in the following
proposition.

Proposition 2.4. The NE of the gameGc
P

exist and correspond to the NE(P ∗1 , P
∗
2 ) of

gamesGP(C1, C2) such thatC1(P
MAX
1 − P ∗1 ) = C2(P

MAX
2 − P ∗2 ) = 0 for C1, C2 ≥ 0.

2.2.2 Interference Games for Joint Power and Rate Allocation

In this section we consider a communication system where thetransmitters need to
allocate both power and rate jointly with the aim of maximizing the utility function
(2.19). The problem is defined as a strategic gameG =

{
S,P, {ui}i∈{1,2}

}
, where

S is the set of players (the two transmitters),P is the strategy set defined byP ≡
{((P1, R1), (P2, R2))|P1, P2, R1, R2 ≥ 0} , andui being the utility function defined in
(2.19). Power and rate allocation is obtained as an equilibrium point of the system. When
both transmitters aim at maximizing their utility function, a NE is the allocation strategy
(P ∗1 , R

∗
1, P

∗
2 , R

∗
2) such that

u1 (P ∗1 , R
∗
1, P

∗
2 , R

∗
2) ≥ u1 (P1, R1, P

∗
2 , R

∗
2) for ∀P1, R1 ∈ R+

u2 (P ∗1 , R
∗
1, P

∗
2 , R

∗
2) ≥ u2 (P ∗1 , R

∗
1, P2, R2) for ∀P2, R2 ∈ R+.

It is straightforward to verify that the utility function isnot concave inRi. Then, the
classical results onN -concave games in [45] cannot be applied. The analysis of the
general case results is very complex. A preliminary characterization of NE for gameG is
provided in the following proposition. This proposition provides closed form expressions
for the NE at the boundary of the strategy set jointly with explicit conditions for the points
being NE. Possible NE internal to the strategy set are provided in an implicit form and
they will be further analyzed in additional propositions.

Proposition 2.5. A boundary point of the strategy setP is a NE if and only if

Pi = Ri = 0 (2.27)

Pj =
1

Ci
− N0

gj
Rj = log

(
1 +
gj −N0Cj
N0Cj

)
(2.28)
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and the following conditions are satisfied

gj −N0Cj ≥0 (2.29)

giαj
Ciσ2

ji

exp

(
− giαj
Ciσ2

ji

+
1

N0αj
+ 1

)
≥1, (2.30)

beingαj =
Cjgj
gj−N0Cj

.

An internal point of the strategy setP is a NE if and only if it is solution of the system of
equations

1

Pjσ2
ji

exp

(
− ti
Pjσ2

ji

)
=
Ci(e

Ri − 1)

Rigi
i, j = 1, 2. (2.31)

whereti = Pigi
eRi−1

−N0 andP1 andP2 are given as functions ofR1 andR2 by

[
P1

P2

]
=

[
C1

eR1

eR1−1

C1σ2
21

R1g1
(eR1 − 1)

C2σ2
12

R2g2
(eR2 − 1) C2

eR2

eR2−1

]−1 [
1

1

]
(2.32)

and it satisfies the following inequalities

1 +Ri +
giRi

CiPjσ2
ji(e
Ri − 1)

− 2Rie
Ri

eRi − 1
> 0 (2.33)

R2
i gi

CiPjσ2
ji(e
Ri − 1)

−Ri −
(

1− Rie
Ri

eRi − 1

)2

> 0. (2.34)

In order to get additional insights into the system behaviorand in particular into the
Nash equilibriums internal to the strategy setP, we consider firstly the following extreme
cases before discussing the general case: (1) the noise tends to zero, (interference limited
regime), (2) the noise is much higher than the transmitted power (high noise regime).

Interference Limited Regime

When the noise varianceN0 is negligible compared to the interference power level, the
payoff function is efficiently approximated by (2.20), withti = Pigi

eRi−1
. Note that in the

interference limited regime, the payoff (2.20) of useri is defined for0 ≥ N0 ≪ Pj, i.e.
Pj > 0. In the following proposition equilibriums of gameG are obtained as equilibriums
of an equivalent game in a single decision variablexi for useri.

Proposition 2.6. When the the noise variance tends to zero, the NE of gameG and inter-
nal toP satisfy the system of equations

x1 = κ2f(x2) (2.35)

x2 = κ1f(x1)
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wherexi = gi
CiPjσ2

ji
, κi =

Cigj
Cjσ2

ij
, i, j ∈ 1, 2, i 6= j and

f(x) =

(
1− eR(x) − 1

xR(x)

)−1 (
1− e−R(x)

)−1
(2.36)

for 1 < x <∞. In (2.36),R(x) is the uniquepositivesolution of the equation

1− xR

eR − 1
exp

(
− x

eR
+

eR − 1

ReR

)
= 0 (2.37)

such that

−x+
eR − 1

R
6= 0. (2.38)

Let (x0
1, x

0
2) be solutions of system (2.35). The corresponding NE is givenby

P1 =
g2

C2x0
2σ

2
12

, R1 = R(x0
1),

P2 =
g1

C1x0
1σ

2
21

, R2 = R(x0
2).

Remarks

• The solutionR(x) to the equationeR−1
R

= x is also a solution to (2.37). Such a
solution corresponds to a minimizer of the utility function.

• The solutionR(xj) to (2.37) is the rate which maximizes the utility function corre-
sponding to the transmit power of the other transmitterPi =

gj
Cjxjσ2

ij
. It lies in the

interval
(
0, R(xj)

)
and we refer to it as thebest response in terms of rateof player

j to strategyPi of playeri. Similarly,κjf(xj) is is inverse proportional to thebest
response in terms of powerof userj to the strategyPi of its opponent.

• Interestingly, the solution(x0
1, x

0
2) to system(2.35) depends on the system param-

eters only through the constantsκ1 andκ2.

• The existence and uniqueness of NE for the class of systems considered in Proposition 2.6
reduces to the analysis of the solution of system(2.35) and depends on the system
via x1 andx2.

• The solution to equation(2.37) can be effectively approximated byR(x) ≈ 0.8 log(x).
Then, the functionf(x) is approximated by

f(x) ≈
(

1− e0.8 log(x) − 1

x0.8 log(x)

)−1 (
1− e−0.8 log(x)

)−1
. (2.39)

In Figure 2.5,f(xi) is plotted and compared to its approximationf̃(xi). The ap-
proximationf̃(xi) matches perfectlyf(x) such that can be utilized efficiently for
practical and analytical objectives.
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The following proposition provides sufficient conditions for the existence of a NE.

Proposition 2.7. When the interference is negligible compared to the noise variance, a
NE of the gameG exists if

(κ1 − 1)(κ2 − 1) > 0

with κi defined in Proposition 2.6.

General conditions for the uniqueness of the NE are difficultto determine analytically.
Let us observe that in general a system with noise and interference from the primary
source that tend to zero may have more than one NE. Let us consider the two systems
corresponding to the two pairs of coefficientsκ(1)

1 = κ
(1)
2 = 1.05 andκ(2)

1 = κ
(2)
2 = 2.

The two curvesx2 = κ
(1)
1 f(x1), for i = {1, 2} cross each other inx1 = x2. Additionally,

the curvex2 = κ
(1)
1 f(x1) has two asymptotes inx1 = 1 andx2 = 1. Then, by observing

Figure 2.6 , it becomes apparent that the curves withκ(1)
1 = κ

(1)
2 = 1.05 will cross again

for high x1 andx2 values. In contrast, the curves withκ(1)
1 = κ

(1)
2 = 2 will diverge

from each other, and these crossing points correspond to NE.It is worth noticing that for
x1 ≫ 1, x2 ≈ 1, (and forx2 ≫ 1, x1 ≈ 1 ). Then, from a telecommunication point
of view, it is necessary to question whether the model forN0 ≪ Pjgj is still applicable.
In fact, in such a case,Pi ≪ gi

Ciσ2
ij

, but alsoPi ≫ N0 has to be satisfied because of

the system model assumptions. Typically, the additional NEwith somexi ≈ 1 are not
interesting from a physical point of view since the system model assumptions are not
satisfied.

By numerical simulations, we could observe that games with multiple NE exist for a very
restricted range of system parameters, more specifically for 1 ≤ κi ≤ 1.1.

Proposition 2.6 suggests also an iterative algorithm for computing NE based on the best
response. Choose an arbitrary pointx(0)

1 and compute the corresponding valuex(0)
2 =

κ1f(x
(0)
1 ). From a practical point of view, this is equivalent to choosearbitrarily the

transmitted powerP (0)
2 = g1

σ2
21x

(0)
1 C1

for transmitter 2 and determine the power allocation

for user 1 which maximizes its utility function. The optimumpower allocation for user 1
isP (0)

1 = g2

σ2
12x

(0)
2 C2

. We shortly refer toP (0)
1 as the best response of user 1 to user 2. Then,

by usingx(0)
2 it is possible to computex(1)

1 = κ2f
(
x

(0)
2

)
, the best response of user 2 to

user 1. By iterating on the computation of the best responses of user 1 and user 2 we can
obtain resource allocations closer and closer to the NE and converge to the NE. We refer
to this algorithm as the best response algorithm.

The best response algorithm is very appealing for its simplicity. Nevertheless, its con-
vergence is not guaranteed. This issue is illustrated in Figure 2.6. Let us consider the
interference channel withκ1 = κ2 = 1.05 and the corresponding solid and dashed curves
x2 = κ1f(x1) andx1 = κ2f(x2). The NE exists and is unique but the best response
algorithm diverges from the NE even for choices of the initial point arbitrarily close to
the NE but different from it. Numerical results show that ifκ1 andκ2 are both greater
than 1.1, the best response algorithm always converges to a NE.
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The following analytical result holds.

Proposition 2.8. For sufficiently largeκ1 andκ2, the fixed point iterations

{
x

(k+1)
1 = κ2f(x

(k)
2 ),

x
(k+1)
2 = κ1f(x

(k)
1 ),

(2.40)

converge.
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Figure 2.6: Graphical investigation of convergence of the best response algorithm in the
interference limited regime

In fact, large values ofκ1 andκ2 correspond to a realistic situation for system where the
noise is negligible compared to the transmitted powers of the users.

High Noise Regime

Let us turn to the case when noise is much higher than the useful received power,Pigi ≪
N0. The throughput can be approximated by

T i (Pi, Ri, Pj, P∗) = RiPr
{
Ri ≤ Pigi

N0+Pjhji

}

= RiPr
{
hji ≤ 1

Pj

(
Pi
gi
Ri
−N0

)} (2.41)
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Interestingly, the throughput in (2.41) is nonzero forPk
Rk
> N0

gk
. Since Proposition 2.5

defines completely the NE on the boundary of the strategy set in the general case, in this
section we focus on only internal points ofP. Then, the utility function is given by

vi = Ri


1− exp


−

(
Pi
gi
Ri
−N0

)

Pjσ2
ji




− CiPi (2.42)

for i = 1, 2. Correspondingly, we consider the gameG =

{
S,V,

o

P

}
, where the set of

players coincides with the corresponding set inG while the utility function setV consists

of the functions (2.42) and
o

P is the open interval obtained fromP. The joint rate and
power allocation is given by NE of gameG.

The following proposition states the conditions for the existence and uniqueness of a NE
in the strategy set and provides the equilibrium point.

Proposition 2.9. GameG admits a NE if and only if

gi
Ci
> N0, i = 1, 2.

If the above conditions are satisfied,G has a unique equilibrium
(
(R∗i , P

∗
i ), (R

∗
j , P

∗
j )
)

whereP ∗i andP ∗j are the unique roots of the equations
(

1− ln

(
CjPiσ

2
ij

gj

))
Piσ

2
ij =
gj
Cj
−N0 (2.43)

and (
1− ln

(
CiPjσ

2
ji

gi

))
Pjσ

2
ji =
gi
Ci
−N0 (2.44)

in the intervals
(

0,
gj
Cjσ2

ij

)
and(0, gi

Ciσ2
ji

) respectively. Also,

Ri =
PigiCi

gi − Pjσ2
jiCi

and Rj =
PjgjCj

gj − Piσ2
ijCj
.

Interestingly, the power allocation of useri decouples from the one of userj andPi
depends on its opponent only via the system parameter ratioCj

gj
.

General Case

Let us consider now the general case, when the noise, the powers of interferences and the
transmitted powers are of the same order of magnitude. A NE necessarily satisfies the
system of equations (2.31) and (2.32). Substituting (2.32) in (2.31) yields

1− xiRi
eRi − 1

exp

(
− xi

eRi
+

eRi − 1

RieRi
+ ni

)
= 0 i = 1, 2 (2.45)
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with ni = N0

Pjσ2
ji

. Equations (2.32) and (2.45) provide an equivalent system to be satisfied

by NE. In order to determine a NE we can proceed as in the case ofthe interference
limited regime. Observe that, in this case, (2.45) depends on the system parameters
and the other player strategy not only viaxi but also viani. Then, the general analysis
feasible for any communication system in the interference limited regime is no longer
possible and the existence and multiplicity of NE should be studied independently for
each communication system. In the following, we detail guidelines for this analysis.

From (2.45), it is possible to determine the best response in terms of rate of transmitter
i to policy Pj of transmitterj. Conditions for the existence of such best response are
detailed in the following statement.

Proposition 2.10.Equation (2.45) admits positive roots if and only if

1− xie−xi+1+ni > 0. (2.46)

If (2.46) is satisfied, (2.45) admits a single positive root in the interval(0, log xi), which
corresponds to the best response in terms of rate to policyPj of userj.

From the best responses in terms of rate, it is straightforward to determine the best re-
sponse in terms of powers for the two players.

2.2.3 Optimum Joint Rate and Power Allocation

In this section, we study the joint rate and power allocationwhen both users cooperate to
maximize the utility function in the same strategy setP of gameG.

The objective function is defined as

u (P1, P2, R1, R2) =
2∑

i=1,i6=j

(Ti (Pi, Ri, Pj, Rj)− CiPi) (2.47)

=
2∑

i=1

(RiFi(ti)− CiPi) . (2.48)

We consider again the two extreme regimes when the noise is very high and when it
is negligible compared to the interference power level. In both cases we show that the
optimum resource allocation privileges a single user transmission. The following two
propositions state the results.

Proposition 2.11.Let us assume that the noise is very high compared to the powertrans-
mitted by the transmitter, or equivalently,gi

Ci
> N0 and gi

Ci
≈ N0, i = 1, 2. Then, if

log
gi
CiN0

> log
gj
CjN0

i, j = 1, 2 i 6= j (2.49)

transmitteri transmits at powerPi = 1
gi

(
gi
Ci
−N0

)
and rateRi = log

(
gi
CiN0

)
≈ gi
CiN0

,

and the transmitterj is silent, i.e.Pj = Rj = 0.
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Figure 2.7: Throughput attained by NE versus costsC1 = C2 for different values of the
noise.

Similarly, when the noise is negligible compared to the interference from the other user
the following result holds.

Proposition 2.12. Let us assume that the noise variance is very low while the potential
interference from the source could be substantially higher, i.e, N0 → 0 and σ

2
21

C2
≫ 0

for transmitter 1 andN0 → 0 and σ
2
12

C1
≫ 0 for transmitter 2. There does not exist

an optimum allocation strategy for bothP1, P2 > 0. If (2.49) is satisfied, transmitteri
transmits at power and rate

Pi =
1

gi

(
gi
Ci
−N0

)
≈ 1

Ci
andRi = log

(
gi
CiN0

,

)

respectively, while transmitterj stays silent.

Closed form resource allocation strategies for the general case are not available and nu-
merical constrained optimization is necessary.

2.2.4 Numerical Results

In this section, we assess the performance of the proposed algorithms and compare them.
The resource allocation has a complex dependency on severalsystem parameters, e.g.
noise, channel gains, costs. We have seen from the proposed best response algorithm, in
the reasonable case, the algorithm converges to the NE in theinterval, not on the bound-
ary. This gives us two benefits, firstly, this implies that a centralized communication is
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unnecessary, secondly, for the NE in the interval, both users are transmitting, it guarantees
the fairness of the system. We mainly consider the NE in the interval. We first investigate
the performance of the game based resource allocation on thesystem parameters. We
consider a system with parametersσ2

12 = σ2
21 = 0.1 andg1 = g2 = 1. Figure 2.7 shows

the throughput attained by the game based algorithm for increasing costsCi = Cj. As
expected, in the general case, an increase of the costs implies a decrease of the achievable
throughput. The solid line in Figure 2.7 shows the throughput in the interference limited
regime. In this case the system performance is completely independent of the channel
cost. At first glance, this behavior could appear surprising. However, it is a straightfor-
ward consequence of Proposition 2.6 when we observe that thebest responses depend
on the costs only via the ratioC1/C2. The dependency of the throughput on the costs
becomes more and more relevant when the noise increases. Finally, the dashed dotted
line in Figure 2.7 shows the degradation in terms of throughput, when the presence of
noise is neglected in the resource allocation butN0 = −10dB. Figure 2.8 illustrates the
dependency of the throughput on the channel attenuationg2 of user 2 for the following
set of parameters:σ2

12 = σ2
21 = 0.1, N0 = −10dB, C1 = C2 = 1. For increasing values

of g2, the total throughput increases. In contrast, the throughput of user 1 decreases be-
cause of the increased interference of user 2 on user 1. Note that for game based resource
allocation the users access simultaneously to the channel while the optimum resource
allocation privileges a time sharing policy.

In order to evaluate the SAPHYRE gain achievable by the proposed resource alloca-
tion, in Figure 2.9 we compare the game based resource allocation to the performance
of the conventional system where the frequency band is divided into two sub-bands and
statically assigned to each of the communications. We referto this case as orthogo-
nal frequency band allocation. For low power constraints, the throughput of the game
based resource allocation outperforms the orthogonal frequency band allocation. How-
ever, when the available transmitting power grows large, the orthogonal frequency band
strategy gains larger throughput than the game based resource allocation.

Figures 2.10 and 2.11 compare the game based resource allocation to the optimum one.
They show the throughput and the power, respectively, as function of the costs. For very
low values ofN0 and low costs, the optimum resource allocation outperformssignifi-
cantly the game based approach at the expenses of fairness. In fact, the former assigns
the spectrum to a single user. The performance loss at the NE decreases as the costs
increases.
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3 Cooperative Games in Spectrum Sharing Networks

The issue of sharing resources among competitive operatorsis a fundamental issue in
next generation of communications. Cooperation enables a better exploitation of the
resources and promises higher revenues for network providers. However, cooperation
among competitive entities is complicated by the sensitiveissue of conflicting interests.
Thus, a critical point is to motivate these entities to cooperate. This can be achieved by a
careful distribution of the incremental revenues obtainedby the cooperation. Cooperative
games offer a suitable theoretical framework to address this problem. More specifically,
they offer tools to let the system work in an optimum point while distributing the opti-
mized payoff in such a way that the grand coalition is stable and no operator or group of
operators prefer to withdraw for it.

It is apparent that cooperation is appealing when the globalsystem is characterized by
parameters (e.g. traffic load, channel state, node availability) that evolve in time. Al-
though, to have systems evolving in time is the most common situation, a framework for
cooperative games in dynamics systems, capable to distribute instantaneously the payoff,
was not available. In SAPHYRE, we developed some fundamentalmathematical tools to
deal with dynamics systems and guarantee the stability of the coalition and a fair instanta-
neous redistribution of the payoff over time. With this aim,we model the dynamic of the
system as a Markov Decision Process (MDP) (see e.g. [46]) anddeveloped algorithms for
distributing the payoff and analyzed some complexity issue. Then, the theoretical results
are applied to communication systems.

SAPHYRE work on dynamic cooperative game is presented in five sections. In the first
three sections, we present the theoretical tools while the last two are dedicated to applica-
tions to communication systems. It is worth to note that the results presented here are just
preliminary results and a lot has to be done to address the challenging task of motivating
and guarantying competitive operators to cooperate in a stable manner.

Section 3.1 provides analytical tools to address the quite frequent situation where some
providers share their own resources (e.g. nodes) in a commondynamic network but prefer
to keep control of their own nodes. From a mathematical pointof view, the solution of
the related cooperative game to share fairly costs or revenues boils down to the solution
of zero-sum games with perfect information, i.e. the solution of zero-game over MDPs
where each state of the chain is controlled by a single decision maker. Thus, in Section
3.1 we deal with zero-sum two-player stochastic games with perfect information. We
propose two algorithms to find the uniform optimal strategies and one method to compute
the optimality range of discount factors. We prove the convergence in finite time for
one algorithm. The uniform optimal strategies are also optimal for the long run average
criterion and, in transient games, for the undiscounted criterion as well. Applications
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of these results to cooperative games for communications systems are presented in the
following sections.

In Section 3.2, we aim to extend the previous setting to the case of a system that evolves
dynamically and all decision makers/operators can take decision simultaneously, even-
tually, influencing the evolution of the system itself. A relevant constraint of the theory
developed here is that utilities/costs are transferable. That implies that the operators costs
or revenues are somehow shared in a monetary way. Although, this is a strong constraint
that does not allow to apply the proposed dynamic cooperative game framework to non-
transferable resources, such as power or frequency bands, in Section 3.5 we readapt the
framework proposed in Section 3.2 to a communication systemand apply it to the case
of non-transferable utilities to solve a rate allocation problem. More precisely, in Sec-
tion 3.2, we deal with multi-agent MDPs in which cooperationamong players is allowed.
We find a cooperative payoff distribution procedure (MDP-CPDP) that distributes in the
course of the game the payoff that players would get in the long run static game. We show
under which conditions such a MDP-CPDP fulfills fundamental properties that guarantee
the stability of the game, namely, time consistency property, contents greedy players, and
strengthen the coalition cohesiveness throughout the game.

Dynamic cooperative games consider infinite observation windows and their complexity
is intrinsically quite high. Therefore, it is of primary relevance to investigate suboptimal
algorithms with polynomial complexity providing solutions within a controlled confi-
dence interval of the optimum solution. This is a very challenging task and we attacked it
in Section 3.3 by considering a special kind of games known asweighted voting games.
In a weighted voting Markovian game, several states succeedeach other over time, fol-
lowing a discrete-time Markov chain. In each state, a different weighted voting static
game is played by the same set of players. We investigate the approximation of the
Shapley-Shubik power index in theMarkovian game (SSM). We prove that an exponen-
tial number of queries on coalition values is necessary for any deterministic algorithm
even to approximate SSM with polynomial accuracy. Motivated by this, we propose and
study three randomized approaches to compute a confidence interval for SSM. They rest
upon two different assumptions, static and dynamic, about the process through which the
estimator agent learns the coalition values. Such approaches can also be utilized to com-
pute confidence intervals for the Shapley value in any Markovian game. The proposed
methods require a number of queries which is polynomial in the number of players in
order to achieve a polynomial accuracy.

In Section 3.4 and 3.5 we provide applications of the analytical tools presented in Section
3.1 to 3.3 to systems with shared resources.

In Section 3.4, we study a cooperative game where several providers coexist by sharing
network nodes individually controlled. They offer a connection service to the same ser-
vice point and want to minimize the cost of the service offered to their customers while
maximizing the costs for the customers of their opponents byproperly defining a rout-
ing strategy. The algorithm proposed here to find the optimalrouting strategies for the
network providers is based on algorithms for zero-sum stochastic games presented in
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Section 3.1. Based on this approach, we determine the conditions under which the coali-
tion is stable and no player prefer to withdraw. More specifically, we provide algorithms
to determine the network link costs in such a way that all providers have interest in co-
operating. As by-product, we apply the proposed algorithm to two-player games both in
networks subject to hacker attacks and in epidemic networks.

In Section 3.5, we consider a multiple access channel (MAC) inwhich the channel coeffi-
cients follow a Markov chain on a finite set of states. We assume that any subset of users
that does not intend to cooperate can, in the worst case scenario, jam the active users.
This scenario can be modeled as a cooperative Markovian gamewith non-transferable
utility. A rate allocation is fair, and belongs to the Core of the game, whenever no subsets
of players can attain a better allocation when the remainingusers jam. We derive the
feasibility region of the Markovian MAC, under both the discounted and the average cri-
terion. We compute the set of allocation rates in the Markovian process that are feasible,
efficient, and stable. A method to derive the corresponding single stage allocations is pro-
vided. We analyze some fair allocations, such as max-min fairness, proportional fairness
and Nash bargaining solution. We provide a condition ensuring the consistency of such
fairness criteria between each single stage game and the long run game. We investigate
the situation in which no agreement is reached and we study the relation between the
already mentioned fair allocations criteria and the Nash bargaining solution, when the
number of players increases.

3.1 Uniform Optimal Strategies in Two-player Zero-sum Stochastic
Games

Stochastic games, also called multi-agent MDPs, are multi-stage interactions among sev-
eral participants in an environment whose conditions change stochastically, influenced by
the decisions of the players. A detailed survey on this topiccan be found in the book [46]
by Filar and Vrieze. In this section, we deal with zero-sum stochastic games with two
players and with perfect information. Under the perfect information assumption, the re-
ward and the transition probabilities in each state are controlled at most by one player.
Our results are grounded on the following references. Filarproved in [47] an ordered
field property for the value of switching control stochasticgames; the games with perfect
information are a specific case of them. Raghavan and Syed provided in [48] a policy im-
provement algorithm to determine the optimal strategies for two-player zero-sum perfect
information games under the discounted criterion, for a fixed discount factor. Inspired by
the work of Jeroslow [49], Hordijk, Dekker, and Kallenberg proposed in [50] to find the
optimal discount strategies for MDPs for all discount factors close enough to 1 by utiliz-
ing the simplex method in the ordered field of rational functions with real coefficients.
Filar, Altman, and Avrachenkov presented in [51] some algorithms for the computation
of uniform optimal strategies in the context of perturbed MDPs; in [52], the same authors
proposed an efficient asymptotic simplex method based on Laurent series expansion.
Our contribution is organized as follows. We first introduceour stochastic game model
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in Section 3.1.1. In Section 3.1.2 we prove that, for all discounted factors close enough
to 1, the discounted value belongs to the field of rational functions with real coefficients.
Moreover, we summarize the main results of [50]. In Section 3.1.3 we present some use-
ful results on uniform optimality in perfect information games. Then, we propose two
algorithms which compute a pair of uniform discount optimalstrategies(f∗,g∗), which
are optimal in the long run average criterion as well. The convergence in a finite time
of the first algorithm, based on policy improvement, is proven in Section 3.1.4. A sim-
ple method to find the range of discount factors in which(f∗,g∗) are discount optimal
is shown in Section 3.1.5. We present our second algorithm, which is a best response
algorithm, in Section 3.1.6. In Section 3.1.7 we show by simulations that the second al-
gorithm has a lower complexity than the first one, in terms of number of pivot operations.
In Section 3.1.8 we finally prove that, for transient stochastic games,(f∗,g∗) are optimal
under the undiscounted criterion as well.

Some notation remarks: the ordering relation between vectors of the same lengtha ≥ (≤
)b means that for every componenta(i) andb(i), a(i) ≥ (≤)b(i). The indicator function
is referred to as1I. The symbolδ stands for Kronecker delta. The discount factor and the
interest rate are barred, i.e. (β, ρ), if they represent a fixed real value; the symbols(β, ρ)
represent the related real variables.

3.1.1 The model

In a two-player stochastic gameΓ we have a set of statesS = {s1, s2, . . . , sN}. For each
states, the set of actions available to Playeri is calledA(i)(s) = {a(i)1 (s), . . . , a

(i)
mi(s)

(s)},
i = 1, 2. In zero-sum games, for each triple(s, a1, a2) with a1 ∈ A(1)(s), a2 ∈ A(2)(s)
we assign an immediate rewardr(s, a1, a2) to Player 1,−r(s, a1, a2) to Player 2 and a
transition probability distributionp(.|s, a1, a2) onS.

A stationary strategyu ∈ US for Playeri determines the probabilityu(a|s) that in state
s Playeri chooses the actiona ∈ A(i)(s). We assume that both the number of states and
the overall number of available actions are finite. Letp(s′|s, f ,g) andr(s, f ,g) be the
expectation with respect to the stationary strategies(f ,g) of p(s′|s) and ofr(s), respec-
tively.

Let β ∈ [0; 1) be the discount factor andρ be the interest rate such thatβ(1 + ρ) = 1.
Note that whenβ ↑ 1, thenρ ↓ 0. We defineΦβ(f ,g) as theN -by-1 vector whosei-th
componentΦβ(si, f ,g) equals the expectedβ-discounted reward when the initial state of
the stochastic game issi:

Φβ(f ,g) =
∞∑

t=0

β
t
Pt(f ,g)r(f ,g),

whereP(f ,g) andr(f ,g) are theN-by-N transition probability matrix and theN-by-1
state-wise expected reward vector associated to the pair ofstrategies(f ,g), respectively.
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Definition1. Theβ-discounted value of the gameΓ is such that

Φβ(Γ) = sup
f

inf
g

Φβ(f ,g) = inf
g

sup
f

Φβ(f ,g). (3.1)

An optimal strategyf∗
β

(g∗
β
) for Player 1 (2) assures to him a reward which is at least (at

most)Φβ(Γ).

Let Φ(f ,g) be the long run average reward of the gameΓ associated to the pair of strate-
gies(f ,g):

Φ(f ,g) = lim
T→∞

1

T + 1

T∑

t=0

Pt(f ,g)r(f ,g)

and letΦ(Γ) be the value vector for the long run average criterion of the gameΓ, defined
in an analogous way to expression (3.1). The existence of optimal strategies in discounted
stochastic games is guaranteed by the following Theorem.

Theorem 3.1 ( [46]). Under the hypothesis of discounted reward criterion, stochastic
games possess a value, the optimal strategies(f∗

β
,g∗
β
) exist among stationary strategies

and, moreover,Φβ(Γ) = Φβ(f
∗
β
,g∗
β
).

Definition2. A stationary strategyh is said to be uniform discount optimal (or equiva-
lently uniform optimal) for Playeri= 1, 2 if h is optimal for Playeri for everyβ close
enough to 1 (or, equivalently, for allρ close enough to 0).

In this section, we deal with stochastic games with perfect information.

Definition3. Under the hypothesis ofperfect information, in each state at most one player
has more than one action available.

Let S1 = {s1, . . . , st1} be the set of states controlled by Player 1 andS2 = {st1+1, . . . ,
st1+t2} be the set controlled by Player 2, witht1+t2≤N .

3.1.2 The ordered field of rational functions with real coefficients

Let P (R) be the ring of the polynomials with real coefficients.

Definition4. The dominating coefficient of a polynomialp(x) = a0 + a1x+ · · ·+ anxn
is the coefficientak, wherek = min{i : aiNE0} and we denote it withD(f).

Let F (R) be the non-Archimedean ordered field of fractions of polynomials with coeffi-
cients inR:

f(x) =
c0 + c1x+ · · ·+ cnxn
d0 + d1x+ · · ·+ dmxm

f ∈ F (R),

where the operations of sum and product are defined in the usual way (see [50]). Two ra-
tional functionsh/g, p/q are identical (and we sayh/g =l p/q) if and only ifh(x)q(x) =
p(x)g(x), ∀x ∈ R.

SAPHYRE D2.2b



64 3 Cooperative Games in Spectrum Sharing Networks

Lemma 3.1( [50]). A complete ordering inF (R) is obtained by the rule:p/q >l 0 if and
only if D(p)D(q) > 0, wherep, q ∈ P (R).

In the same way, we also define the operations of maximum (max
l
) and minimum (min

l
)

in F (R).

Lemma 3.2( [50]). The rational functionp/q is positive(p/q >l 0) if and only if there
existsx0 > 0 such thatp(x)/q(x) > 0 for everyx ∈ (0;x0].

Computation of Blackwell optimum policy in MDPs

Let us consider a MDP, which can be seen as a two-player stochastic game in which one
of the two players fixes its own strategy. LetA(s) be the finite action space available in
states ∈ S. Letm(s) = |A(s)|.
Definition5. The strategyf∗ is Blackwell optimal if and only if there exists̄ρ∗> 0 such
thatf∗ is optimal in the(ρ̄+ 1)−1-discounted MDP for all the interest ratesρ̄ ∈ (0; ρ̄∗].

In [50] the authors provide an algorithm to compute the Blackwell optimal policy in
MDPs. It consists in solving the following parametric linear programming model:





max
x
l

∑N
s=1

∑m(s)
a=1 xs,a(ρ)r(s, a)

∑N
s=1

∑m(s)
a=1 [(1 + ρ)δs,s′ − p(s′|s, a)]xs,a(ρ) =l 1, s

′ ∈ S
xs,a(ρ) ≥l 0, s ∈ S, a ∈ A(s)

(3.2)

in the ordered field of rational functions with real coefficients F (R). The Blackwell
optimal strategy is computed asv∗(a|s) := 1I

(
x∗s,a(ρ) >l 0

)
for all s ∈ S, a ∈ A(s),

where{x∗s,a(ρ), ∀ s, a} is the solution of (3.2).

Application to stochastic games

In this section we will introduce the ordered fieldF (R) in stochastic games, not neces-
sarily with perfect information.

Theorem 3.2. Let f ,g be two stationary strategies for Players 1 and 2, respectively. Let
Φρ(f ,g) : R→ RN be the discounted reward associated to(f ,g), expressed as a function
of ρ. Then,Φρ(f ,g) ∈ F (R).

Proof. For any pair of stationary strategies(f ,g), we can write∀ s ∈ [1;N ]:

N∑

s′=1

[(1 + ρ)δs,s′ − p(s′|s, f ,g)]Φρ(s
′, f ,g) = (1 + ρ)r(s, f ,g),

whereρ is a variable. By solving the above system of equations in the unknownΦρ by
Cramer rule, it is evident thatΦρ(f ,g) ∈ F (R).
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From Theorem 3.1 and Theorem 3.2 we obtain the following Lemma, which ensures that,
for discounted factors close enough to 1, the discounted value exists and belongs to the
field of rational functions with real coefficients.

Lemma 3.3. Let Γ be a zero-sum stochastic game possessing uniform discount optimal
strategiesf∗ andg∗ for Players 1 and 2, respectively. Then, there existsΦ∗ρ(Γ) ∈ F (R)
such that:

Φρ(f ,g
∗) ≤l Φρ(f

∗,g∗) =l Φ
∗
ρ(Γ) ≤l Φρ(f

∗,g), ∀ f ,g. (3.3)

Proof. By hypothesis, there existsρ∗>0 such that(f∗,g∗) are discounted optimal for all
the interest ratesρ ∈ (0; ρ∗]. For Theorem 3.2,Φρ(f∗,g∗) ∈ F (R) and, from Theorem 3.1,
the uniform optimum valueΦρ(Γ) = Φρ(f

∗,g∗) ∀ ρ ∈ (0; ρ∗]. Hence, the saddle point
relation in (3.3) holds.

Definition6. Φ∗ρ(Γ), defined as in(3.3), is the uniform discount value of the stochastic
gameΓ.

3.1.3 Uniform optimality in perfect information games

In a perfect information game, a pure stationary strategy for Playeri is a probability
distributionf(.|s) on the action spaceAi(s) such that there existsa ∈ Ai(s) for which
f(a|s) = 1, for everys ∈ S.

Theorem 3.3( [46]). For a stochastic game with perfect information, both playerspos-
sess uniform discount optimal pure stationary strategies,which are optimal for the aver-
age criterion as well.

Definition7. We call two pure stationary strategies adjacent if and only if they differ only
in one state.

The following property holds, whose proof is analogous to the one in the field of real
numbers in [48].

Lemma 3.4. Let g be a strategy for Player 2 andf , f1 be two adjacent strategies for
Player 1. Then, eitherΦρ(f1,g) ≥l Φρ(f ,g) or Φρ(f1,g) ≤l Φρ(f ,g), which means that
the two vectors are partially ordered.

The Lemma 3.4 allows us to give the following definition.

Definition8. Let (f ,g) be a pair of pure stationary strategies for Player 1 and 2, respec-
tively. We callf1 (g1) a uniform adjacent improvement for Player 1(2) in statest if and
only if f1 (g1) is a pure stationary strategy which differs fromf (g) only in statest and
Φρ(f1,g) ≥l Φρ(f ,g) (Φρ(f ,g1) ≤l Φρ(f ,g)), where the strict inequality holds in at
least one component.

As in the case in which the discount interest rate is fixed, we achieve the following result.
Its proof directly stems from the Bellman optimality equations in the ordered fieldF (R).
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Lemma 3.5. Let Γ be a stochastic game with perfect information. A pair of pure sta-
tionary strategies(f∗,g∗) is uniform discount optimal if and only if no uniform adjacent
improvement is possible for both players.

In perfect information games, the following result holds.

Lemma 3.6( [48]). In a zero-sum, perfect information, two-player discounted stochastic
gameΓ with interest rateρ > 0, a pair of pure stationary strategies(f ∗,g∗) is optimal if
and only ifΦρ(f∗,g∗) = Φρ(Γ), the value of the discounted stochastic gameΓ.

From the above result we can easily derive the analogous property in the ordered field
F (R).

Lemma 3.7. In a zero-sum, two-player stochastic gameΓ with perfect information, a
pair of pure stationary strategies(f∗,g∗) are uniform discount optimal if and only if
Φρ(f

∗,g∗) =l Φ
∗
ρ(Γ) ∈ F (R), whereΦ∗ρ(Γ) is the uniform discount value ofΓ.

Proof. The only if statement coincides with the assertion of Theorem 3.1. Conversely,
if a pair of strategies(f ∗,g∗) has the propertyΦρ(f∗,g∗) =l Φ∗ρ(Γ), then there exists
ρ∗> 0 such that∀ ρ ∈ (0; ρ∗], Φρ(f

∗,g∗) coincides with the value of the gameΓ, ∀ ρ ∈
(0; ρ∗]. Then, thanks to Lemma 3.6, we can say that the strategiesf ∗,g∗ are optimal in the
discounted gameΓ for anyρ ∈ (0; ρ∗], which means that they are uniform optimal.

Remark3.1.1. Generally, the discounted value of a stochastic game for allthe interest
rates close enough to 0 belongs to the field of real Puiseux series (see [46]).

Let st be a state controlled by Playeri=1, 2 andX⊂Ai(st). Let us callΓtX the stochastic
game which is equivalent toΓ except in statest, where Playeri has only the actionsX
available. We present the following Lemma, whose proof is analogous to the one in the
real field (see [48]).

Lemma 3.8. Let i = 1, 2 and st ∈ Si, X ⊂ Ai(st), Y ⊂ Ai(st), X ∩ Y = ∅. Then
Φ∗ρ(Γ

t
X∪Y ) ∈ F (R), the uniform value of the gameΓtX∪Y , equals

Φ∗ρ(Γ
t
X∪Y ) =l max

l
{Φ∗ρ(ΓtX),Φ∗ρ(Γ

t
Y )} if i = 1,

Φ∗ρ(Γ
t
X∪Y ) =l min

l
{Φ∗ρ(ΓtX),Φ∗ρ(Γ

t
Y )} if i = 2.

3.1.4 Policy improvement algorithm

In this section we find a policy improvement algorithm which allows to find the uniform
discount optimal strategies for both players in a stochastic game with perfect information.
Such strategies coincide with the optimal strategies for the long run average criterion, for
Theorem 3.3. Following the lines of Raghavan and Syed’s algorithm [48] for a fixed dis-
count factor, we propose an algorithm suitable for the ordered fieldF (R).
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Let Γ be a zero-sum two-player stochastic game with perfect information. LetΓi(f) be
the MDP faced by Playeri when the opponent fixes its own strategyg.

Algorithm3.1.1.

Step 1 Select randomly a stationary deterministic pure strategyg for Player 2.

Step 2 Find the Blackwell optimal strategy for Player 1 in the MDPΓ1(g) by solving
within the fieldF (R) the following linear programming model:





max
x
l

∑N
s=1

∑m1(s)
a=1 xs,a(ρ)r(s, a,g)

∑N
s=1

∑m1(s)
a=1 [(1 + ρ)δs,s′ − p(s′|s, a,g)]xs,a(ρ) =l 1, s

′ ∈ S
xs,a(ρ) ≥l 0, s ∈ S, a ∈ A1(s)

(3.4)

and compute the pure strategyf as

f(a|s) := 1I
(
x∗s,a(ρ) >l 0

)
∀ s ∈ S, a ∈ A1(s), (3.5)

where{x∗s,a(ρ), ∀ s, a} is the solution of (3.4).

Step 3 Find the minimumk such that inst1+k ∈ {st1+1, . . . , st1+t2} there exists an adja-
cent improvementg′ for Player 2, with the help of the simplex tableau associated
to the following linear programming model:





min
x
l

∑N
s=1

∑m2(s)
a=1 xs,a(ρ)r(s, f , a)

∑N
s=1

∑m2(s)
a=1 [(1 + ρ)δs,s′ − p(s′|s, f , a)]xs,a(ρ) =l 1, s

′ ∈ S
xs,a(ρ) ≥l 0, s ∈ S, a ∈ A2(s)

(3.6)

where the entering variables are{xs,a : g(a|s) = 1, ∀ s}.
If no such improvement for Player 2 is possible, then go to step 4, otherwise set
g :=g′ and go to step 2.

Step 4 Set(f∗,g∗) := (f ,g) and stop. The strategies(f ∗,g∗) are uniform discount and
long run average optimal in the stochastic gameΓ for Player 1 and Player 2, re-
spectively.

Note that all the algebraic operations and the order signs are to be intended in the field
F (R).

Remark3.1.2. Unlike the solution in [48], Algorithm 3.1.1 does not require the strategy
search for Player 1 to be lexicographic. In fact, Player 1 faces in step 2 a classic Blackwell
optimization.

Remark3.1.3. Clearly, the roles of Player 1 and 2 are interchangeable in Algorithm 3.1.1.
For simplicity, throughout this section the Player 1 will beassigned to step 2.

Remark3.1.4. In step 3 of Algorithm 3.1.1, once the statest1+k is found, the adjacent
improvement involves the pivoting of any of the non-basic variable xst1+k,a to which
corresponds a nonpositive (in the fieldF (R)) reduced cost.
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Let us prove the convergence in finite time of Algorithm 3.1.1.

Theorem 3.4.Algorithm 3.1.1 stops in a finite time and the pair of strategies(f∗,g∗) are
both uniform discount and long run average optimal in the stochastic gameΓ.

Proof. The proof follows the lines of the analogous one in the real field (see [48]). It
proceeds by induction on the overall number of actions and itexploits Lemma 3.5 and
Lemma 3.8. The main difference from [48], that does not affect the correctness of the
proof, is that Player 1 is not constrained in optimizing lexicographically the MDPΓ1(g).
For Theorem 3.3,(f∗,g∗) are long run average optimal as well.

Sensitivity to round-off errors

The first non-zero coefficients of the polynomials (numerator and denominator) of the
tableaux obtained throughout the algorithm unfolding determine the positiveness of the
elements of the tableaux themselves. Hence, Algorithm 3.1.1 is highly sensitive to the
round-off errors that affect the null coefficients.

If the rewards and the transition probabilities for each pair of strategies are rational, then
it is possible to work in the exact arithmetic and such inconveniences are completely
avoided. In fact, if all the input data are rational, they will stay rational after the algorithm
execution.

3.1.5 Computation of the optimality range factor

Let us report the analogous result to Lemma 3.5 when the discount factor is fixed.

Lemma 3.9( [48]). Let Γ be a stochastic game with perfect information. Letβ ∈ [0; 1).
The pure stationary strategies(f∗,g∗) are β-discount optimal if and only if no uniform
adjacent improvements are possible for both players in theβ-discounted stochastic game
Γ.

Let us define withζ(fρ), wherefρ ∈ F (R), the set of positive roots offρ such that
dfρ/dρ|ρ=u < 0, ∀u∈ ζ(fρ). The following Lemma suggests how to compute the opti-
mality range of discount factors.

Lemma 3.10.LetC be the set of the reduced costs associated to the two optimal tableaux
obtained at the step 2 and 3 of the last iteration of Algorithm3.1.1. Letρ∗ = minc ζ(c),
wherec ∈ C. If ρ∗ does not exist, then the uniform optimal strategies(f∗,g∗) are optimal
for all β ∈ [0; 1). Otherwise,β

∗
=(1 + ρ∗)−1 is the smallest value such that(f∗,g∗) are

β-discount optimal in the gameΓ, for all β∈ [β
∗
; 1).

Proof. If ρ∗ does not exist, then the reduced costs are non-negative for any ρ > 0. Hence,
(f∗,g∗) are optimal∀ β ∈ [0; 1). Otherwise,∀ ρ∈ (0; ρ∗], the reduced costs are positive,

D2.2b SAPHYRE



3.1 Uniform Optimal Strategies in Two-player Zero-sum Stochastic Games 69

hence no adjacent improvements are possible for both players. So, for Lemma 3.9 they are
discounted optimal. Ifρ > ρ∗ andρ∗ ∈ R, then at least one reduced cost is negative, hence
at least an adjacent improvement is possible and(f ∗,g∗) are notβ-discount optimal,
whereβ=(1 + ρ)−1.

3.1.6 Best response algorithm

Let Γ be a zero-sum two-player stochastic game with perfect information. Consider the
following best-response algorithm.

Algorithm3.1.2.

Step 1 Select a stationary pure strategyg0 for Player 2. Setk :=0.

Step 2 Find the Blackwell optimal strategyfk for Player 1 in the MDPΓ1(gk).

Step 3 If gk is Blackwell optimal inΓ2(fk), then set(f∗,g∗) :=(fk,gk) and stop. Other-
wise, find the Blackwell optimal strategygk+1 for Player 2 in the MDPΓ2(fk), set
k :=k + 1 and go to step 2.

Obviously, if Algorithm 3.1.2 stops,(f ∗,g∗) is a pair of uniform discount and long run
average optimal strategies, since they are both Blackwell optimal in the respective MDPs,
Γ1(g

∗) andΓ2(f
∗).

The proof that Algorithm 3.1.2 never cycles is still an open problem. We found that
Φρ(fk+1,gk+1) ≤l Φρ(fk,gk), is not true in general. However, if the conjecture in [48]
were valid, then we could conclude that Algorithm 3.1.2 terminates in a finite time.

3.1.7 Complexity: simulation results

In Algorithm 3.1.1, Player 1 faces at each iteration an MDP optimization problem in the
field of rational functions with real coefficients, which is solvable in polynomial time.
Player 2, instead, is involved in a lexicographic search throughout the algorithm un-
folding, whose complexity is at worst exponential in the number of statesN . Player
2 lexicographically expands its search of its optimal strategy, and at thek-th iteration the
two players find the solution of a subgameΓ(k) which monotonically tends to the entire
stochastic gameΓ.
The efficiency of Algorithm 3.1.1 is mostly due to the fact that most of the actions totally
dominate other actions. In other words, it often occurs thatan optimal action found in the
subgameΓ(k), is optimum also inΓ, and consequently remains the same during all the
remaining iterations. This exponentially reduces the policy space in which the algorithm
needs to search.

Remark3.1.5. Since in Algorithm 3.1.1 players’ roles are interchangebleand since most
of the actions dominate totally other actions, we suggest toassign the step 2 of the algo-
rithm to the player whose total number of available actions is bigger.
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Differently from [48], the search for Player 1 does not need to be lexicographic, and
Player 1 is left totally free to optimize the MDP that it facesat each iteration of the algo-
rithm in the most efficient way.

Let us compare in terms of number of pivotings the following three algorithms:

M1: Algorithm 3.1.1, in which in step 2 Player 1 pivots with respect to the variable with
the minimum reduced cost until it finds its own Blackwell optimal strategy.

M2: Algorithm 3.1.1, in which in step 2 Player 1 pursues a lexicographic search, piv-
oting iteratively with respect to thefirst non-basic variable with a negative (in the
field F (R)) reduced cost. This method is analogous to the one shown in [48], but
in the fieldF (R).

M3: Algorithm 3.1.2.

The results are shown in Tables 1 and 2. The simulations were carried out on104 ran-
domly generated stochastic games with 4 states, 2 for Player1 and 2 for Player 2. In each
state 5 actions are available for the controlling player.

n. pivotings
M1 40.59
M2 41.87
M3 24.93

Table 3.1: Average number of pivotings
for the 3 methods.

< (%) M1 M2 M3

M1 - 52.85 18.57
M2 42.18 - 15.26
M3 80.05 82.75 -

Table 3.2: Mi (row) < Mj (column)
when, fixing the game, the number of
pivotings inMi is strictly smaller than
the number of pivoting inMj.

It is evident that AlgorithmM3 is much faster than the other two. In our numerical
experiment,M3 never cycled. The difference betweenM1 andM2 is due to the more
efficient simplex method used by Player 1 inM1.

3.1.8 Transient games

Let pt(s′|s) be the probability that the process is in states′ at timet given thats is the
initial state. Let us give the definition of transient games.

Definition 9. A stochastic game is transient if and only if
∑∞
t=0

∑
s′∈S pt(s

′|s, f ,g) is
finite for all s ∈ S and for any pair of stationary strategies(f ,g).

Here we present the result of this section.

Theorem 3.5. The uniform optimal strategies(f∗,g∗) for a transient stochastic game
with perfect information are optimal in the undiscounted criterion, i.e.β=1, as well.
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Proof. The uniform optimal strategies are still optimal whenρ ↓ 0, since the reduced
costs of the tableaux built at the end of Algorithm 3.1.1 are non-negative whenρ ↓ 0. We
know from [46] that, for transient stochastic games, the reward associated to each pair of
stationary strategies(f ,g) is finite. By invoking Abel’s Theorem on power series [53],
we claim that the reward associated to any stationary(f ,g) tends to the undiscounted
reward whenρ ↓ 0. Hence, the saddle-point relation (3.3) is still valid whenρ= 0 and
(f∗,g∗) are optimal in the undiscounted criterion as well.

3.2 Cooperative Markov Decision Processes

Repeated cooperative games constitute one of the most recentand interesting topics in
game theory. They attempt to model real situations in which thesamegame is repeated
over time and players can cooperate and form coalitions throughout the duration of the
game. The papers by Oviedo (2000) and by Kranich, Perea, and Peters (2001) are the
two independent pioneering works in this field.

While the theory of competitive MDPs, otherwise called non-cooperative stochastic games,
has been thoroughly studied (Filar and Vrieze 1996 for an extensive survey), to the best
of the authors’ knowledge, there is very little work in the literature on cooperative MDPs.
Unlike classic repeated games, there are severaldifferent stage games that follow one
another according to a discrete-time Markov chain, whose transition probabilities depend
on the players’ actions in each stage game. Players can decide whether to join the grand
coalition or, throughout the game, forming coalitions. Thepayoff gained by a coalition
is, under the transferable utility (TU) assumption, sharedamong its participants. Once
a group of players has withdrawn from the grand coalition, itcannot rejoin it later on.
Petrosjan (2002), in his pioneering work, proposed a cooperative payoff distribution pro-
cedure (CPDP) in cooperative games on finite trees.

In this section we deal with discount cooperative MDPs, in which the payoffs at each
stage are multiplied by a discount factor and summed up over time. Our game model
is in fact more general than the one by Petrosjan (2002), since we allow for cycles on
the state space and we do not impose the finiteness of the game horizon. We also point
out that our model is different from the one proposed by Predtetchinski (2007), since
we assume that the utility of the coalitions is transferableand the probability transitions
among the single stage games does depend on the players’ actions in each stage.

In static cooperative game theory (e.g. Peleg and Sudhölter2007), in which only one
stage game is played, the main challenge is to find a payoff sharing procedure among all
players such that it is both optimum for the whole community of players and it does not
prompt any subset of players to withdraw from the grand coalition. On the contrary, in
our framework of cooperative MDPs, since the horizon of the game is not even finite, then
it is legitimate to suppose that all players demand to be rewarded at each stage, and not
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at the end of the whole game. Therefore, the situation is moretricky than in the classic
static setting, because we need to find a stage-wise payoff distribution such that all the
players are content with it ateachstage of the game.

This section is organized as follows. Subsection 3.2.1 is a short survey on non-cooperative
and cooperative multi-agent MDPs. Following the lines of Petrosjan’s work, in Subsec-
tion 3.2.2 we propose a stationary stage-wise CPDP for cooperative discounted MDPs
(MDP-CPDP). In Subsection 3.2.3 we prove that our MDP-CPDP satisfies what we call
the “terminal fairness property”, i.e. the expected discounted sum of payoff allocations
belongs to a cooperative solution (i.e. Shapley Value, Core,etc.) of the whole discounted
game. In Subsection 3.2.4 we show that our MDP-CPDP fulfills the time consistency
property, which is a crucial one in repeated games theory (e.g. Filar and Petrosjan 2000):
it suggests that a CPDP should respect the terminal fairness property in a subgame start-
ing from any time step. In Subsection 3.2.5 we show that, under some conditions, for all
discount factors small enough, also the greedy players having a myopic perspective of
the game are satisfied with our MDP-CPDP. Subsection 3.2.6 deals with a special case of
our model, entailing that the transition probabilities among the states do not depend on
the players’ strategies. In Subsection 3.2.7 we deal perhaps with the most meaningful at-
tribute for a CPDP, which is then-tuple step cooperation maintenance property. It claims
that, at each stage of the game, the long run reward that each group of players expects
to get by withdrawing from the grand coalition aftern step should be less than what it
would get by sticking to the grand coalition forever. In somesense, if such a condition is
fulfilled for all integersn’s, then no players are enticed to withdraw from the grand coali-
tion. We find that the single step cooperation maintenance property, earliest introduced
in a deterministic setting by Mazalov and Rettieva (2010), isthe strongest one among all
n’s. Furthermore, we give a necessary and sufficient condition, inspired by the celebrated
Bondareva-Shapley Theorem (Bondareva 1963; Shapley 1967), for our MDP-CPDP to
satisfy then-tuple step cooperation maintenance property, for all integersn.

Some notation remarks. The ordering relations<,>, if referred to vectors, are component-
wise, as well as themax andmin operators. The entry that lies in thei-th row and in the
j-th column of matrixA is written asAi,j. An equivalent notation for then-by-mmatrix
A is [Ai,j]

n,m
i=1,j=1. Thei-th element of column vectora is denoted byai. The expression

val(A) stands for the value (e.g. Filar and Vrieze 1996) of the matrix A. Let {Ci}i be a
collection of sets; we define the set

∑
iCi as{∑i ci : ci ∈ Ci, ∀ i}.

3.2.1 Discounted Cooperative Markov Decision Processes

In a multi-agent MDPΓ with P >1 players there is a finite set of statesS={s1, s2, . . . , sN},
and for each states the set of actions available to thei-th player is denoted byAi(s), i =
1, . . . , P , and|Ai(s)| = mi(s). To each(P+1)-tuple(s, a1, . . . , aP ), with ai ∈ Ai(s), an
immediate rewardri(s, a1, . . . , aP ) for playeri = 1, . . . , P and a transition probability
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distributionp(.|s, a1, . . . , aP ) on the state spaceS are assigned.

Let C = {1, . . . , P} be the grand coalition. We assume that any subset of playersΛ ⊆ C

can withdraw from the grand coalition and form a coalition atany time stage of the game,
and all the players are compelled to play throughout the whole duration of the game.
Moreover, once a coalition is formed, it can no longer rejointhe grand coalition in the
future.

Let AΛ(s) =
∏
i∈ΛAi(s) be the set of actions available to coalitionΛ in states, for all

s ∈ S. A stationary strategyfΛ for the coalitionΛ determines the probabilityfΛ(a|s) that
in states the coalitionΛ chooses the actiona ∈ AΛ(s). We define withFΛ the set of
stationary strategies for coalitionΛ ⊆ C. If for every s ∈ S there existsa(s) such that
fΛ(a(s)|s) = 1, then the stationary strategyfΛ is called pure (or deterministic).
Let us define the transition probability distribution on thestate spaceS, given the inde-
pendent strategiesfΛ ∈ FΛ, fC\Λ ∈ FC\Λ, as

p(s′|s, fΛ, fC\Λ) =
∑

aΛ∈AΛ(s)

∑

aC\Λ∈AC\Λ(s)

p(s′|s, aΛ, aC\Λ) fΛ(aΛ|s) fC\Λ(aC\Λ|s),

for all s, s′ ∈ S. Analogously, letri(s, fΛ, fC\Λ) be the expected instantaneous reward for
playeri in states.

Let β ∈ [0; 1) be the discount factor and let

rΛ(s, fΛ, fC\Λ) =
∑

i∈Λ

ri(s, fΛ, fC\Λ)

be the instantaneous reward gained by the coalitionΛ in states. We defineΦ(β)
Λ (fΛ, fC\Λ)

as theN -by-1 vector whosek-th component equals the expectedβ-discounted long run
reward for coalitionΛ ⊆ C, when the initial state of the game issk, i.e.

Φ
(β)
Λ (fΛ, fC\Λ) =

∞∑

t=0

βtPt(fΛ, fC\Λ) rΛ(fΛ, fC\Λ), (3.7)

whereP(fΛ, fC\Λ) is theN-by-N transition probability matrix andrΛ(fΛ, fC\Λ) is aN-by-1
vector, whosek-th component isrΛ(sk, fΛ, fC\Λ).

Let Γs be the gameΓ starting in states ∈ S. For anyβ ∈ [0; 1) and for every states, we
assign to each coalitionΛ a real utilityv(β)(Λ,Γs). Under the TU condition, the coalition
values can be shared in any manner among the members of the coalition. Hence, the set
of feasible allocations for coalitionΛ ⊆ C in the gameΓs is V(β)(Λ,Γs), where

V(β)(Λ,Γs) =

{
x ∈ RP :

∑

i∈Λ

xi ≤ v(β)(Λ,Γs)

}
.

It is widely accepted to assign to the empty coalition the null utility, i.e.

v(β)({∅},Γs) = 0.
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We consider the value associated to the grand coalitionv(β)(C,Γs) to be the biggest
achievable discounted sum of reward in the gameΓs:

v(β)(C,Γs) = Φ
(β)
Λ (s, f

(β)∗
C

)

f
(β)∗
C

= argmax
fC∈FC

Φ
(β)
C

(fC), ∀ β ∈ [0; 1) (3.8)

wheref
(β)∗
C

the global optimum strategy for the grand coalition, for allΓs, s ∈ S. In most
applications it makes sense to define the coalition valuev(β)(Λ,Γs) as the maximum total
reward that coalitionΛ can ensure for itself in theβ-discounted long run gameΓs (von
Neumann and Morgenstern 1944), i.e.

v(β)(Λ,Γs) = max
fΛ∈FΛ

min
fC\Λ∈FC\Λ

Φ
(β)
Λ (s, fΛ, fC\Λ)

= min
fC\Λ∈FC\Λ

max
fΛ∈FΛ

Φ
(β)
Λ (s, fΛ, fC\Λ), ∀Λ ⊆ C/{∅}. (3.9)

Throughout this section, if not specified, we always consider nonempty coalitions. We
now provide some useful definitions and results.

Definition10 (Linear combination of games). Let V(∆i,Λ) be the set of feasible alloca-
tions for the coalitionΛ ⊆ C in the game∆i, for i = 1, . . . , N . The linear combina-
tion

∑
i bi∆i is a game in which the set of feasible allocations for the coalition Λ is the

Minkowski sumV(
∑
i bi∆i,Λ) ≡∑i biV(∆i,Λ).

Proposition 3.1. Let ∆1, . . . ,∆N beN games with transferable utilities. Letv(Λ,∆i) be
the value of coalitionΛ ⊆ C in the game∆i. Let b1, . . . , bN be non negative coefficients.
Then,

∑
i bi∆i is a TU game such that the value of the coalitionΛ ⊆ C is

v

(
Λ,

N∑

i=1

bi∆i

)
=
∑

i

biv(Λ,∆i).

Proof. Let

Ṽ(Λ) =



x ∈ RP :

∑

i:{i}∈Λ

xi ≤
∑

i

biv(Λ,∆i)



 .

We have to prove that, for allΛ ⊆ C, V(
∑
i bi∆i,Λ) ≡ ∑i biV(∆i,Λ) = Ṽ(Λ). Let

the realP -tuplec(i) ∈ V(∆i,Λ), for all i. It is straightforward to see that
∑
i bic(i) ∈

Ṽ(Λ). Then,
∑
i biV(∆i,Λ) ⊆ Ṽ(Λ). Let us fix the realP -tuple c̃ ∈ Ṽ(Λ). We define

I = {i : bi > 0}. We need to find{c′(i) ∈ V(∆i,Λ)}i∈I such that
∑
i∈I bic

′(i) = c̃.
Let c′j(i) = c̃j/(|I|bi) for all j such that{j} /∈ Λ. To determine the remaining|I||Λ|
elements{c′j(i), ∀ i ∈ I, j : {j} ∈ Λ}, we introduce the following set of inequalities:

{∑
i∈I bic

′
j(i) = c̃j ∀ j : {j} ∈ Λ∑

j:{j}∈Λ c′j(i) ≤ v(Λ,∆i) ∀ i ∈ I (3.10)
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Let us prove that (3.10) admits a solution. Letǫi ≥ 0, for all i ∈ I, be such that
∑

i∈I

ǫi =
∑

i∈I

biv(Λ,∆i)−
∑

j:{j}∈Λ

c̃j ≥ 0 (3.11)

We write the following linear system
{∑

i∈I bic
′
j(i) = c̃j ∀ j : {j} ∈ Λ

bi
∑
j:{j}∈Λ c′j(i) = biv(Λ,∆i)− ǫi ∀ i ∈ I (3.12)

Evidently, any solution to (3.12) is also a solution to (3.10). Thanks to (3.11), the sum
of the first |Λ| equations of (3.12) equals the sum of the remaining|I| equations. By
discarding the last equation of (3.12) we get a linear systemwith |Λ| + |I| − 1 linearly
independent equations in|Λ||I| > |Λ| + |I| − 1 unknowns. Hence, a solution to (3.12)
exists and

∑
i biV(∆i,Λ) ⊇ Ṽ (Λ). Then,

∑
i biV(∆i,Λ) = Ṽ(Λ) and the thesis is proved.

Definition11 (Terminal cooperative solution). Setβ ∈ [0; 1). The terminal cooperative
solutionT(β)(Γs) is a set-valued function which represents a static cooperative solution
(e.g. Shapley value, Core, etc.) of the whole game starting instates, i.e.

T(β)(Γs) ≡ T(β)
(
Γs, {v(β)(Λ,Γs)}Λ⊆C

)
: R2P−1 → R

P , ∀ s ∈ S.

Analogously, we defineT(β)(
∑
i biΓsi) as the terminal cooperative solution of the coop-

erative game with coalition values{v(β)(Λ,
∑
i biΓsi)}Λ⊆C.

The terminal cooperative solutionT(β) can represent any of the classical cooperative
solutions. For example,T ≡ Co represents the Core of theβ-discounted gameΓs, that
is the set, possibly empty, of the realP -tuplesx satisfying

{∑
i∈C

xi = v(β)(C,Γs)∑
i∈Λ xi ≥ v(β)(Λ,Γs), ∀Λ ⊂ C.

(3.13)

The strict CoresCo(β)(Γs) is defined in (3.13), but with the strict inequality signs.
The terminal cooperative solutionT ≡ Sh(β)(Γs) stands for the Shapley value of the
β-discounted gameΓs, i.e. for all i = 1, . . . , P ,

Sh
(β)
i (Γs) =

∑

Λ⊆C/{i}

|Λ|! (P−|Λ|−1)!

P !

[
v(β)(Λ ∪ {i},Γs)− v(β)(Λ,Γs)

]
.

We now state the following results, used in the following sections.

Proposition 3.2. Let ∆1, . . . ,∆N be games with transferable utilities with non empty
CoresCo(∆1), . . . ,Co(∆N), respectively. Letb1, . . . , bN be non negative coefficients.
Then,

∑N
i=1 biCo(∆i) ⊆ Co(

∑N
i=1 bi∆i).
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Proof. Let x1(i), . . . ,xP (i) be an allocation belonging to the CoreCo(∆i). Thanks to
the linearity property of coalition values shown in Proposition 3.1, we can write

N∑

i=1

∑

k∈C

bixk(i) =
N∑

i=1

biv(C,∆i) = v

(
C,
N∑

i=1

bi∆i

)

N∑

i=1

∑

k∈Λ

bixk(i) ≥
N∑

i=1

biv(Λ,∆i) = v

(
Λ,

N∑

i=1

bi∆i

)
, ∀Λ ⊂ C.

Then, any point belonging to
∑N
i=1 biCo(∆i) is also inCo(

∑N
i=1 bi∆i). Hence, the thesis

is proved.

Proposition 3.3. For allβ ∈ [0; 1),
∑N
i=1 biSh(β)(Γsi) = Sh(β)(

∑N
i=1 biΓsi), wherebi ≥

0, ∀ i.

Proof. The proof follows straightforward from Proposition 3.1 andfrom the linearity
property of the Shapley value.

3.2.2 Cooperative Payoff Distribution Procedure

In cooperative MDPs, different stage games follow one another in time; the game may
have an infinite length, or the players may not know when the game reaches the end. This
is the case oftransientgames, for which

∞∑

t=0

∑

s′∈S

pt(s
′|s, fC) <∞, ∀ s ∈ S, fC ∈ FC. (3.14)

wherept(s′|s) = p(St = s′|S0 = s) is the probability of being in states′ at thet-th step,
knowing that the starting state wass. Therefore, it is reasonable to assume that all the
players demand to be rewarded at each stage of the game, and not only at its conclusion.
With respect to static cooperative game theory, an additional complication lies in satis-
fying all the players at each time stage of the game, since coalitions are allowed to form
throughout the game unfolding.
According to classic cooperative game theory, playeri gets the terminal cooperative so-
lution T

(β)
i (Γs) at the end of theβ-discounted gameΓs. Thegoalhere is to find a way to

stage-wisely share among the participants the value of the grand coalition.

Remark 3.1. All the results presented in the current section, as well as the ones in Sec-
tions 3.2.3, 3.2.4, 3.2.7, can be easily extended to undiscounted transient MDPs, i.e.
games for which equation (3.14) holds andβ = 1. Note in fact that, mathematically,
introducing a discount factorβ ∈ [0; 1) is equivalent to multiplying each transition prob-
ability by β, which automatically ensures the transient condition (3.14).
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In his pioneering work, Petrosjan (2002) introduced a cooperative payoff distribution pro-
cedure (CPDP) for games on finite trees. Following his lines, in this section we propose a
CPDP for cooperative MDPs withβ-discounted criterion, withβ ∈ [0; 1) fixeda priori.

Definition 12 (CPDP). The cooperative payoff distribution procedure (CPDP)g(β) =

[g
(β)
1 , . . . ,g

(β)
P ] is a recursive function that, for each time stept ≥ 0, associates a real

P -tupleg(β)(ht) to the past historyht = [S0,g
(β)(h0), S1, . . . , g(β)(ht−1), St] of states

succession and stage-wise allocations up to timet.

The following are two alternative interpretations forg
(β)
i :

i) βtg(β)
i (ht) is the payoff that playeri ∈ C gets at the staget of the game, whenht

is the history of the process;

ii ) g
(β)
i (ht) is the payoff that playeri gets at timet when the new transition probabili-

tiesp′ are reduced by a factorβ, i.e. p′(s′|s, f (β)∗
C

) = βp(s′|s, f (β)∗
C

). Hence,1− β
is the stopping probability in each state.

Let us now define stationary CPDPs.

Definition 13 (Stationarity). Setβ ∈ [0; 1). A CPDPg(β) is stationary iffg(β)(ht) =
g(β)(St=s) = g(β)(s), for all t ≥ 0 andht.

Hence, a stationary CPDPg(β) : S → RP is a stage-wise payoff distribution law that does
not depend on the whole history of the process up to timet, but only on the state at timet.

We finally propose a CPDP for cooperative MDPs (MDP-CPDP).

Definition14 (MDP-CPDP). Setβ ∈ [0; 1). Select the realP -tupleT
(β)

(Γs) ∈ T(β)(Γs),
∀ s ∈ S. Our MDPs cooperative payoff distribution procedure (MDP-CPDP) is the func-
tion γ(β)(s) between the Euclidean spacesR→ RN defined by

γ(β)(s) =
∑

s′∈S

[
δs,s′ − β p(s′|s, f (β)∗

C
)
]

T
(β)

(Γs′), ∀ s ∈ S. (3.15)

In the following sections we will illustrate some appealingproperties of such a CPDP.

3.2.3 Terminal Fairness

In this section, we let the terminal cooperative solutionT be any of the classic cooperative
solution (Core, Shapley value, Nucleolus, etc.). We now propose two desirable properties
for a CPDP and we prove that the MDP-CPDP defined in (3.15) fulfills both of them.
The first fundamental feasibility property of a stationary CPDP consists in sharing among
the players the total payoff attained by the grand coalitionat each stage of the game. In
order to ensure always such a property, we also require that the instantaneous rewards are
deterministic.
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Property 3.2.1 (Stage-wise efficiency). Setβ ∈ [0; 1). The CPDPg(β) is stage-wise
efficient iff

∑
i∈C

g
(β)
i (s) =

∑
i∈C
ri(s, f

(β)∗
C

) for all s ∈ S, wheref
(β)∗
C

is a pure stationary
strategy.

Theorem 3.6. The MDP-CPDPγ(β), defined in (3.15), fulfills the stage-wise efficiency
Property 3.2.1, for allβ ∈ [0; 1).

Proof. The global optimum strategyf (β)∗
C

is pure, since the optimization problem (3.8)
that it solves can be formulated as a MDP (Puterman 1994). Hence,ri(s, f

(β)∗
C

) is deter-
ministic as a function ofs, for all i ∈ C.
Let us sum (3.15) over all possiblei ∈ C, for all s ∈ S:

v(β)(C,Γs) =
∑

i∈C

γ
(β)
i (s) + β

∑

s′∈S

p(s′|s, f (β)∗
C

)v(β)(C,Γs′).

Since the following is also valid for alls ∈ S from the definition ofv(β):

v(β)(C,Γs) =
∑

i∈C

ri(s, f
(β)∗
C

) + β
∑

s′∈S

p(s′|s, f (β)∗
C

)vβ(C,Γs′),

then,
∑
i∈C
γ

(β)
i (s) =

∑
i∈C

ri(s, f
(β)∗
C

), surely.

In order to guarantee a continuity between static cooperative game theory and dynamic
payoff allocation, we require the expected discounted sum of the stage-wise allocations
to be equal to the terminal cooperative solution of the game.

Property3.2.2 (Terminal fairness). Setβ ∈ [0; 1). The CPDPg(β) is said to be terminal
fair iff the terminal cooperative solution is stage-wiselydistributed in the course of the

game, i.e.E
[∑

t≥0 β
tg(β)(ht)|S0 = s

]
∈ T(β)(Γs), for all s ∈ S.

Theorem 3.7. The MDP-CPDPγ(β)(s) ∈ RP , defined in (3.15) is the unique stationary
CPDP that satisfies the terminal fairness Property 3.2.2, forall β ∈ [0; 1).

Proof. We know from Filar and Vrieze (1996) that, for alli ∈ C,


E[
∑
t≥0 β

tγ
(β)
i (St)|S0 = s1]

...

E[
∑
t≥0 β

tγ
(β)
i (St)|S0 = sN ]


 =

∑

t≥0

βtPt(f
(β)∗
C

)



γ

(β)
i (s1)

...

γ
(β)
i (sN)


 .

If we substitute (3.15) in the equation above, we find thatγ(β)
i defined in (3.15) satisfies

the relation:

E
[∑

t≥0

βtγ(β)(St)|S0 = s
]

= T
(β)

(Γs), ∀ s ∈ S, i ∈ C.

Since the matrix
∑
t≥0 β

tPt(f
(β)∗
C

) = (I − βP(f
(β)∗
C

))−1 is invertible, then suchγ(β) is
also unique.
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It is straightforward to verify that the MDP-CPDPγ(β) defined in (3.15) also fulfills a
terminal efficiencyproperty, i.e.

∑

i∈C

E
[∑

t≥0

βtγ
(β)
i (St|S0 = s)

]
= v(β)(C,Γs), ∀ s ∈ S.

3.2.4 Time Consistency

Time consistency is a well known concept in dynamic cooperative theory (Filar and Pet-
rosjan 2000 and references therein). It captures the idea that the stage-wise allocation
must respect the terminal fairness Property 3.2.2 even froma later starting time of the
game, for any possible trajectory of the game up to that time.In other words, if players
renegotiate the agreement on CPDP at any intermediate time step, assuming that coopera-
tion has prevailed from initial date until that instant, then the payoff distribution procedure
would remain the same. This property can be formalized as follows.

Property3.2.3 (Time consistency). Setβ ∈ [0; 1). The CPDPg(β) in (3.15) is said to be
time consistent iff, for alln ≥ 1 and for all possible allocation/state historieshn−1 up to
timen−1,

E

[
∞∑

t=n

βtg(β)(St,ht−1)
∣∣∣hn−1

]
∈ βnT(β)

(
∑

s′∈S

p(s′|Sn−1 =s, f
(β)∗
C

)Γs′

)
, (3.16)

wheres is the latest state of historyhn−1.

Now we are ready to state the main result of this section.

Theorem 3.8. The stationary MDP-CPDPγ(β) satisfies the time consistency Property
3.2.3 for allβ ∈ [0; 1), whereT represents the Shapley Value, or the Core if we suppose
thatCo(β)(Γs) is nonempty for anys ∈ S.

Proof. Sinceγ(β) is stationary, we can rewrite (3.16) as

E

[
∞∑

t=0

βtγ(β)(St+n)
∣∣∣Sn−1 = s

]
∈ T(β)

(
∑

s′∈S

p(s′|s, f (β)∗
C

)Γs′

)
. (3.17)

Let us rewrite now equation (3.15), for alls ∈ S, as

T
(β)

(Γs) = γ(β)(s) + β
∑

s′∈S

p(s′|s, f (β)∗
C

)T
(β)

(Γs′), (3.18)

whereγ(s) = [γ1(s), . . . , γP (s)]T andT
(β)

(Γs) ∈ T(β)(Γs). Thanks to (3.18), we can
write

E

[
∞∑

t=0

βtγ(β)(St+n)
∣∣∣Sn−1 = s

]
=
∑

s′∈S

p(s′|s, f (β)∗
C

)T
(β)

(Γs′).
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It is implicit that any player, after being rewarded withγ(β)(s) in states at stepn − 1,
can withdraw from the grand coalition only in the following time stepn. Then, also
the transition probabilities from states are invariant with respect to a change of strategy.
Therefore, we can exploit Proposition 3.2 to claim that, ifT ≡ Co, then

E

[
∞∑

t=0

βtγ(β)(St+n)
∣∣∣Sn−1 = s

]
∈ Co(β)

(
∑

s′∈S

p(s′|s, f (β)∗
C

)Γs′

)
.

Thanks to Proposition 3.3 we can state that, ifT ≡ Sh, then

E

[
∞∑

t=0

βtγ(β)(St+n)
∣∣∣Sn−1 = s

]
= Sh(β)

(
∑

s′∈S

p(s′|s, f (β)∗
C

)Γs′

)

So, (3.17) is verified, and the thesis is proved.

3.2.5 Greedy Players Satisfaction

We now consider the presence of greedy players, i.e. playershaving a myopic perspective
of the game and who only look to get the highest reward in the single stage game. We try
to find conditions under which greedy players are satisfied aswell.
In this section we consider the coalition valuev(β)(Λ,Γs) to be theβ-discounted value of
the two player zero sum game of coalitionΛ againstC\Λ in the gameΓs. This concept is
expressed by Condition 3.2.1.

Condition3.2.1 (Maxmin coalition values). The coalition valuev(β)(Λ,Γs) is computed
as the max-min expression in (3.9).

Let Ωs be the single stage game in states, for any s ∈ S. We assume thatΩs is also
a TU game, in which the coalition valuev(Λ,Ωs) is, analogously to (3.9), the value of
the zero sum game played by the coalitionΛ againstC\Λ, for eachΛ ⊆ C. Obviously,
v(0)(Λ,Γs) ≡ v(Λ,Ωs).

The new property that we are seeking for in this section can besummarized as follows.

Property3.2.4 (Greedy players satisfaction). Setβ ∈ [0; 1). For all s ∈ S, the CPDP
g(β)(s) belongs to Core of the stage-wise gameΩs, i.e. g(β)(s) ∈ Co(Ωs).

The intuition here is to let the discount factorβ tend to zero and to probe under which
conditionsγ(β)(s) lies in Co(Ωs). For this purpose, in the current section we consider
T ≡ Sh.

Lemma 3.11. There exists a pure strategyf∗C ∈ FC andβ∗ > 0 such thatf∗C is optimal
for all β ∈ [0;β∗).
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Proof. The global optimization problem is a MDP havingΦ
(β)
C

as discounted reward.
Take a strictly decreasing sequence{βk} such thatlimk→∞ βk = 0. Since both the actions
and the states have a finite cardinality, then there exists a pure strategyf∗C and an infinite
subsequence of{βk}, namely{βnk}, with nk < nk+1 ∀ k, such thatf∗C is optimal for all
the discount factors{βnk}. Fix a pure strategyfC ∈ FC. Then

y(βnk )(s, fC) = Φ
(βnk )

C
(s, f∗C)− Φ

(βnk )

C
(s, fC) ≥ 0, ∀ k ∈ N. (3.19)

It is easy to see thaty(β), with β ∈ (0; 1), is a continuous rational function. Then, either
it is identically zero for allβ ∈ (0; 1) or y(β) = 0 in a finite number of points in the
interval(0; 1). Hence, for (3.19), there existsβ∗(s, fC) > 0 such thaty(β)(s, fC) ≥ 0, for
all β ∈ (0;β∗(s, fC)). Takeβ∗ = mins,fC β

∗(s, fC) > 0.
SinceΦ

(β)
C

(s, f∗C) is also continuous inβ = 0 from the right, thenf∗C is also optimal for
β = 0. The thesis is proved.

Define nowΘs as the affine space:

Θs :

{
x ∈ RP :

∑

i∈C

xi =
∑

i∈C

ri(s, f
∗
C)

}
, (3.20)

wheref∗C is the global optimal strategy for all discount factors sufficiently close to 0.

Corollary 3.1. For anys ∈ S, γ(β)(s) belongs to the affine spaceΘs, for all β sufficiently
close to 0.

Proof. The proof follows straightforward from Theorem 3.6 and fromLemma 3.11.

Here we present a useful result.

Lemma 3.12. Let T ≡ Sh. Under Condition 3.2.1,limβ↓0 γ(β)(s) = Sh(0)(Γs) ≡
Sh(Ωs).

Proof. Recall the expression (3.15) ofγ(β), that we rewrite as

γ(β)(s) =
∑

s′∈S

[
δs,s′ − β p(s′|s, f (β)∗

C
)
]

Sh(β)(Γs′), ∀ s ∈ S.

It is sufficient to prove thatlimβ↓0 Sh(β)(Γs) = Sh(0)(Γs), ∀ s ∈ S. Since each compo-
nent of the vectorSh(β)(Γs) is a linear combination of the discounted values{vβ(Λ,Γs)}Λ⊆C,
then we only need to show that

lim
β↓0
v(β)(Λ,Γs) = v(0)(Λ,Γs) ≡ v(Λ,Ωs), ∀ s ∈ S, ∀Λ ⊆ C.

First of all we recall the relation (Filar and Vrieze 1996)

| val(B)− val(C)| ≤ max
i,j
|Bi,j −Ci,j| (3.21)
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whereB,C are matrices with the same size. We know from (Filar and Vrieze 1996) that

v(β)(Λ,Γs) = val

([∑

i∈Λ

ri(s, aΛ, aC\Λ) + . . .

+ β
∑

s′∈S

p(s′|s, aΛ, aC\Λ) v(β)(Λ,Γs′)
]mΛ(s),mC\Λ(s)

aΛ=1,aC\Λ=1

)
, (3.22)

whereaΛ ∈ AΛ(s) andaC\Λ ∈ AC\Λ(s). Thus, from (3.21,3.22) we can say that, for all
Λ ⊆ C,

|v(β)(Λ,Γs)− v(0)(Λ,Γs)| ≤ max
aΛ,aC\Λ

∣∣∣β
∑

s′∈S

p(s′|s, aΛ, aC\Λ) v(β)(Λ,Γs′)
∣∣∣

≤ β

1− β M

whereM = maxs,aΛ,aC\Λ
|rΛ(s, aΛ, aC\Λ)|. Fix ǫ > 0. Setδ = ǫ/(M + ǫ). Then for all

β ∈ [0; δ), we have|v(β)(Λ,Γs)−v(0)(Λ,Γs)| < ǫ. Hence,v(β)(Λ,Γs) is right continuous
in β atβ = 0 for all s ∈ S, Λ ⊆ C.

Let us formulate an additional condition, which holds only in the current section.

Condition3.2.2 (Stage-wise strict convexity). The single stage games{Ωs}s∈S are strictly
convex, i.e.v(Λ1∪Λ2,Ωs)+v(Λ1∩Λ2,Ωs) > v(Λ1,Ωs)+v(Λ2,Ωs), ∀ s ∈ S, ∀Λ1,Λ2 ⊆
C.

We know from Shapley (1971) that, if Condition 3.2.2 holds, then the Core ofΩs is
(P − 1)-dimensional for anys ∈ S, i.e. the affine hull ofCo(Ωs) coincides withΘs in
(3.20), for anys ∈ S. Note that, in general, the affine hull ofCo(Ωs) could be a strict
subset ofΘs.

Corollary 3.2. Suppose that the stage-wise strict convexity Condition 3.2.2holds. Then

(i) the Shapley value ofΩs lie in the relative interior ofCo(Ωs), for anys ∈ S;

(ii) the interior ofCo(Ωs) relative toΘs coincides with the strict CoresCo(Ωs), for
anys ∈ S.

Proof. For the proof of(i), see Shapley (1971). Now we prove(ii) . Fix a generics ∈ S.
If for a coalitionΛ ⊂ C,

∑
i∈Λ xi = v(Λ,Ωs), then take(k, j) such thatj ∈ Λ, k /∈ Λ.

For all α ∈ R, the vectorx(kj) = x + α[e(k) − e(j)] does not lie inCo(Ωs), where
e(i) ∈ RP is 1 in its i-th component and 0 elsewhere. Hence,x does not belong to the
relative interior ofCo(Ωs).
Conversely, if a vectorx ∈ sCo(Ωs), then it is straightforward to see that it also belongs
to the relative interior ofCo(Ωs).
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Theorem 3.9.Letγβ be the MDP-CPDP associated to the terminal cooperative solution
T. ConsiderT(Γs) ≡ Sh(Γs), for all s ∈ S. Then, under Conditions 3.2.1 and 3.2.2,
the greedy players satisfaction Property 3.2.4 is verified by γ(β) for all discount factors
β sufficiently close to0.

Proof. Takeβ∗ > 0, such thatf∗C is global optimum for allβ ∈ [0, β∗). Fix s ∈ S. We
know from Corollary 3.2 thatSh(Ωs) lies in the relative interior ofCo(Ωs). The affine
hull of Co(Ωs) coincides with the hyperplaneΘs for Condition 3.2.2. Moreover, from
Corollary 3.1 we know that, for alls ∈ S, γ(β)(s) belongs to the affine spaceΘs for all
β ∈ [0, β∗). Hence, for Lemma 3.12 we can say that for allǫ > 0 there existsδs ∈ (0, β∗)
such that

∀ β ∈ [0; δs), γ
β(s) ∈ [Bδs ∩Θs] ⊆ Co(Ωs),

whereBδs is the ball belonging toRP having radius ofδs. Takeδ = mins∈S δs. The thesis
is proved.

Hence, under Condition 3.2.2, for allβ ∈ [0; δ), all the greedy players are content with
the stage-wise allocation as well.

3.2.6 Transition probabilities not depending on the actions

In this section we deal with a special case of our model, entaling that the transition prob-
abilities among the states do not depend on the players’ strategies.

Condition3.2.3. The actions taken by players in states do not influence the transition
probabilities from states, i.e. p(s′|s, a1, . . . , aP ) = p(s′|s), for all ai ∈ Ai(s) and for
eachs, s′ ∈ S.

Like in Section 3.2.5, we consider the single stage gameΩs to possess transferable utili-
ties{v(Λ,Ωs)}s∈S,Λ⊆C. Nevertheless, we no longer impose the maxmin Condition 3.2.1
on the coalition values. This model is equivalent to the one of Predtetchinski (2007), ex-
cept for the TU assumption. Let us provide our main result of this section. It states that,
under Condition 3.2.3, if we choose a stage-wise allocation belonging to the Core of each
single stage game, this is actually a MDP-CPDP, fulfilling thegreedy players satifaction
Property 3.2.4 and whose discounted long run sum belongs to the Core of each long run
gameΓs, s ∈ S.

Theorem 3.10.Setβ ∈ [0; 1). Let T
(β)

(Γs) ∈ RP be a terminal cooperative solution,

for all s ∈ S. Let the stage wise allocationγ(β) be the MDP-CPDP associated toT
(β)

.
Under Condition 3.2.3, ifγ(β) fulfills the greedy players satisfaction Property 3.2.4 for
all s ∈ S, thenT(Γs) ∈ Co(β)(Γs), for all s ∈ S.

Proof. For eachΛ ⊆ C, let V(Ωs,Λ) andV(Λ,Γs) be the set of feasible allocations for
coalitionΛ in the gamesΩs andΓs, respectively. Since the transition probability matrix
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does not depend on the players’ actions, we can write




V(Γs1 ,Λ)
...

V(ΓsN ,Λ)


 = (I− βP)−1




V(Ωs1 ,Λ)
...

V(ΩsN ,Λ)


 , ∀Λ ⊆ C. (3.23)

Since the matrix(I − βP)−1 is non negative, the thesis follows straighforward from
Proposition 3.2.

In Section 3.2.5 we showed that, when the transition probabilities among the states de-
pend on the players’ actions, a MDP-CPDP fulfills the greedy players satisfaction Prop-
erty 3.2.4 provided thatT ≡ Sh, the single stage games{Ωs}s∈S are strictly convex and
β is sufficiently close to zero. It is interesting that instead, in this case, we only need to
assume that the games{Ωs}s∈S all possess a non empty Core, in order to fulfill Property
3.2.4 forall β ∈ [0; 1).

The reader should also notice that the converse of Theorem 3.10 is not true. Indeed, it
is possible to find a terminal cooperative solution belonging to the Core of the long run
gamesΓs, for all s ∈ S, to which it is associated a MDP-CPDP outside the Core of at
least one single stage gamesΩs.

We conclude here by providing the analogous result of Theorem 3.10 for the Shapley
value. The proof follows straightforward from (3.23) and from Proposition 3.3.

Corollary 3.3. Setβ ∈ [0; 1). Let T
(β)

(Γs) ∈ RP be a terminal cooperative solution,

for all s ∈ S. Letγ(β) be the MDP-CPDP associated toT
(β)

. Under Condition 3.2.3,
γ(β)(s) = Sh(Ωs), for all s ∈ S, if and only ifT(Γs) = Sh(Γs), for all s ∈ S.

It is now interesting to investigate about the loss incurredin the long run game by a greedy
coalition of players which withdraws from the grand coalition in a stage of the game.

3.2.7 Cooperation Maintenance

The (single step) cooperation maintenance property was first introduced by Mazalov and
Rettieva (2010), who employed it in a deterministic fish war setting. Such a property
helps to preserve the cooperation agreement throughout thegame, since the long run
payoff that each coalition expects to get by deviating in thenext stage of the game is not
smaller than the payoff that the coalition receives by deviating in the current stage. We
now adapt it to our cooperative MDP model. For simplicity, werestrict the following
definitions to stationary CPDPs.
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Property3.2.5 (First step cooperation maintenance). Setβ ∈ [0; 1). The stationary CPDP
g(β) satisfies, for any initial states ∈ S and for each coalitionΛ ⊂ C,

∑

i∈Λ

g
(β)
i (s) + βv(β)

(
Λ,
∑

s′∈S

p(s′|s, f (β)∗
C

)Γs′

)
≥ v(β)(Λ,Γs).

In other words, Property 3.2.5 claims that each coalition isalways incentivated to post-
pone the moment in which it will withdraw from the grand coalition, under the condition
that, once a coalitionΛ ⊂ C is formed, it can no longer rejoin the grand coalition in the
future. By induction, we can say that the cooperation maintenance property enforces the
grand coalition agreement throughout the whole game.

n-tuple step cooperation maintenance

We now generalize Property 3.2.5, by considering the dilemma faced by a coalition which
decides whether deviating in the current stage or aftern steps. Hence, let us then define
then-tuple step cooperation maintenance property, withn ≥ 1.

Property3.2.6 (n-tuple step cooperation maintenance). Setβ ∈ [0; 1). Let the integer
n ≥ 1. The stationary CPDPg(β) satisfies then-tuple step cooperation maintenance
property iff, for any initial states ∈ S and for each coalitionΛ ⊂ C,

n−1∑

t=0

βtpt(s
′|s, f (β)∗

C
)
∑

i∈Λ

g
(β)
i (s′) + βnv(β)

(
Λ,
∑

s′∈S

pn(s
′|s, f (β)∗

C
)Γs′

)
≥ v(β)(Λ,Γs).

Let P∗(β) ≡ P(β)(f
(β)∗
C

) be the transition probability matrix associated to the global opti-
mal stationary strategyf (β)∗

C
, whose(i, j) element isp(sj|si, f (β)∗

C
).

We now find a necessary and sufficient condition on the coalition valuesv(β) to ensure
the existence of our MDP-CPDPγ(β), defined in (3.15), satisfying then-tuple step coop-
eration maintenance property, for anyn ≥ 1. Let us denotev(β)(Λ) as

v(β)(Λ) ≡
[
v(β)(Λ,Γs1) . . . v(β)(Λ,ΓsN )

]T
, ∀Λ ⊆ C.

Theorem 3.11. Fix an integern ≥ 1, β ∈ [0; 1). The set of stationary CPDPsγ(β)

satisfying then-tuple step cooperation maintenance Property 3.2.6 is nonempty if and
only if the vectors

ṽ(β,n)(Λ) =
[
I−

[
βP∗(β)

]n]
v(β)(Λ), Λ ⊆ C

are component-wisely balanced, i.e. for every functionαs : 2P/{∅} → [0; 1] such that:

∀ i ∈ C :
∑

Λ⊆C:
Λ∋i

αs(Λ) = 1,
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the following condition holds:

∑

Λ⊆C

αs(Λ)ṽ
(β,n)
k (Λ) ≤ ṽ

(β,n)
k (C), ∀ k ∈ [1;N ],

whereṽ
(β,n)
k (Λ) is thek-th component of̃v(β,n)(Λ).

Proof. Recall the expression ofγ(β) in equation (3.15), that can be rewritten as:

γ
(β)
i =

[
I− βP∗(β)

]
T

(β)

i , ∀ i ∈ C (3.24)

whereγ(β)
i = [γ

(β)
i (s1) . . .γ

(β)
i (sN)]T , T

(β)

i = [T
(β)

i (Γs1) . . .T
(β)

i (ΓsN )]T ∈ T(β)(Γs)
for each states ∈ S. By exploiting twice the well known formula for matrix geometric
series:

n−1∑

k=0

[
βP∗(β)

]k
=
[
I− βP∗(β)

]−1 [
I−

[
βP∗(β)

]n]

we can reformulate Property 3.2.6 as




[
I−

[
βP∗(β)

]n]∑
i∈Λ T

(β)

i ≥
[
I−

[
βP∗(β)

]n]
v(β)(Λ), ∀Λ ⊂ C

∑
i∈C

T
(β)

i = v(β)(C)
(3.25)

where the second relation in (3.25) comes from the classic efficiency property of a coop-
erative solution. Since the matrix(I − [βP∗(β)]n) is invertible, then we can equivalently
rewrite (3.25) as 




∑
i∈Λ T̃

(β,n)

i ≥ ṽ(β,n)(Λ), ∀Λ ⊂ C

∑
i∈C

T̃
(β,n)

i = ṽ(β,n)(C)
(3.26)

where

T̃
(β,n)

i =
[
I−

[
βP∗(β)

]n]
T

(β)

i

Since the relations in the systems of inequalities in (3.26)are component-wise, for the
Bondareva-Shapley Theorem (Bondareva 1963; Shapley 1967) the thesis is proved.

The reader should note that, in the limit forn→∞, the result of Theorem 3.11 coincides
with the Bondareva-Shapley Theorem for static cooperative games.

We now state an important and intuitive result which furtherreinforces the importance of
the single step cooperation maintenance property.

Theorem 3.12.Setβ ∈ [0; 1). If the MDP-CPDPγ(β) satisfies the single step cooper-
ation maintenance Property 3.2.5, then it satisfies then-tuple step cooperation mainte-
nance Property 3.2.6, for alln > 1.
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Proof. Let γ(β) be defined in (3.24), whereT
(β)

satisfies the single step cooperation
maintenance Property 3.2.5, i.e., from (3.25),




βP∗(β)

[∑
i∈Λ T

(β)

i − v(β)(Λ)
]
≥ ∑i∈Λ T

(β)

i − v(β)(Λ), ∀Λ ⊂ C
∑
i∈C

T
(β)

i = v(β)(C)
(3.27)

By iteratively left multiplying by the nonnegative matrixβP∗(β) both sides of the first
relation in (3.27), for each coalitionΛ ⊂ C, we obtain

∑

i∈Λ

T
(β)

i −v(β)(Λ) ≤ βP∗(β)

[
∑

i∈Λ

T
(β)

i −v(β)(Λ)

]
≤
[
βP∗(β)

]2
[
∑

i∈Λ

T
(β)

i −v(β)(Λ)

]
≤ . . .

Hence, the thesis is proved.

Core selection criterion

In the following we prove that the single step cooperation maintenance Property 3.2.5
also implies that the discounted sum of allocations for eachplayer, whens is the initial
state, belongs to the Core of the gameΓs,

Corollary 3.4. Setβ ∈ [0; 1). If a MDP-CPDPγ(β) satisfies the single step cooperation
maintenance Property 3.2.5, then

E

[
∑

t≥0

βtγ(β)(St)|S0 = s

]
∈ Co(β)(Γs), ∀ s ∈ S. (3.28)

Proof. Let us defineγ(β) as in (3.24). We reformulate (3.28) as
{∑

i∈Λ T
(β)

i ≤ v(β)(Λ), ∀Λ ⊂ C,
∑
i∈C

T
(β)

i = v(β)(C).
(3.29)

Sinceγ(β) satisfies Property 3.2.5, then (3.25) is verified, withn = 1. By left multiplying
each set of inequalties in (3.25) by the nonnegative matrix(I− βP∗(β))−1, we obtain the
system of inequalities in (3.29).

In this section we showed how appealing the single step cooperation maintenance prop-
erty is. For Theorem 3.12, if our MDP-CPDPγ(β) fulfills it, then each coalition always
prefers to withdraw from the grand coalition in the future, other than at the current stage.

In the case we consider the Core as the terminal cooperative solution (T ≡ Co), Corollary 3.4

suggests that the point of the CoreT
(β)

used to compute the MDP-CPDPγ(β) in equation

(3.15) should be picked such thatT
(β)

also satisfies the single step cooperation mainte-
nance property. In this sense, Property 3.2.5 is also aCore selectioncriterion.
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Counterexample for the converse of Corollary 3.4

It is natural to ask whether the converse of Corollary 3.4 is true. We will show in the fol-
lowing example that it does not hold in general, i.e. if a MDP-CPDPγ(β) satisfies (3.29),
then not necessarily the single step cooperation maintenance Property 3.2.5 holds.

Let us consider a cooperative MDP with only two players (P = 2), four states (N = 4)
and with perfect information, i.e. in each state at most one player has more than one
action available. Player 1 controls states(s1, s2), and the remaining states(s3, s4) are
controlled by player 2. Let the discount factorβ = 0.8. The immediate rewards for each
player and the transition probabilities for each state/action pair are shown in Table 3.3.

(s, a) r1 r2 p(s1|s, a) p(s2|s, a) p(s3|s, a) p(s4|s, a)

pl. 1

(s1,a1) 1 3 0.1 0.4 0.1 0.4
(s1,a2) 2 1 0.4 0.1 0.1 0.3
(s1,a3) 1 0 0.4 0.2 0.4 0.1
(s2,a4) 2 1 0.1 0 0.4 0.4
(s2,a5) 3 1 0.2 0.2 0.2 0.5
(s2,a6) 4 3 0.2 0 0.2 0.3

pl. 2

(s3,a7) 5 1 0.3 0.6 0.4 0.1
(s3,a8) 1 3 0.3 0.4 0.2 0
(s3,a9) 2 6 0.3 0.3 0.1 0
(s4,a10) 0 1 0.5 0 0.1 0.1
(s4,a11) 2 2 0.1 0.3 0.5 0.2
(s4,a12) 3 0 0.1 0.5 0.3 0.6

Table 3.3: Immediate rewards and transition probabilitiesfor each player, state, and
strategy.

In this case, the state-wise value vectors for all the possible coalitions{1}, {2} andC =
{1, 2}, rounded off to the second decimal, are

v(0.8)({1}) ≈




8.73

10.03

7.34

7.16


 , v(0.8)({2}) ≈




9.57

8.65

10.93

11.23


 , v(0.8)({1, 2}) ≈




33.08

30.78

33.77

30.83


 .

In order to contradict the converse of Corollary 3.4, it is sufficient to find a specific long

run allocationT
(0.8)

such that

[T
(0.8)

1 (sk) T
(0.8)

2 (sk)] ∈ Co(0.8)(Γsk), k = 1, 2, 3, 4, (3.30)

but for which the4-by-1 MDP-CPDP:

γ
(β)
j =

[
I− βP∗(β)

]
T

(β)

j , j = 1, 2
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does not respect the single step cooperation maintenance property for some initial state

s. In other words, we look for(T
(0.8)

1 ,T
(0.8)

2 ) such that




T
(0.8)

1 ≥ v(0.8)({1})
T

(0.8)

2 ≥ v(0.8)({2})
T

(0.8)

1 + T
(0.8)

2 = v(0.8)({1, 2})
(3.31)

and such that there exists at least one playeri and an integerk ∈ [1; 4] such that

T̃
(0.8)

i (k) < ṽ
(0.8)
k ({i})

where

T̃
(0.8)

i =
[
I− βP∗(β)

]
T

(0.8)

i

ṽ(0.8)({i}) =
[
I− βP∗(β)

]
v(0.8)({i}) i = 1, 2. (3.32)

Since the values are component-wisely superadditive by construction, then the Core
Co(Γs) for the two-player case always exists, for alls ∈ S. Hence, there always ex-

ist (T
(0.8)

1 ,T
(0.8)

2 ) ∈ R2 satisfying (3.31). Let us select:

T
(0.8)

1 = v(0.8)({1}) +




0.7 0 0 0

0 0.4 0 0

0 0 0.2 0

0 0 0 1



[
v(0.8)({1, 2})− [v(0.8)({1}) + v(0.8)({2})]

]

T
(0.8)

2 = v(0.8)({2}) +




0.3 0 0 0

0 0.6 0 0

0 0 0.8 0

0 0 0 0



[
v(0.8)({1, 2})− [v(0.8)({1}) + v(0.8)({2})]

]

Substituting the values ofv(0.8), we obtain

T
(0.8)

1 ≈
[
19.07 14.87 10.44 19.60

]T

T
(0.8)

2 ≈
[
14.01 15.91 23.32 11.23

]T

By computingT̃
(0.8)

andṽ(0.8) we find that:

T̃
(0.8)

1 (2) ≈ 2.92 < ṽ
(0.8)
2 ({1}) ≈ 3.65

T̃
(0.8)

1 (3) ≈ −0.75 < ṽ
(0.8)
3 ({1}) ≈ 0.51

T̃
(0.8)

2 (1) ≈ 0.48 < ṽ
(0.8)
1 ({2}) ≈ 1.61

T̃
(0.8)

2 (4) ≈ 0.90 < ṽ
(0.8)
4 ({2}) ≈ 3.00
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Therefore, the converse of Corollary 3.4 is not true. On the other hand, it is interesting to

observe that in this example, by randomly generating vectors(T
(0.8)

1 ,T
(0.8)

2 ) and fulfilling
the relation (3.30), in about the99.45% of the trials the converse of Corollary 3.4 was
verified.

Strictly convex single stage games

In the spirit of Section 3.2.5, we show that the strict convexity Condition 3.2.2 on the
single stage games ensures the MDP-CPDPγ(β) to satisfy Property 3.2.5 for all discount
factors small enough.

Theorem 3.13. Suppose that the strict convexity Condition 3.2.2 on the single stage
games{Ωs}s∈S is valid. ConsiderT ≡ Sh. Then the single step cooperation main-
tenance Property 3.2.5 is valid for allβ close enough to 0.

Proof. Thanks to the linearity property of coalition values (see Proposition 3.1) we can
reformulate Property 3.2.5 as

∑

i∈Λ

γ
(β)
i (s) ≥

∑

s′∈S

[
δs,s′ − βp(s′|s, f (β)∗

C
)
]
v(β)(Λ,Γs′), ∀Λ ⊂ C, s ∈ S.

From (3.15), consideringT ≡ Sh,

∑

i∈Λ

γ
(β)
i (s) =

∑

s′∈S

[
δs,s′ − βp(s′|s, f (β)∗

C
)
]∑

i∈Λ

Sh
(β)
i (Γs′).

By hypothesis, for alls ∈ S the Shapley valueSh(Ωs) = Sh(0)(Γs) belongs to the
strict CoresCo(β)(Ωs) for all β sufficiently close to0. Hence, by right continuity of the
Shapley value and of coalition values inβ = 0 (see proof of Lemma 3.12), we conclude
that, for allβ sufficiently close to0,

∑

s′∈S

[
δs,s′ − βp(s′|s, f∗C)

] [∑

i∈Λ

Sh
(β)
i (Γs′)− v(β)(Λ,Γs′)

]
≥ 0,

wheref∗C is the optimal strategy for grand coalition for allβ sufficiently small. Hence,
the thesis is proved.

3.3 Confidence Intervals of Shapley-Shubik Power Index in
Markovian Games

Cooperative game theory is a powerful tool to analyze, predict and, especially, influence
the interactions among several players capable to stipulate deals and form subcoalitions
in order to pursue a common interest. Under the assumption that the grand coalition,
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comprising all the players, is formed, it is a delicate issueto share the payoff earned by
the grand coalition among its participants.

Introduced by Lloyd S. Shapley in its seminal paper [54], theShapley value is one of
the best known payoff allocation rules in a cooperative gamewith TU. It is the only
allocation procedure fulfilling three reasonable conditions of symmetry, additivity and
dummy player compensation (see [54] for details). Moreover, it always exists under a
superadditive assumption on the coalition values. The significance of the Shapley value
is witnessed by the breadth of its applications, spanning from pure economics [55] to
Internet economics [56–58], politics [59], and telecommunications [60].

The concept of Shapley value was successfully applied to weighted voting games as well.
In this case, it is commonly referred to as Shapley-Shubik power index [61]. Such games
imply that the coalition values are binary. Each player possesses a different amount of
resources and a coalition is effective, i.e. its value is 1, whenever the sum of the resources
shared by its participants is higher than a certain quota; otherwise, its value is 0. The
Shapley-Shubik index proves to be particularly suitable toassessa priori the power of
the members of a legislation committee, and has many applications to politics (see [62]
for an overview).

However, politics or economics is more like a process of continuing negotiation and bar-
gaining. This motivates the introduction of dynamic cooperative game theory. In this
work we consider that the game is not played one-shot but rather over an infinite hori-
zon: there exists a finite set of static cooperative games that come one after the other,
following a discrete-time homogeneous Markov process. We call this interaction model
repeated over time as Markovian game. Our Markovian game model arises naturally in
all situations in which several individuals interact and cooperate over time, and an exoge-
nous Markov process influences the value of each coalition, and consequently also the
power of each player within coalitions. A very similar model, but with non transferable
utilities, was considered in [63]. Our model can also be viewed as a particular case of the
cooperative MDP described in Section 3.2, or in [64], in which the transition probabilities
among the states do not depend on the players’ actions.

We take into account two criteria to sum over time the payoffsearned in each single stage
game, specifically the average and the discount criterion. In this section we extend the
work in [65] to Markovian games. In [65], the authors considered a weighted voting static
game and proved that any deterministic algorithm which approximates one component of
the Banzhaf index with accuracy better thanc/

√
P , wherec > 0 andP is the number

of players, needsΩ(2P/
√
P ) queries. Hence, whenP grows large, it is crucial to find

a suitable way to approximate the power index with a manageable number of queries.
Hence, in [65] a confidence interval for Banzhaf index and Shapley-Shubik power index
in weighted voting games has been developed, based on Hoeffding’s inequality. In this
section, we assume that the estimator agent knows the transition probabilities among the
states. We first show that it is still beneficial to utilize a randomized approach to approx-
imate theShapley-Shubik index inMarkovian games (SSM) for a number of playersP
sufficiently high. Thus, we propose three methods to computea confidence interval for
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the SSM, that also apply to the Shapley value ofany Markovian game. Then, we will
essentially demonstrate that, asymptotically in the number of steps of the Markov chain
and by exploiting the Hoeffding’s inequality, the estimator agent does not need to have
access to the coalition values in all the states at the same time. Indeed, it suffices for the
estimator agent to learn the coalition values in each state along the course of the game to
“well” approximate SSM.

Let us overview the content of this section. We provide some useful definitions, back-
ground results, and motivations of our dynamic model in Section 3.3.1. In Section 3.3.2
we study the trade-off between complexity and accuracy of deterministic algorithms ap-
proximating SSM. An exponential number of queries is necessary for any deterministic
algorithm even to approximate SSM with polynomial accuracy. Motivated by this, we
propose three different randomized approaches to compute aconfidence interval for SSM.
Their complexity does not even depend on the number of players. Such approaches also
hold for the classicShapley value of any cooperativeMarkovian game (ShM). In Sec-
tion 3.3.3 we provide the expression of our first confidence interval, SCI, which relies on
the static assumption that the estimator agent has access tothe coalition values in all the
states at the same time, even before the Markov process initiates. Although SCI relies
on an impractical assumption, it is still a valid benchmark for the performance of the ap-
proaches yielding the confidence intervals described in Sections 3.3.4 and 3.3.4, dubbed
DCI1 and DCI2 respectively. DCI1 and DCI2 also hold under the morerealistic dynamic
assumption that the estimator agent learns the value of coalitions along the course of the
game. Then, we propose a straightforward way to optimize thetightness of DCI1. In
Section 3.3.5 we compare the three proposed approaches in terms of tightness of the con-
fidence interval. Finally, in Section 3.3.6 we provide a trade-off complexity/accuracy of
our randomized algorithm, holding for any cooperative Markovian game.

We point out that our results for SSM are also valid for ShM in simple Markovian games,
i.e. TU cooperative Markovian games with binary coalition values in each state. More-
over, the extension of our approaches to Banzhaf index [66] isstraightforward.

In this section we adopt the following notation. Ifa is a vector, thenai is its i-th com-
ponent. IfA is a random variable, thenAt is its t-th realization. Given a setS, |S| is its
cardinality. The expressionb(s) indicates that the quantityb, standing possibly for Shap-
ley value, Shapley-Shubik index, coalition value, feasibility region etc., is related to the
static game played in states. The expressionPr(B) stands for the probability that the
eventB is verified. The indicator function is written as1I(.).

3.3.1 Markovian Model and Background results

In this section we consider cooperative Markovian games with TU. LetP = {1, . . . , P}
be the grand coalition of players. We have a finite set of statesS = {s1, . . . , s|S|}. In state
s, each coalitionΛ ⊆ P can ensure for itself the valuev(s)(Λ), that can be shared in any
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manner among the players under the TU assumption. Hence, in each states ∈ S the game
Ψ(s) ≡ (P, v(s)) is played amongP players. LetV(s)(Λ) be the half-space of all feasible
allocations for coalitionΛ in the TU gameΨ(s), i.e. the set of real|Λ|-tuplea ∈ R|Λ| such
that

∑|Λ|
i=1 ai ≤ v(s)(Λ). We suppose that the coalition values are superadditive, i.e.

v(s)(Λ1 ∪ Λ2) ≥ v(s)(Λ1) + v(s)(Λ2), ∀Λ1 ∩ Λ2 = ∅.

The succession of the states is a discrete-time homogeneousMarkov chain, whose tran-
sition probability matrix isP. Let x(s) ∈ RP be a payoff allocation among the players
in the single stage gameΨ(s). Under theβ-discounted criterion, whereβ ∈ [0; 1), the
discounted allocation in the Markovian dynamic gameΓsk , starting from statesk, can be
expressed as

∞∑

t=0

βt
|S|∑

i=1

pt(si|sk) x(si) =

|S|∑

i=1

ν
(β)
i (sk) x(si)

wherept(si|sk) is the probability for the process to be in statesi after t steps when the
initial state issk, andν(β)(sk) is thek-th row of the nonnegative matrix(I − βP)−1.
Under the average criterion, if the transition probabilitymatrix P is irreducible, then the
allocation in the long run gameΓsk can be written as

lim
T→∞

1

T + 1

T∑

t=0

|S|∑

i=1

pt(si|sk) x(si) =

|S|∑

i=1

πi x
(si)

whereπ is the stationary distribution of the matrixP.

We defineV(Λ,Γs) as the set of feasible allocations in the long run gameΓs for coalition
Λ, i.e. the Minkowski sum:

V(Λ,Γs) ≡
|S|∑

i=1

σi(s) V(si)(Λ).

whereσi(s) ≡ ν(β)
i (s) if the β-discounted criterion is adopted, andσi(s) ≡ πi under the

average criterion.

Proposition 3.4.V(Λ,Γs) is equivalent to the setA of realR|Λ|-tuplesa such that
∑|Λ|
i=1 ai ≤

v(Λ,Γs), wherev(Λ,Γs) =
∑|S|
i=1 σi(s) v

(si)(Λ), for all s ∈ S, Λ ⊆ P.

Thanks to Proposition 3.4, it is legitimate to definev(Λ,Γs) as the value of coalition
Λ ⊆ P in the long run gameΓs.

Let us now define the Shapley value in static games [54].

Definition 3.1. TheShapley valueSh(s) in the static game played in states ∈ S is a real
P -tuple whosej-th component is the payoff allocation to playerj:

Sh
(s)
j =

∑

Λ⊆P/{j}

|Λ|!(P−|Λ|−1)!

P !

[
v(s)(Λ∪{j})− v(s)(Λ)

]
.
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We are ready to define theShapley value in theMarkovian gameΓs, ShM(Γs), that can be
expressed, thanks to Proposition 3.4 and to the standard linearity property of the Shapley
value, as

ShMj(Γs) =

|S|∑

i=1

σi(s) Sh
(si)
j , ∀ s ∈ S, 1 ≤ j ≤ P. (3.33)

In the next sections we will exploit Hoeffding’s inequality[67] to derive basic confidence
intervals for the Shapley value of Markovian games.

Theorem 3.14(Hoeffding’s inequality). LetA1, . . . , An ben independent random vari-
ables, whereAi ∈ [ai, bi] almost surely. Then, for allǫ > 0,

Pr

(
n∑

i=1

Ai − E
[
n∑

i=1

Ai

]
≥ n ǫ

)
≤ 2 exp

(
− 2n2 ǫ2∑n

i=1(bi − ai)2

)
.

In this work, several results are shown in the case of weighted voting Markovian games,
that we define in the following.

Definition 3.2. A weighted voting Markovian gameis a Markovian game in which each
single stage gameΨ(s) is associated to the triple(P, T (s),w(s)), where1, . . . , P are the
players,w(s) ∈ RP is the set of weights, andT (s) is a threshold. The binary coalition
valuesv(s) in states are such thatv(s)(Λ) = 1 whenever

∑
i∈Λ w

(s)
i ≥ T (s) andv(s)(Λ) =

0 whenever
∑
i∈Λ w

(s)
i < T

(s).

We say that playeri is critical for coalition Λ ⊆ P\{i} in states if v(s)(Λ ∪ {i}) −
v(s)(Λ) = 1.

The concept of Shapley value applied to weighted voting static games is referred to as
Shapley-Shubik index (SS) [61], and its formulation is the same as in Definition 3.1.
Technically, weighted voting games are not TU cooperative game, since the value of a
coalition does not represent a payoff to be shared among the players, but rather it in-
dicates the effectiveness of a coalition. Anyway, even for these games, we will still
assume that the coalition values in the long run gameΓ possess the linearity property of
Proposition 3.4. In other words,v(Λ,Γs) can be interpreted as the expected effectiveness
of coalition Λ in the long run gameΓs. Accordingly, the SSM can be written as the
expected - discounted or average - sum of the Shapley-Shubikindices over time, i.e.

SSMj(Γs) =

|S|∑

i=1

σi(s) SS
(si)
j , ∀ s ∈ S, 1 ≤ j ≤ P. (3.34)

whereSSMj(Γs) is the Shapley-Shubik power index in the Markovian gameΓs for player
j andSS

(si)
j is the Shapley-Shubik index for playerj in statesi.
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In the following we derive some properties of randomized algorithms to approximate
SSM especially for weighted voting Markovian games. In the static case, fixed a states, to
each memberi the weightw(s)

i is assigned and a coalitionΛ is effective, i.e.v(s)(Λ) = 1,
whenever the sum of its weights

∑
i∈Λ w

(s)
i exceeds a quotaT (s). We address a situation

in which repeated ballots are cast over times and the weightsassigned to each member,
as well as the quotaT , change according to a Markov chain. This reflects the fluctuation
of the clout that each member has over the vote over time, thatdepends on factors inde-
pendent of the voting outcome. The expected sum of Shapley-Shubik indices computed
in each stage of the process is the most natural way to assess the power of members over
the whole course of voting procedure.

Of course, all the results that we will derive for weighted voting games are also valid in
the case of simple Markovian games, i.e. TU cooperative Markovian games with binary
coalition values in each state.

3.3.2 Complexity of deterministic algorithms

Since theexactcomputation of the Shapley value - or, equivalently, of the Shapley-Shubik
index - involves the calculation of the incremental asset brought by a player to each coali-
tion, then its complexity is proportional to the number of such coalitions, i.e.2P−1, under
oracle access to the characteristic function. In this section we evaluate the complexity
that anydeterministicalgorithm needs toapproximatethe Shapley-Shubik index in a
weighted voting Markovian game.
Before starting the analysis, let us introduce some ancillary concepts. We mean bygame
instancea specific collection of coalition values. In this section, we implicitly assume
that all the algorithms considered - deterministic or randomized - aim at approximating
the Shapley value for playerj, without loss of generality. Let us clarify our notion of
query.

Definition 3.3. A queryof an algorithm - deterministic or randomized - consists in the
evaluation of the marginal contribution of playerj to a coalitionΛ ⊆ P\{i}, i.e. v(Λ ∪
{i})− v(Λ).

Now we define the notion of accuracy of a deterministic algorithm.

Definition 3.4. Let us assume that the Shapley-Shubik index for playerj in the game
Γs is SSMj(Γs) = a. Let ALG be adeterministicalgorithm needing a fixed number of
queries. We say that ALG has anaccuracyof at leastd > 0 whenever, for all the game
instances, ALG always answersSSMj(Γs) ∈ [a− d; a+ d].

We will first show that an exponential number of queries is necessary in order to achieve a
polynomial accuracy for any deterministic algorithm aiming to approximate the Shapley-
Shubik index in the static case. This is an extension of Theorem 3 in [65] to the Shapley-
Shubik index.
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Theorem 3.15.Any deterministic algorithm computing one component of theShapley-
Shubik index in weighted voting static game in states requiresΩ(2P/

√
P ) queries to

achieve an accuracy of at least1/(2P ), for all s ∈ S.

The proof of this theorem and the following corollary is omitted here. The interested
reader can refer to [68]

From the previous results we derive the complexity of a deterministic algorithm comput-
ing the Shapley-Shubik index in a weighted voting Markoviangame, as a function of the
number of playersP .

Corollary 3.5. There existsc > 0 such that any deterministic algorithm computing one
component of the Shapley-Shubik index in the weighted votingMarkovian gameΓs re-
quiresΩ(2P/

√
P ) queries to achieve an accuracy of at leastc/P , for all s ∈ S.

The results of the current section clearly discourage from computing exactly or even
approximating SSM with a deterministic algorithm when the number of playersP is high.
Motivated by this, in the next sections we will direct our attention towards randomized
approaches to construct confidence intervals for SSM, whosecomplexity does not even
depend onP .

3.3.3 Randomized static approach

In this section we will propose our first approach to compute aconfidence interval for the
Shapley value in Markovian games. The expression of the confidence interval that we
will propose holds for the Shapley value ofanyMarkovian game (ShM). Nevertheless, in
the following sections we will provide some results holdingspecifically for the Shapley-
Shubik index in the particular case of weighted voting Markovian games (SSM).
Let us first define our performance evaluator for a randomizedalgorithm.

Definition 3.5. Let us fix a probability of confidence1−δ. Theaccuracy of a randomized
algorithm approximating the SSM is the expected length of the confidence interval in
which SSM lies with a probability of at least1− δ.

In parallel, the reader learns the notion of accuracy of a deterministic algorithm from
Definition 3.4.

We presuppose throughout the section that the transition probability matrixP is known
by the estimator agent. In this section we also assume that the value of all coalitions in
each single stage games are availableoff-line to the estimator agent.

Assumption 3.1. The estimator agent has access to all the coalition values ineach state:

{v(s)(Λ), ∀Λ ⊆ P, s ∈ S}

at the same time, before the Markovian game starts.
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It is clear that, under Assumption 3.1, the estimator agent can perform an off-line ran-
domized algorithm to approximate ShM.

Remark 3.2. Assumption 3.1 seems to be impractical for the intrinsic dynamics of the
model we consider. Nevertheless, the randomized approach based on Assumption 3.1
that we next propose (SCI) will prove to be an insightful performance benchmark for two
methods (DCI1 and DCI2) described in Section 3.3.4, based on a more realistic dynamic
assumption.

First, let us find a formulation of the Shapley value in the Markovian game which is
suitable for our purpose. LetX be the set of all the permutations of{1, . . . , P}. LetCχ(j)
be the coalition of all the players whose index precedesj in the permutationχ ∈ X, i.e.

Cχ(j) ≡ {i : χ(i) < χ(j)}. (3.35)

We can write the Shapley value of the Markovian gameΓs, both for the discount and for
the average criterion, as

ShMj(Γs) =

|S|∑

i=1

σi(s) Sh
(si)
j

=
1

P !

∑

χ∈X

|S|∑

i=1

σi(s)
[
v(si)(Cχ(j) ∪ {j})− v(si)(Cχ(j))

]

= Eχ

[
|S|∑

i=1

σi(s)
[
v(si)(Cχ(j) ∪ {j})− v(si)(Cχ(j))

]
]
,

whereEχ is the expectation over all the permutationsχ ∈ X, each having the same prob-
ability 1/P !.

We now propose our first algorithm to compute a confidence interval for ShMj(Γs), for
each playerj and initial states. For each query, labeled by the indexk = 1, . . . ,m, let us
select independently over a uniform distribution onX a permutationχk of {1, . . . , P}.
Let us defineZ(j) as the random (overχ ∈ X) variable

Z(j) ≡
|S|∑

i=1

σi(s)
[
v(si)(Cχ(j) ∪ {j})− v(si)(Cχ(j))

]
(3.36)

= v(Cχ(j) ∪ {j},Γs)− v(Cχ(j),Γs)

and letZk(j) be thek-th realization ofZ(j). We remark thatZ(j) implies the computa-
tion of |S| queries, one in each state. Thanks to Hoeffding’s inequality, we can write that,
for all ǫ > 0,

Pr

(∣∣∣∣∣
1

m

m∑

k=1

Zk(j)− ShMj(Γs)

∣∣∣∣∣ ≥ ǫ
)
≤ 2 exp

(
− 2mǫ2

[y − y]2
)
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where

y = max
C⊆P

|S|∑

i=1

σi(s)
[
v(si)(C ∪ {j})− v(si)(C)

]
,

y = min
C⊆P

|S|∑

i=1

σi(s)
[
v(si)(C ∪ {j})− v(si)(C)

]
.

We remark that, in the case of weighted voting games,
[
y − y

]2 ≤
[∑|S|

i=1 σi(s)
]2

. Now
we are ready to propose our first confidence interval, based onAssumption 3.1.

Static Confidence Interval3.3.1 (SCI). Let 1 ≤ j ≤ P , s ∈ S. Fix an integern and
set δ ∈ (0; 1). Then, with probability of confidence1 − δ, ShMj(Γs) belongs to the
confidence interval

[
1

m

m∑

k=1

Zk(j)− ǫ(m, δ) ;
1

m

n∑

k=1

Zk(j) + ǫ(m, δ)

]
,

where

ǫ(m, δ) =

√
[y − y]2 log(2/δ)

2m
. (3.37)

In the case of weighted voting games, (3.37) becomes

ǫ(m, δ) =

√√√√
[∑|S|

i=1 σi(s)
]2

log(2/δ)

2m
. (3.38)

Under the average criterion, (3.38) can be written asǫ(m, δ) =
√

log(2/δ)/[2m].

Not surprisingly, the confidence interval SCI is analogous tothe one found in [65] for
static games. Indeed, the intrinsic dynamics of the game is surpassed by Assumption 3.1,
for which the estimator has global knowledge of all the coalition values, even before
the Markov process initiates. Therefore, from the estimator agent’s point of view, there
exists no conceptual difference between the approach in [65] and SCI, except for the
complexity, which in the dynamic game increases by a factor|S|.

3.3.4 Randomized dynamic approaches

In this section we will propose two methods to compute a confidence interval for SSM,
for which Assumption 3.1 on global knowledge of coalition values is no longer necessary.
Indeed, the reader will notice that their conception naturally arises from the assumption
that the estimator agent learns the coalition values in eachsingle stage game while the
Markov chain process unfolds, as formalized below.
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Assumption 3.2. The state in which the estimator agent finds itself at each time step
follows the same Markov chain process of the Markovian game itself. The estimator
agent has local knowledge of the game that is being played, i.e. at stept ≥ 0 the estimator
agent has access only to the coalition values associated to the static game in the current
stateSt.

Remark 3.3. The approaches described in this section can also be employed under Assumption 3.1.
Indeed, any algorithm requiring the query on coalition values separately in each state can
also be run under a static assumption.

In the following we still assume that the transition probability matrix P is known by the
estimator agent. As in Section 3.3.3, the randomized approaches that we are going to
introduce hold for the Shapley value ofanyMarkovian game.

First dynamic approach

Now we propose our first randomized approach to compute a confidence interval for ShM,
holding both under the static Assumption 3.1 and under the dynamic Assumption 3.2. Let
χ ∈ X be, as in Section 3.3.3, a random permutation uniformly distributed on the set
{1, . . . , P}. Let us defineY (si)(j) as the random (overχ ∈ X) variable associated to
statesi:

Y (si)(j) ≡ v(si)(Cχ(j) ∪ {j})− v(si)(Cχ(j)). (3.39)

Let us assume thatY (si)(j) has been queriedni times in statesi, and let
∑|S|
i=1 ni = n.

We can still exploit Hoeffding’s inequality to say that, forall ǫ′ > 0,

Pr

(∣∣∣∣∣

|S|∑

i=1

σi(s)

ni

ni∑

t=1

Y
(si)
t (j)− ShMj(Γs)

∣∣∣∣∣ ≥ n ǫ
′

)
≤ . . .

2 exp

(
− 2[n ǫ′]2
∑|S|
i=1 σ

2
i (s)[x(i)− x(i)]2/ni

)

where, for alli = 1, . . . , |S|,

x(i) = max
C⊆P

v(si)(C ∪ {j})− v(si)(C)

x(i) = min
C⊆P

v(si)(C ∪ {j})− v(si)(C)

We notice that, in the case of weighted voting games,x(i) = 1 andx(i) = 0 for all
i = 1, . . . , |S|. Setǫ̃ = n ǫ′. Now we are ready to propose our second confidence interval
for ShMj(Γs), the first holding under Assumption 3.2.

Dynamic Confidence Interval3.3.1 (DCI1). Let 1 ≤ j ≤ P , s ∈ S. Fix the number
of queriesn and setδ ∈ (0; 1). Then, with probability of confidence1 − δ, ShMj(Γs)
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belongs to the confidence interval


|S|∑

i=1

σi(s)

ni

ni∑

t=1

Y
(si)
t (j)− ǫ̃(n, δ) ;

|S|∑

i=1

σi(s)

ni

ni∑

t=1

Y
(si)
t (j) + ǫ̃(n, δ)


 ,

where

ǫ̃(n, δ) =

√√√√ log(2/δ)

2

|S|∑

i=1

σ2
i (s)

ni
[x(i)− x(i)]2. (3.40)

In the case of weighted voting games, (3.40) becomes

ǫ̃(n, δ) =

√√√√ log(2/δ)

2

|S|∑

i=1

σ2
i (s)

ni
. (3.41)

Optimal sampling strategy

In this section we focus exclusively onweighted voting Markovian games. It is interesting
to investigate the optimum number of timesn∗i in which the variableY (si)(j) should be
sampled in each statesi, in order to minimize the length of the confidence interval DCI1,
keeping the confidence probability fixed. We notice that, by fixing 1− δ, we can find the
optimal values forn1, . . . , n|S| by setting up the following integer programming problem:





min
n1,...,n|S|

∑|S|
i=1 σ

2
i (s)[x

2(i)− x2(i)]/ni
∑|S|
i=1 ni = n, ni ∈ N

(3.42)

Remark 3.4. If the static Assumption 3.1 holds, then the computation of the optimum
valuesn∗1, . . . , n

∗
|S| in (3.42) is the only information we need to maximize the accuracy

of DCI1, since the sampling is done off-line. Otherwise, if Assumption 3.2 holds, the
estimator does not know in advance the succession of states hit by the process, hence it
is crucial to plan a sampling strategy of the variableY (si)(j) along the Markov chain. Of
course, a possible strategy would be, whenn is fixed, to samplen∗i times the variable
Y (si)(j) only the first time the statesi is hit, until all the states are hit. Nevertheless,
this approach is clearly not efficient, since in several timesteps the estimator is forced to
remain idle.

Motivated by Remark 3.4, now we devise an efficient and straightforward sampling strat-
egy, consisting in samplingY (si)(j), eachtime the statesi is hit, an equal number of
times over alli = 1, . . . , |S|. Let us first show a useful classical result for Markov chains.
Let η be the number of steps performed by the Markov chain{St, t ∈ [0; η − 1]}. Let ηi
be the number of visits to statesi, i.e.

ηi =

η−1∑

t=0

1I(St = si).
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Theorem 3.16( [69]). Let {St, t ≥ 1} be an ergodic Markov chain. Let̂π(η)
i ≡ ηi/η.

Then, for any distribution on the initial state and for alli = 1, . . . , |S|,

π̂
(η)
i

η↑∞−→ πi with probability 1,

whereπ is the stationary distribution of the Markov chain.

It is evident from (3.40) that̃ǫ(n, δ) ∈ Θ(n−1/2). We will now show under which con-
ditions the straightforward and efficient sampling strategy described above allows to
achieve asymptotically forn ↑ ∞ the best rate of convergence ofǫ̃(n, δ), for δ fixed.
The reader can find the proof of the next Theorem in [70].

Theorem 3.17.Suppose that Assumption 3.2 holds. Let the Markov chain of the weighted
voting Markovian game be ergodic. Fix the confidence probability 1 − δ. Under the
average criterion, if each time the statesi is hit then the estimator agent samples the
random variableY (si)(j) a constant number of times not depending oni (e.g. 1), then
with probability 1:

√
n ǫ̃(n, δ)

n↑∞−→ inf
n∈N

min
n1,...,n|S|:
P

i ni=n

√
n ǫ̃(n, δ) =

√
log(2/δ)

2
.

Second dynamic approach

Since Hoeffding’s inequality has a very general applicability and does not refer to any
particular probability distribution of the random variables at issue, it is natural to look
for confidence intervals especially suited to particular instances of games. In this section
we will show a third confidence interval for the Shapley valueof the Markovian game
Γ which is tighteri) the higher the confidence probability1 − δ is andii ) the tighter the
confidence intervals[li; ri] are. As an example, in the following we will show a tight
confidence interval for weighted voting Markovian games.

We suppose that we have at our disposal beforehand a general confidence interval[li; ri]
for the Shapley valueSh

(si)
j in the static games in statesi, for all statessi ∈ S. In general,

the extremali andri may depend onni,
∑ni
t=1 Y

(si)
t (j), andδi.

As in the case of DCI1, the randomized approach proposed in this section also holds both
under the static Assumption 3.1 and under the dynamic Assumption 3.2. It is based on
the following Lemma, whose proof can be found in [70].

Lemma 3.13.LetA1, . . . , Ak bek random variables such thatPr(Ai ∈ [li; ri]) ≥ 1− δi.
Let ci ≥ 0, for i = 1, . . . , k. Then,

Pr

(
k∑

i=1

ciAi ∈
[
k∑

i=1

cili ;
k∑

i=1

ciri

])
≥

k∏

i=1

[1− δi]
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The reader should keep in mind that, the smaller the single confidence levelsδ1, . . . , δk
are, the tighter the lower bound on the confidence probability

∏k
i=1(1− δi) is.

Now we are ready to present our second dynamic approach. Let the random variable
Y (si)(j) be defined as in (3.39). The following approach, as well as DCI1, implies that
Y (si)(j) is sampledni times in statesi, for all si ∈ S.

Dynamic Confidence Interval3.3.2 (DCI2). Setδi ∈ (0; 1), for all i = 1, . . . , |S|. Let

[
l(si)

(
ni,

n∑

t=1

Y
(si)
t (j), δi

)
; r(si)

(
ni,

n∑

t=1

Y
(si)
t (j), δi

)]
(3.43)

be the confidence interval forSh(si), with probability of confidence1 − δi, for all i =
1, . . . , |S|. Let 1 ≤ j ≤ P , s ∈ S. Then, with probability of confidence

∏|S|
i=1(1 − δi),

ShMj(Γs) belongs to the confidence interval



|S|∑

i=1

σi(s) l
(si)

(
ni,

ni∑

t=1

Y
(si)
t (j), δi

)
;

|S|∑

i=1

σi(s) r
(si)

(
ni,

ni∑

t=1

Y
(si)
t (j), δi

)
 .

We notice that the confidence interval DCI2 reveals the most natural connection between
the issue of computing confidence intervals of Shapley valuein static games, already
addressed in [65], and in Markovian games under the dynamic Assumption 3.2.

We already saw in Section 3.3.4 that the accuracy of DCI1 can bemaximized by adjusting
the number of queriesn1, . . . , n|S| in each state. Here, in addition, we could optimize
DCI2 also over the set of confidence levelsδ1, . . . , δ|S|, under the nonlinear constraint:

|S|∏

i=1

[1− δi] = 1− δ .

Weighted voting Markovian games

The aim of this section is twofold. Firstly, we suggest methods to compute a confidence
interval for the Shapley-Shubik index in weighted voting static games, as a complement
of the study in [65]. Secondly, such methods can be utilized to compute efficiently the
confidence interval DCI2 for SSM, as it is clear from the definition of DCI2 itself.
In [65], the authors derived a confidence interval for the Shapley value of a single stage
game, based on Hoeffding’s inequality. Nevertheless, for weighted voting static games,
a tighter confidence interval can be obtained, by applying the following approach. Let
χ ∈ X be a random permutation of{1, . . . , P}. Let us assume that{χk ∈ X}, k ≥ 1,
are uniform and independent. Let us define the Bernoulli variable Y (s)(j) as in (3.39).
As pointed out in [65], we can interpret the Shapley-Shubik indexSS

(s)
j as

SS
(s)
j = Pr

(
Y (s)(j) = 1

)
.
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Let Y (s)
1 (j), . . . , Y

(s)
n (j) be independent realization ofY (s)(j). It is evident that

n∑

k=1

Y
(s)
k (j) ∼ B(n, SS

(s)
j ),

whereB(a, b) is the binomial distribution with parametersa, b. Hence, computing a
confidence interval forSS

(s)
j boils down to the computation of confidence intervals of the

probability of success of the Bernoulli variableY (s)(j) given the proportion of successes∑n
k=1 Y

(s)
k (j)/n, which is a well know problem in literature. Of course, this might be

accomplished by using the general Hoeffding’s inequality as in [65], but over the last
decades some more efficient methods have been proposed, likethe Chernoff bound [71],
the Wilson’s score interval [72], the Wald interval [73], the adjusted Wald interval [74],
and the “exact” Clopper-Pearson interval [75].

3.3.5 Comparison among the proposed approaches

In this section we focus onweighted voting Markovian games, and we compare the accu-
racy of the proposed randomized approaches. We know that, under the static Assumption 3.1,
we are allowed to use any of the three methods presented in this section, SCI, DCI1, and
DCI2, to compute a confidence interval for the Shapley-Shubikindex in weighted voting
Markovian games. In fact, DCI1 and DCI2 involve independent queries over the different
states, and this can also be done under Assumptions Assumption 3.1. Therefore, it makes
sense to compare the tightness of the two confidence intervals SCI and DCI1.

Lemma 3.14.Consider weighted voting Markovian games. Let2ǫ(n, δ) be the accuracy
of SCI (see eq. 3.38). Let2ǫ̃(n, δ) be the accuracy of DCI1 (see eq. 3.41). Then, for any
integern and for any confidence probability1− δ,

ǫ(n, δ) ≤ ǫ̃(n, δ).

An interested reader can find the proof of Lemma 3.14 in [68].

Remark 3.5. The reader should not be misled by the result in Lemma 3.14. Infact, n
being equal in the two cases, the number of queries needed forconfidence interval SCI
is |S| times bigger than for DCI1, since each sampling of the variableZ(j), defined in
(3.36), requires|S| queries, one per each state. The comparison between the two con-
fidence interval would be fair only if the estimator agent knew beforehand the coalition
values of the long run game{v(Λ,Γs)}s,Λ.

According to Remark 3.5, we should compare the length of the confidence interval for
the static case,2 ǫ(n, δ), with the one for the dynamic case,2 ǫ̃(|S|n, δ), calculated with
|S| times many queries. Intriguingly, the relation between thetightness of SCI and DCI
is now, for a suitable query strategy, reversed.
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Theorem 3.18.In the case of weighted voting Markovian games, for any integer n,

min
n′

1
,...,n′

|S|
:

P

i n
′
i=|S|n

ǫ̃(|S|n, δ) ≤ ǫ(n, δ).

Proof. We can write

min
n′

1
,...,n′

|S|
:

P

i n
′
i=|S|n

|S|∑

i=1

σ2
i (s)

n′i
≤

|S|∑

i=1

σ2
i (s)∑|S|

k=1 n
′
k/|S|

=

|S|∑

i=1

σ2
i (s)

n
≤

[∑|S|
i=1 σi(s)

]2

n
(3.44)

where the last inequality holds sinceσi(s) ≥ 0. Hence, by inspection over the expres-
sions (3.38) and (3.41), the thesis is proved.

Theorem 3.18 clarifies the relation between the confidence intervals SCI and DCI1, under
the condition of weighted voting Markovian games. We highlight its significance in the
next two remarks.

Remark 3.6. Theorem 3.18 claims that the approach DCI1 is more accurate than SCI
for a suitable choice ofn′1, . . . , n

′
|S|, when the number of queries is equal for the two

methods. In essence, this occurs because the dynamic approach allows us to tune the
number of queries in the coalition values according to the weightσi(s) of each statesi in
the long run game. Moreover, the queries on coalition valuesare independent among the
states, hence providing more diversity to the statistics.

Remark 3.7. As we already remarked, the dynamic Assumption 3.2 is more pragmatic
and less restrictive than the static Assumption 3.1. Let us now give some insights on
the accuracy that can be achieved by the approaches SCI and DCI1under Assump-
tions Assumption 3.1 and Assumption 3.2 themselves. The approach DCI1 can be also
utilized under static Assumption 3.1, and in finite time DCI1 is more accurate under
Assumption 3.1 than under Assumption 3.2. Indeed, for a fixedn and under the static
Assumption 3.1, the value ofn′1, . . . , n

′
|S| in (3.44) can always be set to the optimum

value, since the algorithm DCI1 is run off-line. Instead, under the dynamic Assumption 3.2,
the sequence of states over timeS0, S1, S2, . . . is unknowna priori by the estimator agent,
hencen′1, . . . , n

′
|S| cannot be optimized for a finiten. Hence, in finite time, the static

Assumption 3.1 has still an edge over the dynamic Assumption3.2.
Nevertheless, we know from Theorem 3.17 that, for the average criterion in ergodic
Markov chains, there exists a query strategy enabling to achieve an optimum rate of con-
vergence for DCI1’s accuracy. Therefore we can conclude withthe following considera-
tion. Under the average criterion, DCI1, when employed underthe dynamic Assumption 3.2,
can beasymptoticallyas accurate as DCI1 itself and more accurate than SCI, when they
are both employed under the stronger static Assumption 3.1.

In addition to what has just been discussed, simulations showed that, when the number
of queriesn and the confidence levelδ are equal for the two methods, then theeffective

D2.2b SAPHYRE



3.3 Confidence Intervals of Shapley-Shubik Power Index in Markovian Games 105

confidence probability for SCI is generally higher than for DCI1, i.e. the lower bound
1−δ is less tight. We explain this by reminding that the centers of the confidence intervals
SCI and DC1, respectively

1

m

m∑

k=1

Zk(j) ,

|S|∑

i=1

σi(s)

ni

ni∑

t=1

Y
(si)
t

are already two estimators forSSM(Γs), and the former possesses a smaller variance than
the second one.

1− δ a2≻2 (%)

.97 100

.95 99.9
.9 87.5
.8 57.7

Table 3.4: Percentagea2≻1 of cases in which the confidence interval DCI2 is narrower
than confidence interval DCI1, at different confidence probabilities. The Clopper-Pearson
interval is considered for DCI2.

About the performance of confidence interval DCI2, the simulations confirmed our intu-
itions. We utilized the Clopper-Pearson interval to computea confidence interval for the
Shapley-Shubik index in weighted voting static games, and we saw that the confidence
interval is more and more tight when the confidence probability approaches 1. Leta2≻1

be the percentage of weighted voting Markovian game instances, generated randomly, in
which the confidence interval DCI2 is narrower than confidenceinterval DCI1. In Table
3.4 we show, for each value of confidence probability1− δ, the values ofa2≻1 obtained
from simulations. We see that, for1 − δ < 0.8, the two confidence interval have a com-
parable length. For1 − δ ≥ 0.8, the confidence interval DCI2 is evidently tighter than
DCI1 under these settings.

3.3.6 Complexity of confidence intervals

In Section 3.3.2 we motivated the importance of devising an algorithm that approximates
SSM with a polynomial accuracy in the number of playersP without the need of an
exponential number of queries. In this section we show that the proposed randomized
approaches SCI and DCI1 fulfill this requirement. Before, we still need to clarify the
notion of accuracy of a randomized approach, in parallel with the one of a deterministic
approach shown in Definition 3.4.

Definition 3.6. Fix a confidence levelδ and a number of queriesn. Theaccuracy of a
randomized algorithmapproximating SSM is the length its confidence interval.
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In the previous sections we derived three confidence intervals for ShM/SSM. Now we
show that the number of queries required by SCI and DCI1 does noteven depend on the
number of playersP .

Proposition 3.5.Fix the confidence levelδ and the length of confidence interval2 ǫ. Then
n queries are required for the confidence interval SCI, where

n =

[
y − y

]2
log(2/δ)

2 ǫ2
.

Proof. The proof follows straightforward from the expression of confidence interval SCI.

Proposition 3.6. Fix the confidence levelδ and the length of confidence interval2 ǫ̃.
Then, there exists values ofn1, . . . , n|S|, with

∑
i ni = n, such thatn queries are required

for the confidence interval DCI1, where

n ≤
|S|
[
y − y

]2
log(2/δ)

2 ǫ̃2
.

Proof. The proof follows straightforward from Theorem 3.18.

From Propositions Proposition 3.5 and Proposition 3.6 we derive the following funda-
mental result on the complexity of SCI and DCI1.

Theorem 3.19. Let p(P ) be a polynomial in the variableP . The number of queries
required to achieve an accuracy of1/p(P ) isO(p2(P )), for both the approaches SCI and
DCI1.

Since we did not provide an explicit expression for the confidence interval DCI2, then
we can not provide a result analogous to Theorem 3.19 for DCI2 either. Anyway, we
notice that the expression (3.43) of its confidence intervaldoes not depend on the number
of playersP . Moreover, if the Hoeffding’s inequality is used to computethe confidence
interval for the Shapley value in the static games, then a result similar to Theorem 3.19
can be derived for DCI2.

Remark 3.8. Corollary 3.5 and Theorem 3.19 explain in what sense the proposed ran-
domized approaches SCI and DCI1 are better than any deterministic approach, according
to Definition 3.4 and Definition 3.6 of “accuracy”. In order toachieve an accuracy in
the order ofP−1, for a number of playersP sufficiently high, the number of queries
needed by SCI and DCI1 is always smaller than the number of queries employed by any
deterministic algorithm.
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3.3.7 Conclusive Considerations

We proved in Section 3.3.2 that an exponential number of queries is necessary for any
deterministic algorithm even to approximate SSM with polynomial accuracy. Hence, we
directed our attention to randomized algorithms and we proposed three different meth-
ods to compute a confidence interval for SSM. The first one, described in Section 3.3.3
and called SCI, assumes that the coalition values in each state are available off-line to
the estimator agent. SCI can be seen as a benchmark for the performance of the other
two methods, DCI1 in Sections 3.3.4 and DCI2 in Section 3.3.4. The last two methods
can be utilized also if we pragmatically assume that the estimator learns the coalition
values in each static game while the Markov chain process unfolds. DCI2 reveals the
most natural connection between confidence intervals of Shapley value in static games,
presented in [65], and in Markovian games. As a by-product ofthe study of DCI2, we
provided confidence intervals for the Shapley-Shubik indexin static games, which are
tighter than the one proposed in [65]. We proposed a straightforward way to optimize
the tightness of DCI1. We compared in Section 3.3.5 the proposed three approaches in
terms of tightness of the confidence interval. We proved thatDCI1 is tighter than SCI,
with an equal number of queries and for a suitable choice of the number of queries on
coalition values in each state. This occurs essentially because DCI1 allows us to tune the
number of samples according to the weight of the state. Hencewe showed that,asymp-
totically, the dynamic Assumption 3.2 is not restrictive with respectto the much stronger
static Assumption 3.1, under the average criterion and for what concerns SCI and DCI1.
The simulations confirmed that DCI2 is more accurate than the SCI and DCI1 when both
the confidence probability is close to 1 and a tight confidenceinterval for the Shapley-
Shubik index of static games is available, like the Clopper-Pearson interval. Finally, in
Section 3.3.6 we showed that a polynomial number of queries is sufficient to achieve a
polynomial accuracy for the proposed algorithms. Hence, inorder to compute SSM, the
proposed randomized approaches are more accurate than any deterministic approach for
a number of players sufficiently high. The three proposed randomized approaches also
produce confidence intervals for the Shapley value inanycooperative Markovian game.

3.4 Stochastic Games for Cooperative Network Routing and
Epidemic Spread

Several providers share a network to provide connection towards a unique common des-
tination to their customers. We provide a framework of a coalition game to facilitate the
design of the available network links and their costs such that there exists an optimum
routing strategy and a cost sharing satisfying all the subsets of providers. More specifi-
cally, we provide algorithms to compute the coalition values, i.e. the minimum costs that
each coalition can ensure for itself. The proposed algorithm is based on some results for
two-player zero-sum stochastic games with perfect information in Section 3.1.

It is worth noticing that the analyzed problem differs substantially from the noncooper-
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ative routing games thoroughly studied in literature (for additional details see e.g. [76]
and references therein). At the best of the authors’ knowledge, this work is the first one
applying coalition games to determine an optimum routing solution and cost allocation
in a shared network.

3.4.1 Routing model

We consider a network consisting of a set of nodesV ={1, . . . , N}.M service providers
share the network to offer their customers connection toward a single destination node
N . The customers’s traffic is injected in the network atn≤N−1 nodes, called sources,
located in nodesT = {i1, . . . , in} ⊆ V/{N}. There is only one destination, in nodeN .
We assume that all the sources transmit at the same rate the packets of a providerk, for
all possiblek. Let ck(i, j) > 0 represent the cost per unit time that providerk has to
sustain to convey its own packets, sent by any of the sources in T, through the linki→j.
The k-th service provider controls the routing, i.e. the activation of outgoing links, in
the set of nodesVk. We suppose that a node is controlled at most by one provider,i.e.,
Vi ∩ Vj = ∅, ∀ iNEj and

⋃
i Vi ⊆ V . Each nodei is assigned a subsetαi ⊆ V , such that

thedirectedlink i→ j can be activated if and only ifj ∈ αi. In the generic nodei ∈ Vk
controlled by providerk, providerk himself can assign a probability distributionfk to
the each nodej ∈ αi such that the probability that the network link(i, j) is utilized for
routing isfk(i, j) at any routing decision moment. The destination node is a “sink”, and
it does not route the incoming packets to any of the other nodes. We remark that all the
nodes{1, . . . , N − 1}, included the sources, serve as routing nodes.

Let Φ
(k)
β , with β ∈ [0; 1], be aN -by-1 vector whosei-th component is the expected

β-discounted sum of costs:

Ef1,...,fM

[∑

t≥0

βtck(it, it+1)
]
, with i0 = i,

whereit is thet-th node crossed by the packets. It is worth noticing that, for β = 1, Φ
(k)
1

is the undiscounted sum and itsl-th component, withl ∈ T, is the cost per unit time that
providerk incurs for the stream of packets going from thel-th source to the destination.

3.4.2 Routing coalition game

Let M = {1, . . . ,M} be the grand coalition of service providers. We assume that the
providers belonging to a generic coalitionC ⊆ M can stipulate binding agreements
among them to enforce the optimum strategy for the coalitionand distribute the costs
among themselves.
Let FC be the set of strategies available to coalitionC ⊆ M. It is easy to show that
FC is the Cartesian product of the strategies available to all the members ofC, i.e.
FC = ×k∈CFk, and the set of strategiesFC is dubbednot correlated. Moreover, thanks
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to available results on stochastic games (see Section 3.2),we can focus only onpure
(deterministic) strategies. LetFC be the set of pure strategies forC, i.e.

FC =
{

fk : {k} ∈ C; ∀ i ∈ Vk, ∃ j : fk(i, j) = 1
}
.

Let us define, for anyβ ∈ [0; 1], the expectedβ-discounted sum

Φ
(C)
β (fM/C, fC) =

∑

{k}∈C

Φ
(k)
β (fM/C, fC)

Let eT be aN -by-1 vector containing 1’s in correspondance of the sources and 0’s oth-
erwise. In this section we are interested in the caseβ = 1, since the quantityeT

T
Φ

(C)
β=1

is the total cost per unit time thatC incurs to sustain itsn|C| information streams. The
minimum costv(C) that coalitionC can ensure for itself is

v(C) = min
fC∈FC

max
fM/C∈FM/C

eTTΦ
(C)
1 (fM/C, fC). (3.45)

Under the TU condition, we suppose thatv(C) can be partitioned among the providers
of C in any manner, thanks to a binding agreement among its members. We can say that
v(C) is the minmax value of a zero-sum game between the coalitionC and the rest of the
providersM/C, who are willing to “punish” the coalitionC.

The formulation of this conflict among coalitions as a two-player stochastic game with
perfect information is described hereinafter.

Player 2 is the coalitionC⊂M, while player 1 is the rest of the providersM/C. There ex-
ist a bijective association between the network nodesV and the statesS. LetS1 andS2 be
the set of states associated to the set of nodes

⋃
{k}∈M/CVk and to

⋃
{k}∈C
Vk, respectively.

The network linki→j is activated if and only if playerk selects the actiona(k)j (si), where

j ∈ αi, k : si ∈ Sk. The instantaneous rewardr(si, a
(k)
j (si))=

∑
{p}∈C
cp(i, j), wherek is

the player that controls the nodei. The transition probability isp(sw|si, a(k)j (si))=1I(w=
j), where1I is the indicator function. Note that

∑
s′∈S p(s

′|s, f ,g) = 1, ∀ s ∈ S/{sN}
and for each couple of stationary strategies(f ,g). The destination node is a “sink”, i.e.
p(si|sN)=0, ∀ i ∈ [1;N ], and no actions are available in it for both players.

The overall optimum global routing strategyFo satifies

v(M) = eTTΦ
(M)
1 (Fo) = min

fM∈FM

eTTΦ
(M)
1 (fM)

whereFM is the set of strategies available to the grand coalitionM. It is easy to see that
the superadditivity property of the characteristic functionv:

v(C1) + v(C2) ≥ v(C1 ∪ C2), ∀C1,C2 ⊂M, C1 ∩ C2 = ∅

holds directly from the minmax definition (3.45) ofv.
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Algorithm for computing coalition values

The valuesv(C) may beinfinite. In Section 3.2 it is shown thatv(C) is the value of the
game at Nash equilibrium. Ifv(C) = +∞, then the optimal strategies for the players, i.e.
the strategies at Nash equilibrium, impede at least one source-destination path by causing
a loop in the network. In practice,v(C) = +∞ is not the cost that coalitionC has to bear;
anyway, it shows well that any service provider cannot accept to lose its own packets.
The theory of stochastic games provides an approach toavoid infinities in the computation
of coalition values. The details are illustrated in the following lemma whose proof can
be found in [77].

Lemma 3.15.Suppose that all the instantaneous rewards are nonnegative.Let us utilize
the extended line of real numbers, i.e. treat±∞ as a number (±∞ = ±∞, −∞ < a ∈
R < +∞). Then, the uniform optimal strategies are optimal in the undiscounted criterion
as well, i.e.

Φ1(f ,g
∗) ≤ Φ1(f∗,g∗) ≤ Φ1(f

∗,g) ∀ f ,g (3.46)

The idea is to compute the optimal strategies(f∗
M/C, f

∗
C
), for coalitionsM/C andC respec-

tively, for all the discount factors sufficiently close to 1. Then, we adopt the strategy that
is still optimal in the limit forβ → 1.

In the following, we illustrate the proposed approach. Fix apure strategyfM/C for coali-
tion M/C. We say that the pure strategyf ′

C
is an improvement for coalitionC with respect

to f ′
C

for the discount factorβ iff

Φ
(C)
β (fM/C, f

′
C) ≤ Φ

(C)
β (fM/C, fC)

where the relation≤ is component-wise and< is valid for at least one component. Let
ΓM/C(fC) be the optimization problem thatM/C faces whenC fixes its own strategyfC.

Then, the optimum strategy forM/C in ΓM/C(fC) maximizesΦ(C)
β (fM/C, fC) component-

wisely.

Algorithm3.4.1.

1. Pick a pure routing strategyfC for coalitionC.

2. Find the best strategyfM/C for coalitionM/C in the optimization problemΓM/C(fC),
for all the discount factors close enough to 1.

3. Find thefirst node controlled by coalitionC in which a change of strategyf ′
C

is a
benefit for coalitionC for all the discount factors close enough to 1. If it does not
exists, then set(f ∗

M/C, f
∗
C
) := (fM/C, fC) and go to step 4. Otherwise, setfC := f ′

C

and go to step 2.

4. If limβ→1 eT
T
Φ

(C)
β (f ∗

M/C, f
∗
C
) = l < +∞ then setv(C) = l. Otherwise, setv(C) =

+∞.
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We remark that the optimal strategy in step 2 and the strategyrefinement in step 3 are
found with the help of simplex tableaux in the non-archimedean ordered fieldF (R) of
rational functions with real polynomial coefficients (for all details, see Section 3.1).

Transient case

Suppose now that the following assumption holds.

Assumption 3.3. For any couple of pure strategies(fM/C, fC) for M/C andC respectively,
and for alli ∈ V , there exists a path1 τi(fM/C, fC) of finite length2 Li(fM/C, fC) and without
loops linking nodei to the destination nodeN .

The following result shows that the assumption above ensures Φ
(C)
1 to be finite, for any

couple of strategies.

Proposition 3.7. Suppose that Assumption 3.3 holds. Then, for all the pure strategies
fM/C ∈ FM/C, fC ∈ FC:

(i) the pathτi(fM/C, fC) is unique;

(ii) Φ
(C)
1 (fM/C, fC) < +∞.

Proof. Let τi(fM/C, fC) = {i0 = i, i1, . . . , iLi = N} be the nodes crossed by the pathτi
whenfM/C, fC are fixed. If there existed more than one path linking two nodes then there
would exist at least one node in which more than one arc go out of it. This is impossible
since the strategies are pure. Then,(i) is proved. Therefore, we can say that

{
pt(j|i0 = i, fM/C, fC) = 1I(j= it), ∀ t ∈ [1;Li(fM/C, fC)]

pt(j|i0 = i, fM/C, fC) = 0, ∀ t > Li(fM/C, fC)

wherept(j|i0) is the probability that thet-th node crossed by the packets starting in node
i0 is j. Thus,∀ i ∈ V , thei-th component ofΦ(C)

1 (fM/C, fC) is bounded by

Li(fM/C, fC) |C | max
k,i,j
ck(i, j) < +∞

Adapted algorithm for finite coalition values

If Assumption 3.3 holds, then the algorithm 3.4.1 can be adapted as follows.

Algorithm3.4.2.

1. Pick a pure routing strategyfC for coalitionC.

1a path is a sequence of connected nodes
2the length of the path is the number of edges that it is composed of.
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2. Find the best strategyfM/C for coalitionM/C in the optimization problemΓM/C(fC),
for β = 1.

3. Find thefirst node controlled by coalitionC in which a change of strategyf ′
C

is
a benefit for coalitionC, for β = 1. If it does not exists, then set(f ∗

M/C, f
∗
C
) :=

(fM/C, fC) and go to step 4. Otherwise, setfC :=f ′
C

and go to step 2.

4. Setv(C) = eT
T
Φ

(C)
1 (f ∗

M/C, f
∗
C
).

We remark that the algorithm 3.4.2 is analogous to the one described by Raghavan and
Syed in [48] whenβ = 1 and restricted to the transient case, with the difference that
in step 2 the search is not necessarily lexicographic for coalition M/C. Indeed, at each
iteration M/C is allowed to find its own temporarily optimal strategy withany MDP
solving method.

3.4.3 Network design

The main contribution of this section consists in describing how to compute the coalition
values, and the network design is not our purpose. Nevertheless, we suggest which steps
could be followed in this direction.

An eventual network designer should aim at devising both therouting decisionsαi avail-
able to each provider in each nodei ∈ V and the cost of the linksck(i, j), in order to
ensure that each coalition of providers has an interest in not deviating from the global
optimum policy Fo. Formally, a network designer should ensure the non-emptiness
of the core of the TU (transferable utility) coalition game(M, v), i.e. that set of cost
Co(v) = {g1, . . . , gM} ∈ RM that providers can share among themselves through bind-
ing agreements, such that

{∑M
k=1 gk = v(M)∑
{k}∈C
gk ≤ v(C), ∀C ⊂M.

We see from the former equation that the core is globallyefficientfor the network and
from the latter that it is alsostablewith respect to the formation of greedy coalitions.

3.4.4 Hacker-Provider routing game

The routing game with just two players described in section 3.4.1 can also be re-interpreted
in the framework of the conflicts between one service provider and one hacker.
There is a setV1 ⊆ V of vulnerable nodes, where the routing control may be got hold by
a hacker.V0 is the set of nodes in which the routing is handled by a serviceprovider. The
setV2 = V0/V1 is the set of unattackable nodes among the ones controlled bythe service
provider. Each linki→ j is assignedc(i, j) > 0, that in this case can be also interpreted
as adelay, i.e. the time that a packet of providerk spends to go from nodei to node
j. In such a case, let us assume that the nodes are capable to re-direct all the incoming
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packets as soon as they receive them, without any additionaldelay due to the buffering.
The service provider here wants to find the routing rule thatjointly minimizes the packet
delayΦ1 for all the sources; conversely, the hacker wants to slow down the network.
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Figure 3.1: Nash equilibrium in routing game. The continuous arrows are the activated
links. The costs are specified next to each arrow. Green and red nodes are controlled by
the service provider and by the hacker, respectively. In white nodes there are no routing
choice.

As in section 3.4.1, there may be some couple of strategies for the two players for which
there exist loops in the network, that cause the packet delayfrom some sources to be
infinite. Note that the hacker can also disrupt some nodes, byforcing a loop on them.
Hence, here we deal with the general case of undiscounted stochastic games described
in Section 3.2. The undiscounted optimal strategies can be computed by the algorithm
3.4.1, in which player 1 is now the hacker which controls nodes V1, and player 2 is the
service provider, which controls nodesV2.

Note that in this case, in contrast to the coalition game, we are more interested in the
computation of the optimal strategies, and not in the value of the game at the Nash equi-
librium. Indeed, the optimal strategy for the service provider is the pure routing policy
it should adopt in order to minimize the source-wise packet delay in the worst case. For
Lemma 3.8, the worst situation for the provider is when the hacker is able to control all
the vulnerable nodesV1 and has at its disposal as many routing policies as possible.Note
that the optimal strategies for both players are pure, i.e. the routing policy is deterministic
in each node.

An example of optimal strategies for both players in a delay routing game is shown in
Figure 3.1.

3.4.5 Natural disaster

Let us reformulate the model described in section 3.4.4, where player 1 is now a natu-
ral agent that can put out of order some nodesV1 ⊂ V of the network, independently
of the routing action taken by the service provider in such nodes. This addresses the
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practical situation in which nodesV1 are located in areas subject to catastrophic natural
phenomena. It is straightforward to see that the computation of the optimal strategies for
the service provider boils down to the calculation of a MDP uniform optimal solution
(see [50]), in which the set of nodes of interest is reduced toV2, that is the collection of
nodes controlled by the service provider.

3.4.6 Epidemic network

In this section we model an epidemic network withN nodes;N−1 possibly infected
individuals are located in nodes{1, . . . , N − 1} respectively. Each individual can infect,
with some probability, only one among a subset of other individuals in its neighborhood.
There is a probabilityµi that the infection process starts from thei-th individual. The
infection spread terminates when the virus reaches the healer, located in nodeN . Hence,
there is a probabilityµN that the epidemic spread is averted. There are two player: player
2, the “good” one, wants to design and force the connections among the individuals
such that the lowest expected number of individuals are infected, while player 1 has the
opposite goal. The assumption of perfect information stillholds, i.e. the set of nodes in
which player 1 and player 2 have more than one action available are disjoint.

The formulation of the problem is analogous to the two-player game described in section
3.4.1, in which the cost of the link(i, j) is 1 for all nodesi, j. The nodes are substituted
by the individuals, the destination with the healer, the sources become the first infected
entity, the packet routing is replaced by the virus transmission. In this context, we wish
µTΦ1 to represent the average number of infected individuals. Therefore, for each cou-
ple of routing strategies,no loopsin the network are allowed, i.e. we suppose that the
Assumption 3.3 holds. Hence, thanks to Proposition 3.7, forevery couple of pure station-
ary strategies(f ,g), µTΦ1(f ,g) is actually the expected number of infected individuals.

It can be shown (see [77]) that Algorithm 3.4.2 can be used to find the optimal strategy for
the “good” player, who is interested in minimizing the objective functionµTΦ1(f ,g). If
(f∗,g∗) are the undiscounted optimal strategies, then the valueµTΦ1(f

∗,g∗) is the most
pessimistic estimate for player 2 for the expected number ofinfected individuals.

3.4.7 Conclusive Considerations

Several providers share the same network and control the routing in disjoint sets of nodes.
There are several information sources and one destination.By using the framework of
stochastic games, we provided algorithms to compute the minimum costs that each coali-
tion of providers can ensure for itself. This helps the optimum design of a network,
which should guarantee the existence of an efficient and stable costs partition among the
providers. We also modeled situations in which there are twoplayers with conflicting
interests, like a hacker against a service provider, or in which a service provider wants to
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reduce the damages to the network caused by a natural disaster. An epidemic spread net-
work model was shown as well. From a theoretical perspective, we extended some results
on uniform optimal strategies in stochastic game to the caseof undiscounted criterion.

3.5 Cooperative Games on Markovian MACs with Jamming Users

In the last few years, the computing capability of terminalshas rapidly increased, as
much as their ability to sense the behavior of the other terminals and to decide what is the
best strategy for themselves, in terms of power consumption, handover, choice of symbol
constellation and so on. Thus, we are witnessing a paradigm shift, from fully centralized
networks with dumb terminals to distributed networks, in which users can cooperate and
pursue their own interest. Hence, from a system designer point of view, it is more and
more crucial to devise a rate allocation being both optimum for the whole network and
stable, i.e. no subset of users is dissatisfied with the service and decide to withdraw
from the communication [78]. This challenging issue is addressed by cooperative game
theory with non-transferable utility (NTU) [79], which provides powerful tools to derive
efficient and stable allocations in a setting in which the players - in this context the users
- can cooperate to reach a common goal.

In [80], La and Anantharam dealt with a cooperative game on multiple access channels
(MAC) in which several users attempt to send information to a single receiver. Users
being dissatisfied with the assigned rate can threaten to jamthe network. In this case,
only users with enough available power can transmit with positive rate. They considered
a static channel and defined the Core of the game as the set of rates such that no subsets
of players can attain a better allocation when the remainingusers jam.

In this section we consider a setting similar to the one in [80], except for the fact that
the channel is quasi-static, i.e. they vary slowly enough tobe assumed constant for the
whole duration of a codeword. Thus, the channel coefficientsvary at each codeword, and
follow a homogeneous Markov chain (HMC) on a discrete set of channel states. Hence,
at each step of the HMC, the same game as in [80] is played. We first study the relation
between the static and the Markovian game. The Core of the Markovian game is still the
most attractive set of rate allocations, both from a centralized point of view and for the
single users. We consider both the discounted and the average criterion to sum the rate
over time. We find in Section 3.5.4 that the Core of the Markovian game is nonempty and
we study its connections with the Core of the single stage game. We also consider the
possibility that coalitions can change over time, along theMarkov process, and we find
that our allocation is still stable, for any subgame. In Section 3.5.6 we show that, under
the discounted criterion, the procedure of joint rate allocations in the Markovian game
for each starting state of the HMC is a delicate procedure. Indeed, the associated single
stage allocations may not be feasible. Thus we propose a way to ensure their feasibility.
Section 3.5.7 analyzes theα-fair allocation procedures, with particular attention tothe
max-min fair (α → ∞) and to the proportional fair (α → 1) [81]. We find a condition

SAPHYRE D2.2b



116 3 Cooperative Games in Spectrum Sharing Networks

on the single stage games ensuring that, if the single stage allocations all satisfy such
criteria, they also do it in the long run game. Moreover, we define in our setting the Nash
bargaining solution. Although the Core is a reasonably stable solution, there is still the
chance that an agreement among the users is not found, and everybody threatens to jam.
For example, users may be envious of the rate assigned to someother user. Thus, we
investigate this situation in Section 3.5.8 and we prove that, if the number of playersP
increases, the probability that some user can still communicate tends to 0 with exponential
rate. As a by product of this analysis, we find that the Nash bargaining solution that we
defined tends to all the three fair criteria cited above whenP tends to infinity. Finally, in
Section 3.5.9 we prove that in the Markovian channel the expected sum rate in the long
run game tends to 0 whenP tends to infinity.

A notation remark. Any order relation between vectors is to meant to be component-wise.

3.5.1 System Model

We consider a wireless system in whichP terminals attempt to send information to a
single receiver or base station. LetP = {1, . . . , P} be the set of all users. Each useri has
at its disposal a coding schemeCi of lengthn. Let {Mi(k)}k∈N be the set of messages
that useri can transmit. Then,Ci ≡ {Ci(k) : Mi(k)→ Cn}k∈N, i.e.,Ci maps the set of
messages of useri into complex symbols of lengthn, which does not depend on the user.
The knowledge of such codes is available to all the users and,of course, to the receiver.
We assume that the power ofCi is subject to the constraint∆i, i.e., for any codeword
x(i) ∈ Ci,

1

n

n∑

k=1

|x(i)
k |2 ≤ ∆i.

We assume a quasi-static channel, i.e. the channel coefficient can be considered constant
for the whole duration of a codeword. Thus, thet-th signal block received by the unique
receiver, fort ∈ N0, can be written as

y[t] =
P∑

i=1

h(i)[t] x(i)[t] + w[t]

whereh(i)[t] is the complex channel coefficient for useri at time stept, andw[t] is a
collection ofn zero mean white Gaussian noise samples with varianceN0. We assume
that the set of channel coefficients{h(1), h(2), . . . , h(P )} is finite and it follows a discrete
time HMC, which can change state at every new codeword. In other words, ifSt is the
channel state at time stept, where

St ≡
[
h(1)[t], . . . , h(P )[t]

]
,

then the random process{St, t ≥ 0} is a HMC. We defineS as the set of all theN
possible states of the HMC.

D2.2b SAPHYRE



3.5 Cooperative Games on Markovian MACs with Jamming Users 117

We stress that our system model is different from the one usually investigated from an
information theoretical point of view (e.g. see [82]), since the channel does not vary
during a whole codeword.
We assume that any subsetJ ⊂ P of users can decide not to participate anymore to the
transmission and hence to threaten to jam the network. We point out that it is not granted
that they actually jam, but anyway the active users should brace themselves for the worst
possible scenario, and assess which rate they can ensure in such a case.
Note that our system model is equivalent to the one in [80], except for the fact that the
complex channel coefficientshi are not static, but vary at every codeword, according to a
Markov chain. Our goal in this section is indeed to study a fair rate allocation in the long
run process, under the assumption of quasi-static Markov channel.

3.5.2 Theoretical Background

In this section we provide some useful definitions and background results on polyma-
troids and cooperative game theory with NTU.

3.5.3 Polymatroids

Definition 3.7. Let A be a ground set with cardinalityn and letg : 2A → R be a rank
function, i.e. a real valued set function such that

g(B1 ∪ {i})− g(B1) ≥ g(B2 ∪ {i})− g(B2), ∀B1 ⊂ B2 ⊆ A\{i}.

ThepolymatroidR associated tog is defined as

R ≡
{

x ∈ Rn+ :
∑

i∈T

xi ≤ g(T ), ∀T ⊆ A
}
.

Definition 3.8. LetA,B be two sets. Then, the setC:

C = A+B = {a+ b | a ∈ A, b ∈ B}

is called theMinkowski sumbetweenA andB.

We present here an important result from [83], p.241, Theorem 12.1.5.

Theorem 3.20. Let R1, . . . ,Rk be k polymatroids on the same ground setA, and let
gi be the rank function associated toRi. Then, the Minkowski sum

∑k
i=1 Ri is still a

polymatroid with rank function
∑k
i=1 gi.

The proof of the following Corollary is straightforward.
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Corollary 3.6. Let ai ≥ 0, for all i = 1, . . . , k. Let R1, . . . ,Rk be k polymatroids on
the same ground set and letgi be the rank function ofRi. Then, the Minkowski sum∑k
i=1 aiRi is a polymatroid with rank function

∑k
i=1 aigi.

In the following we will see that the main facet of a polymatroid plays a fundamental role
in our game theoretic model.

Definition 3.9. Let R be a polymatroid and letg be its rank function on the setA. The
main facetM(R) is defined as

M(R) ≡
{

x ∈ R :
∑

i∈A

xi = g(A)

}
.

The facetM(R) has at mostn! extreme points, and each of them has an explicit charac-
terization as a function of the rank functiong. Let H(n) be the set of permutations of
{1, . . . , n}. A point w ∈ M(R) is a vertex if and only if there exists a permutationσ of
{1, . . . , n} such that

wi ≡ wi(σ) = g({σ1, . . . , σi−1, σi})− g({σ1, . . . , σi−1})

Let us show a classical result on polymatroids (e.g. see [84]).

Theorem 3.21.For anyc ∈ R|A|, a solution of the linear programmax
∑|A|
i=1 cixi, where

x ∈ R, is attained at a vertexw(σ) ofM(R) such thatcσ1 ≥ · · · ≥ cσ|A|.

Corollary 3.7. For eachx ∈ R, there existsx ∈M(R) such thatx ≥ x.

The following result directly follows from Theorem 3.20 andCorollary 3.6.

Corollary 3.8. Letai ≥ 0, for all i = 1, . . . , k. LetR1, . . . ,Rk bek polymatroids on the
same ground setA. LetR =

∑k
i=1 aiRi. Letw(σ)(i) be the vertex ofM(Ri) associated

to the permutationσ of 1, . . . , |A|. Letw(σ) be a vertex ofM(R). Then,

w(σ) =
k∑

i=1

aiw(σ)(i), ∀σ ∈ H(|A|).

Cooperative game theory

In cooperative game theory, we generally deal with a setP of P players in which each
coalition T ⊆ P can stipulate an off-line agreement and cooperate. Under the NTU
assumption, each coalitionT ⊆ P can ensure for itself, regardless of the action of the
other players, a set of feasible payoff allocationsR(T ) ⊆ R|T |, such that, if,r ∈ R, ri is
the payoff allocated to thei-th player belonging toT . If all the players inP cooperate,
we say that the grand coalitionP is formed.
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Traditionally, the main objective of cooperative game theory is to find a payoff allocation
which is both efficient for the whole community and stable, i.e. no coalition has interest
in withdrawing from the grand coalition. A coalitionT is enticed to withdraw from the
grand coalition when it can ensure for itself a payoff which is strictly bigger, for each of
its participants, than the one assigned by the grand coalition. This concept is known as
the Core of the NTU game.

Definition 3.10. Let R(T ) be the feasible set of coalitionT ⊆ P in a NTU game. The
Core of the gameCo is the set of realP -tuples which are feasible and optimum forP

and which are not dominated by any vector inR(T ), for all T ⊆ P, i.e.

Co ≡
{

x ∈ R(P) : ∄ (T ⊂ P, x̃ ∈ R(T )) s.t. x̃ > x(T ),

and
∑

i∈P

xi ≥
∑

i∈P

xi, ∀x ∈ R(P)
}

wherex(T ) stands for the set of components ofx related to players of coalitionT , and
the order sign> is component-wise.

Nevertheless, the Core might not be synonymous with stability. For example, the envy
[85] felt by a player towards the allocation assigned to another player may push the
first player not to cooperate anymore. Nash addressed in [86]the problem of payoff
allocations among non-cooperative players, who cannot findany agreement. He found
a unique allocation, called the Nash bargaining solution, fulfilling four sensible axioms
(see [86] for any further detail).

Definition 3.11. Let d be the disagreement point, i.e.di is the payoff that playeri can
ensure for itself when no agreement is attained among the players. Assume that the set
B ≡ {x ∈ R(P) : xi > di, ∀ i ∈ P} is nonempty. TheNash bargaining solution
xNB ∈ RP is defined as

xNB = argmax
x∈B

P∏

i=1

(xi − di)

3.5.4 Cooperative games

In this section we analyze the feasibility rate region of thesystem, assuming that any
subset of users can jam the remaining active users. In our game theoretic model, the
users are the players and the feasibility region for each setof active usersAJ is their non
transferable utility region. In Section 3.5.5 we apply someresults obtained in [80] to our
settings, while in Section 3.5.5 we provide new results on the feasible rate regions on
Markovian MAC.
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3.5.5 Static Channel

Set the channel states ≡ [h(1)(s), . . . , h(P )(s)]. Fix the set of jamming usersJ ⊂ P.
Let Λ(J, s) be the maximum power achievable by the signal transmitted bythe jamming
users. Under the assumption that the users inJ can stipulate an off-line deal and hence
cooperate effectively against the set of active usersAJ ≡ P\J , their signals can sum
coherently and the expression ofΛ(J, s) becomes

Λ(J, s) =

(
∑

i∈J

|h(i)(s)|
√

∆i

)2

.

Let R(AJ , s) be the capacity region for the active usersAJ in the channel states. As
usual, it is defined as the set of rates jointly achievable by all the users inAJ with a
probability of detection error that tends to 0 when the blocklengthn tends to infinity.

Assumption 3.4. In our NTU cooperative game model, we assume thatR(AJ , s) is the
set of feasible allocations forAJ in states.

Let ÂJ(s) be the set of active users such that:

ÂJ(s) ≡
{
i ∈ AJ : |h(i)(s)|2∆i > Λ(J, s)

}

In [80], the authors showed thatR(AJ , s) is the set of non-negative real|AJ |-tuplesri(s)
such that

ri(s) = 0, ∀ i ∈ AJ\ÂJ
∑

i∈T

ri(s) ≤ C
( ∑

i∈T∩ bAJ (s)

|h(i)(s)|2∆i,Λ(J, s) +N0

)
, ∀T ⊆ AJ

whereC(a, b) = log2(1 + a/b). In other words, only the users in̂AJ(s), whose signal is
strong enough to overwhelm the jamming signal, can communicate. It is easy to check
that the capacity regionR(AJ , s) can be rewritten as the set of|AJ |-tuples{ri ∈ R+

0 }i∈AJ
such that ∑

i∈T

ri(s) ≤ C
(∑

i∈T

|h(i)(s)|2∆̃i,Λ(J, s) +N0

)
, ∀T ⊆ AJ

where∆̃i ≡ ∆i for i ∈ ÃJ(s) and ∆̃i = 0 for all i ∈ AJ\ÃJ(s). For simplicity of
notations, let us define, for allT ⊆ AJ ands ∈ S,

g(AJ )(T, s) ≡ C
(∑

i∈T

|h(i)(s)|2∆̃i,Λ(J, s) +N0

)
.

It is straightforward to check that, for any states ∈ S and any setAJ , g(AJ )(T, s) is a
rank function. Therefore, in each channel states ∈ S and for any set of jamming users
J , the feasible regionR(AJ , s) is a polymatroid.
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As remarked before, we considerR(AJ , s) as the set of feasible allocations for coalition
AJ in the single stage game played in states ∈ S. The Core of the game can be inter-
preted, in this case, as the set of efficient allocations for the grand coalition of users such
that there is no subcoalition that can ensure a better allocation for all its participants when
the rest of the users jam. Therefore, if a rate allocation does not lie in the Core is not ef-
ficient from a centralized point of view, and/or it is not fairfor some users. In [80], La
and Anatharam found the Core of the game by relying on cooperative game theory with
transferable utilities. Their approach is not completely rigorous, since the rate cannot be
shared in any manner among the users but only within the capacity region. Neverthe-
less, NTU cooperative game theory yields the same result as [80], as it is clear from the
following Theorem.

Theorem 3.22.LetΨs be the single stage game played in states ∈ S. The CoreCo(Ψs)
coincides with the main facetM(R(P, s)).

Proof. For Theorem 3.21, all the points inM(R(P, s)) solve the linear programmaxr∈R(P,s)

∑
i∈P

ri.
Hence, all the points inM(R(P, s)) are efficient forP. Moreover, in [80] it is shown that,
for all r ∈M(R(P, s)),

∑

i∈AJ

ri ≥ g(AJ )(AJ , s), ∀AJ ⊂ P.

Hence, we can say that, for allr ∈ M(R(P, s)), there exists no allocation belonging to
M(R(AJ , s)) that dominatesr for coalitionAJ . Since any rate allocations belonging to
R(AJ , s) is dominated by a rate allocation inM(R(AJ , s)), thenM(R(P, s)) ⊆ Co(Ψs).
If r /∈M(R(P, s)), either it is not feasible or it is not efficient forP. Then,M(R(P, s)) =
Co(Ψs).

Markovian channel

In this section we mainly deal with Markovian cooperative game theory. We consider
a finite set of channel statesS = {s1, . . . , sN} and in eachs ∈ S the game described
in Section 3.5.4 is played among the same set of playersP. The succession of states at
discrete time steps{St, t ≥ 0} is a HMC, characterized by the transition probability
matrixP.

Assumption 3.5. The transition probability matrixP is irreducible, i,e, from any state, all
the statesS are reachable with positive probability.

Under Assumption 3.5, the stationary distributionπ of P exists and the matrix(I−βP)−1

is positive. Along the Markov process, for each states ∈ S, a rater(s) ∈ R(AJ , s) needs
to be assigned to the active usersAJ . We will now make our fundamental assumption on
the rate allocation procedure.

Assumption 3.6. The rate allocation procedure along the HMC is stationary, i.e. it is a
function exclusively of the state of the channel at each stepof the HMC, and not of the
rate allocations and of the channel states in the previous steps.
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Let ri(s) ∈ R(T, s) be the payoff in states ∈ S assigned to playeri ∈ T . Let Γs be the
Markovian game when the initial state of the underlying HMC is s ∈ S. In literature,
two criteria to sum the payoffs over time are usually considered. The former is theβ-
discounted criterion, whereβ ∈ [0; 1). In this case, the long run discounted allocation
r

(β)
i (Γs) in the gameΓs for playeri ∈ T , provided that the initial state of the HMC is
s ∈ S, is expressed as

r
(β)
i (Γsj) =

∞∑

t=0

βt
N∑

k=1

pt(sk|sj) ri(sk)

=
N∑

k=1

ν(β)(sk, sj) ri(sk), ∀ sj ∈ S (3.47)

whereν(β)(., sj) is thej-th row of the non negative matrix(I−βP)−1, andpt(s′|s) is the
probability of being in states′ aftert steps, when the initial state iss. Expression (3.47)
can be inverted and described by a bijective functionΦ(β) : RNP → RNP such that

[
r(Γs1) . . . r(ΓsN )

]T
= Φ(β)

(
{r(s)}s∈S

)

= (I− βP)−1
[
r(s1) . . . r(sN)

]T

The latter criterion considered is referred to as average criterion, and in this caseri(Γs)
is defined as the Cesaro limit:

ri(Γs) = lim inf
n→∞

1

n+ 1

n∑

t=0

∑

s′∈S

pt(s
′|s)ri(s′).

SinceP is irreducible, thenri(Γs) can be expressed as [87]:

ri(Γs) =
N∑

k=1

π(sk) ri(sk), ∀ s ∈ S. (3.48)

whereπ is the stationary distribution of the HMC. We can rewrite (3.48) as a function
Φ : RNP → RP such that:

r(Γs) = Φ
(
{r(s)}s∈S

)

=
N∑

k=1

π(sk) r(sk)

Let us define now the feasible rate region in the long run process under discounted and
average criterion. Fix the set of jamming usersJ , who are supposed to jam for the whole
duration of the transmission. LetAJ = P\J be the set of active users.

Definition 3.12. Setβ ∈ [0; 1). Thediscounted feasible rate regionR(β)(AJ ,Γs) is de-
fined as the weighted Minkowski sum:

R(β)(AJ ,Γs) =
N∑

k=1

ν(β)(sk, s)R(AJ , s), ∀AJ ⊆ P.
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Definition 3.13. The average feasible rate regionR(AJ ,Γs) is defined as the weighted
Minkowski sum:

R(AJ ,Γs) =
N∑

k=1

π(sk)R(AJ , sk), ∀AJ ⊆ P.

Note that we can defineR(AJ ,Γ) ≡ R(AJ ,Γs), since the average feasible rate region
does not depend on the initial states.
Now we are ready to derive the exact expressions for bothR(β)(AJ ,Γs) andR(AJ ,Γs).
The following two Lemmas follows directly from Corollary 3.6.

Lemma 3.16. Setβ ∈ [0; 1) and s ∈ S. LetAJ ⊆ P be the set of active users. The
discounted feasible rate regionR(β)(AJ ,Γs) is a polymatroid with rank function:

g
(β)
(AJ )(T,Γs) =

N∑

i=1

ν(β)(si, s) g(AJ )(T, si), ∀T ⊆ AJ .

Lemma 3.17. Let AJ ⊆ P be the set of active users. For any initial states ∈ S, the
average feasible rate regionR(AJ ,Γ) is a polymatroid with rank function:

g(AJ )(T,Γ) =
N∑

i=1

π(si) g(AJ )(T, si), ∀T ⊆ AJ .

Thanks to Lemma 3.16 and Lemma 3.17, we can extend the resultson the Core of a single
stage game in Theorem 3.22 to our Markovian setting.

Lemma 3.18. Under theβ-discounted criterion, the Core of the gameΓs, Co(β)(Γs)
coincides with the main facet ofR(β)(P,Γs), i.e.

Co(β)(Γs) = M
(
R(β)(P,Γs)

)
, ∀ s ∈ S.

Analogously, under the average criterion, the CoreCo(Γs) coincides with

Co(Γs) = M
(
R(P,Γ)

)
, ∀ s ∈ S.

Hence, all the rate allocations inM(R(P,Γ)) are auspicable both from a system designer
point of view, since they are efficient in the long run process, and for each subset of users
A. In fact,A would not be able to ensure a better rate if the remaining usersP\A would
be jamming for the whole duration of the transmission.

Time consistency

Up to now, we have assumed that the coalitions of active and jamming users are prede-
fined at the beginning of the game and they do not change in the course of the game. Of
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course, a more realistic setting allows the coalition to change throughout the transmis-
sion, at each step of the channel HMC. Under this assumption, we want to investigate
when an allocation is stable throughout the whole game.

Let us consider the discounted criterion. If a long run allocationr ∈ Co(β)(Γs), then if
any coalition of users faces the dilemma:

do I withdraw now or I’ll cooperate forever?

beforethe gameΓs starts, then it always decides to cooperate, by the definition of the
Core. We still ignore what is the answer to this dilemma at any intermediate step of
the game. Hence, we want strengthen our concept of stability, and we wish that, for
any trajectory of the HMC up to then-th step, the expectedβ-discounted sum of rate
allocations from stateSn on still belongs to the Core ofΓSn, for any n. In dynamic
cooperative game theory, this concept is usually referred to astime consistency(e.g. see
[88]). In our case it is naturally satisfied, as we can see fromthe following Theorem.

Theorem 3.23.LetSt be the state visited by the channel HMC at time stept. Let the set
of long run allocations{r(Γs) ∈ Co(β)(Γs)}s∈S and let{r(s)}s∈S be its associated set of
single stage rate allocation. Suppose thatr(s) ∈ R(P, s), for all s ∈ S. Then, for every
integern,

E

(
∞∑

t=n

βtr(St)
∣∣∣h(n)

)
∈ βnCo(β)(ΓSn)

whereh(n) is the history of channel states and rate allocations up to time stepn.

Proof. Since the rate allocation is assumed to be stationary, then

E

(
∞∑

t=n

βtr(St)
∣∣∣h(n)

)
= E

(
∞∑

t=n

βtr(St)
∣∣∣Sn

)

= βnE

(
∞∑

t=0

βtr(St+n)
∣∣∣Sn

)

= βn r(Γs)

∈ βnCo(β)(ΓSn) (3.49)

where (3.49) comes from hypothesis. Then, the thesis is proved.

3.5.6 Core Allocations

Lemma 3.18 is not sufficient yet to provide a method to allocate the rate at each stage of
the game. We should design both the rate allocationr(Γs) that each user gets in the long
run processΓs and a rate allocationr(s) at each stages of the Markov process, such that
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3.5 Cooperative Games on Markovian MACs with Jamming Users 125

their discounted/average expected sum matchesr(Γs). Of course, the best solution would
be to find, under theβ-discounted criterion,

(
{r(Γs) ∈ Co(β)(Γs)}s∈S, {r(s) ∈ Co(Ψs)}s∈S

)

s.t. r(Γs) =
N∑

i=1

ν(β)(si, s) r(si), ∀ s ∈ S (3.50)

and, under the average criterion,
(
{r(Γs) ∈ Co(Γs)}s∈S, {r(s) ∈ Co(Ψs)}s∈S

)

s.t. r(Γs) =
N∑

i=1

π(si) r(si), ∀ s ∈ S (3.51)

Remark 3.9. Let us suppose the existence of greedy users, having a myopicperspective
of the game and only care for the rate assigned to them in the current stage of the game.
If, depending on the criterion considered, either condition (3.50) or (3.51) is verified, then
also such users are content with the assigned rate allocation.

A promising result comes from the following Lemma.

Lemma 3.19.LetR1, . . . ,Rk bek polymatroids on the same ground setA. Letgi be the
rank function ofRi. Letai > 0, for all 1 ≤ i ≤ k. LetR =

∑k
i=1 aiRi, with rank function

g ∈ ∑ki=1 aigi for Corollary 3.6. Then, the weighted Minkowski sum of the main facets∑n
i=1 aiM(Ri) coincides withM(R).

Proof. Let r(i) ∈ M(Ri), for all 1 ≤ i ≤ k. Then, it is easy to see from Corollary 3.6
that

∑k
i=1 air(i) ∈ M(R). Hence,

∑n
i=1 aiM(Ri) ⊆ M(R). Let nowr ∈ R. Then there

exists a convex combination such that

r =
∑

σ∈H(|A|)

c(σ) w(σ)

Hence, if we choose, for all1 ≤ i ≤ k,
r(i) =

∑

σ∈H(|A|)

c(σ) w(σ)(i)

then we can see that
k∑

i=1

air(i) =
∑

σ∈H(|A|)

c(σ)
k∑

i=1

aiw(σ)(i)

=
∑

σ∈H(|A|)

c(σ)w(σ) = r.

where the second equality comes from Corollary 3.8. So,M(R) ⊆∑ni=1 aiM(Ri) and
the thesis is proved.
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Average criterion

Thanks to Lemma 3.18 and Lemma 3.19 we can derive the first important result for rate
allocation under the average criterion.

Theorem 3.24.Under the average criterion, given a long run allocationr(Γ) ∈ Co(Γ),
it is always possible to find a set of single stage allocations:

[
r(s1) . . . r(sN)

]T ∈ (Φ)−1(r(Γ))

such thatr(s) ∈ Co(Ψs), for all s ∈ S.

Moreover, under the average criterion, the proof of Lemma 3.19 suggests a way to find
the single stage allocations from the log run one.

Discounted criterion

Under the discounted criterion, the situation is more tricky. There exists a one-to-one
linear transformation between the set{r(Γs) ∈M(R(β)(P,Γs))}s∈S andRNP , namely

{
r(s)

}
s∈S

=
(
Φ(β)

)−1
({

r(Γs) ∈M(R(β)(P,Γs))
}
s∈S

)

such thatr(s1) . . . r(sN) is the only stage-wise allocation whoseβ-discounted sum, when
the process starts in states, equalsr(Γs). Lemma 3.19 ensures that a single long run
allocation is always reachable by stationary allocations.Under theβ-discounted criterion,
a set ofN long run allocations need to be jointly reached by the same set of stationary
allocation, which is not always verified. Indeed, it is quiteeasy to find a counterexample.

Counterexample3.5.1. Setβ = 0.9, N0 = 0.1. SetP = 2, with power constraints
∆1 = ∆2 = 1. Consider two states. Ins1, |h(1)(s1)|2 = 0.1, |h(2)(s1)|2 = 0.2. In s2,
|h(1)(s2)|2 = 0.15, |h(2)(s2)|2 = 0.3. Let P = [0.8 0.2; 0.3 0.7]. Choose the feasible
allocations in the long run game

r(Γs1) ∼= [0.67; 1.48] ∈M(R(0.9)(P,Γs1))

r(Γs2) ∼= [0.77; 1.52] ∈M(R(0.9)(P,Γs2))

It is straightforward to check that the corresponding single stage allocations:

[r(s1) r(s2)]
T = (Φ(0.9))−1

(
[r(Γs1) r(Γs2)]T

)

r(s1) ∼= [0.0476; 0.1061] /∈ R(P, s1)

r(s2) ∼= [0.1416; 1.1619] /∈ R(P, s2)

are both not feasible.

These considerations lead to the following fact.
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Fact 3.5.1. For any set of single stage allocations{r(s) ∈ Co(Ψs)}s∈S, the correspond-
ing long run allocations{r(Γs)}s∈S belong respectively to{Co(β)(Γs)}s∈S. The converse
is not true: some set of long run allocations{r(Γs) ∈ Co(β)(Γs)}s∈S are not reachable,
since(Φ(β))−1({r(Γs)) are not feasible stationary single stage allocations.

Therefore, our effort should be focused on devising a suitable set of reachable long run
allocation{r(Γs) ∈ Co(β)(Γs)}s∈S, such that the associated single stage rate allocations
(Φ(β))−1 ({r(Γs)) are all feasible and belonging to the Core of the respective games. The
following Theorem suggests a simple way to do it.

Theorem 3.25. Choose a set of convex coefficients{c(σ)}, for all σ ∈ H(P ). Let
w(β)(σ)(Γs) be the vertex ofM(R(β)(P,Γs)) associated to the permutationσ. Compute
the set of long run allocations as

r(Γs) =
∑

σ∈H(P )

c(σ)w(β)(σ)(Γs), ∀ s ∈ S.

Then, the set of single stage allocations

{r(s)}s∈S =
(
Φ(β)

)−1
({r(Γs)}s∈S)

are feasible andr(s) ∈M(R(P, s)), for all s ∈ S, i.e. condition (3.50) holds.

Proof. Let us write



r(s1)
...

r(sN)


 = (I− βP)




∑
σ∈H(P ) c(σ)w

(β)(σ)(Γs1)
...∑

σ∈H(P ) c(σ)w
(β)(σ)(ΓsN )




=
∑

σ∈H(P )

c(σ)(I− βP)




w(β)(σ)(Γs1)
...

w(β)(σ)(ΓsN )




For Corollary 3.8, we can say that



r(s1)
...

r(sN)


 =

∑

σ∈H(P )

c(σ)




w(σ)(s1)
...

w(σ)(sN)


 .

Hence, condition (3.50) holds and the thesis is proved.

The method provided in Theorem 3.25 to choose a suitable longrun rate allocation is not
the only available of course, but leads to an intuitive remark. Each vertexw(σ)(s) can be
achieved by letting the receiver decode sequentially, in the reverse order ofσ, the signals
coming from each user under the channel states ∈ S, and by considering the signals not
decoded yet as Gaussian noise (e.g. see [89, 90]). Therefore, any rate allocation on the
main facetM(R(P, s)) can be achieved by time sharing such decoding configurations.
Theorem 3.25 hence suggests that time sharing in the same wayin each single stage is an
efficient and fair strategy also in the long run process.
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128 3 Cooperative Games in Spectrum Sharing Networks

3.5.7 Fairness Criteria

Let us define three well known fair allocations.

Definition 3.14. An allocationrMM is max-min fairwhenever no userj with raterj can
yield resources to a useri with ri < rj without violating feasibility.

Definition 3.15. Theα-fair allocationrαF , with α ≥ 0, is defined as

rαF = argmax
r∈R(P,s)

P∏

i=1

r1−α
i

1− α.

Definition 3.16. Theproportional fairallocationrPF coincides with theα-fair allocation
whenα→ 1, i.e.

rPF = argmax
r∈R(P,s)

P∏

i=1

ri (3.52)

From [81] we know the following result.

Theorem 3.26. If the feasible rate region is a polymatroid, then theα-fair allocation
coincides, for allα ≥ 0, with the max-min fair allocation and with the proportional fair
allocation.

Since the three allocation procedures are equivalent in oursettings, we will encapsulate
them in the concept ofgeneral fairallocationrF

rF ≡ rMM = rPF = rαF , ∀α ≥ 0.

We study the relation between the general fair allocation associated to each single stage
game with the one associated to the long run game. Generally,if we assign a general fair
allocation in each stage of the game, the associated long runallocation is not necessarily
general fair in the long run game. Nevertheless, we will provide a sufficient condition for
this property to be satisfied.

In [91], the following algorithm to compute the general fairallocation within a general
polymatroidR, with rank functiong and on the setA, is provided.

Algorithm3.5.1. Setk ≡ 1. SetA′ ≡ A, g′ ≡ g.
1) Compute

T ∗(k) = argmin
T⊆P′

g′(T )

|T |

rFi =
g′(T ∗(k))

|T ∗(k)|
, ∀ {i} ∈ T ∗(k).
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2) If T ∗(k) = P, then stop. The rate allocationrF is general fair forR. Otherwise, set
k ≡ k + 1, P′ ≡ P′\T ∗(k) and

g′(T ) ≡ g′(T ∪ T ∗(k))− g′(T ∗(k)) ∀T ⊆ P′

Of course, Algorithm 3.5.1 can be utilized to compute the general fair allocation both in
single stage games and in the long run processΓs for both the summation criteria.
The following Theorem is a straightforward extension of theresults in [91], and shows
that the general fair allocation is a useful procedure to select a point in the Core of the
long run game.

Theorem 3.27.The general fair allocation of a polymatroidR belongs to its main facet
M(R).

We now present the main result of this section. It provides a sufficient condition to ensure
that the general fair allocation employed in each stage of the process is still consistent in
the long run process. LetrF (β)(Γs) be the general fair allocation under theβ-discounted
gameΓs and letrF (Γs) be the general fair allocation under the average criterion.

Theorem 3.28.Let T ∗(1)(s), . . . , T ∗(ks)(s) be the sequence of sets computed in step 1
of Algorithm 3.5.1 applied to the single stage games. Let rF (s) be the general fair
allocation in states ∈ S. Suppose that the sequences

{T ∗(1)(s), T
∗
(2)(s), . . . } = {T̃ ∗(1), T̃

∗
(2), . . . } ∀ s ∈ S

i.e. are equal in all states. Then the long run allocations

rF (β)(Γs) =
N∑

i=1

ν(β)(si, s) rF (si)

in case ofβ-discounted criterion, and

rF (Γs) =
N∑

i=1

π(si) rF (si)

in case of average criterion, are general fair in the long rungameΓs.

Proof. Let us consider the discounted criterion. The proof for the average one is to-
tally similar. Let us apply Algorithm 3.5.1 to compute the max-min allocationrF (Γs) ∈
M(R(β)(P,Γs)). At the first iteration, at step 1, for Lemma 3.16 we can write:

T ∗(1) = argmin
T⊆P

g
(β)
(P)(T,Γs)

|T |

= argmin
T⊆P

∑N
i=1 ν

(β)(si, s) g(P)(T, si)

|T |
= T̃ ∗(1)
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Hence, we can compute the max-min fair allocation for the setT ∗(1):

rFj (Γs) =

∑N
i=1 ν

(β)(si, s) g(P)(T̃
∗
(1), si)

|T̃ ∗|

=
N∑

i=1

ν(β)(si, s)r
F
j (si), ∀ {j} ∈ T̃ ∗(1).

Then, at step 2, the update of the rank function, for allT ⊆ P\T̃ ∗(1),

(
g

(β)
(P)(T,Γs)

)′
=

N∑

i=1

ν(β)(si, s)[g(P)(T ∪ T̃ ∗(1), si)− g(P)(T, si)]

=
N∑

i=1

ν(β)(si, s)
(
g(P)(T, si)

)′

preserves the linearity property of the rank function also in the following iteration. Hence,
by induction, the thesis is proved.

3.5.8 Nash bargaining solution

In the previous sections we have seen that the Core of the long run game is nonempty,
and that it is always possible to find single stage allocations belonging to the Core of the
single stage games such that their long run sum still belongsto the Core of the long run
game. Hence, under this point of view, the grand coalition isstable throughout the game.
Nevertheless, there is still the chance that some user may perceive its own rate allocation
as unfairly too low with respect to some other users.
As an example, consider in states a couple of users(i, j) such that their received power
is

|h(i)(s)|2∆i > |h(j)(s)|2∆j.
Let ri(s), rj(s) be the rate allocations for usersi andj, respectively. Of course, useri
can decrease its power to

|h(j)(s)|2∆j
|h(i)(s)|2

and he will get a rater′i(s). La and Anantharam pointed out in [80] that, ifr′i(s) < rj(s),
then userimay “envy” userj and decide not to join the grand coalition, and in the worst
case scenario to jam. Therefore, it still makes sense to probe the situation in which no
agreement is reached among the users.

Let us focus on the static game in a states ∈ S. We want to define the Nash bargaining
solution for MAC with jamming users. We stress that in literature (e.g. see [92]) the
disagreement point is generally set to 0 for each user. In ourcase, in which the game
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structure is clear, it makes sense to define it as the set of maximum rate that each user can
ensure for itself without agreement.
Let us first show the following result.

Proposition 3.8. Let di(P, s) be the rate that useri ∈ [1;P ] can ensure in stateswhen no
cooperation is reached. In each states there exists at most one userk such thatdi(P, s) >
0.

Proof. Userk, with

|h(k)(s)|2∆k >
(

P∑

i=1,iNEk

|h(i)(s)|
√

∆i

)2

= Λ(P\{k}, s) (3.53)

can ensure for itself a positive rate, which we calldk(P, s):

dk(P, s) = C
(
|h(k)(s)|2∆k,Λ(P\{k}, s) +N0

)
.

Then,

|h(k)(s)|2∆k >
P∑

i=1,iNEk

|h(i)(s)|2∆i

and, for any userjNEk,

|h(j)(s)|2∆j < |h(k)(s)|2∆k −
P∑

i=1,iNEk,j

|h(i)(s)|2∆i

<

(
P∑

i=1,iNEj

|h(i)(s)|
√

∆i

)2

Therefore,
di(P, s) = 0 ∀ iNEk.

Now we can define the Nash bargaining solution in our setting.

Definition 3.17. Fix the states ∈ S. Let

dk(P, s) = max
1≤i≤P

di(P, s) ≥ 0.

TheNash bargaining solutionrNB(s) in MAC with static coefficients and jamming users
is

rNB(P, s) = argmax
r∈R(P,s)

rk≥dk(P,s)

(
rk − dk(P, s)

) P∏

i=1
iNEk

ri. (3.54)
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Figure 3.2: General fair and Nash bargaining allocations.

Analogously, the Nash bargaining solution in the Markoviangame can be defined in the
following way.

Definition 3.18. Setβ ∈ [0; 1). Set the initial states ∈ S. Compute theβ-discounted
disagreement point as

d
(β)
j (P,Γs) =

P∑

i=1

ν(β)(si, s) dj(P, si), ∀ 1 ≤ j ≤ P.

Underβ-discounted criterion, theNash bargaining solutionrNB(β)(Γs) in Markovian
MAC with static coefficients and jamming users is

rNB(β)(P,Γs) = argmax
r∈R(β)(P,Γs)

ri≥d
(β)
i (P,Γs),∀ i

P∏

i=1
iNEk

(
ri − d

(β)
i (P,Γs)

)
.

Definition 3.19. Compute the average disagreement point as

dj(P,Γ) =
P∑

i=1

π(si) dj(P, si), ∀ 1 ≤ j ≤ P.

Under average criterion, theNash bargaining solutionrNB(Γs) in Markovian MAC with
static coefficients and jamming users is

rNB(P,Γs) = argmax
r∈R(P,s)

ri≥di(P,Γ),∀ i

P∏

i=1
iNEk

(
ri − di(P,Γ)

)
.

By comparing (3.54) with (3.52) it is evident thatrNB = rF wheneverdi(P ) = 0 for all
i, i.e. when no user has sufficient available power and channelconditions good enough
to be still able to communicate when no agreements is reached.
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We now want to investigate the relation between the Nash bargaining solution and the
general fair allocation in the single stage game when the number of user increases. To
do so in probabilistic terms, we suppose that there exists a probability distribution among
the states which preserves the independence of the channel coefficients among the users.
Under this assumption, we will show that the probability to be in a states such that there
existsk : dk(P, s) > 0 tends to 0 when the number of usersP tends to infinity. Hence,
the probability thatrNBNErF tends to 0 as well.

First, we show a general result on independent random variables.

Lemma 3.20.Letξ1, ξ2, . . . be a countable set of independent positive random variables,
with E(ξi) = m1 andVar(ξi) = v2i . Letinfimi > 0 andsupi v

2
i <∞. Let the probability

density function ofξi be bounded and with limited support, for alli. Then,

Pr

(
ξj ≤

P∑

i=1,iNEj

ξi, ∀ 1 ≤ j ≤ P
)
P↑∞−→ 1. (3.55)

with exponential rate of convergence inP .

Proof. Let m≡ infimi > 0 andv2 ≡ supi v
2
i . Define the event

E
(P )
j ≡

(
ξj ≤

P∑

i=1,iNEj

ξi

)
.

Then, we can rewrite (3.55) as

Pr
(
∩Pj=1E

(P )
j

)
= 1− Pr

(
∪Pj=1E

(P )

j

)

= 1−
P∑

j=1

Pr
(
E

(P )

j

)
(3.56)

≥ 1− P max
j=1,...,P

Pr
(
E

(P )

j

)
(3.57)

whereE
(P )

j is the complementary event ofE(P )
j and (3.56) comes from the exclusivity of

the events. We can prove that the (3.57) tends to 1 whenP tends to infinity. Hence, it is
sufficient to prove that

P Pr
(
E

(P )

j

)
P↑∞−→ 0, ∀ j = 1, . . . , P. (3.58)

Let fP
i ξi

(.) be the probability density function, possibly discrete, of
∑
i ξi. Let fξi(.) be

bounded between[0; ai]. For simplicity of notation, we show (3.58) forj = 1.

P Pr
(
E

(P )

1

)
= P

∫ a1

0

fξ1(x1)

∫ x1

0

fPP
j=2 ξi

(x2) dx2 dx1.
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From the central limit Theorem, we can say that

lim
P↑∞
P Pr

(
E

(P )

1

)
=

lim
P↑∞
P

∫ a1

0

fξ1(x1)

∫ x1

0

N

(
P∑

j=2

mi,
P∑

j=2

v2i

)
(x2) dx2 dx1.

whereN(a, b)(.) is a gaussian univariate distribution with meana and varianceb. We
continue by writing

P

∫ a1

0

fξ1(x1)

∫ x1

0

N

(
P∑

j=2

mi,

P∑

j=2

v2i

)
(x2) dx2 dx1 ≤

P

2

∫ a1

0

fξ1(x1) exp

(
−

(x1 −
∑P
j=2mj)

2

∑P
j=2 v

2
j

)
dx1 ≤

P

2

∫ a1

0

fξ1(x1) exp

(
−(x1 − [P − 1] m)2

[P − 1] v2

)
dx1 ≤

P

2
exp

(
−(a1 − [P − 1] m)2

[P − 1] v2

)
max
x
fξ1(x)

P↑∞−→ 0

where the first inequality comes from the Chernoff bound on thetail probability of Gaus-
sian variables, and the second and the third inequality are valid for all P large enough.
Hence, (3.58) holds and the thesis is proved.

Let us now make the following assumption on the distributionof the channel coefficients.

Assumption 3.7. The channel coefficients{h(i)(s)}i∈N, under the probability distribution
µ onS, are independent and bounded variables, with

inf
i

Eµ
(
|h(i)(s)|2

)
> 0, sup

i
Varµ

(
|h(i)(s)|2

)
<∞.

Lemma 3.21.Under Assumption 3.7, the probability that no user can stillensure for itself
a positive rate without agreement tends to 1 when the number of users tends to infinity,
i.e.

Pr
(

di(P, s) = 0, ∀ 1 ≤ i ≤ P
)
P↑∞−→ 1.

Proof. The probability of the event

|h(k)(s)|2∆k ≤
(

P∑

i=1,iNEk

|h(i)(s)|
√

∆i

)2

, ∀ k = 1, . . . , P. (3.59)

is not smaller than

Pr

(
|h(k)(s)|2∆k ≤

P∑

i=1,iNEk

|h(i)(s)|2∆i, ∀ k = 1, . . . , P

)
. (3.60)
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For Lemma 3.20, (3.60) tends to 1 whenP tends to infinity, so also the probability of
(3.59) does. Hence, the thesis is proved.

Hence, we obtain that the probability that the Nash bargaining solution coincides with
the general fairness allocation tends to 1 when the number ofusers increases.

Theorem 3.29.Under Assumption 3.7,

Pr
(
rNB(P, s) = rF (P, s)

) P↑∞−→ 1.

3.5.9 No cooperation in Markovian channels

In this section we want to prove the importance of reaching anagreement in the Marko-
vian channel. Let us first derive an accessory result, on the sum rate in the single stage
game, assuming a distribution probability on the states.

Lemma 3.22.Suppose that Assumption 3.7 holds. Then,

P∑

i=1

Eµ(di(P, s))
P↑∞−→ 0

with exponential rate of convergence inP .

Proof. Let |h|2 be the supremum that a channel coefficient can achieve over all the states.
Let m ≡ infi Eµ(|h(i)(s)|2) and v2 ≡ supiVarµ(|h(i)(s)|2). Let ∆ be the maximum
possible power constraint for users. We write

P∑

i=1

E(di(P )) ≤ P max
1≤i≤P

Eµ(di(P, s))

It is sufficient to prove thatPEµ(di(P, s)) tends to 0 whenP ↑ ∞, for all 1 ≤ i ≤ P .
Then, for Lemma 3.20, for alli,

PEµ(di(P, s)) ≤ P Pr(di(P, s)NE0)C
(
|h|2∆, N0

)

P↑∞−→ 0

where the rate of convergence is exponential, still for Lemma 3.20. Hence, the thesis is
proved.

We now suppose to know the distribution of the channel state onS at the beginning of the
game isµ0(.). In this case, under the discounted criterion, the feasibility region averaged
overµ0 can be expressed as

R(β)(P,Γµ0) =
N∑

i=1

µ0(si) R(β)(P,Γsi)
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which is still a polymatroid, according to Corollary 3.6. Under the average criterion, the
average of the capacity regionR(P,Γs) overµ0 is still R(P,Γ), since it does not depend
on the initial state.

We want now to show under which conditions the sum throughputof the network in the
Markovian game collapses forP ↑ ∞, when no agreement is reached among the users.
Let dj(St, P ) be the ratedj(St, P ) at time stept. We defined(β)

j (Γµ0 , P ) as the rate that
userj can ensure when no agreement is found:

d
(β)
j (Γµ0 , P ) =

∑

s∈S

µ0(s)
N∑

i=1

ν(β)(si, s) dj(P, si)

in the case ofβ-discounted criterion and

dj(Γµ0 , P ) =
N∑

i=1

π(si) dj(P, si) ≡ dj(Γ, P )

under the average criterion, since it does not depend onµ0.

We now make an usual assumption on MAC, for which the channel HMC can be splitted
into P independent processes.

Assumption 3.8. For any integersP, t,

p
(
h(1)(St+1), . . . , h

(P )(St+1)
∣∣h(1)(St), . . . , h

(P )(St)
)

=

P∏

i=1

p
(
h(i)(St+1)

∣∣h(i)(St)
)

Let S(i) be the set of possible states for the channel coefficienth(i), such thatS(i) ≡
{h(i)}s∈S andS is the Cartesian product

∏P
i=1 S

(i). Let π(i) be the stationary distribution
of the irreducible HMC{S(i)

t , t ≥ 0}.

Proposition 3.9. If Assumption 3.8 holds, thenπ(s), where

π(s) =
P∏

i=1

π(i)(h(i)(s))

is the stationary distribution of the HMC onS.
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Proof. We can writeπ(s) as

π(s) =
∑

s′∈S

π(s′) p(s|s′)

=
∑

s′∈S

P∏

i=1

π(i)(h(i)(s′)) p(h(i)(s)|h(i)(s′))

=
P∏

i=1

∑

s′∈S

π(i)(h(i)(s′)) p(h(i)(s)|h(i)(s′))

=
P∏

i=1

π(i)(h(i)(s)).

The following result directly follows from Proposition 3.9.

Corollary 3.9. Suppose that Assumption 3.8 holds. Ifµ0 = π, i.e. the stationary distribu-
tion is also the initial distribution of the HMC, then the variablesh(1)(St), . . . , h

(P )(St)
are independent and distributed asπ1, . . . , π(P ) respectively, for anyt ≥ 0.

We are now ready to show our main result of this section. It states that, under Markovian
assumption, the guaranteed throughput of the network in case no agreement is found goes
to 0 when the number of usersP tends to infinity.

Theorem 3.30.Suppose that Assumption 3.8 holds and that Assumption 3.7 isvalid for
the distributionπ. Then, in the case ofβ-discounted criterion, the sum rate:

P∑

i=1

d
(β)
i (Γπ, P )

P↑∞−→ 0

and, under the average criterion, the sum rate:

P∑

i=1

di(Γπ, P )
P↑∞−→ 0.

Proof. We can write, in the case ofβ-discounted criterion,

P∑

j=1

d
(β)
j (Γπ, P ) =

∞∑

t=0

βt
P∑

j=1

ESt (dj(St, P )) (3.61)

and, under the average criterion,

P∑

j=1

d
(β)
j (Γ, P ) = lim

n→∞

1

n+ 1

n∑

t=0

P∑

j=1

ESt (dj(St, P )) . (3.62)
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Thanks to Corollary 3.9, we can invoke Lemma 3.22 to say that

P∑

j=1

ESt (dj(St, P ))
P↑∞−→ 0, ∀ t ≥ 0.

Hence, the thesis is proved.
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4 Game Theory for Spectrum and Infrastructure
Sharing Networks

We directed our efforts into two directions, i.e.spectrumandinfrastructuresharing.

With reference to the spectrum sharing, we considered the scenario where several oper-
ators decide to share with each other a part of their spectrum[93]. However, this choice
requires the coordination for the access to the shared resources in order to avoid another
resource waste due to the so called “Tragedy of the commons” [94]. Many algorithms
can be proposed, belonging to two main categories:orthogonalandnon-orthogonal. The
former considers mutually exclusive access to the shared spectrum and hence does not
tolerate any interference. The latter allows several BSs usethe same transmission fre-
quency at the same time, provided that the level of interference at the intended receivers
is below a desired threshold. All of them have pros and cons and enable different gains
for the operators. In our work, we focused on the orthogonal case and quantified anupper
boundon the achievable gain. To do that, we proposed in [95] a centralized algorithm
which exploits perfect channel information and performs the optimal allocation in a co-
ordinated manner. Even though it is not directly amenable topractical implementation,
due to the conflicting operator interests, this solution aims at calculating an upper bound
on the sum capacity that can be reached in each cell. This study is presented in Section
4.1. A cooperative context is considered where the network operators are not selfish and
try to maximise a common metric, i.e. the total system capacity.

With reference to infrastructure sharing, we studied the case of relay sharing in wireless
networks ( [96,97]). In particular, in Section 4.2 we consider the case of a network with a
a cross-layer interaction between routing and medium access control and investigate the
proper cooperation mechanism to be adopted by the users so that a gain is obtained by
both those who have their transmission relayed to the final destination and also those who
act as relays. In Section 4.3, we consider Bayesian Networks to compute the correlation
between local network parameters and overall performance,whereas the selection of the
nodes to be shared by a nework operator is made by means of a game theoretic approach.

4.1 An Upper Bound on Capacity Gains due to Orthogonal
Spectrum Sharing

We consider two Long Term Evolution (LTE) mobile networks, operating in the same
geographical region, i.e. having adjacent cells. In particular, for the sake of simplicity we
consider the case of two cells. However, all considerationscan be promptly extended to
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a more general case. We assume that the network operators ownadjacent portions of the
spectrum and agree upon sharing a part of them.

In LTE networks, the downlink of a cell is organized according to a TDMA/OFDMA
scheme. The time is divided into 10 ms frames, each consisting of 10 sub-frames of
1 ms. The spectrum is divided into bundles of adjacent sub-carriers, calledsub-channels,
each one of which is being assigned to a single user for an entire sub-frame. Thus,
the resources to be allocated by the BS managing the cell are represented by the sub-
channels, and the allocation decision is taken per-sub-frame basis. The choice of which
user to allocate on each sub-channel depends on the scheduling and resource allocation
policy adopted, i.e. on the utility functions that are to be optimised by the allocation
entity.

Let K be the set of available sub-channels for the downlink, splitinto two subsetsK1

andK2, whereKj is assigned to operatorj. Denote withK = |K|,Kj = |Kj| and with
α ∈ [0, 1] the sharing percentage, i.e. the fraction of spectrum each operator decides to
share. For the sake of simplicity, we assume|K1| = |K2| = K/2 and indicate it ask.
The extension to the general case is straightforward. Thek sub-channels are split into
a partks = kα that is shared, and a partkp that remains private to the operator, with
k = ks + kp. In this way, each operator has a final set ofkF available sub-channels that
is made of its initialk plus theks shared by the other,

kF = k(1 + α). (4.1)

We denote withkc the number of sub-channels which compose the common pool (i.e.
kc = 2ks). Since in this work we consider the case oforthogonal spectrum sharing, the
access to the common resources is mutually exclusive. Therefore, coordination for the
usage of such resources is needed.

We remark that, since OFDMA is used for the downlink access ofmultiple users, no in-
terference occurs among different sub-channels and thus the transmit power on each one
of them can be set to the maximum possible. The performance metric taken into consid-
eration for operatorm is the cell sum capacity, i.e. the sum of the Shannon capacities
achievable on each sub-channel allocated, defined as

Cm =
∑NUE
i=1

∑kF
j=1B log2(1 + SINRij · δij),

δij =

{
1, UEi allocated to sub-channelj
0, otherwise

(4.2)

whereB andNUE are, respectively, the sub-channel bandwidth and the number of User
Equipments (UEs) in the cell, whileSINRi,j is the Signal-to-Interference-and-Noise
Ratio (SINR) perceived by UEi on sub-channelj. Note that the actual cell throughput
is lower than the capacity and depends on the modulation and coding scheme chosen for
each sub-channel on the basis of the corresponding SINR.
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4.1.1 Coordinated Scheduling Algorithm

At first, each BS runs independently its internal resource allocation procedure; then, the
trading for the common pool usage starts. Therefore, two phases can be identified: (i) the
proposal of a resource allocation and (ii) the contention resolution.

For every allocation opportunity, each BS belonging to an operator decides which are the
sub-channels, among those it is entitled to use, that will beused in that allocation period
and the UE the resource will be assigned to. We call the set of pairs<sub-channel, UE>
aschannel allocation map. We assume that the BS manages a different flow for each
UE registered to it, and these flows are always backlogged, sothat every time a flow is
selected there is always a packet to transmit. Another fundamental assumption that we do
is regarding the internal scheduling policy adopted by eachBS. We suppose that short-
term fairness among the flows is not taken into consideration, thus the only objective
of the allocator is the maximisation of the cell capacity. Indeed, if fairness was taken
into consideration, then the total throughput reached by a BSwould be reduced, since
the achievement of a fair situation could force the allocator to sub-optimal choices, as
discussed in depth in [98].

The problem of selecting the channel allocation map that maximises the capacity is com-
binatorial in nature and thus with a high computational complexity. In a more formal way,
each UE has a Channel Quality Indicator (CQI) for each sub-channel. We denoteCQI li,j
the CQI value of userj, served by BSi, for the sub-channell. Each BS selects, for each
sub-channell, the useruli with the largest CQI so as to maximise the sum capacity. In
other words,

uli = arg max
j
CQI li,j, l = 1, . . . , kF , (4.3)

CQI li = max
j
CQI li,j, l = 1, . . . , kF . (4.4)

In this way the BSi constructs the proposed allocation vectorui = [u1
i , u

2
i , . . . , u

k
i , u
k+1
i ,

. . . , uk
F

i ]. If the resources that BSi can allocate are fewer thankF , BS i selects the best
k elements according to the value of CQI,[um1

i , um2
i , . . . , umki ], wherems ∈ K.

When each BS has determined its proposal of resource allocation, the trading phase starts
in order to solve all the possible contentions for resource access and determine the final
allocation maps. Many algorithms can be proposed to take care of the conflicts, each
of them having pros and cons and reaching different performance. We propose such
an algorithm, without considering the implementation aspects of it, for the purpose of
establishing an upper bound on the cell capacity achieved intotal by both operators.

This is a centralized algorithm that obtains an upper bound on the gain that can be
achieved by distributed algorithms enabling orthogonal spectrum sharing. Even though
it is not meant as a practical scheme, it can be used to benchmark the performance of
other strategies. In particular, the proposed solution aims at maximising the total cell
capacity. To do so, the operators behave as if they were a unique entity, a kind ofmo-
nopolisthaving complete information on both cells, and allocate each sub-channel to the
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best UE, i.e. the one having the largest Channel Quality Indicator (CQI), without taking
into consideration any fairness constraints amongst operators. The resulting capacity is
hence the theoretical limit, i.e. the maximum achievable byfull coordination. Of course,
when deciding the allocation of the common sub-channels, the UE can belong to any of
the involved operators. On the other hand, when allocating the sub-channels private to a
certain operator, then only its UEs can be taken into consideration. The pseudo-code for
the algorithm is given hereafter.

forall sub-channelsj ∈ K do
if (j ∈ Kc) then /* it is a common sub-channel */

if (CQIj
1,uj1
> CQIj

2,uj2
) then

uj = uj1;
end
uj = uj2;

else /* it is private sub-channel */
uj = ujs; /* s is the owner of sub-channel j */

end
end

Algorithm 2 : Coordinated Scheduling Algorithm

In this way, the final allocation vectoru = (uk)k∈K is constructed and contains the
indication of which UE to allocate on each sub-channel.

4.1.2 Numerical Results

We run an extensive simulation campaign to assess the performance of the coordinated
scheduling algorithm. To better appreciate the sharing gain achievable by orthogonal
spectrum sharing, we considered two different scenarios: (i) symmetric load scenario,
and (ii) asymmetric load scenario. We consider two partially overlapping disk-shaped
cells and random user droppings. Table 4.1 contains the mainsystem parameters common
to both scenarios. In particular, those related to the PHY layer are taken directly from the
LTE standard. The simulations were run by using the network simulator ns-3 [99] with
the extension defined in [100] for the support of multi-cell multi-operator LTE networks
with spectrum sharing.

Symmetric load scenario. Both cells are under saturation (i.e. all the UEs have an in-
finite number of packets to transmit) and each BS tries to use asmany sub-channels as
possible, i.e.kF . The two cells are statistically equivalent and thus the average perfor-
mance achieved by both coincides.

Asymmetric load scenario. In this scenario, the two BSs have different traffic load and
the one with higher traffic can opportunistically exploit the shared resources not used by
the other one. In order to model this scenario, we assume thateach BS guarantees to
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Parameter Value
Center frequencies 2.115 GHz (BS0),

2.125 GHz (BS1)

Downlink channel bandwidth 10 MHz

Subcarrier bandwidth 15 kHz

Doppler frequency 60 Hz

Sub-channel bandwidth 180 kHz

Subcarriers per sub-channel 12

OFDM symbols per sub-carrier 14

TX power per sub-channel 27 dBm

Noise spectral density (N0) −174 dBm/Hz

Pathloss 128.1 + (37.6 · log10(d)) dB (d is
the BS-UE distance in km)

Shadow fading log-normal (σ = 8 dB)

Multipath Jakes model
with 6 to 12 scatterers

Wall penetration loss 10 dB

Frame duration 10 ms

TTI 1 ms

Cell radius 1500 m

Distance between BSs 1000 m

Table 4.1: Main system parameters

each UE no more than two sub-channels at each allocation opportunity. The UEs are
always allocated according to their CQI, so as to exploit the multiuser diversity as much
as possible. In particular, each BS tries to give2 time-frequency resources to each of
its users, as long as there are free sub-channels in the part of the spectrum it can access.
Therefore, the asymmetric load is generated by varying the number of users. Cell 1 is
overloaded and has40 UEs to serve; thus, it needs80 sub-channels. For cell 2 we con-
sidered a varying number of UEs, ranging from2 up to40. When the sharing percentage
is 0%, BS1 cannot use more than 50 sub-channels, independently from the load of cell 2.
This may lead to large resource waste when the latter is underloaded. When the sharing
percentage increases, BS1 is entitled to use more sub-channels of the other operator and
thus a larger number of UEs can be served. Therefore, the performance of BS1 is limited
by the sharing percentage and by the load of cell 2, which needs some of the available
resources to satisfy its users. When both cells have the same load, also the respective
achievable channel capacity is the same because they are statistically equivalent.

All the results are characterized by a 95% confidence interval with a maximum relative
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Figure 4.1: Cell sum capacity versus sharing percentage for various number of UEs and
symmetric load

error of 5%. Fig. 4.1 shows the sum capacity reached by each cell in the symmetric load
scenario, for various numbers of UEs, when the sharing percentage increases. Since both
cells are statistically equivalent (for number of UEs, channel state, traffic load), also the
respective final outcome is the same. First of all, a clear increment of the capacity with
the number of UEs can be noted, which is a direct consequence of the multiuser diversity.
The larger the number of UEs, the higher the probability thatfor each sub-channel there
is at least one UE with good channel quality. However, for a cell with higher user density
the improvement is quite low because for almost all the sub-channels there is at least one
user in good situation. The second important observation that can be done is that there
is a neatsharing gain. The cell sum capacity increases with the sharing percentage, thus
there is an incentive for the network operators to share partof their frequencies.

Fig. 4.2 shows the correspondingspectrum sharing gain, i.e. the ratio between the cell
capacity achieved with and without spectrum sharing. For small number of UEs and full
sharing, 20% gain can be reached over the non-sharing case. As discussed previously,
the sharing gain is greater for scenarios with few UEs, and tends to reduce for situations
with more users, because additional (due to spectrum sharing) multiuser diversity has a
diminishing returns effect. This aspect is more evident in Fig. 4.3, where the total (i.e.
over the two cells) sum capacity is depicted as a function of the number of UEs in each
cell. In this case, the saturation effect for cells with moreusers is more evident: after 18
UEs the improvement of the capacity is almost negligible, asdiscussed above.

Fig. 4.4 depicts the corresponding total sum capacity for the scenario with asymmetric
traffic, as a function of the number of UEs in cell 2 (essentially modeling the traffic load
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Figure 4.2: Spectrum sharing gain versus sharing percentage for various UEs and sym-
metric load

of cell 2). Three values for the percentageα of spectrum sharing have been considered,
i.e. 0, 50 and 100%. For the reference case of no sharing (α = 0%), the curve increases
due to the increasing number of UEs that are served in cell 2 (remember that for cell 1
the capacity is constant since all the50 resources are always allocated). For the sharing
case (α > 0), the total capacity still increases with the number of UEs for the same
reason. Moreover, there is additional increase, due to the fact that BS1 is entitled to use
a higher portion of the spectrum and thus can serve more UEs. It should be noted that
after a certain number of UEs in cell 2 has been reached (in this case 25 since the number
of initial sub-channels per cell is 50), there are no free resources that BS1 can exploit
from cell 2. Any additional increment in the total sum capacity is only due to multiuser
diversity, which still yields some benefits from the increase in the number of users, even
though the additional improvement decreases for networks with more users.

The capacity results and sharing gains depend on the radio propagation environment.
The larger the frequency diversity, the higher the interestthat an operator might have in
accessing the spectrum of its competitors because it might contain sub-carriers of better
quality for it. Also, the allocation policy adopted by the BS plays an important role. In
this numerical study, we are not considering fairness amongthe flows and for each sub-
channel the best UE is always chosen. By introducing some fairness, the curves would
change significantly, in particular the capacity values will decrease.
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Figure 4.3: Total sum capacity versus the number of UEs per cell for various sharing
percentages and symmetric load

4.2 Relaying in Wireless Networks in a Game Theoretic Perspective

Relay networks have been widely studied in information theory [101]. In particular, the
relay channel represents one of the most common scenarios studied. Several theoretical
results about the capacity of this basic network have been available in the literature since
long [102], and others keep being proposed even very recently [103,104].

At the same time, game theory [105] is being employed more andmore every day by wire-
less telecommunication engineer. From a game theoretic perspective, the relay channel is
a natural scenario to evaluatecooperation[106], which may improve the communication
for users experiencing bad quality on their direct link to the destination. The concept
of cooperation has a precise meaning in game theory mostly through the application of
coalitional games, which we will exploit in this part of our work.

Yet, we do not apply these game theoretic concept to a pure information theory sce-
nario. Instead, we focus on a precise application of the relay channel, with a real network
protocol involving packet exchanges and retransmission, through cooperative Automatic
Repeat reQuest (ARQ). Our proposal involves a cross-layer solution spanning on the data
link (and more specifically, both channel access protocol design and ARQ) and network
layers.

The contribution in this sense is two-fold. First, we give ananalytical characterization
of the performance of the relay channel from a game theoreticperspective. Second,
we are also able to define a cooperative protocol where the overall network throughput
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Figure 4.4: Total sum capacity versus the number of UEs in cell 2 for various sharing
percentages and asymmetric load

is improved. However, differently from classic results of information theory where the
capacity enhancement simply stems from spontaneous cooperation, i.e. the nodes collab-
orate out of goodwill, we precisely model also the node behavior so that their cooperation
is not taken for granted, but rather promoted through a careful design of incentives to all
the involved nodes (both those exploiting cooperative relays, and those who aid others,
e.g. by forwarding their packets).

In this sense, this throughput enhancement is achievable inpractical cases, and is truly
beneficial for those nodes who have poor channel conditions,e.g. those at the cell edge,
not only because somebody improves their throughput, but also since other nodes are
actually willing to cooperate with them, since they see a concrete benefit in it.

4.2.1 Coalitional Game Terminology and Notation

Cooperative game theory [106] is a branch of game theory that provides analytical tools
to study the behavior of rational players when they cooperate.

The main area of cooperative games is represented by coalitional games [107], defined
as a pair(N, v), whereN = {1, ..., N} is a discrete set of players andv is a function
that quantifies thevalueof a coalition in a game. Each coalitionS ⊆ N behaves as a
single player, competing against other coalitions in orderto obtain a higher value ofv. A
coalitional game may have the following properties:

Property1. (Characteristic form)The value of a coalitionS depends only on who are the
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members of that coalition, regardless of other coalitions

Property2. (Transferable utility)The value of a coalition is a real number, representing
the total utility achieved by the coalition, and it can be arbitrarily divided among its
members

For coalitional games satisfying properties 1 and 2, the valuev : 2N → R is a function
that assigns to each coalitionS the total utility achieved by it. The utility value can be
arbitrarily divided among the coalition members and the amount of utility that a player
i ∈ S receives,xi, is the player’s payoff. A payoff allocation is a vectorx ∈ R|S| (where
|S| is the cardinality of the setS) whose elements are the payoffs of players belonging to
the coalition; in other words, it represents a redistribution of the total utility.

Another interesting property that a coalitional game may have is super-additivity, that for
a game with properties 1 and 2 assumes the following form:

Property3. (Super-additivity)
v(S1 ∪ S2) ≥ v(S1) + v(S2) ∀S1, S2 ⊂ N s.t.S1 ∩ S2 = ∅

The super-additivity property expresses in mathematical terms that formation of a larger
coalition is always beneficial. Hence, for those games whereit holds, the players are
encouraged to stick together, forming the grand coalitionN.

For a game having all properties listed before, the main aspects to analyze are:

• finding a redistribution of the total utilityv(N) such that the grand coalition is
stable, i.e. no group of players has an incentive to leave thegrand coalition

• finding fairness criteria for the redistribution of the total utility

• quantifying the gain that the grand coalition can obtain with respect to non cooper-
ative behaviors

A payoff allocation isgroup rationalif
∑N
i=1 xi = v(N) and it isindividually rational if

xi ≥ v({i}) ∀i, i.e. if every player does not obtain a lower utility by cooperating than by
acting alone. A payoff allocation having both properties issaid to be animputation.

The concept ofcore is also very important. It is defined as the set of imputationsthat
guarantee that the grand coalition is stable, i.e. all payoff allocations where no group of
playersS ⊂ N have an incentive to refuse the proposed payoff allocation,leaving the
grand coalition and forming coalitionS instead. Mathematically speaking,

C=

{
x s.t.

N∑

i=1

xi = v(N) ,
∑

i∈S

xi ≥ v(S) ∀S ⊂ N

}
(4.5)

Indeed, the core may be empty, in which case the grand coalition is not stable. The exis-
tence of the core ought to be checked case by case, possibly exploiting some categories
of games where the existence is guaranteed [105, Ch. 13].

D2.2b SAPHYRE



4.2 Relaying in Wireless Networks in a Game Theoretic Perspective 149

γ

γ

γ

A

γAB BA

B
B

A

Z

Figure 4.5: The reference scenario.

4.2.2 Problem Statement

We consider the scenario of two nodes, A and B, which want to communicate with an
Access Point, Z, as represented in Fig. 4.5.γA, γB, γAB andγBA are the signal to noise
ratios (SNRs) between A and Z, B and Z, A and B and B and A respectively. We suppose
that:

• γA, γB, γAB andγBA are constant over time, i.e. time invariant channels and fixed
transmission powers of A and B. Actually, also slow time-varying channels can be
included in this analysis. Moreover, without losing generality, we supposeγB > γA

• node A and B always have packets to transmit to Z

• time division multiple access (TDMA) is adopted, assumingthat the access point
Z manages it in a centralized manner. The process that assigns a slot to a new
packet is independent identically distributed (i.i.d.) with PA andPB = 1− PA the
probabilities to assign the slot to node A or node B respectively

• we consider an ARQ retransmission scheme with at most1 retransmission (maxi-
mum total number of transmissionF = 2). In subsection 4.2.2 we will see how the
analysis can be generalized for multiple retransmissions

• we focus on the uplink connection from the users to the access point, therefore we
neglect the traffic from Z to nodes A and B

Once a new packet for node A is scheduled, the non cooperativetransmission process
of this packet can be represented by the Markov Chain in Fig. 4.6. Absorbing statesRA
andNA represent the events that the packet is received or not received by Z. Other states
represent the actual number of packet transmissions performed by user A, so the initial
state is state1A. We defineq(γ) as the probability that a packet is correctly received
when the SNR isγ. This function depends on the modulation scheme used and on the
packet length. We definePNCRA as the probability to be absorbed in stateRA in the non
cooperative case.

PNCRA = q(γA) + (1− q(γA))q(γA) (4.6)
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Figure 4.6: Non-cooperative transmission process of a packet of user A
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Figure 4.7: Non-cooperative transmission process of a packet in the network

We defineNNCA as the average number of transmissions of the packet in the non cooper-
ative case.

NNCA = q(γA) + 2(1− q(γA)) = 2− q(γA) (4.7)

The transmission of a packet in the non cooperative case, from the choice of the user to
packet reception (or to the maximum number of transmissions), is represented in Fig. 4.7.
Initial stateI represents the selection of the user that can transmit the packet. Users A and
B are selected with probabilitiesPA andPB, respectively. Once either user is selected,
the transmission process evolves analogously to the MarkovChain shown in Fig. 4.6.
When the packet is correctly received by Z or the maximum number of transmissions
is reached (i.e. an absorbing state is entered), another newpacket is considered, again
starting from stateI: a new user is selected, a new packet is transmitted, and so on.
Renewal theory [108] allows to study this kind of situations.The beginning of each
renewal cycle constitutes a regenerative epoch of the Markov process. The asymptotic
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metrics of the network can be obtained by studying the average behavior of the Markov
process. The asymptotic bit rate of each user is calculated by considering the average
number of transmitted bits and dividing it by the average time to absorption:

BRNCA =
PAP

NC
RA

NNC
Nbit
Tpkt

(4.8)

whereNNC = PAN
NC
A + PNN

NC
B is the average number of transmissions for packet,

Nbit is the number of bits in a packet andTpkt is the time needed for a single packet
transmission.

Finally, the asymptotic bit rate of the network for the non cooperative scenario is given
by:

BRNC = BRNCA +BRNCB (4.9)

Cooperative ARQ

Now the performance of the network is evaluated for the case where cooperation is active,
by means of the coalitional game framework. Nodes can cooperate, helping other nodes
to retransmit a packet not correctly received by the access point.

We assume that the game satisfies properties 1 and 2. Note thatin the two-user case,
the former property is automatically satisfied. However, the property still holds true
even if the analysis is extended to a network with more than two users, since the TDMA
approach guarantees that different coalitions do not interact: each coalition tries to obtain
the maximum throughput by using the slots assigned exclusively to it. For what concerns
property 2, the problem of the throughput redistribution isaddressed in subsection 4.2.2.

The valuev(·) of the coalitional game is the throughput obtained by each coalition. In a
two-user case, three coalitions are possible: the two coalitions formed by the single users,
A andB, and the coalition formed by both users, i.e. the grand coalition N = {A,B}.
The value of each coalition is:

cv({A}) = BRNCA v({B}) = BRNCB
v(N) = BRC = BRCA +BRCB (4.10)

whereBRCA andBRCB are the respective asymptotic bit rates for user A and B in the
cooperative scenario.

During a cooperative transmission, the packet transmittedby a node is heard by Z and
the other user who actively cooperates. In our formulation,cooperation implies that, if
a packet is not correctly received by Z, its retransmission is carried out by the user who
has the better signal to noise ratio, provided that it received the packet correctly. Thus,
the transmission process for user A can be represented by theMarkov Chain in Fig. 4.8.
State2B (2A) represents the second transmission in the case that userB has (not) correctly
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Figure 4.8: Cooperative transmission process of a packet of user A

received the packet during the first transmission; rememberthat we assumeγB > γA. We
obtain:

RCLPCRA = q(γA) + (1−q(γA))((1−q(γAB))q(γA)

+ q(γAB)q(γB))

NCA = q(γA) + 2(1− q(γA)) = 2− q(γA) (4.11)

Note thatPCRA > P
NC
RA

thanks to the cooperation of B, whileNCA = NNCA because we
are considering at most 2 transmissions. If more transmissions are considered, we obtain
alsoNCA < N

NC
A . Note thatPCRB = PNCRB because B is not helped by anybody.

Along the same lines of (4.8), the asymptotic bit rate of userA in the cooperative scenario
is given by:

BRCA =
PAP

C
RA

NC
Nbit
Tpkt
> BRNCA (4.12)

Finally:

v(N) = BRC = BRCA +BRCB > BR
NC
A +BRNCB (4.13)

Therefore the game satisfies also property 3.

Throughput subdivision

Now we want to find a payoff allocation that belongs to the coreand is fair under certain
parameters. Note that, for a super-additive two player game, the core is not empty and
coincides with the set of imputations.

In the considered game, the set of imputations is given by:

xA =BRNCA + (1− w)(BRCA −BRNCA )

xB =BRNCB + w(BRCA −BRNCA ) (4.14)
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Here acooperation weightdenoted asw is introduced to determine the throughput share
that each user gets. Note thatw is introduced to give a proper incentive to both users to
cooperate. In fact, only user A, whose channel quality to Z isworse, can directly benefit
from being helped by user B’s cooperative relaying. However,user B can get an incentive
to cooperate if this results in a larger throughput share.

By varying the value of the cooperation weightw in the interval[0, 1], we can obtain
all the imputations. It is immediate to see thatxA + xB = v(N) ∀w. Moreover, for
w = 0 we obtainxB = BRNCB = v({B}) and increasingw we havexB > v({B}). For
w = 1 we obtainxA = BRNCA = v({A}) and decreasingw we havexA > v({A}). On
the other hand, ifw < 0 thenxB < v({B}) and if w > 1 thenxA < v({A}). Thus,
by setting the value ofw we decide the right level of fairness of the subdivision. This
takes into account that, in order to cooperate with A, user B has to consume more power,
retransmitting packets instead of A, that can in turn save power. We can assign a cost
to the power, depending on the application/scenario we are considering. If the cost of
the power increases, we have to increase also the value of thecooperation weightw (i.e.
to further increase the payoff of cooperative users) in order to keep the same level of
fairness.

So far we have supposed that the total throughput can be divided by users rather arbitrar-
ily. From a practical point of view, the only thing that can becontrolled is the allocation
policy, PA andPB. We suppose therefore that the allocation policy is changedfrom PA
andPB to PCA andPCB in order to satisfy the subdivision proposed. Is the new allocation
policy feasible? That is, isPCA +PCB ≤ 1? It is easy to show that the new allocation policy
is feasible. In fact, we have to increase the allocation probability of the cooperating user
B and decreasing the allocation probability of A, while keeping constant the total bit rate
v(N). Since B has a better SNR, it results that the increasePCB − PB is greater that the
decreasePA − PCA in order to keep the total bit rate constant. Therefore:

PCB − PB < PA − PCA ⇒ PCB + PCA < PA + PB = 1 (4.15)

This means that the allocation is feasible and that there is apositive probability that
some slots are not assigned to anybody, which would not be meaningful. Therefore, the
quantityP ′ = 1− PCA − PCB can be divided between users, increasing for example both
PCA andPCB by the same amount, or increasing them by a weighted amount ofP ′, where
we can use again the cooperation weightw. Finally, this means that both users have a
further benefit in obtaining an even higher bit rate comparedto the subdivision proposed.

Multiple retransmission generalization

Previously, we have found the mathematical expressions forthe asymptotic bit rates in
the non-cooperative and cooperative cases forF = 2. This can be generalized toF > 2
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as follows. For the non-cooperative case we obtain:

PNCRA =q(γA) +
F∑

i=2

q(γA)(1− q(γA))i−1

NNCA =q(γA) +
F−1∑

i=2

iq(γA)(1− q(γA))i−1+

+F (1− q(γA))F−1 (4.16)

For the cooperative case, letTA,Z andTA,B be the times required byZ andB, respectively,
to correctly receive the packet fromA. Then, we have

rClPCRA = q(γA) +
F∑

i=2

P (TA,Z = i)

= q(γA) +
F∑

i=2

[ i−1∑

k=1

P (TA,B=k)P (TA,Z=i|TA,B=k)

+ P (TA,B > i− 1)P (TA,Z = i|TA,B > i− 1)

]

= q(γA) +
F∑

i=2

[ i−1∑

k=1

q(γAB)(1− q(γAB))k−1q(γB)

· (1− q(γA))k(1− q(γB))i−k−1

+ (1− q(γAB))i−1q(γA)(1− q(γA))i−1

]
(4.17)
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rClNCA = q(γA) +
F−1∑

i=2

iP (TA,Z = i) + FP (TA,Z > F − 1)

= q(γA) +
F−1∑

i=2

i

[ i−1∑

k=1

P (TA,B = k)

· P (TA,Z = i|TA,B = k) + P (TA,B > i− 1)

· P (TA,Z = i|TA,B > i− 1)

]
+ F

[ F−2∑

k=1

P (TA,B = k)

· P (TA,Z > F − 1|TA,B = k) + P (TA,B > F − 2)

· P (TA,Z > F − 1|TA,B > F − 2)

]

= q(γA) +
F−1∑

i=2

i

[ i−1∑

k=1

q(γAB)(1− q(γAB))k−1q(γB)

· (1− q(γA))k(1− q(γB))i−k−1 + (1− q(γAB))i−1

· q(γA)(1− q(γA))i−1

]
+ F

[ F−2∑

k=1

q(γAB)

· (1− q(γAB))k−1(1− q(γA))k(1− q(γB))F−k−1

+ (1− q(γAB))F−2(1− q(γA))F−1

]
(4.18)

It is easy to see thatPCRA > P
NC
RA

andNCA ≤ NNCA , thereforeBRCA > BR
NC
A . Thus, the

reasonings done in subsection 4.2.2 are still valid even forF > 2.

4.2.3 Results

The throughput of the proposed scenario with a time invariant channel has been evalu-
ated through a Matlab simulator. An example of results is shown in Fig. 4.9, where the
throughput for both nodes in the cooperative and non-cooperative scenario is plotted. We
consider a16−QAM modulation with packet length of12000 bits.PA andPB are equal
to 0.5, γAB andγBA are both set to110. The SNR of B,γB, is constant and equal to70,
while γA varies from0 to 2γB = 140. For very low values ofγA, in the non-cooperative
case, the capacity of node A is close to0, while that of B is around2700 bits/s. In this
case, most of the slots assigned to A are wasted to retransmitthe same packet. When B
cooperates, it allows to save most of this wasted slots without decreasing the throughput
of A. This saved slots are then assigned to B which doubles itsthroughput with respect to
the non-cooperative case. IncreasingγA reflects in an enhanced non-cooperative through-
put of A. Cooperation from B allows to save fewer slots than theprevious case, but it is
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Figure 4.9: Throughput for the time invariant channel case

still beneficial and B experiences a higher throughput compared to the non-cooperative
case. The closerγA to γB, the lower the gain of B. When the SNRs of both nodes are
equal, cooperation is useless and the nodes have the same throughput. From this point
on the situation is reversed: whenγA > γB, A helps B and the cooperative throughput
of node A is higher than its non-cooperative throughput. ThelargerγA, the higher the
(absolute) throughput gain.

It is worth noting that, while not rewarding cooperation, i.e. w = 0, determines low
throughput for the node with worse channel quality, cooperating with weight equal to
1 does not represent an improvement for this user either. In such a case, the whole
throughput gain harvested from the cooperation is assignedto the better user to encourage
its cooperation. Thus, the case wherew = 0.5 represents an interesting trade-off, where
both users get a cooperation gain, and have the proper incentives to cooperate from a
game theoretic standpoint.

4.2.4 Discussion and Possible Extensions

The numerical results show an actual gain for both nodes whenthey decide to cooperate.
Many papers which discuss cooperation in wireless networksoften fail to determine the
actual benefit for the nodes in cooperating; therefore, theyoften resort to some form
of side payment. However, the viability of such solutions, in both economic and legal
terms, is arguable at best. Instead, our proposed approach simply addresses the benefit
of cooperation as a throughput enhancement forbothkinds of users, i.e. those relaying
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packets and those exploiting a relay. Also, focusing on a time-division multiplexing
channel access is not restrictive; this assumption may easily be translated to other forms,
e.g. random-based, medium access control.

Possible extensions of the present work, which are currently ongoing, involve the in-
troduction of hybrid ARQ [109], as opposed to plain ARQ as employed here, and the
addition of time-varying channels in the analysis. This latter point may require to extend
the problem so as to include dynamic games and further negotiation among the coop-
erating users. In a time invariant channel, cooperation is always triggered in the same
manner, i.e. the user with better channel relays the packetsfor the other; conversely,
the main challenge of time varying gains would be that the users can sometimes have
reversed cooperation roles. This complicates the set of strategies that can be played by
each player; especially, the access point needs to give proper cooperation incentives so
as to avoid the “ungrateful” situation (a user that most of the time enjoys cooperation
by a relay does not reciprocate when it is its turn to relay a packet). Nevertheless, our
preliminary evaluations hinted that a cooperation gain still holds also in this scenario.

Finally, given the promising results found for a simple two-node network, it is surely
worth investigating an extension to larger networks, possibly with multi-hop relaying.
This development, currently under evaluation, implies both an evaluation on a larger
scale and also the definition of a proper negotiation protocol to establish the cooperation
roles [110].

4.3 Cooperation in Relay Sharing Scenarios

Cooperation is one of the most promising enabling technologies to meet the increasing
rate demands and quality of service requirements in wireless networks. For the case of
infrastructure sharing, when a network operator decides tocooperate, it shares some or all
of its nodes, that become relays for another network. In sucha scenario, cooperation can
leverage the benefits of diversity, obtaining a considerable gain in the efficiency of shared
resources. Usually, sharing the whole set of nodes can grantthe biggest advantage to
both networks. However, this clearly comes at the cost of additional traffic that should be
handled by some of the shared nodes. In addition, in a realistic environment, an operator
may not be willing to share too many nodes to improve the traffic of another operator, e.g.
for security or privacy reasons. Therefore, the operator may decide to share only a limited
number of nodes, receiving the same treatment from the operator of the other network.
If this is the case, an optimal choice of the shared nodes, according to certain criteria,
is needed. Indeed, some nodes may be deployed in crucial positions, and they may be
particularly suited for helping the other network; on the contrary, nodes placed close to
the network border are likely to be less useful or even useless. Furthermore, sharing a
node implies that a higher amount of traffic will be routed through it, which may result
in a higher latency for the traffic of its own network.

We consider two wireless networks deployed in the same region but operated by differ-
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ent entities. In the first scenario, the two coexisting networks perform their operations
separately: each network only uses its own resources to deliver the data packets gener-
ated by its nodes. Clearly, since they are assumed to share thesame spectrum resources,
cross–network interference may limit the overall performance. For such a scenario, we
select a set of local parameters: some of them are directly observable and depend only
on the topology of the network, like the number of neighbors at a given node, and some
others are not observable and depend on the link characteristics and on the traffic load.
We exploit Bayesian Network (BN) [111] analysis to estimate the joint probability distri-
bution of this set of parameters, and we use BN also to predict,given the evaluation of the
observable parameters, the values of the other parameters that will be used to calculate a
performance metric. The use of this probabilistic tool is very promising for wireless net-
work optimisation, and it has been recently exploited, e.g.for predicting the occurrence
of congestion in a multi-hop wireless network [112].

Such an approach can also be used to improve the performance of both networks in our
scenario. The key idea is that a higher node density may help both networks to augment
the available diversity, and thus to find shorter routes for multi-hop communications. It is
straightforward that this may be obtained if each network can take advantage of some of
the nodes of the other one. We model the interaction between the two networks through
Game Theory. In spite of the considerable theoretical gain that a cooperative transmis-
sion allows, modeling the involved agents as smart selfish decision-makers usually leads
to inefficient non-cooperative equilibria. For example, [113] shows that the IEEE 802.11
distributed Medium Access Control (MAC) protocol leads to an inefficient Nash Equilib-
rium (NE) and in [114] a situation similar to the Prisoner’s Dilemma occurs in a slotted
Aloha MAC protocol. To improve the performance of the network, cooperation among
the players is often desirable. In our work, we achieve this goal by formulating the prob-
lem as a repeated game, which consists in a number of repetitions of a base game. It
captures the idea that a player has to take into account the consequences of his current
action on the future actions of other players. Cooperation isin fact obtained by punishing
deviating users in subsequent stages. Similar approaches have been used for example
in [115–117].

In brief, the main contributions of this part of our study are:

• the definition of the cooperation problem of two networks sharing the same spec-
trum resources as a strategic game;

• the use of BN theory to learn the probabilistic relationships among a set of param-
eters of interest in the network, in order to infer the performance metric parameters
from some observable topological parameters;

• the proposal of a game theoretic algorithm to choose the best nodes to share;

• the implementation of the strategic game and the BN predictor in an actual wireless
network simulator, that simulates the network behavior at the Physical, the MAC
and the network layers of the protocol stack;

• to numerically show the effectiveness of our algorithm in improving the perfor-
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mance of the wireless networks by accurately selecting the nodes to be shared.

4.3.1 Mathematical Preliminaries

In this section we briefly describe the mathematical tool, i.e. Bayesian Networks, that
we adopt to identify techniques for the selection of the bestcooperating nodes in the
network. It is a method to learn an approximate joint probability distribution among a set
of random variables from a set of instances of such variables.

A BN is a probabilistic graphical model [111] describing conditional independence re-
lations among a set ofM random variables through a Directed Acyclic Graph (DAG).
This graph is used to efficiently compute the marginal and conditional probabilities of
theM variables. A nodei in the DAG represents a random variablexi, while an arrow
that connects two nodesi andj represents a direct probabilistic relation between the cor-
responding variablesxi andxj. The absence of a direct arrow between two variables
implies that the variables are independent, given certain conditions on the other variables
of the graph. The orientation of the arrow is also relevant todescribe the relationship
between the two variables. If the arrow is directed from nodei to nodej, we say thati is
a parent ofj, and we writexi ∈ pa(xj). To clarify this concept, consider the following
example. If nodesh, i, andj are represented in a BN such thath is a parent ofi andi is
a parent ofj, the joint probability of the corresponding variables is

P (xh, xi, xj) = P (xh)P (xi|xh)P (xj|xi) , (4.19)

that is simpler than a general joint probability among threevariables. See [111] for further
details on the BN properties.

Learning the structure The technique to learn the approximate joint probability distri-
bution through a BN is divided into two phases, structure learning and parameter learning.
The former is a procedure to define the DAG that represents thequalitative relationships
between the random variables, i.e. the presence of a direct connection between a couple
of variables, not conditioned by other variables. According to the score based method,
e.g. see [118], we do not assume any a priori knowledge on the data, but we just ana-
lyze the realizations of the variables and we score each possible DAG with the Bayesian
Information Criterion (BIC) [119], that we have chosen as a score function. The BIC
is easy to compute and is based on the Maximum Likelihood (ML)criterion, i.e. how
well the data suits a given structure, and penalizes DAGs with a higher number of edges.
If each variable is distributed according to a multinomial distribution, i.e. it has a finite
number of possible outcomes, then the BIC becomes very simpleto compute, involving
only summations for all possible outcomes of the variables and all possible outcomes of
the parents of each variable, see [118].

Learning the parameters The parameter learning phase consists in estimating the pa-
rameters of the simplified joint distribution according to the probability structure defined
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by the DAG chosen in the structure learning phase. In order tohave the joint distribution,
it suffices to estimate the probability of each variable conditioned by the variables that
correspond to its parent nodes in the graph. Coherently with the choice of the BIC as
a scoring function, we use the ML estimation technique also to determine all the condi-
tioned probabilities for each variable considered.

4.3.2 System Model

In this section, we describe the network scenario under investigation from the physical up
to the routing layer. In our scenario, two ad hoc wireless networks coexist and share the
common spectrum resource. Each network consists ofN terminals randomly deployed,
and each node is a source of traffic, which generates packets according to a Poisson pro-
cess with intensityλ. The end destination of each packet is another node in the network,
chosen at random. Furthermore, time is divided in slots and slot synchronization is as-
sumed across the whole network.

Physical Layer

At the physical layer, Code Division Multiple Access (CDMA) with fixed spreading fac-
tor is employed to separate simultaneous transmissions, since both networks share the
same spectrum resources, and a training sequence is transmitted at the beginning of each
transmission to help channel estimation. The receiving node,D(0), uses a simple itera-
tive interference cancellation scheme to retrieve the desired packet whenM simultaneous
communications, namelyT (1), . . . , T (M), are heard. In order to describe this scheme, we
need to define the SINR atD(0) for the incoming transmissionT (i) from nodeD(i), i.e.

Γ(i) =
NsP

(i)

N0 +
∑
j 6=i P

(j)
, (4.20)

whereN0 is the noise power andNs is the spreading factor.P (j) indicates the incoming
power due toT (j), i.e. for allj = 1, . . . ,M :

P (j) =
PT |hD(j),D(0) |2d−αj

A
, (4.21)

wherePT is the transmission power, which is considered to be the samefor all the nodes
in the network,A is a fixed path-loss term,dj is the distance between the receiving node
and the source ofT (j), α is the path loss exponent, andhD(j),D(0) is a complex zero mean
and unit variance Gaussian random variable, which represents the effect of multi-path
fading. More precisely, in our scenario, we consider a time correlated block fading.
Therefore, for the channel between nodesD(j) andD(0), the multi-path fading coefficient
in time slott is

hD(j),D(0)(t) = ρ hD(j),D(0)(t− 1) +
√

1− ρ2 ξ , (4.22)
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whereρ is the time-correlation factor andξ is an independent complex Gaussian random
variable with zero mean and unit variance. Now we can describe the iterative interference
cancellation scheme as follows:

• the destination nodeD(0)sorts theM incoming transmissions according to the re-
ceived SINR, in decreasing order (for simplicity, we assumeΓ(1) ≥ · · · ≥ Γ(M));

• starting from transmissionT (1),D(0) tries to decode the corresponding packet, with
a decoding probability that is a function ofΓ(1);

• if the packet is correctly received, its contribution is subtracted from the total in-
coming signal;

• D(0) attempts to decode the transmission with the next highest SINR, T (2), and
goes on until it can try to decode the packet of interest.

MAC Layer

At the MAC layer, we implement a simple transmission protocol based on a Request-To-
Send/Clear-To-Send (RTS/CTS) handshake. Every time nodeD(i) wants to send a packet
to nodeD(j), it checks the destination availability by sending a RTS packet; if D(j) is
not busy, it replies with a CTS so thatD(i) can start transmitting the packet. Correct
reception is acknowledged by means of an ACK packet. In the case of decoding failure,
after a random backoff time, nodeD(i) schedules a new transmission attempt, or discards
the packet, if the maximum number of retransmissions has been reached. The signaling
packets are very short, i.e. they are transmitted within a single time slot, and are protected
by a simple repetition code of rate1/2. Instead, data packets may span several time slots,
so error detection coding is used to verify their correct reception, i.e. redundancy bits are
added at the end of each packet.

Network Layer

The source node and the destination node are not necessarilywithin coverage range of
each other, so we consider multi-hop transmissions. Two nodes are neighbors, i.e. they
can communicate directly, if their distance is lower than a threshold valueℓ. In order to
transmit to a node that is not within coverage, the nodes use astatic routing table, which
is built using Optimized Link State Routing (OLSR) [120], a traditional routing protocol,
and is available at every node of the network. Each time a nodegenerates a new packet,
or receives a packet to be forwarded, the packet is put in the node queue, with First-In
First-Out (FIFO) policy. The maximum queue length is fixed and equal for all nodes. If
a new packet arrives when the queue is full, it is simply discarded.
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4.3.3 Cooperation Strategy

In this section we describe how the two networks that coexistin our scenario can share
efficiently the spectrum resources by means of cooperation.

Performance metric

Given the path fromD(i) toD(j), we define the delivery delayζ(i,j) as the average end-
to-end delay of a packet sent along the path, given that the packet is received; and the
packet loss probabilityp(i,j)c as the probability that a packet is lost along the path. The
former depends on the channel and interference conditions,which may require one or
more retransmissions, and on the overall traffic level. Indeed, for multi-hop routes, a
packet has to wait at each relay node until all the packets it finds in the FIFO queue have
been sent. Regarding the latter, the packet loss, there are two main events to be accounted
for. One is a high interference level, that may lead to a packet drop due to an excessive
number of retransmissions; the other is buffer overflow, i.e. the packet is discarded if the
next relay has no room for it in its queue.

We consider a metric to measure the gain offered by the various cooperation strategies,
which takes into account the average end-to-end delay of a packet sent along the path
fromD(i) toD(j). Since no end-to-end packet retransmission mechanism is implemented
in our network, the effect of lost packets must also be considered. Ignoring lost packets
(i.e. computing the delay statistics only on correctly delivered packets) may lead to an
optimistic evaluation of the network performance under heavy traffic, where few packets
actually reach the destination. In this case, a high-loss path might end up being con-
sidered better than a more reliable path with a slightly higher delivery delay. The other
extreme, i.e. defining the delay contribution of a lost packet as infinite, makes the delay
evaluation meaningless since the average delay would also be infinite for any positive
loss probability. Clearly, neither option is desirable in our case.

Therefore, we propose another definition that gives a finite bias to the average delay in
case of a packet loss. In particular, when a packet is lost when going fromD(i) toD(j),
we increase the delay of the following packet in the same pathby the interarrival time
between packets routed on that path.1 This additional delay is given by(N − 1)/λ, i.e.
the inverse of the per-path average traffic intensity (recall that each packet generated at
D(i) has a randomly chosen destination among the remaining nodesof the network, so
that the per-node trafficλ needs to be divided by the number of possible destinations,
N − 1).

According to this reasoning, we recursively define theweighted delivery delayof a data

1Equivalently, we assign to lost packets a delay contribution equal to the interarrival time, to received
packets the actual delay incurred, and then divide the sum ofall contributions by the number of correctly
received packets only.
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packet sent via multi-hop transmission by nodeD(i) to nodeD(j) as:

W(i,j) =
(
1− p(i,j)c

)
ζ(i,j) + p(i,j)c

(
N − 1

λ
+ W(i,j)

)
. (4.23)

In this calculation, the channel and interference conditions, and thus the loss probability,
are assumed to be independent for different packets. This isdue to the fact that the
destination for each packet is chosen at random, and the timebetween two subsequent
packet transmissions over the same path is deemed to be long enough.

From Eq. (4.23) we obtain:

W(i,j) =
N − 1

λ

p
(i,j)
c

1− p(i,j)c

+ ζ(i,j) . (4.24)

The delivery delayζ(i,j) and the loss probabilityp(i,j)c depend on the nodes that the routing
protocol selects as relays. In a static network, it is possible to estimate these values during
a training period. Instead, if the network is dynamic (mobile nodes or time-varying traffic
statistics), this is not possible. We propose a different way of estimating the delay and the
loss probability, based only on instantaneous geographic and routing information. Since
a packet sent over a multi-hop path has to traverse a number ofnodes before reaching
the destination, we make the assumption that both the overall path delivery delay and the
overall path loss probability can be decomposed into contributions given by the various
traversed nodes. More precisely, the overall delivery delay is given by the sum of the
average delays required to traverse every single node (timein queue plus transmission
time), whereas the overall loss probability is obtained from the loss probabilities at every
node (probability of transmission failure and probabilityof buffer overflow). IfR(i,j) is
the set of nodes belonging to the path betweenD(i) andD(j) (excludingD(i) andD(j)),
we have:

ζ(i,j) = ζ(i)q +
∑

h∈R(i,j)

ζ(h)q , (4.25)

whereζ(h)q is the average time between the arrival of a packet at nodeD(h) and its recep-
tion at the next hop. This delay depends on the next relay; indeed, while the time needed
for traversing the queue is the same for all packets, the timerequired for a successful
transmission depends on the channel condition, and hence onthe next hop chosen. We
estimateζ(h)q averaging over all the possible next-hop relays, thus over all the neighbors
of nodeD(h).

The packet loss in the multi-hop path is calculated in a similar way, i.e.

p(i,j)c = 1− (1− p(i)t )(1− p(j)q )
∏

h∈R(i,j)

(1− p(h)t )(1− p(h)q ) , (4.26)

wherep(h)t is the probability that a transmission from nodeh to the next hop fails because
the maximum number of retransmissions is reached, andp(h)q is the probability that a
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packet correctly received at nodeD(h) is discarded due to buffer overflow. Furthermore,
we notice thatp(h)q depends on the queue of the receiving nodeD(h), while p(h)t depends
also on which node is used as next hop. For this reason, similarly to what we have done
for ζ(h)q , we consider a value averaged over all the neighbors ofD(h).

With (4.25) and (4.26) we can calculate the weighted delivery delay W(i,j), defined
in (4.24). This parameter should be estimated for each couple of nodes, with a suffi-
ciently long training period. From (4.24), we defineW as the average over all the couples
of nodes belonging to the network. This will be used in the following as the performance
metric of the whole network.

Stochastic estimation of local parameters

In a real network, the values of the parametersζ(i)q , p(i)t , andp(i)q should be estimated based
on local information. Our idea is to use some parameters thatcan be easily calculated at
each nodeD(i). We consider in particular the number of flowsF(i), that can be easily
calculated from the routing table, and the number of neighbors,N(i). We have estimated
the probabilistic relationships amongζq, pt, pq, F, andN. Notice that we removed the
dependence on the specific node. In fact, the Bayesian Networkapproach exploits the
collected data, which are specific for each node, to find out the correlation between the
local parameters and the values ofN andF. The result is a set of general conditional
distributions (one per each local parameter) which can be therefore applied to any node
of the network. It follows that once the number of flows or neighbors of a given node is
known, the distributions ofζ(i)q , p(i)t , andp(i)q for that node are also known.

We first collected the measures of these parameters in our scenario as a function of the
traffic loadλ, for different topologies. Then we calculated the structure of the BN. We
should notice that this procedure is different from using a training period to directly derive
the local parameters. In fact, in this case a training periodwould be needed every time
the topology changes, so as to evaluate their value for each specific node or path. On the
contrary, with our procedure we can estimate the general joint probability among these
parameters, that does not depend on the specific topology.

The structure of the BN is reported in Fig. 4.10. The structureof this BN is the same
for all the values ofλ, while quantitatively the probabilistic relationships change with
λ. We notice thatN does not influence, to a first approximation, the values of thethree
performance parameters, once the value ofF is observed. In other words, once we cal-
culate from the routing table the value ofF, we can have an estimate of the probability
distribution of the three performance parameters. From these estimated parameters, we
can calculate also the overall network performanceW.
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Figure 4.10: Bayesian Network showing the probabilistic relationships among the5 pa-
rameters of interest:ζq, pt, pq F, andN.

Cooperation

When cooperation is exploited, some nodes are shared betweenthe two networks, and
the routing tables calculated via OLSR change accordingly.By using the framework
introduced above, we can estimate the overall performance of the two networks with
and without cooperation. We denote withWk(D1,D2) the weighted delivery delay of
networkk, with k = 1, 2, when the two networks share the set of nodesD1 andD2,
respectively. In particular,Wk(∅, ∅) is the performance metric of networkk when no
nodes are shared. Thus, for any choice of the nodes shared we can calculate the variation
in Wk for the two networks. Then, we can model the cooperation strategy by means of
Game Theory, by considering each network as a selfish agent whose utility function can
be any decreasing function ofWk. To sum up, the following steps are followed in our
framework:

• we learn the network behavior by measuring the parameters of interest over several
random topologies with fixed setup;

• we use the BN method to infer the joint distribution amongζq, pt, pq, F, andN;

• we evaluate the utility functionsWk(D1,D2), for the two networksk ∈ {1, 2}, for
all the possible choices of the setsD1 andD2.

• we select the two subsetsD1 andD2 to be shared, based on the game theoretic
approach described in Section 4.3.3.

Game theoretic approach

The problem is formulated as a repeated2-player game, where the players are the two
networks. We name the nodes of the networks from1 to 2N , where the nodes in the sets
Q1 = {1, ..., N} andQ2 = {N + 1, ..., 2N} belong to network1 and2, respectively.
The strategy of each network is represented by the set of nodes D1 andD2 they decide
to share, therefore in the most general formulation the strategy sets are the power sets
S1 = 2Q1 andS2 = 2Q2 . The utility function of each network,uk : 2Q1 × 2Q2 → R, k =
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Table 4.2: Simulation parameters

Number of nodes per network 10

Transmission power [dBm] 24

Noise floor [dBm] -103

Modulation used BPSK

Time slot duration [ms] 1

Packet length [bit] 4096

λ [pkt/s/node] 1 to 5

Spreading factor 16

Fading correlation factorρ 0.9

1, 2, is the reciprocal of the average weighted delay per path forthat network, that is,
W
−1

k (D1,D2). Each of these metrics jointly depends on the strategies of both players:
if a network decides to share a given node, that node is loadedby the traffic of the other
network that passes through it. On the other hand, an additional shared node decreases
the overall amount of traffic that passes through the other nodes.

We assume for simplicity that the networks do not have the freedom to choose the number
of nodes to share. They can share either no nodes or exactly2 nodes, therefore the
cardinality of each strategy space is

(
N
2

)
+ 1. Although our approach can be extended to

a larger number of cooperating nodes, our numerical resultsshow that a large fraction of
the available cooperation gain is already achieved with this simple choice.

If we consider a single stage of this game it is immediate to see that the unique NE is
the strategy profiles = (∅, ∅), i.e. no network cooperates. In fact, given the strategy of
the other, each network prefers to share no nodes in order notto increase the total traffic
through its nodes. However, in the repeated formulation it can be shown that each strategy
profile that allows to reach a better utility for both playersis a NE. A player deviating
from that strategy profile can be punished by the other playerduring subsequent stages.
The duration of this punishment can be set so that the gain obtained during the deviating
stage does not compensate the loss during the subsequent stages. Punishment strategies
in repeated games allow multiple equilibria with varying utilities for each player.

Inspired by the Nash bargaining solution [121], we decide tomaximise the product
(
u1 − uNC1

) (
u2 − uNC2

)
, (4.27)

whereuNC1 anduNC2 are the status quo utilities, i.e. the utilitiesW
−1

1 (∅, ∅) andW
−1

2 (∅, ∅)
obtained when networks do not cooperate. We additionally impose the mathematical
constraintuk − uNCk ≥ 0, k = 1, 2, to avoid the situation where the maximum
corresponds to a decrease in the utilities of both networks.The solution found results in
increased utilities for both networks compared to the non cooperative case, therefore it is
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Figure 4.11: BN estimation of the average delivery delayζq as a function of the number
of flowsF passing through the node.
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Figure 4.12: BN estimation of the probability of buffer overflow pq as a function of the
number of flowsF passing through the node.
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Figure 4.13: BN estimation of the probability of transmission failurept as a function of
the number of flowsF passing through the node.

a NE for the repeated game formulation.

4.3.4 Results

In this section we present the simulation setup and the main results of our approach for
cooperation.

Simulation Setup

In order to prove the effectiveness of our cooperation strategy, we developed a network
simulator which encompasses the layers from physical to routing, as described in Section
4.3.2. The system parameters are reported in Table 4.2. Eachsimulation run is performed
with randomly generated connected networks, and lasts for10000 time slots, including an
initial transient phase. Different values of the traffic generation intensityλ were consid-
ered, from1 packet/s, corresponding to a lightly loaded network, up to5 packet/s, which
is instead the case of an overloaded network. In each scenario, 500 simulation runs were
performed to collect the data required for the BN inference. Based on this information,
the empirical distributions and the average values ofζq, pt andpq, conditioned onF, were
derived.

In the subsequent steps, a new set of500 simulation runs was performed for each value
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of λ. In each run, two networks are again randomly deployed; the overall system per-
formance is theoretically evaluated by computing the values ofWk, based on the routing
tables, and the values ofWk(D1,D2), with k ∈ {1, 2}, whereD1 andD2 are the opti-
mal sets of nodes to be shared, according to the game theoretic framework proposed in
Section 4.3.3.

The aim is to verify how much gain is achievable with our approach with respect to a
random selection of the nodes shared and a fully cooperativestrategy. Therefore, the
network performance obtained by using our Game Theoretic node selection strategy is
compared to those achieved by the following strategies: 1) no cooperation, 2) two nodes
shared, randomly chosen by each network, and 3) all nodes shared.

Bayesian Network estimation

Exploiting the stochastic estimation of local parameters through the BN approach pro-
posed in Section 4.3.1, we can evaluate the expected value ofthe three parameters of
interest, namely the average delivery delayζq, the probability of buffer overflowpq and
the probability of transmission failurept, as a function of the number of flowsF passing
through the node and of the traffic intensityλ. The expected values ofζq, pq, andpt
are shown in Figs. 4.11, 4.12 and 4.13, respectively. We notice that the highest number
of flows through a single node is reached when that node becomes the only connection
among three separate clusters of nodes. If these groups havesimilar cardinalities, and the
number of nodes in each network isN , we can rise up to a maximum of about4(N−1)2/3
flows through a single node, that is close to the maximum valueof F represented in the
figures. We also observe in Fig. 4.11 that for very high valuesof F andλ, the average
delivery delay decreases. We conjecture that this happens for two reasons: (1) the queue
of these nodes are always almost full, so that the time to traverse them cannot grow much
further, whereas (2) a node traversed by a high number of flowsis often chosen as re-
ceiver by most of his neighbors. For these reasons, when it transmits, a lower number of
communications can interfere, thus leading to a lower time needed to deliver a packet to
the next hop.

Cooperation performance

In Fig. 4.14, we present the actual gain, in terms of delay reduction, offered by the con-
sidered cooperation strategy. The curves are obtained by averaging over 500 random
topologies, each consisting of two networks ofN = 10 nodes. The other system param-
eters are reported in Tab. 4.2. We plot the average weighted delay of each network (due
to the symmetry of the scenario, it is not necessary to distinguish between the networks)
in four different cases, that is: (1) when no nodes are shared, namely No Coop; (2) when
2 nodes randomly chosen are shared, namely 2 Rand; (3) when 2 nodes, selected through
the proposed Game-theoretic approach, are shared, namely 2GT; (4) when all nodes are
shared, namely Full Coop.
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Figure 4.14: Weighted delay as a function of the packet generation intensityλ, for the four
compared scenarios: with no nodes shared (No Coop); with two nodes shared, randomly
chosen (2 Rand); with two nodes shared, chosen via Game Theory(2 GT); and with all
the nodes shared (Full Coop).

It can be observed that, as intuition suggests, full cooperation grants the highest benefits,
due to the higher diversity. Hence, this is the maximum achievable gain for the scenario
investigated. This gain is more pronounced when the networks are heavily loaded, since
congested paths are more frequent, and spatial diversity becomes more advantageous.

When only two nodes can be shared, the choice of the shared nodes makes the differ-
ence. In fact, Fig. 4.14 shows that a careful selection of theresources to be shared can
significantly increase the achievable gain when compared toa blind random selection. A
random selection can not offer a significant gain for lightlyloaded networks, while, for
heavily loaded networks, it can offer only one third of the gain granted by full coopera-
tion. On the contrary, if the same number of nodes are shared,but chosen by means of
our game-theoretic approach, the maximum achievable gain is fully obtained for lightly
loaded networks and closely approached for heavily loaded networks.
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5 Conclusions

In Section 1.1, a multi-user network was analysed, where multiple secondary TX-RX
pairs coexist with multiple primary systems, in the same geographical area and utilizing
the same spectral band. The TXs employ multiple antennas. The main results are:

• The characterization of the Pareto boundary for the utility region of the secondary
users where fixed prices weights are given. For each secondary user, the utility
function is defined as its achievable rate minus the sum of weighted interference
rates this user produces at the primary users. The characterization does not hold for
the rate region under soft- or peak-power-shaping constraints. Under such condi-
tions, each Pareto rate tuple is achieved under different prices weights. Acquiring
these weights would require an iterative process.

• Given a set of existing primary users, the Pareto boundary of the secondary users’
achievable rate region is characterized under the null-shaping constraints. The
Pareto efficient strategies can be performed by the secondary users if they coop-
erate.

• Motivated by distributed (noncooperative) operation of the secondary systems, null-
shaping constraints are designed to improve the efficiency of the noncooperative
systems. The null-shaping constraints, corresponding to virtual primary users, are
characterized such that all points on the Pareto boundary ofthe rate region with-
out constraints are achieved by the noncooperative secondary systems. This result
shows that imposing null-shaping constraints on the secondary users can be suffi-
cient to improve their noncooperative outcome.

• Following the previous result, the noncooperative secondary user selection problem
is investigated to increase the achievable sum rate. The selection should activate
only a subset of the existing secondary systems for operation. Assuming that the
secondary users are noncooperative and null-shaping constraints corresponding to
existing primary users exist, a secondary user selection algorithm is proposed that
improves the sum performance of the systems. The algorithm is greedy such that
in each iteration step, activating a secondary system has toincrease the sum rate of
the selected secondary systems set.

In Section 1.2, a cellular setup including two multi-antennas BSs was studied, where each
BS has a protected band which it uses exclusively and also a shared band which is shared
with the other BS. The main contributions are:

• Multi-antenna technology is applied over the protected bands through the ZFB
strategy, so that each BS guarantee zero interference to its customers, while the
two BSs interfere on each other in the shared band.
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• In order to avoid the large amount of overhead that cooperation induces, the two
BSs are assumed non-cooperative and the situation between the two BSs is formu-
lated as a non-cooperative game in which the objective of each BS is to maximize
the system data rate.

• The existence of an NE is proven and sufficient conditions are provided for its
uniqueness. By proving that the non-cooperative game is a supermodular game,
the uniqueness of NE implies the global convergence of best response dynamics
(iterative waterfilling).

• The efficiency of the NE is compared to the cooperative maximum sum rate by
extensive simulations. It is shown that the setup of protected and shared bands
provides significant efficiency gains to the non-cooperative systems.

In Section 2.1, it was assumed that not only the TXs, but also the RXs have multiple
antennas. The distributed design of beamforming vectors was considered under the prac-
tical assumption that the TXs and RXs only have local CSI, i.e. from the links directly
connected to them. The main contributions are:

• The distributed beamforming design in the MIMO IC with partial CSI is modelled
as a Bayesian game.

• Equilibria are derived for two versions of the Bayesian games; the egoistic (which
maximizes the beamforming gain at the intended receiver) and the altruistic (which
minimizes the interference created towards other receivers).

In Section 2.2, the autonomous and decentralized allocation of rate and power was studied
in a two-user single-antenna IC with partial CSI. First, the practical case was considered
where the rate is fixed and each source has to determine the power which maximizes its
utility. Then, the general case was considered where each source has to select its strategy
defined in terms of the power and the transmitting rate, jointly. Finally, the optimization
approach was also considered in the two asymptotic regimes of interference limited and
noise limited systems. The main achievements are:

• NE are determined with low complexity via best response algorithms of an equiv-
alent game (interference-limited regime and general case)or closed-form expres-
sions (noise limited regime).

• NE are analyzed in terms of existence, multiplicity, and convergence of the best
response. Conditions for uniqueness and convergence are provided.

• Only for the interference-limited and noise-limited regimes, optimum can be de-
termined via closed-form expressions. In the general case,it requires exhaustive
search.

• NE leads to fairer resource allocation than optimization.

In Section 3.1, zero-sum stochastic games with two players and perfect information were
studied. The contributions are the following:

• A stochastic game model is introduced. It is proven that, for all discounted factors
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close enough to 1, the discounted value belongs to the field ofrational functions
with real coefficients.

• Two algorithms are proposed which compute a pair of uniformdiscount optimal
strategies(f∗,g∗), which are optimal in the long run average criterion as well.

• The convergence in a finite time of the first algorithm, basedon policy improve-
ment, is proven. A simple method is shown to find the range of discount factors in
which (f∗,g∗) are discount optimal.

• It is shown by simulations that the second algorithm has a lower complexity than
the first one, in terms of number of pivot operations.

• For transient stochastic games, it is proven that(f∗,g∗) are optimal under the undis-
counted criterion as well.

In Section 3.2, discount cooperative MDPs were considered,in which the payoffs at each
stage are multiplied by a discount factor and summed up over time. The outcomes of the
study are:

• Non-cooperative and cooperative multi-agent MDPs are shortly surveyed and a sta-
tionary stage-wise CPDP for cooperative discounted MDPs (MDP-CPDP) is pro-
posed.

• It is proven that the proposed MDP-CPDP satisfies the “terminal fairness property”,
i.e. the expected discounted sum of payoff allocations belongs to a cooperative
solution (i.e. Shapley Value, Core, etc.) of the whole discounted game.

• It is shown that the proposed MDP-CPDP fulfills the time consistency property,
which is a crucial one in repeated games theory: it suggests that a CPDP should
respect the terminal fairness property in a subgame starting from any time step.

• It is shown that, under some conditions, for all discount factors small enough, also
the greedy players having a myopic perspective of the game are satisfied with the
proposed MDP-CPDP.

• Then-tuple step cooperation maintenance property of a CPDP is investigated. It
claims that, at each stage of the game, the long run reward that each group of
players expects to get by withdrawing from the grand coalition after stepn should
be less than what it would get by sticking to the grand coalition forever. In some
sense, if such a condition is fulfilled for all integersn’s, then no players are enticed
to withdraw from the grand coalition. It is found that the single step cooperation
maintenance property is the strongest one among alln’s. Furthermore, a necessary
and sufficient condition is given for the proposed MDP-CPDP tosatisfy then-tuple
step cooperation maintenance property, for all integersn.

In Section 3.2, dynamic cooperative game theory was introduced, where the game is not
played one-shot but rather over an infinite horizon. Two criteria were taken into account
to sum over time the payoffs earned in each single stage game,specifically the average
and the discount criterion. The main results are:
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• It is proven that an exponential number of queries is necessary for any deterministic
algorithm even to approximate SSM with polynomial accuracy.

• Three randomized algorithms are proposed to compute a confidence interval for
SSM. The first one, SCI, assumes that the coalition values in each state are available
off-line to the estimator agent. SCI can be seen as a benchmarkfor the performance
of the other two methods, DCI1 and DCI2. The last two methods canbe utilized
also if we pragmatically assume that the estimator learns the coalition values in
each static game while the Markov chain process unfolds. DCI2reveals the most
natural connection between confidence intervals of Shapleyvalue in static games
and in Markovian games.

• As a by-product of the study of DCI2, confidence intervals areprovided for the
Shapley-Shubik index in static games. Also, a straightforward way to optimize the
tightness of DCI1 is proposed.

• The proposed three approaches are compared in terms of tightness of the confidence
interval. It is proven that DCI1 is tighter than SCI, with an equal number of queries
and for a suitable choice of the number of queries on coalition values in each state.
This occurs essentially because DCI1 allows us to tune the number of samples
according to the weight of the state. The simulations confirmed that DCI2 is more
accurate than the SCI and DCI1 when both the confidence probability is close to
1 and a tight confidence interval for the Shapley-Shubik index of static games is
available, like the Clopper-Pearson interval.

• Finally, it is shown that a polynomial number of queries is sufficient to achieve
a polynomial accuracy for the proposed algorithms. Hence, in order to compute
SSM, the proposed randomized approaches are more accurate than any determin-
istic approach for a number of players sufficiently high. Thethree proposed ran-
domized approaches also produce confidence intervals for the Shapley value inany
cooperative Markovian game.

In Section 3.4, a scenario was considered where several providers share a network to
provide connection towards a unique common destination to their customers. A coalition
game framework was provide to facilitate the design of the available network links and
their costs such that there exists an optimum routing strategy and a cost sharing satisfying
all the subsets of providers. The main results are:

• By using the framework of stochastic games, algorithms are provided to compute
the minimum costs that each coalition of providers can ensure for itself. This helps
the optimum design of a network, which should guarantee the existence of an effi-
cient and stable costs partition among the providers.

• Also situations are modeled in which there are two players with conflicting inter-
ests, like a hacker against a service provider, or in which a service provider wants
to reduce the damages to the network caused by a natural disaster.

• An epidemic spread network model is shown as well. From a theoretical perspec-
tive, some results on uniform optimal strategies in stochastic game are extended to
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the case of undiscounted criterion.

In Section 3.5, distributed networks were considered, in which users can cooperate and
pursue their own interest. Cooperative game theory with NTU was used, to derive ef-
ficient and stable allocations in a setting in which the userscan cooperate to reach a
common goal. The main achievements are:

• The relation between the static and the Markovian game is studied. The Core of
the Markovian game is still the most attractive set of rate allocations, both from
a centralized point of view and for the single users. Both the discounted and the
average criterion to sum the rate over time are considered.

• The Core of the Markovian game is found nonempty and its connections with the
Core of the single stage game are studied. Also the possibility that coalitions can
change over time, along the Markov process, is considered and it is found that the
allocation is still stable, for any subgame.

• It is shown that, under the discounted criterion, the procedure of joint rate alloca-
tions in the Markovian game for each starting state of the HMCis a delicate proce-
dure. Indeed, the associated single stage allocations may not be feasible. Thus, a
way is proposed to ensure their feasibility.

• Theα-fair allocation procedures are analyzed, with particularattention to the max-
min fair (α → ∞) and to the proportional fair (α → 1). A condition is found
on the single stage games ensuring that, if the single stage allocations all satisfy
such criteria, they also do it in the long run game. Moreover,the Nash bargaining
solution is defined.

• The situation that an agreement among the users is not found, and everybody threat-
ens to jam is investigated and it is proven that, if the numberof playersP increases,
the probability that some user can still communicate tends to 0 with exponential
rate. As a by product of this analysis, it is found that the Nash bargaining solution
tends to all the three fair criteria whenP tends to infinity.

• It is proven that in the Markovian channel the expected sum rate in the long run
game tends to 0 whenP tends to infinity.

In Chapter 4, game theory was used to address resource allocation problems arising from
spectrum and infrastructure sharing.

• In Section 4.1, considering only spectrum sharing, an upper bound on the system
performance in terms of aggregate capacity was calculated and the existence of a
possible sharing gain is shown. The main factors impacting it are the number of
users in the network, the frequency diversity, and the traffic load for each operator.

• In Section 4.2, the theory of coalitional games was exploited to analyse cooperative
relaying. The proper cooperation mechanism is derived so that a gain is obtained
by both those who have their transmissions relayed to the final destination and
also those who act as relays. This gain can be directly related to a throughput
improvement if the users follow specific access procedures.
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• In Section 4.3, the focus moved to a scenario where two cellular network oper-
ators are willing to share some of their relays to gain benefits in terms of lower
packet delivery delay and reduced loss probability. Bayesian Network analysis is
exploited to compute the correlation between local parameters and overall perfor-
mance, whereas the selection of the nodes to share is made by means of a game
theoretic approach. The results show that an accurate selection of the shared nodes
can significantly increase the performance gain with respect to a random selection
scheme.
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