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Abstract

This report describes the final results from the applicabbgame theory to the
spectrum and infrastructure sharing problems considerddWSAPHYRE. First,

noncooperative game theory is used to design transmit leeanimfg vectors for
systems where users access bands with different prioriBesond, the problems
of beamforming and power allocation for partial channelwlsalge are modelled
as Bayesian games and their Nash equilibria are analysedd, Bhiramework for

cooperative games in dynamics systems, capable to digribstantaneously the
payoff, is developed. Fourth, game-theoretic tools ardiegpo develop efficient

resource allocation algorithms for spectrum and infrastme sharing problems.
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Executive Summary

The technical goals of SAPHYRE are to demonstrate how phlysgsaurce sharing in
wireless networks improves spectral efficiency, enhanoesrage, increases user satis-
faction, and maintains Quality-of-Service (Qo0S) perfonee But, spectrum sharing in
wireless systems also comes at the cost of increased igeckin the physical layer and
gives rise to conflict situations. The main goal of Task 2.2 weanalyse these resource
conflicts. Game theory is a branch of applied mathematidsctrabe used for analysing
optimisation problems with multiple conflicting objectifenctions. In Task 2.2, non-
cooperative and cooperative game theory was applied torfipdritant operating points
in various achievable utility regions and to motivate disited algorithms for resource
allocation. This report summarizes the main results; itggnised in four chapters.

In Chapter 1, noncooperative game theory is used for the sisaf/a multi-user network,
where multiple transmitter-receiver (TX-RX) pairs coeximsthe same geographical area
and utilize the same spectral band. The spectrum sharingasods modelled by the
multiple-input single-output (MISO) interference chahfi€).

Section 1.1 considers the scenario where multiple secgnid&RX pairs coexist with
multiple primary systems and the secondary TXs are coresid&r operate under sec-
ondary to primary user interference-limitation consttainTwo cases of particular in-
terest are distinguished and the transmission strategressponding to Pareto-optimal
operation points of the secondary systems are charaaerlsethe first case, the pri-
mary systems are assumed to tolerate a certain amount denmgiece from secondary
systems. This amount of interference is controlled by psingl the secondary systems
in proportion to the interference they produce on the prymesers. This mechanism is
referred to as pricing and is interpreted as introducingetifiect of disturbance created
from a user as a penalty measure in his utility function. lis theans, the secondary
TXs can be controlled to choose their transmission strasegatisfying soft interference
constraints on the primary users. In the second case, ttniaprisystems are assumed to
tolerate no interference from secondary systems at allt ishaull-shaping constraints
are imposed on the secondary users. The solution to the dsstsimplifies the second
case significantly. It is shown that all points on the Paretoriglary can be achieved as
the outcome of a noncooperative game by imposing certalrshaping constraints.

Section 1.2 considers the scenario where two non-coopgregils, each have a protected
band to provide service to its high priority users. A sharaddfor the two cells is
employed to deliver service to low priority users. The ditwabetween the two cells
is formulated as a non-cooperative game and its Nash equitib(NE) is studied. It
is proven that the game belongs to a class of games callednsagelar games which
have several interesting properties, such as global gyabfla unique NE. A sufficient
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condition is provided for the existence of a unique NE ancefiiency is studied by
extensive simulations.

In Chapter 2, spectrum-sharing scenarios are considerédaitial channel state infor-
mation (CSI) at the TXs and RXs. The problems of beamformingpowder allocation
are modelled as Bayesian games and their NE are analysed.

Section 2.1 considers the multi-antenna spectrum-shadegario, which is modelled by
the multiple-input multiple-output (MIMO) IC. The beamfoimmg design is studied under
two extreme criteria; namely, egoism and altruism. The farmaximizes the beamform-
ing gain at the intended RX and the latter minimizes interfeeecreated towards other
RXs. These designs are motivated by previous studies, whessishown that combin-
ing egoistic and altruistic beamforming is instrumentaldptimizing the rates in a MISO
IC. Using the framework of Bayesian games, more light is shetthese game-theoretic
concepts, in the more general context of MIMO IC and paréidulwhen coordinating
parties only have CSI that they can be measured directly. eTgashes are analyzed by
establishing the equilibria for the egoistic and altraigfames.

Section 2.2 considers a quasi-static block fading singpexi single-output (SISO) IC,
with knowledge of the state of the direct links but only stttial knowledge on the inter-
fering links. With this assumption, reliable communicasare not possible and a certain
level of outage has to be tolerated. Power allocation isidensd for utility functions
based on the real throughput accounting for the outage védwer allocation algo-
rithms are proposed based on both Bayesian games and opiimizkn the context of
Bayesian games, the two cases of power allocation for prexkfransmission rates and
joint power and rate allocation are investigated. The fiashg is a concave game and the
mathematical tools by Rosen ‘65 are adopted for its analysie.second group of games
is studied introducing an equivalent game. The charatitesisf the game-theoretical ap-
proaches are analyzed in terms of existence and multipbéithe NE. Special attention
is devoted to the extreme regimes of high noise and interberéimited regime. In the
former case, a closed-form expression for the NE is providiedhe latter case, criteria
for the convergence of best response algorithms, the exist@nd uniqueness of the NE
are discussed. The optimization approach is also analye#tkitwo above mentioned
regimes and closed form expressions for the allocation rnaged.

In Chapter 3, spectrum sharing systems which are evolvingne &re considered. A
framework for cooperative games in dynamics systems, ¢apaldistribute instanta-

neously the payoff, is proposed. Fundamental mathematiodd are developed to deal
with dynamics systems and guarantee the stability of thétioraand a fair instanta-

neous redistribution of the payoff over time. With this atime dynamic of the system is
modeled as a Markov Decision Process (MDP), algorithms aveldped for distribut-

ing the payoff, and the issue of complexity is analyzed. Tliea theoretical results are
applied to communication systems.

Section 3.1 provides analytical tools to address the quatguient situation where some
providers share their own resources (e.g. nodes) in a cordgrmamic network but prefer
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to keep control of their own nodes. Zero-sum two-playertsastic games with perfectin-
formation are studied. Two algorithms are proposed to fieditiiform optimal strategies
and one method to compute the optimality range of discowtbfa. The convergence in
finite time is proven for one algorithm. The uniform optimaisgegies are also optimal
for the long run average criterion and, in transient gan@sthie undiscounted criterion
as well.

Section 3.2 extends the previous setting to the case of amybiat evolves dynamically
and all decision makers/operators can take decision sametusly, eventually, influenc-
ing the evolution of the system itself. Multi-agent MDPs siedied in which cooperation
among players is allowed. A cooperative payoff distribofwocedure (MDP-CPDP) is
found that distributes in the course of the game the payaff players would get in the
long run static game. It is shown under which conditions sutfDP-CPDP fulfills fun-
damental properties that guarantee the stability of theegaramely, time consistency
property, contents greedy players, and strengthen th&iooatohesiveness throughout
the game.

Section 3.3 considers a special kind of games known as veslgluting games to investi-
gate suboptimal algorithms with polynomial complexityyachng solutions within a con-
trolled confidence interval of the optimum solution. The r@pmation of the Shapley-
Shubik power index in the Markovian game (SSM) is invesgdatlt is proven that an
exponential number of queries on coalition values is neggdsr any deterministic al-
gorithm even to approximate SSM with polynomial accuracyotivated by this, three
randomized approaches are proposed to compute a configeecal for SSM. They rest
upon two different assumptions, static and dynamic, abdmiptocess through which the
estimator agent learns the coalition values.

Section 3.4 studies a cooperative game where several previtexist by sharing net-
work nodes which are individually controlled. They offer anoection service to the
same service point and want to minimize the cost of the senfiered to their customers
while maximizing the costs for the customers of their oppdsdy properly defining a
routing strategy. Algorithms are provided to determinenbevork link costs in such a
way that all providers have interest in cooperating. As lgdpct, the proposed algo-
rithm is applied to two-player games both in networks subjetacker attacks and in
epidemic networks.

Section 3.5 considers a multiple access channel (MAC) inhwtiie channel coefficients
follow a Markov chain on a finite set of states. It is assumed éimy subset of users that
does not intend to cooperate can, in the worst case sceparnahe active users. The
feasibility region of the Markovian MAC is derived, undertbdhe discounted and the
average criterion. The set of allocation rates in the Maikoprocess is computed, that
are feasible, efficient, and stable. Some fair allocatiorsaaalyzed, such as max-min
fairness, proportional fairness and Nash bargaining molutA condition is provided
ensuring the consistency of such fairness criteria betwaeh single stage game and the
long run game. The situation in which no agreement is reachewestigated and the
relation between the already mentioned fair allocatioiterta and the Nash bargaining

SAPHYRE D2.2b



solution is studied, when the number of players increases.

In Chapter 4, game theory is applied to the investigation ¢ spectrum and infrastruc-
ture sharing.

Section 4.1 considers an orthogonal sharing mechanism gthennetwork operators.
Many algorithms can be proposed to this end, each one leadiaglifferent result in
terms of achievable data rate or allocation fairness. Areuppund on the achievable
data rate is obtained by evaluating a centralised algorithinich represents a coopera-
tive game where the aim of the involved players (i.e. the ajoes) is to maximise the
aggregate capacity instead of their own. A sharing gainestifled, in particular for
scenarios where the involved operators have a differefficttaad and unused resources
can be opportunistically exploited.

Section 4.2 considers the infrastructure sharing scewdrelay sharing. The theory of
coalitional games is applied to the case of a network witksidayer interaction between
routing and medium access control. The proper cooperatemhanism to be adopted by
the users is investigated so that a gain is obtained by bo#ietivho have their transmis-
sion relayed to the final destination and also those who aclags.

Section 4.3 continues the study of infrastructure (relagyimg. A scenario is considered
where the network operators have many relay nodes but aiegyib share only a part
of them. Then, a proper selection mechanism has to be exkrutgder to maximise
the cell coverage and the overall system throughput. Todinns a Bayesian Network
approach is proposed to compute the correlation betweeh h@twork parameters and
overall performance, whereas the selection of the nodes &hared is made by means
of a cooperative game theoretic approach. It is shown tnabstithe entire sharing gain
is achieved by putting in common just a small fraction of takays, provided they are
selected optimally.
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1 Non-cooperative Games for Multi-antenna Spectrum
Sharing Scenarios

1.1 Beamforming in Scenarios with Preferred Users

In this section, we consider a network of licensed primasrsisystems that are capable
to detect their environment and to reconfigure their opemnaccordingly. These capabil-
ities are feasible due to measuring and feedback mechamshesnetwork [1]. Through
the detection of spectrum holes, additional users can heostgal in the network to uti-
lize these available resources. Nevertheless, an impriovederence management is
possible in these systems in order to increase the efficieiitye spectrum utilization.

In a setting where hierarchy exists between the systemis daiection capabilities can be
well utilized. Consider a network composed of primary usis offered radio resources
might not be used up completely such that the left over ressucan be made available
to secondary users. Secondary users can use these resmueeshe condition of not
imposing QoS degradation to the primary systems. This steoarresponds to the
underlay paradigm described in the overview paper [2].

A limited QoS degradation to the primary users is describemterference temperature
constraints (ITC) [1]. The ITC in [3] is distinguished in sofind peak-power-shaping
constraints. These constraints refer to the maximum aeepagver or peak average
power tolerated at the primary receivers, respectively.oun case, the two types of
constraints are equivalent since we consider only singéast beamforming which is
shown in [4] to be optimal in the MISO IC. When no interferencdlmaprimary users is
allowed, the constraint is said to be a null-shaping comgtra

Secondary transmitters equipped with multiple antennascoacentrate their radiation
pattern in the direction of their designated receivers oayafvom primary receivers.
Hence, through adaptive beamforming, a balance betweemtiérderence induced on
primary receivers and spatial multiplexing can be done [B][5], the authors consider
the setting of a single secondary transmitter coexistirth wiultiple primary users and
provide optimal transmission strategies for the seconttaysmitter under ITC. It is
shown that single stream beamforming is optimal in such aa@® In [6], the authors
characterize the Pareto boundary of the MISO IC throughrobimyg the ITCs on the
receivers. Each Pareto rate tuple is achieved in a deceettahanner, where each trans-
mitter maximize its rate independently limited to ITCs at tileer receivers.

In the following sections, we investigate the design of biemming vectors that are
Pareto optimal for the secondary systems for two settingsln (the first setting, the
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12 1 Non-cooperative Games for Multi-antenna Spectrum Sh&agenarios
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Figure 1.1: A radio network composed of primary systems (gpvhanes) and secondary
systems (laptops).

secondary users are penalized for interfering on the pyiragstems. The penalty is
proportional to the interference rate produced from theisédary transmitter to each pri-
mary user. This mechanism is referred to as pricing and éspnéted as introducing the
effect of disturbance created from a user as a penalty measuis utility function [7].
In this means, the secondary transmitters can be contrialedoose their transmission
strategies satisfying soft interference constraints emptimary users. In [8], this model
of exogenous prices is used to analyze a noncooperative batmeen the secondary
users. Distributed algorithms are provided that iterdiveodify the prices weights and
eventually reach the Nash equilibrium (NE) that satisfiedTCs. In our case, the prices
weights are assumed to be fixed. (ii) In the second settirgptimary systems do not
tolerate any interference from the secondary systemsnukshaping constraints are
imposed on the secondary users. The solution to the firshgediimplifies the second
scenario significantly.

For both settings, we characterize the transmit beamfawéctors that achieve opera-
tion points on the Pareto boundary of the secondary uselisy uegion. Motivated by
distributed operation of the secondary systems, we turinteirest to the design of null-
shaping constraints that achieve Pareto-optimal opegratnts. For the two-user case,
we characterize these constraints that are to be imposdueamonhcooperative systems
such that any point on the Pareto boundary of the MISO IC ed®n is achieved in a
distributed manner.

Notations. Column vectors and matrices are given in lowercase and uppeholdface
letters respectively. The notatian,, describes théth component of vectog,. The
Euclidean norm of a vectar € CV*! is written as||a|| and the absolute value bfe C

is denoted byb|. The eigenvector which corresponds to itieeigenvalue of the matrix

Z is denoted by;(Z). The eigenvector corresponding to the largest eigenvalie o
matrix Z is specified ad/;,..(Z). We always assume that the eigenvalues are ordered
in nondecreasing order such thatZ) < p;.1(Z). The orthogonal projector onto the
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1.1 Beamforming in Scenarios with Preferred Users 13

orthogonal complement of the column spaceZdé written adl, = I-Z(Z7Z)'Z".

System Model. We consider a scenario in whicR® secondary transmitter-receiver
pairs, also referred to as users, coexist wWitprimary systems as depicted in Figure 1.1.
Define the set of secondary users$ag: {1,..., K} and that of the primary users as
P = {K+1,...,K + L}. Each transmitter is equipped witli transmit antennas and

each receiver with a single antenna. All systems share the sandwidth such that the

setting leads to a MISO IC [9].

Channel Model. The quasi-static block flat-fading vector channel from seleoy trans-
mitter k to secondary receivere § is denoted byh,; € CV*!. The channel vectors from
secondary transmittérto primary receivey € P is denoted by;; € CV*!. The beam-
forming vector of secondary transmitteris represented withw,, € CV*!. Moreover,
each transmitter has a total power constrainPct 1. Generalization to different power
constraints at each transmitter can be done without afifgdhie results in the next sec-
tions. This leads to the constraintw,|” < 1,k € 8. The set of feasible transmit
beamforming vectors of transmittére S, is defined as

A 2 {w : |lw|® <1} (1.1)

Noise plus interference originating from primary usersssiemed independent and iden-
tically distributed (i.i.d.) complex Gaussian with zeroaneand variance?. We define
the transmit signal-to-noise ratio (SNR) B&2. Each secondary transmitter is assumed
to have perfect local CSI, i.e. it has perfect knowledge ofdh@nnel vectors only be-
tween itself and all secondary and primary receivers. Tlméeaable rate of secondary
userk is

> |hizwi|®

hH 2
Rk<w1,...,wK>:|d<1+ _(Paod ) (1.2)
o“ +
1e8\{k}

where the receivers are assumed to treat interference goondary transmitters as ad-
ditive noise. Thus, each transmitter needs not know therafarnncident at its receiver
in order to allocate the transmission rate in (1.2). Theaable rate region defined as

RE{(Ry,...,Rg) : w; € Ay, k €8}, (2.3)
is the set of all rate tuples achieved by feasible beamfagméttors.
Gain Region. Define the power gain achieved by transmitteon all receivers as a
function of the beamforming vectaw, as

wre(wy) = [hggwi|?, (€ 8UP.
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14 1 Non-cooperative Games for Multi-antenna Spectrum Sh&agenarios

For userk, the achievable gain region is defined as

Qp = U (zia(wy), ... T (wy)).

llwgll=1

Definition1.1. A pointy € R’ is calledupper boundary poinbf a convex set in
directione if y € C while the set

Ky(e) ={y e R |y,ee > ye, V1 <€ <n} CR}\C,

where the inequality has at least one strict inequality arettional vectoe € {—1, +1}".
We denote the set of upper boundary points in directi@so°C.

Lemma 1.1. The sef), is compact and has a convex boundary in direction {—1, +1}V\ —
1 according to Definition 1.1.

The proof of this lemma follows from observing that the §gtis the joint numerical
range of the matricek; hf, ... ,hk(K+L)th(K+L). This set is not necessarily convex,
however in [10] we proved that this set has a convex boundettye specified directions.
Next, we define the upper boundary of a set in direcéion

1.1.1 Soft Constraints Through Pricing

A pricing scheme can limit the secondary users from choosiagtrategies that induce

increased costs. By defining the utility function containe@enalty term that corre-

sponds to the amount of interference the secondary usedsiggmn the primary users,

the ITCs can be applied. For userwe define its utility function as its achievable rate
in (1.2) minus the sum of weighted interference rates thés psoduces at the primary

users, i.e.

up(wy, ..., wg) = Ry — Z%,e'd (1 + |hllc{£wk|2) ) (1.4)
teP

wheren, € R is a weight vector that regulates the penalty respectiveth @rimary
user. Similar formulation of the pricing mechanism to reflde interference power on
primary users is given in [8]. In the latter work, the authoosmisider noncooperative
or distributed operation of the secondary users in a cagniidio setting with ITCs.
The weights are along with the strategies of the transrmsitteratively determined such
that the outcome corresponding to the NE satisfies the ITCsutrcase, we assume
the weight vectom,, £ € S is fixed. There is another operational meaning of the utility
function in (1.4): It corresponds to the weighted sum of muiaformation from the-th
secondary transmitter to all primary users. Hence, it cheldhterpreted as the amount
of information by linkk eavesdropped at the primary receivers.
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1.1 Beamforming in Scenarios with Preferred Users 15

Given the utility function in (1.4), the utility region is ¢hset of all utility tuples that can
be achieved using beamforming vectors that satisfy themnérpower constraint, i.e.

u= U {ug(wy, ..., wg), ..., ux(wi,..., wg)}.

wi:||wg || <1
kes

Definition 1.2. A utility tuple (uy,...,ux) is Pareto optimal if there is no other tuple

(q1>~--7QK> with <QI7'-'7QK) > (ul,...,uK) and(ql,...,qK) 7£ (ul,...,uK) (the
inequality is componentwise).

The Pareto boundary, denoted B, is the set of all Pareto-optimal points.

Theorem 1.1. All beamforming vectors that achieve points on the Paretmidary of the
utility regionU can be written as

K+L
Wi = Vinax (Z )\k,zek,zhkzthg> ; (1.5)
=1
where
+1 =k
)= , 1.6
Okt {—1 otherwise (1.6)

andk € Sand A, € Ak, 1. The set\g is defined as

K
/\GAK:{/\E[O,l]Kiz/\gZI}.
(=1

Note that the converse is not true. Not all beamforming wsctefined by (1.5) lie
on the Pareto boundary, i.e. all beamforming vectors thhatese utility tuples on the
Pareto boundary can be representedvasin (1.5) but not allw; in (1.5) correspond
to points on the Pareto boundary. Moreover, in the casethat K + L, full power
transmission does not achieve all Pareto-optimal poirgacé the transmit powers of
the beamforming vectors determined in Theorem 1.1 have t@bed between full and
zero power allocation. In [10], it is shown that power cohisconly needed for specific
beamforming vectors in the set determined in Theorem 1.1.

Proof. In [11, Theorem 2], it is shown for the case when no constsa@xist that the
beamforming vectors that achieve Pareto-optimal poirgswthin the beamforming vec-
tors that achieve the upper boundary of the gain region irspleeified directiore. We
prove by contradiction that this result also holds for owsecaAssume that there exist a
beamforming vectow; for userk which is not at the upper boundary of thn user gain
region in directiore,, i.e.

xi(wy) ¢ 0%y, (1.7)
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16 1 Non-cooperative Games for Multi-antenna Spectrum Sh&agenarios

and achieves a point on the Pareto boundany,afe.

(ur(wy, ..., wg), ..., ug(w,...,wg)) € PB. (1.8)

By assuming (1.7), we can find another beamforming veetowith ||v,|| = 1 and the
property

[Ekj(wk)ekf < xu(vk)ek’l, forall/ € SUP. (19)

Next we distinguish two case for the inequality in (1.9). Tinst case is wheld = k. In
this case, usek can increase the gain in the direction of his receiver. Tloerse case
is when? # k corresponding to the case when ukeran reduce the gain on the other
receivers.

1. Assume the inequality is strict fdr = %k with e;;, = 1 as given in (1.6), then
zrx(wy) < 714(vy). The gains to all other receivers are to stay unchanged such
thata:k,g('wk) = xk,g(vk) for ¢ 75 k. Then,uk('wl, . ,wK) < uk(wl, ey Uy . ,’UJK)
holds because of the following. In (1.2), the rate for Usehanges when using,
aszy k(wy) < zx(vg) and hence

iUk;k(wk) xkk(’vk)
Id (1 + ENES $£7k(w3)> < Id <1 + PO x&k(w@)?

1e8\{k} les\{k}

ie. Ry(wsy,...,wg) < Rg(wy,..., v, ..., wg), Which leads to a strict increase
in the kth user utility given in (1.4), since the penalty term rensaimchanged.
This result contradicts (1.8).

2. Assume the inequality is strict fgr# k with e, ; = —1, i.e. 2 ;(wy) > xp ;(vg).
The gains to all other receivers stay the same suchghéitv,) = xy o(vy,) for £ #
J. Then,u;(w, ..., wg) < uj(wy,..., v, ..., wg) holds since the following.
We distinguish two cases:

a) If j € 8, the rate for usef changes as;, ;(vi) < = ;(wy) and hence

i (w;)
'd (1 + 0%+ xp(wg) + > C(]&j(’ll)g))

1e8\{k}
<ld{1+ DI I ,
( 0% +pi(vp) + >0 mej(we)
1es\{k}
ie. Ry(wy, ..., wg) < Rp(wy,..., v, ..., wg). Hence, the utility of the

jth user is strictly increased which contradicts assumtlo8).
b) If j € P, the rate for usek does not change, however his penalty term strictly
decreases as, j(wy) > zj j(v;) and hence
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1.1 Beamforming in Scenarios with Preferred Users 17

Figure 1.2: In green is the Pareto boundary without cormgsdor the transmission of the
secondary users. Blue contains the Pareto boundary witingriGrey points are within
the utility region under the same constraints. In this sgitthree transmit antennas are
used at the transmitters and the SNR definet)/as is 10 dB.

Meld(1+ 2 (we)) + D medd(1+ zpe(wr))
LeP\{j}

> Uk,j|d(1 + x;w-('vk)) + Z nuld(l + xk,g(wk)).
LeP\{5}

which implies that the utility of usek increases contradicting (1.8).

Above, we have proven that a point which is not on the boundtttye gain region in the
directione,, given in (1.6) does not achieve Pareto-optimal points. heotvords, any
point in the setPB has a corresponding beamforming vector that achieves gaitise
boundary of the gain region. O

In Theorem 1.1, the Pareto boundary is characterized foutitigy region of the sec-
ondary users where fixed prices weights are given. This ctefaation does not hold
for the rate region under soft- or peak-power-shaping caims. Under such conditions,
each Pareto rate tuple is achieved under different priceghige Acquiring these weights
requires an iterative process [6].

A plot of the utility region for two secondary users coexigtwith a single primary user
is given in Figure 1.2. Under no interference constraints, Zero prices weights, the
setting is equivalent to one without the primary user. Theef@aboundary in this case
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is characterized requiring the summation in (1.5) over g#eoadary users only, i.e. the
same characterization as in [11, Theorem 2]. The correspgiihreto boundary is plot-
ted in green. For the case that the prices weights are fixduteatn, 5 = 7.5 = 0.5,
the utility region, corresponding to two million randomlgmerated beamforming vectors
that satisfy the transmit power constraint, is represemegey. This grey region hence
illustrates the achievable utility regidin. The utilities achieved through beamforming
vectors from Theorem 1.1 for the same prices weights aréeplan blue. These beam-
forming vectors are shown to lead to Pareto-optimal uttlitgles of the utility region
represented in grey.

1.1.2 Null-Shaping Constraints and Greedy User Selection

We now assume that the primary systems do not tolerate aerfenénce from the sec-
ondary systems, i.e. the ITCs are fixed to be zero. In this thseonstraints are called
null-shaping constraints [3]. The outline and main resoftthis section are as follows:
First, given a set of existing primary users, the Pareto dannof the secondary users’
achievable MISO IC rate region is characterized under tileshaping constraints. The
Pareto-optimal strategies can be performed by the secpndars if they cooperate.
Then, motivated by distributed (noncooperative) operatibthe secondary systems, we
turn our interest to the design of null-shaping constrdings improve the efficiency of
the noncooperative systems. We characterize the nullksipa@onstraints, correspond-
ing to virtual primary users, such that all points on the Ral®undary of the MISO
IC rate region without constraints are achieved by the nopemtive secondary sys-
tems. This result shows that imposing null-shaping comggan the secondary users
can be sufficient to improve their noncooperative outconaest Lfollowing the previous
result, we investigate the noncooperative secondary @tectson problem to increase
the achievable sum rate. The selection should activateanslybset of the existing sec-
ondary systems for operation. Assuming that the secondamngare noncooperative and
null-shaping constraints corresponding to existing primesers exist, we provide a sec-
ondary user selection algorithm that improves the sum padace of the systems. The
algorithm is greedy such that in each iteration step, aitigaa secondary system has to
increase the sum rate of the selected secondary systems set.

Pareto Boundary for Given Constraints

In this section, we characterize the beamforming vectoas #ichieve Pareto-optimal
points under null-shaping constraints. In other wordsegithe channels to primary
users, the secondary transmitters are to form a null in tleetion of these channels, i.e.

}zﬁwk‘ =0, forallkeg, ¢eP. (1.10)
Hence, the set of feasible transmission strategies fomskecy transmittek € S is

Ap 2 {w : Jw|* < 1, |zHw| = 0 forall £ € P}. (1.11)
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The achievable rate region under null-shaping constraidéfined as

ﬁié{(Rl,...,RK);wkeﬁk,kes}. (1.12)

In [12], null-shaping constraints on secondary users ansidered in a honcooperative
MIMO cognitive radio game. The orthogonal projector onte ttull space of the primary

user’s channel is used to transform the secondary usez’sratimization problem to one
that is convenient to study. Next, we use a similar applecatf this projection. Define

the matrix containing the channels from secondary traneniitto all primary users as

Zk =S [Zkl, e sz]-

Proposition 1.1. ( [13, Corollary 1]) AssumeV > K + L. All beamforming vectors
which fulfill the null-shaping constraints in (1.10) and aste the Pareto boundary &f
in (1.12) are

K
wk()\k) = Vinax (Z /\k736k7gﬂékhkgtheH%k> , kesg, (1.13)
=1
where
+1 (=k
= 1.14
it {—1 otherwise ( )

and)\, € Ag. The setAx is defined as

K
A = {)\e [0,1}%2&:1}. (1.15)
(=1

We assumeéV > K + L in Proposition 1.1 for two reasons: First, the constraim{di10)
can be satisfied by an active secondary transmitter when L. Second, forN > K

full power transmission is optimal to achieve Pareto-optipoints [10, Section IIl.A].
For N < K, a transmitter has to vary its transmission power for spebiiamforming
vectors in order to achieve Pareto-optimal operating pqitd, Section 111.B].

In Figure 1.3, we show a comparison of the rate regions withwithout null-shaping
constraints. These regions corresponﬂtmdi definedin (1.3) and (1.12), respectively.
The setting has two secondary transmitters equipped wittethntennas and a single
primary user. The Pareto boundary ®fis marked with crosses which correspond to
beamforming vectors characterized in [11, Theorem 2].

For the case in which null-shaping constraints are imposethe secondary users, the
Pareto boundary @R is achieved by beamforming vectors characterized in Propo4.1.

By varying the parameters and), in (1.13) between zero and one in a 0.02 step-length,
the Pareto boundary ot is plotted in Figure 1.3 with circle markers. The reg'@ris
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R2 [bits/channel use]

R1 [bits/channel use]

Figure 1.3: The Pareto boundary®fin (1.3) is marked with crosses. The Pareto bound-
ary of R in (1.12) is marked with circles. The plots are made for sngihdom channel
realization withV = 3 and SNR = 10 dB.

certainly always smaller and within the regi@inbecause the feasible transmission strate-
gies set is smalletd,, C A, for all £ € 8. Notice that each secondary transmitter uses
three antennas. Due to the null-shaping constraint, ongadgeansmit dimension is re-
duced for each secondary transmitter such that two spaom@nsions are left available
to operate in.

Given certain null-shaping constraints, beamforming eectdescribed in Proposition
Proposition 1.1 achieve Pareto-optimal rate tuples forsgmondary users. In the next
section, we study whether through the choice of virtual-sbhlping constraints the sec-
ondary users could operate on the Pareto bounda®ry of

Constraints Achieving Pareto Boundary

In this section, we investigate the design of null-shapiagstraints such that the sec-
ondary users in a noncooperative game achieve the ParatdégofR defined in (1.3).
We denote this game in strategic form [14, Part I] by

(8, (Ak)res, (Ri)kes), (1.16)

where A;, is defined in (1.1) andr,, is defined in (1.2). The players of this game are
assumed to be rational, i.e. seek to maximize their utilitye described game is a game
of complete information such that its outcome is a NE. In éirsgtwhere null-shaping
constraints on the secondary users do not exist, the unigugtidtegy of each system is
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1.1 Beamforming in Scenarios with Preferred Users 21

maximume-ratio combining [15]

h

NE kk

w, - = , kes.
" [

The rate tuple corresponding to the NE strategy profile iswecessarily Pareto optimal
[15]. Of interest is to design constraints on the noncodperaystems such that NE rate
tuples lie on the Pareto boundary of the rate region achiewtdno constraints.

Proposition 1.2. AssumeN > K. Define the matrix
Zk()‘k) = [Z21(A), -+, Zr (M), (2.17)

where

K
Zi(Xe) = Vi <Z /\k,eek,ehkzthe> ;
=1

with A\, € Ak defined in (1.15) and, , defined in (1.14). All points on the Pareto
boundary of the rate regidR defined in (1.3) can be reached by the beamforming vectors

1
Zko\k)hkk

wi(A) = T
HHZk(/\k)hkkH

(1.18)

This result follows directly from [10, Corollary 1] and geaézes the resultin [13, Propo-
sition 1] where only the two-user case has been consideretk tRat the beamforming
vector in (1.18) is the unique NE for transmittewhich abides by the null-shaping con-
straints. The noncooperative game in (1.16) is only betwbkersecondary users. The
null-shaping constraints in (1.17) are imposed on the s#sngnusers by an authority
which is not included as a player in the game. This authonitgyame theoretic terms is
represented by an arbitrator [16].

Interestingly, the null-shaping constraints are suffictercharacterize the Pareto bound-
ary of the rate regiofR without constraints. Thus, Pareto-optimal points can kainbd

in with noncooperative strategies described in (1.18)sTasult is related to the result
in [6] in that both methods achieve the same Pareto boundaxEi, and both methods
utilize interference constraints on the transmitters. By, ITCs for each receiver are
considered in [6], and we consider null-shaping constsaimt correspond t&" — 1 vir-
tual primary receivers. In [6], each point on the boundaryatermined iteratively while
here we provide the constraints and the correspondingegtestin closed form.

Next, we continue to consider the noncooperative operafitime secondary users. How-
ever, the null-shaping constraints imposed on these usemsspond to the existing pri-
mary users as described in (1.10). Our objective is to iserdélae sum rate for the non-
cooperative secondary users by secondary user subsetisele
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Result Greedy User Selection

Input : set of Secondary User¥]

initializeUW = {}, T=%X,n =0, SR({}) = 0;
while n < |X| do

n=n+1,

ky, = arg max,.q SR({u} UWU);

if SR(U) > SR({k,} UU) then

| break;
else
T=T\{kn};
U=UU{k,};
end

end
Output: Set of selected userH,

Algorithm 1: Greedy User Selection.

Greedy Noncooperative Users Selection

In this section, each transmitter chooses its NE transarnisstrategy, such that the null-
shaping constraints in (1.10) are satisfied. The noncotpeigame is described by

(8, (Ai)res, R), (1.19)

where A, is defined in (2.12) an® is defined in (2.12). The unique NE strategy of a
secondary transmitter is

II: h
whE = 2 e, (1.20)
|11, P |
where Z, £ [z1,...,2,]. We address the issue of selecting a subset of the users

U C 8§ to operate in a noncooperative game. This scheme is mativstehe fact that
when interference dominates in the network, turning somiesloff could increase the
achievable sum rate of the remaining systems through eremnte reduction. Note that
the remaining user8\U are to be inactive when not selected. The selection meahanis
could be done by an authority or an arbitrator. For a set abrsg&ry userdl(, U C X,

the achievable sum rate is written as

SR = log, | 1+ [P
= 0

i D SN e |
CeU\{k}

wherewE k € U, is given in (1.20). Finding the optimal user selection hes/\high
complexity and could be done by an exhaustive search overoallible combinations
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7

Greedy noncooperative user selection

20 -+ _ _ _ Optimal noncooperative user selction |
through exhaustive search

= Nash equilibrium without selection

—6— Zero—Forcing without selection

Average Sum Rate [bits/channel use]

Signal to Noise Ratio [dB]

Figure 1.4: Achievable average sum rates for 5 secondarg usth 6 transmit antennas
and a single primary user.

of the user subsets. We propose a low complexity suboptisel selection algorithm,
described in Algorithm 1. This algorithm is influenced by #gorithm proposed in
[17] for the user selection in a downlink scenario with zéczing beamforming at the
transmitter. See [17] for details on the complexity of thgoaithm. Starting with an
empty secondary user set, in each iteration step of Algorith a secondary user that
contributes highest sum rates to the set is added. The @igoterminates when the sum
rate decreases with an additional user or when all usersidemme selected. The number
of selected users and their performance depends on the SNR.

In Figure 1.4, the achievable average sum rate of the sepprystems in different op-
eration schemes is compared for increasing SNR. The sirantatire performed for a
single existing primary user and 5 secondary users with #aosmitter using 6 transmit
antennas. The average sum rate is taken over 200 randomesaofijglach channel. The
performance of Algorithm 1 is given under Greedy noncoadjperaiser selection, and the
average number of selected users is written under the cliheeoptimal noncooperative
user selection is obtained through exhaustive search hencbtresponding performance
is plotted with dashed line. The average number of supparseds for this scheme is
written over the curve. The exhaustive search algorithnncbes betweerk factorial
user combinations. Note that both algorithms select a swufsbe secondary users that
are noncooperative. The performance of the suboptimatighgois very close to the op-
timal one. The gap between the optimal and suboptimal dlgorcurves is largest in the
intermediate SNR regime between 0 and 20 dB. Moreover, ittisenh that the gap in-
creases as the number of transmit antennas increases.ldmtB&IR regime, the number
of supported users is highest and decreases for increakiRgv&lues. In the high SNR
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14F i — A
Greedy user selection
12t ) =—>¢— Nash equilibrium without selection | |
—6— Zero—Forcing without selection

101
increasing L

Average Sum Rate [bits/channel use]

-20 -10 0 10 20 30
Signal to Noise Ratio [dB]
Figure 1.5: Achievable average sum rates for 5 secondamg wgéh 10 transmit an-

tennas. Increasing the number of primary usengduces the average sum rate of the
secondary users.

regime only a single transmitter is eventually selectedhil@r curves are given in [18],
where opportunistic beamforming in the MISO broadcast nkars analyzed. There,
for small SNR, all spacial dimensions are exploited and userscheduled, whereas for
high SNR, only one user on one beam is scheduled due to iregader

The curve with cross markers in Figure 1.4 describes theopaence when all nonco-
operative secondary transmitters are always chosen. Pesation scheme has good
performance in the low SNR regime. At high SNR however, therage sum rate satu-
rates and approaches a constant value due to multiusefienaiece. In selecting fewer
users to operate as in Algorithm 1, better performance igeaetl. The curve with cir-
cle markers describes the average sum rate achieved wheecaldary users perform
zero-forcing transmission strategies. This transmissicategy performs best in the high
SNR regime and achieves maximum multiplexing gain. A sitgdasmitter is capable
of performing this strategy if its number of transmit antasns greater or equal to the
number of primary receivers plus the number of secondamivers. This transmission
scheme is not denoted as optimal because it is not achievied game described for this
section in (1.19).

In Figure 1.5, the achievable average sum rate of the seppegstems is compared for
increasing SNR and increasing number of existing primaeysusAgain, the average sum
rate is taken over 200 random channel vector samples. Théetoh primary users is
varied between 1 and 5 and the number of transmit antenn@s isdluding additional
primary users, the average sum rate of the secondary syst@rags decreases. It is
observed, however, that for a single channel sample thenpeaihce of the systems could
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increase with increasing the number of primary users. Tihggovation supports the result
given in Proposition 1.2 that null shaping constraints daoiprove the performance of
the noncooperative systems.

1.2 Supermodular Games for Systems with Protected and Shared
Bands

In this section, two non-cooperating cells are considezadh with its protected band to
provide service to its high priority users. A shared bandlffiertwo cells is employed to
deliver service to low priority users. We formulate the attan between the two cells as
a non-cooperative game and study its NE. We prove that the detongs to a class of
games called supermodular games which have several itieresoperties, such as the
global stability of a unique NE. We provide a sufficient cdiaii for the existence of a
unique NE and study its efficiency by extensive simulations.

The ever increasing demands on the wireless data netwoskgushed more advanced
technologies to be integrated into commercial systemsrevhmiltiple-input multiple-
output (MIMO) is already a reality with its inclusion in seaécommercial standards
[19]. The MIMO technology enables several techniques fonmmnications, where the
manufacturer/operator can choose the most interestingrogh the basis of the scenario
and requirements. One of the most attractive options is ¢ne forcing beamforming
(ZFB) [20] that guarantees no interference between thes®tvisers, showing interest-
ing performance and thus, motivating its inclusion in salVeommercial standards.

We consider a setup which includes two base stations (BSh B&chas gorotected
bandwhich it uses exclusively, and also a band which is sharell tvé other BS, named
the shared band This setup has been considered in [21, 22] with single awteat the
transmitters and receivers. In [21], the considered noperaiive game is shown to be
a supermodular game. Necessary and sufficient conditigriedéainiqueness of NE are
provided. In [22], the manipulability of the NE is studieahdea cheat proof mechanism
is provided to suppress untruthful feedback from the mobders to the BSs. In this
work, MIMO is applied over the protected bands through th& Zkategy, so that each
BS will guarantee zero interference to its customers, whigetévo BSs will interfere on
each other in the shared band.

In order to avoid the large amount of overhead that cooperatiduces, we assume the
two BSs are non-cooperative. We formulate the situation éetvthe two BSs as a non-
cooperative game in which the objective of each BS is to maarthie system data rate.
The outcome of the non-cooperative game is a NE [14]. We pitevexistence of an NE
and provide sufficient conditions for its uniqueness. By prg\that the non-cooperative
game is a supermodular game [23], the uniqueness of NE ishleeglobal convergence
of best response dynamics (iterative waterfilling). Thecedficy of the NE is compared
to the cooperative maximum sum rate by extensive simulgtilinis shown that the setup
of protected and shared bands provides significant effigigams to the non-cooperative
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systems.

Notations

Column vectors and matrices are given in lowercase and uggetmoldface letters, re-
spectively.|a|| is the Euclidean norm af € CV. |b| denotes the absolute valuetof C.
(-)¥ denotes Hermitian transposgd], ; is the entry inA corresponding to théth row
and;th column. Defingz]® := max {min {x, b}, a}. Id is logarithm base two.

1.2.1 System and Channel Model

A wireless multi-antenna downlink system is consideredrelt&o BSs are activeB S
and BS,. The BSs are equipped with multiple antennas while seveekuse in the
scenario, each one with a single antenna. The total avaitgggctrum is divided in three
different bands. The first and second bands are exclusivalyted toBS; and BS,,
respectively; while the third band is shared between theB®e. ThereforeBS; has
two sub-bands to operate: a protected band where it cander®arvice without any
interference from the other BS, so that it will be allocatedigh priority users (even
running demanding applications and/or customers payigh price for an “excellent”
communication). The second band is a shared band whereagrusers will suffer
uncontrolled interference from the neighbor BS, so that lgarfty users will be assigned
to this sub-band.

We assume that each BS is equipped with two antennas. Thus, anBsgive two users
in the protected band simultaneously. The shared band, suerasthat a single user is
served by each BS. The channel vector in the protected bamddi®) to user; is denoted
by h;;. In the shared band, the channel vector frBif; to userk is h,.. The channel
characterization within each of the sub-bands follows asgstatic block fading model,
where the channel from each transmit antenna to a user iaatkarzed by independent
and identically distributed (i.i.d.) complex Gaussianrest~ CN(0, 1).

The availability of multiple antennas at the transmittetesenables the application of
MIMO processing at the transmitter side (i.e., precodinghe system is assumed to
operate time division duplexing (TDD), so that the channfdrimation is available at the
transmitter, by reciprocity with the uplink channel, beftine transmission starts. Several
options are presented in literature for the precoding attridwesmitter side in MIMO,
where this section will consider the zero forcing beamforgr(iZFB) [20] strategy due to
its high performance and low complexity.

Define the matrixt; = [h;i, h;2]. Its pseudo inverse is
W, = HY(H;H") ™ = [w;;, wp]”, (1.21)

with
lwis||” = gij == (HH)™);; (1.22)
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where the vectora,; are orthogonal. Using ZFB in the dedicated band, the intenfse
free signal at a receiveris written as

Yig =4/ g_ijhgwijsz‘j +ny, (1.23)
ij

wheres;; ~ CN(0,1) is the symbol transmitted bigS; to receiveryj, p;; is the power
allocation to usey, andn; is the noise term with; ~ €N(0, o2).

In the shared band, the received signal at ésszrved byB.S; is

wheres;, ~ CN(0, 1) is the symbol transmitted b#.S; in the shared band and the beam-
forming vector used aB.S; is w; € W with

W= {we C?: |w|* <1}. (1.25)
Each BSi has a total power constraift such thatp;;, pio, ;) € P; with
P; = {(p1,p2,p3) € RL : p1 +p2 + ps < Bi}. (1.26)

As the beamforming within the protected band is known to eubh ZBF, then the
transmission strategy of a BS is a choice of beamforming vectthe shared band and
the power allocation to its three users. Next, we will analy®e transmission strategies of
the BSs assuming their distributed operation, i.e., a BS datouperate with the other
BS. The setting is described by a strategic game and the oatddi, determines the
noncooperative operation of the BSs.

1.2.2 Strategic Game Formulation

A strategic game [14] between the two BSs is defined as
G = ({1,2}, (A1, A2), (R, R2)). (2.27)

where{1, 2} is the set of players corresponding to the two BSs. The syatety, of a
playeri € {1,2} is defined as

(Pir; piz, Di Wi) € Ay i =Py x W, (1.28)

where®; is defined in (1.26) andlV is defined in (1.25). The utility of player (analo-
gously player) is the achievable sum rate

Rl(p11,p12,131;w1;1327w2) =

2 S T H = (2
Zld<1+ p1k2)+ld(1+ p1|~h1£“’1|~ ) (1.29)
Pt 91k0 02+ po|hil |2
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where single-user decoding is assumed in the shared band.

The outcome of a strategic game is a NE. A NE of the g@me (1.27) is a strategy
profile, (alE, a)F) € A, x A,, in which no player can increase his utility by choosing
another strategy unilaterally, i.e.,

Ry (aYF, ad%) > Ri(ay,adF), foralla, € A, (1.30)
Rg(al ,(12 ) > RQ(al E, CLQ) for all as € A,. (131)

In a strategic game, each player maximizes his utility tgkhre strategies of the other
players as given. Given a strategy € A, of player2, thebest responsef player1 to
a, is the strategyr; that maximizes his utility. The best response of playand player
2 solve the following problems

max Ry (p11, pr2, P1, W1, P2, Wa), (1.32)
(p11,p12,P1,W1)EAL
max Ry (p217p22, D2, Wa, P1, ’1111), (1.33)

(p21,p22,P2,W2) €A1

respectively. From the optimization problem in (1.32), vad the following two ob-
servations. First, maximum ratio transmission (MRT), tentasw)® = h h
is always optimal in the shared band independent of the pali@ration and choice of
beamforming vectors of play@: Second, playet (i.e., BS) will choose a power allo-
cation that will satisfy the total power constraint with adjty, i.e.,p11 + p12 + p1 = P;.
The same holds for playér

Since a BS will allocate all available power to the users, wépe a change of variables
in order to reduce the dimension of the strategy spaces gfilyers. Definer; € [0, 1].
Playerl allocateg1 — ;) P in his protected band and P, in the shared band. Define
B; € 10, 1] and substitute the power allocation in the protected bamghas (1—m )P 5,
andp;, = (1 — m)P (1 — (31). Analogously, player allocatespy; = m P, and
paz = maPy(1 — [35) for his two users in his protected band gnd- 7)) P, for the user in
his shared band. The sum rate of playes given on the top of the next page in (1.35)
and similarly for playee in (1.36), where

Jrj = ]hkjkaTF, k,j=1,2. (1.34)
The problems in (1.32) and (1.33) f&xS; andBS;, are
5112%)%] Ry(B1,m,m) and [gé%%] Ry(B2, T2, 1), (1.37)

w1 €[0,1] mo€[0,1]
respectively.

Lemmal.2. The objectives iif1.37) can be written depending only on the variabtgs
andm, asin(1.41)and(1.42)shown on the top of the page after the next page with

Bi(m) = [1/2 + (9120 — g110 )/(2(1 — 7T1)P1)L1), (1.38)
By (ma) = [1/2 + (9220 — go10 )/(27T2P2)](1)~ (1.39)
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R ) = (14 LTI (1 Lm0

gi110 G120

7T1P1911
+1d (1 + ) L s
1 —7T2)P2921 ( )
Ry (B, m2,m) = Id (1 + WQPQ@) + Id( M)
9210— g220
1 — T2 P2g22>
Id{ 1 1.36
" ( +02+71P1912 ( )
() Id(l L(-m Plfl(m)) +|d(1 L a —nl)P1(1;ﬁl(7T1)))
guo 9120
7Tlplgn

+1d{ 1+ 141
< (1- WQ)Png) (1.41)

(1, 72) = Id(l + ”2% 72l (72) ) N |d<1 | TPyl - gmz)))

G220 G220
(1 7Tz)P2922)

d{ 14+ ———2"= 1.42
" ( * 02 +7TlP1§12 ( )

Proof. The first derivative of?; in (1.35) w.r.t.3; is

aRl (/817 7, 7T2)
OB

=(1- 7Tl)Pl/(911<72 + (1 - 7T1)13151)

— (L=m)P1/(g120> + (1 = m)Pi(1 = B1)). (1.40)
Setting (1.40) to zero and solving fol;, we get the expression in (1.38). Including
B (m) in (1.35), we get (1.41). The analysis is analogous for ticerse player. n

According to Lemma Lemma 1.2, the optimization problemsli8T) can be written as

max R1(7T1,7T2) and max R2(7T1, 7T2>. (143)
w1 €[0,1] m2€[0,1]

We state the new game in which the strategy space of eachrpdagysingle dimensional
set as

= <{17 2}7 ([07 1]7 [07 1])7 (Rl (7T1, 7T2)7 RQ(/]Tlv 7T2))>' (144)
Next, we will show that the gam@’ is a supermodular game.

Supermodular Games

The non-cooperative gant@ in (1.44) is supermodular [23] if the following conditions
are satisfied for each player: (C1) The strategy set of singlemkional feasible strate-
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gies is a compact set. (C2) The utility functidt(m,, 72) is upper semi continuous and
has increasing differences i, m2) on [0, 1] x [0,1]. For a more general definition of
supermodular games in multi-dimensional strategiesy tefi24].

The first condition (C1) is satisfied because the strategyegpat] is compact. Second,
the utility functions in (1.41) and (1.42) are continuousiethsatisfies the first part of
property (C2). The second part of the property can be proveshbwing

aQRi(ﬂ'l, 72) > 0’
871'187'('2 -

For playerl (analogously playe?), (1.45) is fulfilled since

ie{1,2}. (1.45)

3231(771,7@) _ P1G11P2ga1
Om0my (02 + (1 — m2) Pagor + m1 P1G11)?

> 0, (1.46)

Hence, the gamé’ is a supermodular game. Supermodular games have severakint

ing properties. A few properties from [24, Theorem 4.2.1d &5, Result 4] are: (Al)

There exists at least one pure strategy NE. (A2) The set ofisll@somplete lattice and
there exist a largest and a smallest element. (A3) A uniquéesiNibbally stable. Due to

their interesting properties, supermodular games have fem®gnized in a few wireless
network settings such as in [26, 27].

According to (Al), the gamé&’ has at least one NE. From (A3) follows that the unique-
ness on NE implies convergence of best response dynaminsftetrategy points. Next,
we will deliver a sufficient condition under which a unique Msts in the gamé/’.

Best Response and Uniqueness of NE

In order to characterize the conditions for the existenca whique NE and also how to
reach it, we must formulate the best response of each player.

Proposition 1.3. The solution of the power allocation problem in (1.43) isreltderized
for BS, by the following cases: Case 14t:gi» > % + g1 — 27}, (m2) then

1 9110'2 02+(1—7TQ)§21P2 !
* == - . 1.47
7711(772) {2 + 2P, 251, P, ; ( )
Case 1-21f g11 > 2 + g1o — L7}y (m2) then
1 g1oo? 0?2+ (1—m)ju P !
() = | = - . 1.48
7T12(7T2) {2 + 2P, 251, Py , ( )
Case 1-3if Cases 1-1 and 1-2 do not hold then
1 (g1 +9g12)0* 202 +2(1 — m) o1 P !
: = |z - 1.49
() {3 BT 30 P, , W
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reaction curve 1

: ,‘/reactlon curve /ﬂ

""" I"éaCtIO' ‘curve ‘1

Figure 1.6: Plot of the reaction curves of the players. Thergection point of the two
reaction curves is a NE.

In Cases 1-1 and 1-2, only one user is supported in the prdtbeted ofBS;. For BS,,
the solution to its optimization problemin (1.43) is Case: #-},, > $+gz1—%ﬂ§1(w1)
then

1 gno® o’ +mgnuP]
; =1—|= — : 1.50
731 (m1) [2 + 2P, 2022 P , ( )
Case 2-2If gy > 2 + go2 — 27T22(7T1) then
1 gpo® o+ mgnP ]
> =1—|= - : 1.51
T3(m1) [2 + 2P, 2022 P ; ( )
Case 2-3if Case 2-1 and 2-2 do not hold then
1 (921 + g22)0° 207+ 2mGia P '
; =1—|= — : 1.52
T35(m1) {3 + 3P, 3522 P . ( )
Proof. The proof is provided in [28]. O

In Figure 1.6 the strategy spaces of the transmitters ateegdlehoosing?, = P, = 1.
Thereaction curveof the players represent the best response functions t¢herac in
Proposition 1.3. A NE is a state of mutual best responseseopliiyers. The NE can
be found in Figure 1.6 as the intersection point of the reaaturves, where two cases
are presented. In Figure 1.6 (left), a single NE exists. juf@ 1.6 (right) three NEs
exist. A work that investigates the uniqueness of the NEgutiie constellation of the
reaction curves is reported in [29]. In [29], two system paire considered that operate
on two parallel channels, an interference channel and arféménce relay channel. Two
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relaying strategies are investigated for which the uniggsrconditions of the NE are
derived.

In Figure 1.6 (left), it can be seen that the reaction cury@ajferl consists of three parts.
When, is zero for smallr,, then the user in the shared band of,BSnot supported.
When, is betweer).2 and0.5, all three users are supported B85;. For m, greater

than0.5, the reaction curve changes slope, corresponding to tleeveasre one user is
supported in the protected band, along with the user in taeeshband.

Proposition 1.4. Sufficient condition for the existence of a unique NE is

G2 _ 9 (1.53)
gi1 g2 4

Proof. The proof is provided in [28]. n

It can be observed that the sufficient condition on the umaeas of NE is satisfied, when
the product of the interference gains are small, compardgtie¢groduct of the direct
channel gains. Since in our case, uniqueness of NE impla@sagtonvergence of best
response dynamics, a unique NE can be reached in a disttim#ener when each BS it-
eratively applies a best response to the strategy of the BieAccording to simulations,
a few iterations are sufficient to achieve a stable state inlNEB0], a unified framework
for parallel interference channels is given, for the analgéthe convergence of the best
response dynamics. The condition in [30, Theorem 3] caledlfor our setting is

Soo1a
max {a&, —@} <1, fora>0, (1.54)
dg11 @ g2z
which leads to the condition o
g (1.55)
g11 922

Comparing (1.53) and (1.55), it can be observed that the tondn (1.53) is less re-
strictive than (1.55), for indicating whether a unique NEsex Next, we will analyze the
efficiency of the NE of our system.

1.2.3 Simulation Results

We compare the sum rate achieved in NE to the maximum acHeegaln rate of the
system. Finding the maximum sum rate of the two cells requine search over all
strategies of the BSs. The strategy space of each BS is givér2s)( Since, each BS has
a protected band in which no interference is caused to ther &8, then the maximum
sum rate must be achieved with full power transmission i sindband. Accordingly,
the strategy spac@; in (1.26) is parameterized using two parameters= [0, 1] and
B; € [0,1]. In the shared band, the beamforming vectors that are reagesssobtain the
maximum sum rate point are parameterized in [31], requivmgreal-valued parameters,
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Figure 1.7: Average sum rate versus signal to noise ratio.

each ranging between zero and one. Accordingly, the adbieegam rate region can be
produced using eight parameters, each between zero aniMerfend the maximum sum
rate using grid search.

In Figure 1.7 the average maximum sum rate is plotted avegamrer 500 channel real-
izations. For the simulation we choose the maximum trarsongpower ag’, = P, = 1.
Signal-to-noise ratio is defined as SNR /o2 It can be observed that the NE is efficient
compared to the maximum achievable sum rate. In the low SNgRnee the rates in
NE are sum rate optimal. In mid and high SNR, slight perfornedioss in NE can be
observed with respect to the optimal sum rate curve. Nogd,ttie performance loss in
NE is due to noncooperation between the BSs, which meansdhgignaling overhead
is required between them.
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2 Bayesian Games for Spectrum Sharing Systems with
Partial Information

2.1 Bayesian Games for MIMO Interference Channels

This section considers the MIMO IC which has relevance iniegfons such as multi-

cell coordination in cellular networks as well as spectrdrargg in wireless networks.

We study the beamforming design under two extreme critaemely, egoism and altru-
ism. The former maximizes the beamforming gain at the ireeméceiver and the latter
minimizes interference created towards other receivdrs.fiotivation is that combining

egoistic and altruistic beamforming has been shown preWaon be instrumental when
optimizing the rates in a MISO IC, where the receivers haventerfierence canceling
capability. Here, by using the framework of Bayesian games,sived more light on

these game-theoretic concepts in the more general corftdéitMO channels and more

particularly when coordinating parties only have CSI of tinkd that they can measure
directly.

2.1.1 MIMO Interference Channel

Let N = {1,..., N} be a set containing a finite s&k., with cardinality N. < N, of
cooperating TXs, also termed as players. From now on, we lagens and TXs inter-
changeably. We call the s&{. a coordination cluster and TXs outside the cluster will
contribute to uncontrolled interference. The provided eidts general applications in
which the TXs can be base stations in cellular downlink whpecally coordination is
restricted to a subset of neighbouring cell sites while ndis&ant sites cannot be coordi-
nated over [32] ; nodes in ad-hoc network and spectrum sipadanarios.

Each TX is equipped withV; antennas and the RX witN,. antennas. Each TX commu-
nicates with a uniqgue RX at a time. TXs are not allowed or abéxtihange users’ packet
(message) information, giving rise to an interference ob&over which we seek some
form of beamforming-based coordination. The channel frotiTo RX j H; € N>V

is given by:

Hji:w/aji-[;[jh Z,]: 1,...,Nc (21)

Each element in channel matrBl;; is an i.i.d. complex Gaussian random variable with
zero mean and unit variance ang denotes the slow-varying shadowing and path-loss
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attenuation H ; is circularly symmetric complex Gaussian and the probgtuénsity is

fa,, (H) = ﬁexp(—Tr (HH")). (2.2)

Limited Channel Knowledge

Although there may exist various ranges and definitions cdll€SI, we assume a stan-
dard definition of a quasi-distributed CSI scenario wheredagces (TX and RX alike)
are able to gain knowledge of those local channel coeffisiirgctly connectedo them,
as illustrated in Figure 2.1, possibly complemented withadimited non local informa-
tion (to be defined later).

The set of CSl locally available (resp. not available) at:Tdenoted byB; (resp.B;) is
denoted by:

B, = {IQEi}jzl Ne Bf>:: {Izﬁl}kJ:1mﬁ@;\ B; (2.3)

.....

Similarly, define the set of channels known (resp. unknowR>&: denoted by, (resp.
M) asiMy = {Hy},_y . 5 M = {Hw}y,—1_, \ M- By construction here, locally

available channel knowledgB;, is only known to TX: but not other TXs. We call this
knowledgeB; thetypeof player (TX), in the game-theoretic terminology [33].

In the view of TX, the decision to be made shall be based on its Byend itsbeliefs

on other TXs types. Since TXdoes not know other TXs types, we assume that TX
¢ has a probability density over the possible values of otleeygus channel knowledge
B;. For simplicity, we assume that theleliefsare symmetric: the probability density
of the Gaussian channelavailable at TX: regardingB; is the same as the probability
density of TX;j over B;,. The asymmetric path loss attenuatiens are assumed to be
long-term statistics and known to the TXs. And we assumettieathannel coefficients
in the network are statistically independent from each rothvge define here the joint
beliefs (probability density) at TX

i = p(BY) = fo, (H)NOD = g, (2.4)

The TX index: is dropped because the beliefs are symmetric among TXsh ghe
asymmetric path loss coefficients;. p(.) is a probability measure ant};  (H) is the
probability density of a complex Gaussian channel defing@.2). The second equal-
ity relies on the assumptions that the channel coefficiewi®s fany TX to any RX are
independent.

Based on itdelief TX i designs the transmit beamforming vectar, ¢ V<!, As
in several important contributions dealing with coordioaton the interference channel
[31, 34-39], we assume linear beamforming. We call the méingeamforming vector
w; an action of TX; and denote the set of all possible actions/hgt any TX.

A={we e |w|* <1} (2.5)
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Figure 2.1: Limited channel knowledge model: as an illugirg the local CSI available
at TX N, is shown in dashed lines. The local CSI available at RX 1 is shiowsolid
lines.

The received signal at RXis therefore

Nc
J#

wheren; is a Gaussian noise with powef. Note that the noise levels? depend on
the link index which was not considered in previous work @ama&mitter coordination.
The RXs are assumed to employ maximum SINR (Max-SINR) beanifgrthroughout
the section so as to also maximize the link rates [40]. Theivecbeamformew; is
classically given by:

Cri ' Hjw;
v, = R i 2.7)
Hcm fhﬂﬂ
whereC¥p; is the covariance matrix of received interference and noise
Cri =Y Hyww/HP+ 01 (2.8)

j#i
P is the transmit power. Note that the receive beamformés a function of all transmit

beamforming vectorsw;. When the transmit beamforming vecter; is optimized, the
received beamforming vector is modified accordingly.

Importantly, the noise will in practice capture thermals®effects but also any inter-
ference originating from the rest of the network, i.e. cognfrom transmitters located
beyond the coordination cluster. Thus, depending on path &md shadowing effects,
the {02} may be quite different from each other [41]. Figure 2.2 iitates a system of
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N =T, N, =4

Figure 2.2: This figure illustrates a system ®f= 7 cells whereN. = 4 form a co-
ordination cluster. Empty squares represent transmittbeseas filled squares represent
receivers. The noise power (which includes out of clusterfarence) undergone in each
cell varies from link to link.

N = 7 cells whereN, = 4 form a coordination cluster. Note that we consider the sum of
uncoordinated source of interference and thermal noise tephtially white. The non-
colored interference assumption is justified in the scenahiere receivers cannot obtain
specific knowledge of the interference covariance and cantbpreted as a worst case
scenario, since the receivers cannot use their spatiabde@f freedom to further cancel
uncontrolled interference.

Receiver feedback v.s. Reciprocal Chanhethe case of reciprocal channels, e.g. time-
division-duplex systems (TDD), the feedback requiremerttitainB; can be replaced
by a channel estimation step based on uplink pilot sequengdditionally, it will be
classically assumed that the receivers are able to estimateovariance matrix of their
interference signal, based on, say, transmit pilot seqggenc

2.1.2 Bayesian Games with Receiver Beamformer Feedback

We assume that TXhas the local channel state informatiBnand the added knowledge
of receive beamformers through a feedback channel. Notertlae case of reciprocal
channels, the receive beamformer feedbacloisequired.

We can now define the Bayesian game on interference channel.

Definition 2.1. The Bayesian game on interference channel can be descrilagsHayple:

G =< NC,-A, {[Bz} » s {uz} > (29)
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wherey denotes thédeliefsof the players andw;} denotes the utility functions of the
players, which can be either egoistic or altruistic.

Specific definitions ofi; will be given in the following sections. The players are assd
to berational as they maximize their own utility based on thigipesandbeliefs

Definition 2.2. A pure-strategy of player, s; : B, — A; is a deterministic choice of
action given informatiorB; of playeri.

Definition 2.3. A strategy profiles* = (s}, s*;) achieves the Bayesian Equilibrium if
s7 is the best response of playegiven strategy tuple* ; for all other players and is
characterized by

Vi s; = argmax Ep. {ui(si,s*,)}- (2.10)

Note that, intuitively, the player’s strategy is optimizeglaveraging over theeliefs(the
distribution of all missing state information) while in astlard game, such expectation
is not required.

In the following sections, we derive the equilibria for egfai and altruistic Bayesian
games respectively.

Egoistic Bayesian Game

Definition 2.4. Denote the set of transmit beamforming vectors of playejs# ¢, by
w_;. The egoistic utility function for TX is defined as its received SINR
"UzHH“’LUlPP

U; \Ww;, w_;) = .
i 0-) S [of Hyjw; 2P + o?

(2.11)

Based on TX’s belief, TX i maximizes the utility function in (2.11) whetg is a known
quantity.

Lemma2.1. There exist at least one Bayesian Equilibrium in the egpBéiyesian Game
G (2.9)with utility function defined ir§2.11)

Proof. A; is convex, closed and bounded for all playeasd the egoistic utility function
w;(w;, w_;) is continuous in bothw; andw_;. The utility function is convex inv; for
any setw_;. Thus, at least one Bayesian Equilibrium exists [14,42]. O

Theorem 2.1. The best-response strategy of playen the egoistic Bayesian Gantg
(2.9)with utility function(2.11)is to maximize the utility function based on its belief:

w!° = arg max Ept {uwi(wi, w_y)}. (2.12)

The best-response strategy of playés

Ego

w; = Vmax(Ei) (213)

7
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where E; denotes thegoistic equilibrium matrixor TX i, given by

H H
Ei = H“ ’Ui’l)i Hn

Proof. The knowledge of receive beamformers decorrelates themizaiion problem
which can be written as

Ego 1
w; = arg max CgL
loifl<1 {§ #Z|UHHZJ'w3| P +o? }

= arg Hmzllix wHHHUZ HH“wZ (2.14)
w; [|<1

The egoistic-optimal transmit beamformer is thereforedibminant eigenvector dff  v,v/ H;.
O

Altruistic Bayesian Game

Definition 2.5. The utility of the altruistic game is defined here so as to mine the sum
of interference powers caused to other receivers.

wi(w;, w_;) Z ]'vHHﬂwA2 (2.15)
J#

Note that the receive beamforming vectorss a Max-SINR receiver which depends on
the transmit beamforming vectous; and cause conflicts between TXs.

Lemma2.2. There exist at least one Bayesian Equilibrium in the altici®ayesian
GameG (2.9)with utility function defined ir2.15)

Proof. A; is convex, closed and bounded for all playeasid the altruistic utility function
w;(w;, w_;) is continuous in bothw; andw_;. The utility function is concave imw; for
any setw_;. Thus, at least one Bayesian Equilibrium exists [14,42] . n

Theorem 2.2. Based on beliefi, TX i seeks to maximize the utility function defined in
(2.15) The best-response strategy is

ZAlt — mm <Z Ajl) (216)

JF

where A ; denotes thaltruistic equilibrium matrix for TX: towards RXj, defined by
Aji = Hﬁvjfoji.

Proof. Recall the utility functionto be- Y-, [vff Hjiw;|* = = 3., wi’ Ajw;. Since
v; are known from feedback or estimation in reciprocal chagtéke optimakw; is the
least dominant eigenvector of the mathix, ; A;;. O

D2.2b SAPHYRE



2.2 Bayesian Games for Uncoordinated SISO Spectrum Shaystgr8s 41

2.2 Bayesian Games for Uncoordinated SISO Spectrum Sharing
Systems

A large gain in spectral efficiency is promised to wirelesstegns if spectrum is shared. A
complete sharing of data and control information (inforioradata and CSI) would lead
to a multiple-access channel in the uplink and to a broadtastnel in the downlink, but
would imply a high capacity backhaul, scalability issueghhcomplexity. SAPHYRE
aims at investigating the tradeoff between performancel@ral of data and control in-
formation sharing in a network with complete sharing of thectrum. In this section, we
investigate the performance of a system intrinsically abtarized by (i) a limited level
of cooperation among communication entities which areeratiompeting for the same
resources and (ii) a decentralized resource managemenas¥éne here that data in-
formation sharing is not possible and we study the impactlimhiged sharing of control
information (e.g. CSlI, coordination, etc.).

In literature, many contributions focus on the channelfwiimplete channel state infor-
mation at the transmitters. Alternatively, iterative algjums are proposed whose conver-
gence to an equilibrium point is based on the feedbacks fh@meceivers. A well known
and thoroughly studied example of this class of algoritheitbe iterative waterfilling al-
gorithm suitable for frequency selective interferencentteds (see [43] and references
therein). Each receiver feedbacks the transmitter of éstewith overall power spectral
density (PSD) of the interference plus noise and the tratesnadapts its transmit PSD
consequently. The convergence speed of these algorithmts their applicability. Addi-
tionally, the required feedbacks reduce the system spedfi@ency. In [44] slow fading
channels are considered with slow fading and initial padfennel state information.
By using the approach of repeated games, information abeuthithnnel and the inter-
actions is acquired. When the constraints of a communicaystem do not allow for
the convergence of iterative algorithms (e.g. systems wiesbannels can be considered
constant during the transmission of a codeword with comsdalength but still varying
from codeword to codeword or channels with constrainedydedpacities) or do not sup-
port the intensive feedbacks required by iterative alporg, Bayesian games provide a
convenient theoretical framework.

In this section, we consider a quasi-static block fadingrietrence channel with knowl-
edge of the state of the direct links but only statisticad®alge on the interfering links.
With this assumption, reliable communications are not iptssind a certain level of out-
age has to be tolerated. We consider the resource allodatiartility functions based
on the real throughput accounting for the outage events. Mfgoge resource allocation
algorithms based on both Bayesian games and optimizatiotinelnontext of Bayesian
games, we investigate the two cases of power allocatiornréamtgined transmission rates
and joint power and rate allocation. The first game is a cangmame and the mathe-
matical tools by Rosen '65 are adopted for its analysis. Tleers®group of games is
studied introducing an equivalent game. The charactesisti the game theoretical ap-
proaches are analyzed in terms of existence and multipbéithe NE. Special attention
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is devoted to the extreme regimes of high noise and interberémited regime. In the
former case, a closed form expression for the NE is providiedhe latter case, criteria
for the convergence of best response algorithms, the exist@nd uniqueness of the NE
are discussed. The optimization approach is also analye#dtitwo above mentioned
regimes and closed form expressions for the resource ttbacare provided.

System Model

Let us consider an interference channel with two sou;es, and two destinations
D1, Dsy. The two sources transmit independent information and sdgjraims at com-
municating with destinatio®,, for : = 1, 2. We assume that the channel is block fading,
i.e. the channel gains of all the links are constant in theetieme of a codeword but
are independent and identically distributed from codewordodeword. Note that these
channels are often referred to as quasistatic channels draamels with delay-limited
capacity [6]. We denote by, i = 1,2 the channel power gains of the direct lirtks— D,
ands8, — D, and byh,; andh,; the channel power gains of the interfering lirtks— D,
and8, — D;. All the channel gains fade independently such that the rélgsower gain
statistics are completely determined by the marginalibigtions. Each source transmits
only private information that can be decoded only by itsesed destination, or equiva-
lently, each receiver performs single user decoding. Aaluily, each source knows the
realizations of both direct linkg, andg, but not the realizations of the power gains
andhs; for the interfering links. This corresponds to a typicalation (e.g. in cellular
systems) where the receivers estimate only the channed gathe direct links and feed
them back to the transmitter but neglect the interferingdinThroughout this work we
make the additional assumption that the power gains of tieefering links are Rayleigh

Py

distributed, i.e. their probability density function isvgh by vy, (hi;) = ﬁe "% . Fur-

thermore, these statistics are known to both sources. Afettwiver the cjhannel is im-
paired by additive Gaussian noise with variafGe

Problem Statement

Because of the partial knowledge of the channel by the sowcédshe assumption of
block fading, reliable communications, i.e. with error lpability arbitrarily small, are

not feasible and outage events may happen. If the saure@smits at a certain rate,
expressed in nat/sec, with constant transmitted pdiean outage event happens if

Pigi L. . . .
Rislog (14— ) i i=12withi 217
og( +N0+Pjhji) i i (2.17)

and the outage probability of sourcdepends on the choice &, P, and P;. We define
the throughput as the average information that can be dyrmreceived by the destina-

We adopt the notatiolvg for natural logarithms and rates are expressed in nat/sec.
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tion. The throughput is given by
TUP, Ry, P) = RiPrd Ri < log (14 —19 (2.18)
1 (3] 1y~ ]) T T (— g N() + .ijhjz "

wherei, j = 1,2 with ¢ # j, andPr{&} denotes the probability of the evehit

The two sources need to determine autonomously and in a wlalised manner the
transmitting powel?; and, eventually also the raf¢,. A natural criterion is to allocate
such resources in order to maximize the throughput whilgikgepower consumption
moderate. Then, we define the objective function for soiy@es

where(; is the cost for unit power.

By making use of the assumption on the power gain distribstadrihe interfering links,
the utility of §; is given by

ui((Ri, B), (R;, F;))

]Digi
= RPr<R; <l 14+ — - C,P
r{ Og( +N0+Pjhﬂ)}

.

RBi(1—exp(—5r)) —CiP AP >0, P, Ry = 0}
R T (P >0,P =R =0}
| R -cp, {P;=0,R;, P, >0, p, > -UN 1)N0};
| —CiF; {P; =0,R;, P, >0P<(‘“ 1>N0};
(RiF(t;) — CiP, {P; >0, P,R; > 0} \ {P, = R; = 0};
0, {P; >0, P,.= R, = 0};
~\ R-CP, {P,=0,R,, P, > 0,P, > =y, (2.20)
| —CiP, {PfORZ,P>OP<(“1N°}

wheret; = R — NpandF;(t;) = 1 —exp <_
by useri.

Py ) and(; is the cost of unit power

7945

Since the objective function &; depends also on the power allocatedsbyhe problem
falls naturally in the framework of strategic games. Théw, dbjective of sourcs; is

to determine the transmit powé}, and eventually the rat&;, that selfishly maximizes

its utility function v,;((P;, R;), (P, R;)) under the assumption that a similar strategy is
adopted by the other source. In the following Sections 2ahd 2.2.2 we investigate
the previous problem for two cases. More specifically, int®ac2.2.1 we consider the
practical case as the rate is fiXeahd each source has to determine the power which

2In practical systems rates are typically allocated at higgnger and defined in a discrete set eventually
singleton.
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maximizes its utility (2.19). In Section 2.2.2 we considee general case where each
source has to select its strategy defined in terms of the pamethe transmitting rate,
jointly. In Section 2.2.3 we also consider the optimizatagproach in the two asymptotic
regimes of interference limited and noise limited syste@ksed form expressions for
the resource allocation are provided.

2.2.1 Interference Game for Power Allocation

In this section we assume that the raigsand R, are assigned to the source and define
the power allocation problem as a strategic g&sneéefined by the triple{S, P, <ui)z‘es}’
whereS = {81, 8,} is the set of players or sourcé&represents the set of strategies, and
u; is the utility function of sourcé&,. The set of strategies® = R™ x R*, whereR™ is the

set of nonnegative real numbers. Note that in this dgsand R, need be interpreted as
parameters of the utility function (2.19) rather than asaldes. Furthermore, we assume
thatR; # 0 for i = 1,2 otherwise the game becomes trivial. The definition of thegam
depends on the cost$ and(C, via the utilities in (2.19). When convenient for the sake
of comprehension we express this dependency explicitlfhganotatiorG»(C4, Cy).

We shall look for a NE, that is, a strate@¥;", P;) € P such that for anyP,, ;) € P,
ul((Rlv Pl)a (R27 P2*>> < ul((Rlv Pl*)7 <R27 P2*))7
UQ((R27 P2)7 (R17 Pl*>> < U’2((R27 PQ*)v (R17 Pl*))

The existence of NE for gantgs is established in the following proposition.

Proposition 2.1. A NE of the game§p exists in any closed interval and it is a fixed point
of the equation

p((Pr, Py), (Pr, Py); Ry, Ry) = max  p((Pf, Py),(m1,m2); Ry, Ry) (2.21)

(m1,m2)EP
being

p((Pl,PQ), (7T1,7T2); Rl,RQ) = Ul((Rl,ﬂ'l), (RQ, PQ)) + UQ((RQ,’]TQ), (Rl, Pl)) (222)

The Nash equilibriums of ganfgr need to satisfy the system of equations

ou, R,
P 7 F/ N - .o 1.9 X 3 22
opP, Po? )= Gi=0 niedl2) i (2.23)

From (2.23) it is straightforward to express as a function of the strategy of the other
competing playep;

R _ Ci(ef — 1)o2 P;

Rig;
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Figure 2.3: Example of a system with three NE

with 7, j = 1,2 and: # j. This function provides the best strategy transmitigan apply
when transmittelj adopts the strategl;, and it is shortly referred to as best response of
userP;. The plot of these curves on the plafe — P, admit interesting interpretation.
The points where the two curves intersect correspond to Bigsitibriums. Additionally,

it provides information on the convergence of a best respaigorithm.

The analysis of the best response algorithm yields to theWolg proposition character-
izing the set of NE.

Proposition 2.2. The strategic gam&s» might have at most three NE in the interval

Figure 2.3 shows the best responses of a system with moratN&nand the following
Setting:R1 =0.1, R, = 0.1, C; =10 Cy = 10, g1 = 0.1, go = 0.1, O'%Q =1, O'%l =1,
and/ Ny = 0.01.

The characteristics of the NE set are of primary relevanpeddict the output of a game.
The uniqueness of a NE is an appealing property for an unowaeti system. In the
following proposition we provide sufficient conditions fibre uniqueness of the NE

Proposition 2.3. Let P, = P;(P;) denotes the best responses of ugempower allocation
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P; of userj as defined in (2.24). If

No, g R; g;i R,
Pl —(e" -1 2.25
(gj (e )+ Cje) - eCjaiZj(eRj —1) ( )
efi —1 o o
P; Ny | >0 i,j=1,2andi # j (2.26)
Gi

gameSy has a unique NE.

In the rest of this section we modify the garfig to account for the relevant practical
issue of power constraints. The constrained ggfis defined byg5, = {8, P., (T})ics},
wheres is as for the gam&y, T; = T;(P;, R;, P;) is the throughput defined in (2.18),
and the strategy sét. = [0, PMAX] x [0, PMAX], being PMAX and P}'AX the maximum
transmit powers. Game$y and G, are closely related as illustrated in the following
proposition.

Proposition 2.4. The NE of the gaméj, exist and correspond to the NE;, ;) of
gamesGp(Cy, Cy) such that; (PMAX — Pr) = Cy(PMAX — Py) = 0 for Cy, Cy > 0.

2.2.2 Interference Games for Joint Power and Rate Allocatio

In this section we consider a communication system wheretrdmesmitters need to
allocate both power and rate jointly with the aim of maximgithe utility function
(2.19). The problem is defined as a strategic gdine= {8, P, {u;}icq12) }, Where
S is the set of players (the two transmitterd),is the strategy set defined By =
{((P1, R1), (P3, Ry))|P1, P>, Ry, Ry, > 0}, and u; being the utility function defined in
(2.19). Power and rate allocation is obtained as an equitibpoint of the system. When
both transmitters aim at maximizing their utility functicmNE is the allocation strategy
(Py, R}, Py, R5) such that

Ul(Pl*,RT,PZ*,R;) EU1<P1,R1,P2*,R;) fOI’ VPl,Rl c [R+
UQ(PF,R’{,PQ*,R;) ZUQ(PF,RT,PQ,RQ) for VP, Ry € Ry.

It is straightforward to verify that the utility function isot concave ink;,. Then, the
classical results omv-concave games in [45] cannot be applied. The analysis of the
general case results is very complex. A preliminary charaztion of NE for gamé; is
provided in the following proposition. This propositioroprdes closed form expressions
for the NE at the boundary of the strategy set jointly withlexpconditions for the points
being NE. Possible NE internal to the strategy set are pealvid an implicit form and
they will be further analyzed in additional propositions.

Proposition 2.5. A boundary point of the strategy sétis a NE if and only if

P=R, =0 (2.27)

1 NO gj — N()Cj
p=——_220 R, =1 1+Z2 - 2.28
J Cz gj J 8 ( + N()Cj ( )
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and the following conditions are satisfied

95 — NoC; 20 (2.29)

giQj giQ;
exp | —
Cio? p( Cro? *

Jt Ji

1] >1 2.30
s 1) 21 (230

Cjg;

beinga; = NG

An internal point of the strategy s@tis a NE if and only if it is solution of the system of
equations

— = =1,2. 2.31
Pjajz‘i P ( 'P]O-_]QZ) R;g; " 7 ( )
wheret; = j—{l — Ny and P, and P, are given as functions dt; and R, by
2 —1
P, Ciy (et —1) 1
P - 020-%2 eR2 191 9R2 1 (2-32)
p) Too (2 — 1) Cociiy—
and it satisfies the following inequalities
ngz 2R,‘€Ri
1+ R; — >0 2.33
e CiPjo?(efi —1)  efti —1 (2.33)
Rigi Riel \*
a —R,—(1- > 0. 2.34
CiPjos (efs — 1) ( efii — 1) (239

In order to get additional insights into the system behawiod in particular into the
Nash equilibriums internal to the strategy $etve consider firstly the following extreme
cases before discussing the general case: (1) the noisettenero, ihterference limited
regime), (2) the noise is much higher than the transmitted powigh(noise regime

Interference Limited Regime

When the noise varianc¥, is negligible compared to the interference power level, the
payoff function is efficiently approximated by (2.20), with= eﬁ—g_l Note that in the
interference limited regime, the payoff (2.20) of usés defined for0 > N, < P, i.e.

P; > 0. In the following proposition equilibriums of gangeare obtained as equilibriums
of an equivalent game in a single decision variahlér user:.

Proposition 2.6. When the the noise variance tends to zero, the NE of gaared inter-
nal toP satisfy the system of equations

r1 = Ko f(22) (2.35)

T2 = fflf(l’l)
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Wher8$i: #l:o?i’ﬁi— ng] 1,7 € 1 2, ’L#]and
i A WP 2.36
f(ﬂf)—(—m) (1—e ") (2.36)
for 1 < z < oo. In (2.36),R(x) is the uniqueositive solution of the equation
TR r eft-1
1— R {OP (—e—R—i— ookt ) =0 (2.37)
such that
eft —1
—r + # 0. (2.38)

Let (29, 29) be solutions of system (2.35). The corresponding NE is gsen

g2 0
P = R =R
1 — 0237(2)0'%2’ 1 (2(31),
451 0
P, = Ry=R .
2 C’lw(l’agl’ 2 (w2)

Remarks
« The solutionR(z) to the equatiorf@RT‘1 = z Is also a solution to (2.37). Such a
solution corresponds to a minimizer of the utility function

* The solutionR(z;) to (2.37) is the rate which maximizes the utility functiorren
sponding to the transmit power of the other transmiiter= . Itlies in the

J Tjo LJ
interval (O, R(xj)) and we refer to it as thieest response in terms of ratéplayer
j to strategyP; of playeri. Similarly, x; f(x;) is is inverse proportional to thsest
response in terms of powef user; to the strategy’; of its opponent.

* Interestingly, the solutioliz?, 29) to system(2.35) depends on the system param-
eters only through the constantsandx..

» The existence and uniqueness of NE for the class of systenssdered in Proposition 2.6
reduces to the analysis of the solution of syst@r5) and depends on the system
viaz; andzs.

 The solution to equatiof2.37) can be effectively approximated B(z) ~ 0.8 log(z).
Then, the functiory (z) is approximated by

80‘8 log(z) __ 1

-1
s 1— —0.81og(z) -1 . 239
x0.8log(x) > (1-e ) ( )

)= (1-

In Figure 2.5,f(z;) is plotted and compared to its approximatiﬁm). The ap-
proximation f (x;) matches perfectly(x) such that can be utilized efficiently for
practical and analytical objectives.
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RizR*(xi) in interference limited regime
4 T T

Figure 2.4: Best responge(z;) of user: to the transmitted powep; = ngc in
solid line and its approximatioi8logz; in dashed line.

Interference limited regime fi()xand its approaximation
20 T T T T
—f(x)
18r % approximation of f(?g

16 b

141 B

.................................................................

Figure 2.5:f(x;) in solid line and its approximatiofi(z;)
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The following proposition provides sufficient conditiorts the existence of a NE.

Proposition 2.7. When the interference is negligible compared to the noisenee, a
NE of the gamé&j exists if
(/il — 1)(/4,2 — 1) >0

with x; defined in Proposition 2.6.

General conditions for the uniqueness of the NE are diffimutietermine analytically.
Let us observe that in general a system with noise and imérée from the primary
source that tend to zero may have more than one NE. Let usdeortbie two systems
corresponding to the two pairs of coefficiemflé) = mgl) = 1.05 andng = @) 2.
The two curves:; = n&l)f(:cl), fori = {1,2} cross each other in; = z,. Additionally,

the curver, = ngl)f(xl) has two asymptotes iy = 1 andz, = 1. Then, by observing

Figure 2.6 , it becomes apparent that the curves méi]th_ /sgl) = 1.05 will cross again

for high z; andz, values. In contrast, the curves with” = x{" = 2 will diverge
from each other, and these crossing points correspond tdt Bwvorth noticing that for
1 > 1,25 = 1, (and forz, > 1, x;1 =~ 1). Then, from a telecommunication point
of view, it is necessary to question whether the model¥pr< P, g; is still applicable.
In fact, in such a case};, <« 912 , but alsoP;, > N, has to be satisfied because of

the system model assumptlons Typlcally, the additionalviith somez; ~ 1 are not
interesting from a physical point of view since the systendel@assumptions are not
satisfied.

By numerical simulations, we could observe that games withipheiNE exist for a very
restricted range of system parameters, more specifically forx; < 1.1.

Proposition 2.6 suggests also an iterative algorithm fonmating NE based on the best
response. Choose an arbitrary poﬁ‘ﬁ) and compute the corresponding vah:@> =

kif (mﬁo)). From a practical point of view, this is equivalent to choasbitrarily the
transmitted power,” = 2 (0) for transmitter 2 and determine the power allocation
for user 1 which maximizes its utlllty funct|on The optimyrawer allocation for user 1

is P(O) (O) . We shortly refer th ) as the best response of user 1 to user 2. Then,

12 B
by usmgx Vitis possmle to compute(l) = Kof (x > the best response of user 2 to

user 1. By iterating on the computation of the best resporfsgesen 1 and user 2 we can
obtain resource allocations closer and closer to the NE andetge to the NE. We refer
to this algorithm as the best response algorithm.

The best response algorithm is very appealing for its suiipli Nevertheless, its con-
vergence is not guaranteed. This issue is illustrated inrEi@.6. Let us consider the
interference channel with; = x, = 1.05 and the corresponding solid and dashed curves
re = k1 f(r1) andx; = ko f(z2). The NE exists and is unique but the best response
algorithm diverges from the NE even for choices of the ihgpiaint arbitrarily close to
the NE but different from it. Numerical results show thakif andx, are both greater
than 1.1, the best response algorithm always converges b a N
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The following analytical result holds.
Proposition 2.8. For sufficiently large<; andx,, the fixed point iterations
2y = ki f(al),

converge.

-
'
14 11
'
'
12} 1
'
'
10+ ] K(ll):l_os
. - = =k®=105
[ o
N8 ‘ == K(12)_2
) )
/‘/ N PP K(22)22
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6 ~
..
/o,
4 //.,.
‘., L
///// .‘.‘- S
.
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J S T~ ]
1 1
2 4 6 8 10 v "

Figure 2.6: Graphical investigation of convergence of testlesponse algorithm in the
interference limited regime

In fact, large values of; andx, correspond to a realistic situation for system where the
noise is negligible compared to the transmitted powersetiders.

High Noise Regime

Let us turn to the case when noise is much higher than thelusekived powerpP,g; <
Ny. The throughput can be approximated by

Ti (PZ7R17PJ7P*) = R,Pr< R, < %}

— No+Pjhji

(2.41)
= mPr{h; < & (Pg - M) |
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Interestingly, the throughput in (2.41) is nonzero %r > % Since Proposition 2.5
defines completely the NE on the boundary of the strategmsthmgeneral case, in this
section we focus on only internal points®f Then, the utility function is given by

(P~ o)
Yo

VL

vi=R; | 1—exp

for i = 1,2. Correspondingly, we consider the gafe= < S,V, P » , where the set of
players coincides with the corresponding se§ while the utility function set’ consists

of the functions 2.42) and? is the open interval obtained frofA. The joint rate and
power allocation is given by NE of gange

The following proposition states the conditions for thesgéamce and uniqueness of a NE
in the strategy set and provides the equilibrium point.

Proposition 2.9. GameS admits a NE if and only if

JL S N, =1, 2.
Cz 05 ? 9

If the above conditions are satisfie@,has a unique equilibriunf(R;, P;), (R;, P;))
whereP; and P! are the unique roots of the equations

C.Po?, ,
(1 —In (J—Uﬂ)) Pio? = g—f — N, (2.43)
9j J
and P
]U % 2 9;
in the intervals((), s ) and(0, z%-) respectively. Also,
PigiC; P;g;C;
R, = — 19 : and Rj:—Jg] 7
gi — F)jajici g — PiaijCJ

Interestingly, the power allocation of useédecouples from the one of usgrand P,
depends on its opponent only via the system parameter%atio
J

General Case

Let us consider now the general case, when the noise, thepohaterferences and the
transmitted powers are of the same order of magnitude. A NEessarily satisfies the
system of equation2(31) and @.32). Substituting £.32) in (2.31) yields

Q?le ZT; eRi —1 .
1—eRi_1exp (-E—FW—F?%):O 221,2 (245)
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with n; =

by NE. In order to determlne a NE we can proceed as in the catiedhterference
limited regime. Observe that, in this case, (2.45) depemdshe system parameters
and the other player strategy not only wiabut also vian;. Then, the general analysis
feasible for any communication system in the interferemmied regime is no longer
possible and the existence and multiplicity of NE should toelied independently for
each communication system. In the following, we detail glirges for this analysis.

From @2.45), it is possible to determine the best response in termstefafatransmitter
i to policy P; of transmitterj. Conditions for the existence of such best response are
detailed in the following statement.

Proposition 2.10. Equation (2.45) admits positive roots if and only if

1 — ge @it 5 0, (2.46)
If (2.46) is satisfied, (2.45) admits a single positive raothe interval(0, log z;), which
corresponds to the best response in terms of rate to pBjicy user;.

From the best responses in terms of rate, it is straightfichi@determine the best re-
sponse in terms of powers for the two players.

2.2.3 Optimum Joint Rate and Power Allocation

In this section, we study the joint rate and power allocatitren both users cooperate to
maximize the utility function in the same strategy ®eatf gameg.

The objective function is defined as

2
w(Py, Py, Ry, Ry) = > (Ti(P, Ri, P}, Ry) — CiP) (2.47)
i=1,i#j
2
=Y (RiF(t;) - C;P). (2.48)
=1

We consider again the two extreme regimes when the noiseryshigh and when it
is negligible compared to the interference power level. dthixases we show that the
optimum resource allocation privileges a single user trassion. The following two
propositions state the results.

Proposition 2.11. Let us assume that the noise is very high compared to the poaves-
mitted by the transmitter, or equivalent{; > Ny andZ- ~ Ny, i = 1,2. Then, if

i g;j

1 > 1 1,7 =1,2 1#7 2.49
BgN: T lE G, bI=12 i# (2.49)
transmitteri transmits at powepP, = gi (g— — N0> and rateR; = log < Cf;%) ~ Cf;‘vo,

and the transmittey is silent, i.e.P; = R; = 0.
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Figure 2.7: Throughput attained by NE versus caésts= C, for different values of the
noise.

Similarly, when the noise is negligible compared to therifiet@nce from the other user
the following result holds.

Proposition 2.12. Let us assume that the noise variance is very low while therpia

. . . 0.2
interference from the source could be substantially higherNo — 0 and # > 0
for transmitter 1 andV, — 0 and "C—%f > 0 for transmitter 2. There does not exist

an optimum allocation strategy for both, P, > 0. If (2.49) is satisfied, transmitter
transmits at power and rate

1 (g 1 gi
P=—|Z—-Ny| ~—=—andR; =1 —_
i (Ci 0) C; o8 (CiNO )

respectively, while transmittgrstays silent.

Closed form resource allocation strategies for the geneisd are not available and nu-
merical constrained optimization is necessary.

2.2.4 Numerical Results

In this section, we assess the performance of the propogedthims and compare them.
The resource allocation has a complex dependency on sesyextaim parameters, e.g.
noise, channel gains, costs. We have seen from the propesedeisponse algorithm, in
the reasonable case, the algorithm converges to the NE intér@al, not on the bound-
ary. This gives us two benefits, firstly, this implies that atcalized communication is
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Figure 2.8: Throughput of the two users and total througlapiained by NE versus user
2 channel attenuatiogy.
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Figure 2.9: Throughput attained by NE versus Throughputéguency sharing.
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Optimum vs game based resource a{l.z,gl, 012=021=0.1, N=-20dB
7 ‘

= = = Nash Equilibriun
= Optimum

o
=

Throughput
> o
Qg a o

IN
:

0 02 04 06 08 1 1.2 14 16 18 2
CostCl=C2

Figure 2.10: Throughput versus costs = C5. Comparison between the throughput
attained by NE or by optimum resource allocation.
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Figure 2.11: Transmitted power versus coSts = (5. Comparison between the re-
sources allocated by NE or by optimum resource allocation.
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unnecessary, secondly, for the NE in the interval, bothsuser transmitting, it guarantees
the fairness of the system. We mainly consider the NE in ttexval. We first investigate
the performance of the game based resource allocation osytem parameters. We
consider a system with parametets = o3, = 0.1 andg, = g, = 1. Figure 2.7 shows
the throughput attained by the game based algorithm foeasing costg’; = C;. As
expected, in the general case, an increase of the costeswgpliecrease of the achievable
throughput. The solid line in Figure 2.7 shows the througlpthe interference limited
regime. In this case the system performance is completeigp@ndent of the channel
cost. At first glance, this behavior could appear surprisidgwever, it is a straightfor-
ward consequence of Proposition 2.6 when we observe thdiesteresponses depend
on the costs only via the rati6; /C,. The dependency of the throughput on the costs
becomes more and more relevant when the noise increaseallyFihe dashed dotted
line in Figure 2.7 shows the degradation in terms of throughwhen the presence of
noise is neglected in the resource allocation Byt= —10dB. Figure 2.8 illustrates the
dependency of the throughput on the channel attenuatiarf user 2 for the following
set of parameterst}, = 03, = 0.1, Ny = —10dB, C; = C, = 1. For increasing values
of go, the total throughput increases. In contrast, the througbpuser 1 decreases be-
cause of the increased interference of user 2 on user 1. hattéor game based resource
allocation the users access simultaneously to the chanmé tihe optimum resource
allocation privileges a time sharing policy.

In order to evaluate the SAPHYRE gain achievable by the pmgbaessource alloca-
tion, in Figure 2.9 we compare the game based resource ttloda the performance
of the conventional system where the frequency band is @ividto two sub-bands and
statically assigned to each of the communications. We itefehis case as orthogo-
nal frequency band allocation. For low power constrairts, throughput of the game
based resource allocation outperforms the orthogonali&ecy band allocation. How-
ever, when the available transmitting power grows large atthogonal frequency band
strategy gains larger throughput than the game based cesallocation.

Figures 2.10 and 2.11 compare the game based resourcdialoiwathe optimum one.
They show the throughput and the power, respectively, agifumof the costs. For very
low values of Ny and low costs, the optimum resource allocation outperfosigsifi-
cantly the game based approach at the expenses of fairmetsct,|the former assigns
the spectrum to a single user. The performance loss at theddieases as the costs
increases.
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3 Cooperative Games in Spectrum Sharing Networks

The issue of sharing resources among competitive operast@gundamental issue in
next generation of communications. Cooperation enablestarkexploitation of the
resources and promises higher revenues for network pneviddowever, cooperation
among competitive entities is complicated by the sensisigae of conflicting interests.
Thus, a critical point is to motivate these entities to caape This can be achieved by a
careful distribution of the incremental revenues obtaimgthe cooperation. Cooperative
games offer a suitable theoretical framework to addresspitublem. More specifically,
they offer tools to let the system work in an optimum point tdistributing the opti-
mized payoff in such a way that the grand coalition is stahk&r@o operator or group of
operators prefer to withdraw for it.

It is apparent that cooperation is appealing when the glsystiem is characterized by
parameters (e.g. traffic load, channel state, node avii§alihat evolve in time. Al-
though, to have systems evolving in time is the most commtoiatson, a framework for
cooperative games in dynamics systems, capable to digiistantaneously the payoff,
was not available. In SAPHYRE, we developed some fundamerdtiematical tools to
deal with dynamics systems and guarantee the stabilityeatdllition and a fair instanta-
neous redistribution of the payoff over time. With this aine model the dynamic of the
system as a Markov Decision Process (MDP) (see e.g. [46))leveloped algorithms for
distributing the payoff and analyzed some complexity isSureen, the theoretical results
are applied to communication systems.

SAPHYRE work on dynamic cooperative game is presented in &zéans. In the first
three sections, we present the theoretical tools whilegtighlvo are dedicated to applica-
tions to communication systems. It is worth to note that #seilts presented here are just
preliminary results and a lot has to be done to address thkerbeng task of motivating
and guarantying competitive operators to cooperate intdestaanner.

Section 3.1 provides analytical tools to address the quetguient situation where some
providers share their own resources (e.g. nodes) in a cordgr@amic network but prefer
to keep control of their own nodes. From a mathematical pafiview, the solution of
the related cooperative game to share fairly costs or r@shails down to the solution
of zero-sum games with perfect information, i.e. the solutof zero-game over MDPs
where each state of the chain is controlled by a single detisiaker. Thus, in Section
3.1 we deal with zero-sum two-player stochastic games wettfiept information. We
propose two algorithms to find the uniform optimal strategiad one method to compute
the optimality range of discount factors. We prove the cogeece in finite time for
one algorithm. The uniform optimal strategies are alsonogitifor the long run average
criterion and, in transient games, for the undiscountekron as well. Applications
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of these results to cooperative games for communicatiosi®isys are presented in the
following sections.

In Section 3.2, we aim to extend the previous setting to tlse cha system that evolves
dynamically and all decision makers/operators can takésid&csimultaneously, even-
tually, influencing the evolution of the system itself. Aeehnt constraint of the theory
developed here is that utilities/costs are transferaldtat implies that the operators costs
or revenues are somehow shared in a monetary way. Altholighsta strong constraint
that does not allow to apply the proposed dynamic coopergtme framework to non-
transferable resources, such as power or frequency ban8gction 3.5 we readapt the
framework proposed in Section 3.2 to a communication systedapply it to the case
of non-transferable utilities to solve a rate allocationlgem. More precisely, in Sec-
tion 3.2, we deal with multi-agent MDPs in which cooperat@nong players is allowed.
We find a cooperative payoff distribution procedure (MDP-@&REhat distributes in the
course of the game the payoff that players would get in thg tan static game. We show
under which conditions such a MDP-CPDP fulfills fundamentapprties that guarantee
the stability of the game, namely, time consistency prgpedntents greedy players, and
strengthen the coalition cohesiveness throughout the game

Dynamic cooperative games consider infinite observatiomaivs and their complexity
is intrinsically quite high. Therefore, it is of primary esfance to investigate suboptimal
algorithms with polynomial complexity providing solutisrwithin a controlled confi-
dence interval of the optimum solution. This is a very chadiag task and we attacked it
in Section 3.3 by considering a special kind of games knowneaghted voting games.
In a weighted voting Markovian game, several states suceaed other over time, fol-
lowing a discrete-time Markov chain. In each state, a diférweighted voting static
game is played by the same set of players. We investigateppex@mation of the
ShapleyShubik power index in thdlarkovian game (SSM). We prove that an exponen-
tial number of queries on coalition values is necessary fgr deterministic algorithm
even to approximate SSM with polynomial accuracy. Motiddtg this, we propose and
study three randomized approaches to compute a confideteceahfor SSM. They rest
upon two different assumptions, static and dynamic, abdmiptocess through which the
estimator agent learns the coalition values. Such appesacdn also be utilized to com-
pute confidence intervals for the Shapley value in any Magtogame. The proposed
methods require a number of queries which is polynomial enritbmber of players in
order to achieve a polynomial accuracy.

In Section 3.4 and 3.5 we provide applications of the anedytools presented in Section
3.1 to 3.3 to systems with shared resources.

In Section 3.4, we study a cooperative game where severaiderns coexist by sharing
network nodes individually controlled. They offer a conti@t service to the same ser-
vice point and want to minimize the cost of the service offei@their customers while
maximizing the costs for the customers of their opponentproperly defining a rout-
ing strategy. The algorithm proposed here to find the optimading strategies for the
network providers is based on algorithms for zero-sum ststoty games presented in
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Section 3.1. Based on this approach, we determine the consltinder which the coali-
tion is stable and no player prefer to withdraw. More spegiifjc we provide algorithms
to determine the network link costs in such a way that all glens have interest in co-
operating. As by-product, we apply the proposed algorithitwb-player games both in
networks subject to hacker attacks and in epidemic networks

In Section 3.5, we consider a multiple access channel (MA@hich the channel coeffi-
cients follow a Markov chain on a finite set of states. We agstirat any subset of users
that does not intend to cooperate can, in the worst case rszejsan the active users.
This scenario can be modeled as a cooperative Markovian gathenon-transferable
utility. A rate allocation is fair, and belongs to the Corelod game, whenever no subsets
of players can attain a better allocation when the remainsgys jam. We derive the
feasibility region of the Markovian MAC, under both the disoted and the average cri-
terion. We compute the set of allocation rates in the Markoyrocess that are feasible,
efficient, and stable. A method to derive the correspondimgjes stage allocations is pro-
vided. We analyze some fair allocations, such as max-mindas, proportional fairness
and Nash bargaining solution. We provide a condition engutie consistency of such
fairness criteria between each single stage game and tgeuongame. We investigate
the situation in which no agreement is reached and we stuglyetlation between the
already mentioned fair allocations criteria and the Nasigdiaing solution, when the
number of players increases.

3.1 Uniform Optimal Strategies in Two-player Zero-sum Stochastic
Games

Stochastic games, also called multi-agent MDPs, are ratdtje interactions among sev
eral participants in an environment whose conditions chatgchastically, influenced by
the decisions of the players. A detailed survey on this toaitbe found in the book [46]
by Filar and Vrieze. In this section, we deal with zero-suockastic games with two
players and with perfect information. Under the perfecbinfation assumption, the re-
ward and the transition probabilities in each state arerotetl at most by one player.
Our results are grounded on the following references. fpitaved in [47] an ordered
field property for the value of switching control stochagf@nes; the games with perfect
information are a specific case of them. Raghavan and Syediprbin [48] a policy im-
provement algorithm to determine the optimal strategiesio-player zero-sum perfect
information games under the discounted criterion, for affiscount factor. Inspired by
the work of Jeroslow [49], Hordijk, Dekker, and Kallenbempposed in [50] to find the
optimal discount strategies for MDPs for all discount fastcdose enough to 1 by utiliz-
ing the simplex method in the ordered field of rational funiet with real coefficients.
Filar, Altman, and Avrachenkov presented in [51] some atbors for the computation
of uniform optimal strategies in the context of perturbed R&DIn [52], the same authors
proposed an efficient asymptotic simplex method based orebaseries expansion.
Our contribution is organized as follows. We first introduee stochastic game model
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in Section 3.1.1. In Section 3.1.2 we prove that, for all distted factors close enough
to 1, the discounted value belongs to the field of rationatfioms with real coefficients.
Moreover, we summarize the main results of [50]. In Sectidn33we present some use-
ful results on uniform optimality in perfect information m&s. Then, we propose two
algorithms which compute a pair of uniform discount optirsthtegiegf*, g*), which
are optimal in the long run average criterion as well. Theveagence in a finite time
of the first algorithm, based on policy improvement, is proue Section 3.1.4. A sim-
ple method to find the range of discount factors in whi€h g*) are discount optimal
is shown in Section 3.1.5. We present our second algorithinighms a best response
algorithm, in Section 3.1.6. In Section 3.1.7 we show by $ations that the second al-
gorithm has a lower complexity than the first one, in termsushber of pivot operations.
In Section 3.1.8 we finally prove that, for transient stoticagames(f*, g*) are optimal
under the undiscounted criterion as well.

Some notation remarks: the ordering relation between v&ofdhe same length > (<

)b means that for every componeit) andb(:), a(i) > (<)b(i). The indicator function

is referred to adl. The symbob stands for Kronecker delta. The discount factor and the
interest rate are barred, i.63, (), if they represent a fixed real value; the symbalsy)
represent the related real variables.

3.1.1 The model

In a two-player stochastic ganiewe have a set of statés= {s, so, . . sN} For each
states, the set of actions available to Playes called A (s) = {a!” (3), . @)}

i = 1,2. In zero-sum games, for each trigle a;, a;) with a; € AWM (s), ay e A(2 (s)
we assign an immediate rewars, a1, as) to Player 1,—r(s, a;, as) to Player 2 and a
transition probability distributiom(.|s, a;,az) on S.

A stationary strategy € Ug for Player: determines the probability(a|s) that in state

s Playeri chooses the actiom € A% (s). We assume that both the number of states and
the overall number of available actions are finite. héf|s,f,g) andr(s,f,g) be the
expectation with respect to the stationary strateffies) of p(s’|s) and ofr(s), respec-
tively.

Let 3 € [0;1) be the discount factor arflbe the interest rate such thatl + p) = 1.
Note that whers 1 1, thens | 0. We define®;(f, g) as theN-by-1 vector whoseé-th
componen®;(s;, f, g) equals the expectegidiscounted reward when the initial state of
the stochastic game is:

o0

o5(f,g)=) AP (f.g),

t=0

whereP(f, g) andr(f, g) are theN-by-N transition probability matrix and thN-by-1
state-wise expected reward vector associated to the psiratégiesf, g), respectively.
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Definition1. The S-discounted value of the ganiieis such that

P5(I) = sgp iIglf P5(f,g) = iIglf sgp P5(f,g). (3.1)

An optimal strategy"% (g%) for Player 1 (2) assures to him a reward which is at least (at
most)®5(I').

Let ®(f, g) be the long run average reward of the gdimeessociated to the pair of strate-
gies(f, g):

T
. 1 ¢
®(f,g) = lim = ;:0 P'(f,g)r(f, g)

and let®(I") be the value vector for the long run average criterion of trael", defined
in an analogous way to expression (3.1). The existence ohapstrategies in discounted
stochastic games is guaranteed by the following Theorem.

Theorem 3.1( [46]). Under the hypothesis of discounted reward criterion, ststha
games possess a value, the optimal strategi;%%) exist among stationary strategies

and, moreoverp;(I') = @B(fg, g%).

Definition2. A stationary strategh is said to be uniform discount optimal (or equiva-
lently uniform optimal) for Playei = 1,2 if h is optimal for Player for every close
enough to 1 (or, equivalently, for glclose enough to 0).

In this section, we deal with stochastic games with perfgcirmation.

Definition3. Under the hypothesis glerfect informationin each state at most one player
has more than one action available.

Let S; = {s1,...,ss } be the set of states controlled by Player 1 &hd= {s;, 11, ...,
st,+1, } be the set controlled by Player 2, with+t, < N.

3.1.2 The ordered field of rational functions with real coeffitents

Let P(R) be the ring of the polynomials with real coefficients.

Definition4. The dominating coefficient of a polynomiglz) = ag + a1z + - - - + a, 2"
is the coefficient,, wherek = min{i : a;x0} and we denote it wittD( f).

Let /'(R) be the non-Archimedean ordered field of fractions of polyrasnwith coeffi-

cients inR;: N N N .
co+cx+---+c
flz) =

Cdot+dix A+ A dp™ f e FR),

where the operations of sum and product are defined in the waygsee [50]). Two ra-
tional functionsh/g, p/q are identical (and we say/g =, p/q) ifand only if h(x)q(z) =
p(z)g(x), Vr € R.
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Lemma 3.1( [50]). A complete ordering itF'(R) is obtained by the rulep/q >, 0 if and
only if D(p)D(q) > 0, wherep, ¢ € P(R).

In the same way, we also define the operations of maximuax () and minimum f{nin, )
in F(R).

Lemma 3.2( [50]). The rational functiorp/q is positive(p/q >, 0) if and only if there
existszy > 0 such thap(x)/q(x) > 0 for everyz € (0; o).

Computation of Blackwell optimum policy in MDPs

Let us consider a MDP, which can be seen as a two-player stticlgame in which one
of the two players fixes its own strategy. Léts) be the finite action space available in
states € S. Letm(s) = |A(s)|.

Definition5. The strategyf* is Blackwell optimal if and only if there exis{s* > 0 such
thatf* is optimal in the(p + 1)~!-discounted MDP for all the interest rates (0; p*].

In [50] the authors provide an algorithm to compute the Blagkwptimal policy in
MDPs. It consists in solving the following parametric lingaogramming model:

maxy TN, S 0 ()e(s.a)

Zévzl Z;n:(i)[(l + p)(ss,s’ - p(sl‘3> a)] xs,a(p) =l 17 seS (32)
Tsa(p) >10, s€S, aecAs)

in the ordered field of rational functions with real coeffiti® 7'(R). The Blackwell
optimal strategy is computed as(als) := 1 (2} ,(p) >, 0) forall s € S, a € A(s),
where{z} ,(p), Vs,a} is the solution of (3.2).

Application to stochastic games

In this section we will introduce the ordered fielt{R) in stochastic games, not neces-
sarily with perfect information.

Theorem 3.2. Letf, g be two stationary strategies for Players 1 and 2, respecgtiviedt
®,(f,g) : R — RY be the discounted reward associatedftag), expressed as a function
of p. Then,®,(f,g) € F(R).

Proof. For any pair of stationary strategiéfs g), we can writev s € [1; N]:

D 11+ p)dss — p(s']s,£,8)]@,(5,F,8) = (1 + p)r(s, T, 8),

s'=1

wherep is a variable. By solving the above system of equations in th@own®, by
Cramer rule, it is evident tha ,(f, g) € F'(R). O

D2.2b SAPHYRE



3.1 Uniform Optimal Strategies in Two-player Zero-sum &tstic Games 65

From Theorem 3.1 and Theorem 3.2 we obtain the following Lemnmiich ensures that,
for discounted factors close enough to 1, the discountagevaxists and belongs to the
field of rational functions with real coefficients.

Lemma3.3. LetI" be a zero-sum stochastic game possessing uniform discptintab
strategiest™ andg* for Players 1 and 2, respectively. Then, there exd}sl’) € F(R)
such that:

,(f,g") < ®,(f".g") = (1) <, ®,(".g), Vi.g. (3.3)

Proof. By hypothesis, there exists > 0 such tha{f*, g*) are discounted optimal for all
the interestrates € (0; p*]. For Theorem 3.2p ,(f*, g*) € F(R) and, from Theorem 3.1,
the uniform optimum valu&;(I') = ®;(f*,g*) Vp € (0;p*]. Hence, the saddle point
relation in (3.3) holds. O

Definition6. @7 (T"), defined as ir(3.3), is the uniform discount value of the stochastic
gamel’.

3.1.3 Uniform optimality in perfect information games

In a perfect information game, a pure stationary strategyPlayer: is a probability
distributionf(.|s) on the action spacd;(s) such that there exists € A;(s) for which
f(als) =1, for everys € S.

Theorem 3.3( [46]). For a stochastic game with perfect information, both playgos-
sess uniform discount optimal pure stationary strategidsch are optimal for the aver-
age criterion as well.

Definition7. We call two pure stationary strategies adjacent if and drihay differ only
in one state.

The following property holds, whose proof is analogous t® dme in the field of real
numbers in [48].

Lemma3.4. Let g be a strategy for Player 2 anfl f; be two adjacent strategies for
Player 1. Then, eithe®,(f,, g) >, ®,(f,g) or ®,(f1,g) <, ®,(f, g), which means that
the two vectors are partially ordered.

The Lemma 3.4 allows us to give the following definition.

Definition8. Let (f, g) be a pair of pure stationary strategies for Player 1 and Peres
tively. We callf; (g;) a uniform adjacent improvement for Playe(2) in states; if and
only if f; (g;) is a pure stationary strategy which differs frdnfg) only in states, and
®,(f,g) > @,(f,g) (2,(f,8) < ®,(f,g)), where the strict inequality holds in at
least one component.

As in the case in which the discount interest rate is fixed, eimeae the following result.
Its proof directly stems from the Bellman optimality equagan the ordered field'(R).
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Lemma3.5. LetI" be a stochastic game with perfect information. A pair of puee s
tionary strategiegf*, g*) is uniform discount optimal if and only if no uniform adjaten
improvement is possible for both players.

In perfect information games, the following result holds.

Lemma 3.6([48]). In a zero-sum, perfect information, two-player discountedisastic
gamel” with interest ratep > 0, a pair of pure stationary strategid$*, g*) is optimal if
and only if®,(f*, g*) = ®5(I"), the value of the discounted stochastic gdme

From the above result we can easily derive the analogousgsom the ordered field
F(R).

Lemma3.7. In a zero-sum, two-player stochastic gamevith perfect information, a
pair of pure stationary strategie™*, g*) are uniform discount optimal if and only if
®,(f*,g") = @,(I') € F(R), where®’(T') is the uniform discount value &t

Proof. Theonly if statement coincides with the assertion of Theorem 3.1. Cselye
if a pair of strategiesf*, g*) has the propergtI)p(f*zg*) = ®7(I'), then there exists
p*>0such thatp € (0; p*], ®5(f*,g*) coincides with the value of the ganbe Vp €
(0; p*]. Then, thanks to Lemma 3.6, we can say that the stratégigs are optimal in the
discounted game for anyp € (0; p*], which means that they are uniform optimal.[J

Remark3.1.1 Generally, the discounted value of a stochastic game fdhalinterest
rates close enough to 0 belongs to the field of real Puiseipssee [46]).

Let s, be a state controlled by Player 1,2 andX C A;(s;). Let us calll’y; the stochastic
game which is equivalent tb except in state,, where Playei has only the actionX
available. We present the following Lemma, whose proof el@gous to the one in the
real field (see [48]).

Lemma3.8.Leti = 1,2 ands; € S;, X C Ai(sy), Y C Ai(s¢), XNY = (. Then
®*(I'yy) € F(R), the uniform value of the ganig, -, equals

@;(FE(UY) =1 maxl{@;(l“g(), @;(F;)} if =1,
B3Il y) = min, {@5(T%), ®3(TL)} if i=2

3.1.4 Policy improvement algorithm

In this section we find a policy improvement algorithm whidlows to find the uniform
discount optimal strategies for both players in a stoch@stme with perfect information.
Such strategies coincide with the optimal strategies fetahg run average criterion, for
Theorem 3.3. Following the lines of Raghavan and Syed’s algoi{48] for a fixed dis-
count factor, we propose an algorithm suitable for the addield 7'(R).
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Let I" be a zero-sum two-player stochastic game with perfectimdgion. Letl’;(f) be
the MDP faced by Playerwhen the opponent fixes its own strategy

Algorithm3.1.1

Step 1 Select randomly a stationary deterministic pure stratetpyr Player 2.

Step 2 Find the Blackwell optimal strategy for Player 1 in the MDIXg) by solving
within the field /'(R) the following linear programming model:

m}E{lXZ Zivzl ZZZ;S) xs,a (p)r(sa a, g)

SN SO 4 p)dse — p(s]s,a,8)] Tealp) =1 1, 8 € S (3.4)
Tea(p) 210, s€S8, ac As)

and compute the pure stratefyas
f(als) :== 1 (2% ,(p) >, 0) VselS, ae As), (3.5)

where{z} ,(p), Vs,a} is the solution of (3.4).

Step 3 Find the minimun¥ such that ins;, . € {s¢,+1, - -, St, 11, } there exists an adja-
cent improvemeng’ for Player 2, with the help of the simplex tableau associated
to the following linear programming model:

ming 3205 307 wea(p)r(s £ )
SN SO+ p)bew — pl(]s o a)] asalp) = 1, s €5 (36)

xs,a(p) Zl 07 s € SJ ac A2(8)

where the entering variables &fe, , : g(a|s) =1, Vs}.
If no such improvement for Player 2 is possible, then go tp gteotherwise set
g:=g’ and go to step 2.

Step 4 Set(f*, g*) := (f, g) and stop. The strategi€f*, g*) are uniform discount and

long run average optimal in the stochastic gamr Player 1 and Player 2, re-
spectively.

Note that all the algebraic operations and the order siga$oabe intended in the field
F(R).
Remark3.1.2 Unlike the solution in [48], Algorithm 3.1.1 does not reqthe strategy

search for Player 1 to be lexicographic. In fact, Player &$dn step 2 a classic Blackwell
optimization.

Remark3.1.3 Clearly, the roles of Player 1 and 2 are interchangeable iorklgn 3.1.1.
For simplicity, throughout this section the Player 1 will&gsigned to step 2.

Remark3.1.4 In step 3 of Algorithm 3.1.1, once the state. . is found, the adjacent
improvement involves the pivoting of any of the non-basicialale z;, , . to which
corresponds a nonpositive (in the figldR)) reduced cost.
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Let us prove the convergence in finite time of Algorithm 3.1.1

Theorem 3.4. Algorithm 3.1.1 stops in a finite time and the pair of stragsgf*, g*) are
both uniform discount and long run average optimal in thek#astic gaméd'.

Proof. The proof follows the lines of the analogous one in the redd fisee [48]). It
proceeds by induction on the overall number of actions amedptoits Lemma 3.5 and
Lemma3.8. The main difference from [48], that does not affee correctness of the
proof, is that Player 1 is not constrained in optimizing t@graphically the MDA, (g).
For Theorem 3.3(f*, g*) are long run average optimal as well. n

Sensitivity to round-off errors

The first non-zero coefficients of the polynomials (numeratod denominator) of the
tableaux obtained throughout the algorithm unfolding detee the positiveness of the
elements of the tableaux themselves. Hence, Algorithni3slhighly sensitive to the
round-off errors that affect the null coefficients.

If the rewards and the transition probabilities for eachr pastrategies are rational, then
it is possible to work in the exact arithmetic and such in@mences are completely
avoided. In fact, if all the input data are rational, theyi wify rational after the algorithm
execution.

3.1.5 Computation of the optimality range factor

Let us report the analogous result to Lemma 3.5 when the wiigdactor is fixed.

Lemma3.9( [48]). LetI" be a stochastic game with perfect information. Bet [0;1).
The pure stationary strategig$”, g*) are 3-discount optimal if and only if no uniform
adjacent improvements are possible for both players insHaescounted stochastic game
I.

Let us define with((f,), where f, € F(R), the set of positive roots of, such that
df,/dp|,—. < 0, YVue((f,). The following Lemma suggests how to compute the opti-
mality range of discount factors.

Lemma 3.10.LetC be the set of the reduced costs associated to the two optiblabiax
obtained at the step 2 and 3 of the last iteration of AlgoritBuh.1. Letp* = min, ((c),
wherec € C. If p* does not exist, then the uniform optimal stratedi&sg*) are optimal
forall 5 € [0;1). Otherwise;3 = (1 + 7*)~! is the smallest value such thft", g*) are
G-discount optimal in the gamig, for all 3e[3;1).

Proof. If p* does not exist, then the reduced costs are non-negativeyara 0. Hence,
(f*,g*) are optimal 8 € [0;1). Otherwise¥ 5 € (0; 5*], the reduced costs are positive,
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hence no adjacentimprovements are possible for both @ager, for Lemma 3.9 they are
discounted optimal. If > p* andp* € R, then at least one reduced cost is negative, hence
at least an adjacent improvement is possible éiidg*) are not3-discount optimal,
wheref=(1+7p)"". O

3.1.6 Best response algorithm

Let I" be a zero-sum two-player stochastic game with perfectiméion. Consider the
following best-response algorithm.

Algorithm3.1.2

Step 1 Select a stationary pure strategyfor Player 2. Sek:=0.
Step 2 Find the Blackwell optimal stratedfy, for Player 1 in the MDH"; (gy,).

Step 3 If g is Blackwell optimal inl'y(f;), then se(f*, g*) := (fx, gx) and stop. Other-
wise, find the Blackwell optimal strategy, . ; for Player 2 in the MDHR,(f}), set
k:=k + 1 and go to step 2.

Obviously, if Algorithm 3.1.2 stopsgif*, g*) is a pair of uniform discount and long run
average optimal strategies, since they are both Blackwaihapin the respective MDPs,
Iy (g*) anng(f*).

The proof that Algorithm 3.1.2 never cycles is still an openlgpem. We found that
D, (fi41,8e11) <1 ®,(fk, gx), is not true in general. However, if the conjecture in [48]
were valid, then we could conclude that Algorithm 3.1.2 tiattes in a finite time.

3.1.7 Complexity: simulation results

In Algorithm 3.1.1, Player 1 faces at each iteration an MDRnojzation problem in the
field of rational functions with real coefficients, which ishgble in polynomial time.
Player 2, instead, is involved in a lexicographic searcloughout the algorithm un-
folding, whose complexity is at worst exponential in the t@mof statesV. Player
2 lexicographically expands its search of its optimal sfygit and at thé-th iteration the
two players find the solution of a subgafié) which monotonically tends to the entire
stochastic game.

The efficiency of Algorithm 3.1.1 is mostly due to the facttth@ost of the actions totally
dominate other actions. In other words, it often occursanatptimal action found in the
subgamd ), is optimum also i, and consequently remains the same during all the
remaining iterations. This exponentially reduces thegyadpace in which the algorithm
needs to search.

Remark3.1.5 Since in Algorithm 3.1.1 players’ roles are interchangeiyid since most
of the actions dominate totally other actions, we suggeassign the step 2 of the algo-
rithm to the player whose total number of available actiansigger.
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Differently from [48], the search for Player 1 does not need¢ lexicographic, and
Player 1 is left totally free to optimize the MDP that it facseach iteration of the algo-
rithm in the most efficient way.

Let us compare in terms of number of pivotings the followihgee algorithms:

M;: Algorithm 3.1.1, in which in step 2 Player 1 pivots with respto the variable with
the minimum reduced cost until it finds its own Blackwell optinstrategy.

M,: Algorithm 3.1.1, in which in step 2 Player 1 pursues a legiegphic search, piv-
oting iteratively with respect to thiérst non-basic variable with a negative (in the
field F(R)) reduced cost. This method is analogous to the one showr8]nijat
in the field 7'(R).

Mj;:  Algorithm 3.1.2.

The results are shown in Tables 1 and 2. The simulations waer&d out onl(0* ran-
domly generated stochastic games with 4 states, 2 for Plaged 2 for Player 2. In each
state 5 actions are available for the controlling player.

n. pivotings < (%) M M, M
My 40.59 My - 52.85 18.57
Mo 41.87 Ms 42.18 - 15.26
M 24.93 M3 80.05 82.75

Table 3.1: Average number of pivotingsTable 3.2: M; (row) < M; (column)

for the 3 methods. when, fixing the game, the number of
pivotings in M; is strictly smaller than
the number of pivoting in/;.

It is evident that AlgorithmM/; is much faster than the other two. In our numerical
experiment,M; never cycled. The difference betweéfy and )M, is due to the more
efficient simplex method used by Player 1Aif .

3.1.8 Transient games

Let p,(s'|s) be the probability that the process is in statat timet given thats is the
initial state. Let us give the definition of transient games.

Definition 9. A stochastic game is transient if and onlyMt,” >~ < pi(s'|s,f, g) is
finite for all s € S and for any pair of stationary strategigsg).

Here we present the result of this section.

Theorem 3.5. The uniform optimal strategie§™, g*) for a transient stochastic game
with perfect information are optimal in the undiscountedenion, i.e.5=1, as well.
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Proof. The uniform optimal strategies are still optimal when, 0, since the reduced
costs of the tableaux built at the end of Algorithm 3.1.1 aye-negative whep | 0. We
know from [46] that, for transient stochastic games, thearebassociated to each pair of
stationary strategied, g) is finite. By invoking Abel’s Theorem on power series [53],
we claim that the reward associated to any statiorifyg) tends to the undiscounted
reward wherp | 0. Hence, the saddle-point relation (3.3) is still valid whes 0 and
(f*, g*) are optimal in the undiscounted criterion as well. O]

3.2 Cooperative Markov Decision Processes

Repeated cooperative games constitute one of the most r@cdnhteresting topics in
game theory. They attempt to model real situations in whiesmegame is repeated
over time and players can cooperate and form coalitionsutfirout the duration of the
game. The papers by Oviedo (2000) and by Kranich, Perea, eteisR2001) are the
two independent pioneering works in this field.

While the theory of competitive MDPs, otherwise called noojerative stochastic games,
has been thoroughly studied (Filar and Vrieze 1996 for aarestte survey), to the best
of the authors’ knowledge, there is very little work in thietature on cooperative MDPs.
Unlike classic repeated games, there are sewbffarent stage games that follow one
another according to a discrete-time Markov chain, whasesition probabilities depend
on the players’ actions in each stage game. Players canedebiether to join the grand
coalition or, throughout the game, forming coalitions. Tagoff gained by a coalition
is, under the transferable utility (TU) assumption, shaetbng its participants. Once
a group of players has withdrawn from the grand coalitiortannot rejoin it later on.
Petrosjan (2002), in his pioneering work, proposed a catjperpayoff distribution pro-
cedure (CPDP) in cooperative games on finite trees.

In this section we deal with discount cooperative MDPs, inclwhithe payoffs at each
stage are multiplied by a discount factor and summed up aves. tOur game model
is in fact more general than the one by Petrosjan (2002)esiee allow for cycles on
the state space and we do not impose the finiteness of the ganimerh We also point
out that our model is different from the one proposed by Rtetiinski (2007), since
we assume that the utility of the coalitions is transferand the probability transitions
among the single stage games does depend on the playeosisictieach stage.

In static cooperative game theory (e.g. Peleg and Sudh2@r), in which only one
stage game is played, the main challenge is to find a payofirghprocedure among all
players such that it is both optimum for the whole communftplayers and it does not
prompt any subset of players to withdraw from the grand @oali On the contrary, in
our framework of cooperative MDPs, since the horizon of g is not even finite, then
it is legitimate to suppose that all players demand to be mdg¢hat each stage, and not
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at the end of the whole game. Therefore, the situation is rimmiey than in the classic
static setting, because we need to find a stage-wise paifidition such that all the
players are content with it @achstage of the game.

This section is organized as follows. Subsection 3.2.1le& survey on non-cooperative
and cooperative multi-agent MDPs. Following the lines afrégan’s work, in Subsec-
tion 3.2.2 we propose a stationary stage-wise CPDP for catiperdiscounted MDPs
(MDP-CPDP). In Subsection 3.2.3 we prove that our MDP-CPDRfged what we call
the “terminal fairness property”, i.e. the expected disted sum of payoff allocations
belongs to a cooperative solution (i.e. Shapley Value, Gxice) of the whole discounted
game. In Subsection 3.2.4 we show that our MDP-CPDP fulfikstiime consistency
property, which is a crucial one in repeated games theogy elar and Petrosjan 2000):
it suggests that a CPDP should respect the terminal fairmepgy in a subgame start-
ing from any time step. In Subsection 3.2.5 we show that, usdme conditions, for all
discount factors small enough, also the greedy playersagavimyopic perspective of
the game are satisfied with our MDP-CPDP. Subsection 3.216 deh a special case of
our model, entailing that the transition probabilities axgahe states do not depend on
the players’ strategies. In Subsection 3.2.7 we deal psriwép the most meaningful at-
tribute for a CPDP, which is the-tuple step cooperation maintenance property. It claims
that, at each stage of the game, the long run reward that eadp gf players expects
to get by withdrawing from the grand coalition afterstep should be less than what it
would get by sticking to the grand coalition forever. In sose@se, if such a condition is
fulfilled for all integersn’s, then no players are enticed to withdraw from the grandi-coa
tion. We find that the single step cooperation maintenancpesty, earliest introduced
in a deterministic setting by Mazalov and Rettieva (2010hésstrongest one among all
n's. Furthermore, we give a necessary and sufficient comgitnspired by the celebrated
Bondareva-Shapley Theorem (Bondareva 1963; Shapley 19679uf MDP-CPDP to
satisfy then-tuple step cooperation maintenance property, for albeitsn.

Some notation remarks. The ordering relatiens-, if referred to vectors, are component-
wise, as well as thenax andmin operators. The entry that lies in thh row and in the
J-th column of matrixA is written asA,; ;. An equivalent notation for the-by-m matrix
Ais [A;;];77 ;. Thei-th element of column vecter is denoted by;. The expression
val(A) stands for the value (e.g. Filar and Vrieze 1996) of the ma\ri Let {C;}, be a
collection of sets; we define the sgl, C; as{} _,¢; : ¢; € C;, Vi}.

3.2.1 Discounted Cooperative Markov Decision Processes

In a multi-agent MDR" with P > 1 players there is afinite set of states- { sy, s2,...,sn},
and for each statethe set of actions available to tiieh player is denoted by;(s), i =
1,...,P,and|A4;(s)| = m;(s). Toeach P+1)-tuple(s,as,...,ap), Witha; € A;(s), an
immediate reward; (s, aq,...,ap) for playeri = 1,..., P and a transition probability
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distributionp(.|s, a1, ..., ap) on the state space are assigned.

LetC = {1,..., P} be the grand coalition. We assume that any subset of players
can withdraw from the grand coalition and form a coalitioaay time stage of the game,
and all the players are compelled to play throughout the g/doiration of the game.
Moreover, once a coalition is formed, it can no longer reghi@ grand coalition in the
future.

Let Ax(s) = [[,ca Ai(s) be the set of actions available to coalitidnin states, for all

s € S. A stationary strategfj, for the coalitionA determines the probabiliti4 (a|s) that
in states the coalitionA chooses the actiom € A,(s). We define withF, the set of
stationary strategies for coalitioh C C. If for every s € S there existsi(s) such that
fr(a(s)|s) = 1, then the stationary stratedjy is called pure (or deterministic).

Let us define the transition probability distribution on gtate spacé, given the inde-
pendent strategiefy € Fy, fo\p € Feya, as

p(s']s, fa fon) = D > p(s]s, an, aen) falaals) feya(aeyals),
ap€AA(S) ac\aEAe\A(S)

forall s,s" € S. Analogously, let;(s, fs, fe\a) be the expected instantaneous reward for
player: in states.

Let 5 € [0;1) be the discount factor and let

ra(s, fa, fon) = Z 7i(s,fr, fo\a)
ieA

be the instantaneous reward gained by the coalitiomstates. We defineq)(Aﬁ)(fA, fevn)
as the/N-by-1 vector whosé-th component equals the expectediscounted long run
reward for coalition\ C €, when the initial state of the gamesdg, i.e.

Qgﬁ)(f/\, fon) = Z B'P!(fr, fera) ra(fa, fora), (3.7)

t=0
whereP (fy, fe\ 4 ) is theN-by-N transition probability matrix angy (fa, fe\4) is aN-by-1
vector, whosé-th component i (s, fa, fe\a).

Let T’y be the gamé starting in state € S. For anyj € [0; 1) and for every state, we
assign to each coalitioh a real utilityv® (A, T,). Under the TU condition, the coalition
values can be shared in any manner among the members of fiteno&lence, the set
of feasible allocations for coalitioh C € in the gamd’, is V??)(A, T,), where

VO(A,T,) = {X € R”: in < U(B)(A,FS)} :
€A
It is widely accepted to assign to the empty coalition the witilty, i.e.

VO {0),T,) = 0.
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We consider the value associated to the grand coaliti6i{C,T',) to be the biggest
achievable discounted sum of reward in the gadiie

v(ﬁ)((ﬂ, Fs) — @&B)(S’ féﬁ)*>
£ — argmax @ (fe), VB € [0;1) (3.8)

fe€Fe

Whereféﬂ)* the global optimum strategy for the grand coalition, fordall s € S. In most

applications it makes sense to define the coalition valti¢A, T',) as the maximum total
reward that coalition\ can ensure for itself in thg-discounted long run gamig, (von
Neumann and Morgenstern 1944), i.e.

v )+ S max min 8, :
( ) fA€EFA fe\a€Fe\A A ( A G\A)

: B
= min max P} (s, fy, fen), VA CC/HO}. 3.9
f R puax @) (s, fa, fera) C C/{0} (3.9)
Throughout this section, if not specified, we always consiamempty coalitions. We
now provide some useful definitions and results.

Definition10 (Linear combination of gameslet V(A;, A) be the set of feasible alloca-
tions for the coalitionA C € in the gameA,;, fori = 1,..., N. The linear combina-
tion ). b;A; is a game in which the set of feasible allocations for theitioalA is the
Minkowski sumV(> ", b;A;, A) = >, bV (A, A).

Proposition 3.1. Let A4, ..., Ay be N games with transferable utilities. LetA, A;) be
the value of coalition\ C C in the gamej;. Letby, ..., by be non negative coefficients.
Then,) . b;A; is a TU game such that the value of the coalitio C is

N
=1 7
Proof. Let

V(A) = {XE RP: Y xi < wa(A,Ai)}.
:{i}eA i
We have to prove that, for all C €, V(> , A, A) = Y. 0, V(A,A) = V(A). Let
the realP-tuplec(i) € V(A;, A), for all 7. It is straightforward to see that’, b;c(i)
V(A). Then,) . b,V(A;, A) C V(A). Let us fix the realP-tuplec € V(A). We define
I ={i:b > 0}. We needto findc'(:) € V(A;,A)}ier such thaty ., bic'(i) = c.
Let (i) = ¢;/(|1]b;) for all j such that{;j} ¢ A. To determine the remaining||A|
elements(c)(i), Vi € I, j: {j} € A}, we introduce the following set of inequalities:

{Zielbicg(z’) g Vj:{jteA

! ': . 3.10
> jiinen Ci1) < v(AA) Viel (3.10)
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Let us prove that (3.10) admits a solution. kgt 0, for all i € I, be such that

iel iel j:{jten

We write the following linear system

Dier bzcg(l) = Cj Vi:{j} eA (3.12)
bi D jnen €i(0) = biv(AAy) —e Viel :

Evidently, any solution to (3.12) is also a solution to (3.1Thanks to (3.11), the sum

of the first|A| equations of (3.12) equals the sum of the remainijgequations. By

discarding the last equation of (3.12) we get a linear systéim |A| + || — 1 linearly

independent equations jA||I| > |A| + |I| — 1 unknowns. Hence, a solution to (3.12)

existsand _, b;V(A;, A) 2 V(A). Then,> , b V(A;, A) = V(A) and the thesis is proved.
O

Definition 11 (Terminal cooperative solutionpets € [0;1). The terminal cooperative
solutionT¥)(T',) is a set-valued function which represents a static coaperadlution
(e.g. Shapley value, Core, etc.) of the whole game startistpies, i.e.

TO(,) = TP (T, v (A, D) ace) : R* =R, Vses.

Analogously, we defing@(®) (3", b,T;,) as the terminal cooperative solution of the coop-
erative game with coalition valugs® (A, 3", b, ) }ace.

The terminal cooperative solutiofi®® can represent any of the classical cooperative
solutions. For examplél’ = Co represents the Core of thiediscounted gamg,, that
is the set, possibly empty, of the redltuplesx satisfying

DiceXi = vD(e,T)
{ZieA x; > v (A T,), VA CC. (3.13)

The strict Cor&Co(ﬂ)(Fs) is defined in (3.13), but with the strict inequality signs.
The terminal cooperative solutidh = Sh'®(I",) stands for the Shapley value of the
p-discounted gamg,, i.e. foralli =1,..., P,

| —_ —1\!
STIPESSY ’M'(PPLA' DU @A U (i}, T) - o®(A,T,)] .
Ace/{i} ’

We now state the following results, used in the followingtsets.

Proposition 3.2. Let A4, ..., Ay be games with transferable utilities with non empty
CoresCo(4A),...,Co(Ay), respectively. Leb,, ..., by be non negative coefficients.
Then,>-N  5;Co(A;) € Co(3N, b;A,).

SAPHYRE D2.2b



76 3 Cooperative Games in Spectrum Sharing Networks

Proof. Letx;(i),...,xp(i) be an allocation belonging to the Cat®(4;). Thanks to
the linearity property of coalition values shown in Propiosi 3.1, we can write

N N N
i=1 keC =1 =1
N N N
DD bixi(i) = > biw(AA) = v (A,Zb@-) . YAcCEC.
i=1 k€A =1 =1

N

Then, any point belonging t@:ﬁil b;Co(4;)isalsoinCo()_;_, b;A;). Hence, the thesis
IS proved. ]

Proposition 3.3. For all 3 € [0;1), %, b;Sh”(T',,) = Sh® (2N b,1,,), whereb; >
0, Vi.

Proof. The proof follows straightforward from Proposition 3.1 afidm the linearity
property of the Shapley value. n

3.2.2 Cooperative Payoff Distribution Procedure

In cooperative MDPs, different stage games follow one aroitintime; the game may
have an infinite length, or the players may not know when timeegaaches the end. This
is the case ofransientgames, for which

D) nils']s,fe) <00, VseS, fe€Fe. (3.14)

t=0 s’eS

wherep;(s'|s) = p(S; = §'|Sy = s) is the probability of being in staté at thet-th step,
knowing that the starting state was Therefore, it is reasonable to assume that all the
players demand to be rewarded at each stage of the game, amlynat its conclusion.
With respect to static cooperative game theory, an additioomplication lies in satis-
fying all the players at each time stage of the game, sincktiona are allowed to form
throughout the game unfolding.

According to classic cooperative game theory, playgets the terminal cooperative so-
lution Tgﬁ)(Fs) at the end of thgg-discounted gamg,. Thegoal here is to find a way to
stage-wisely share among the participants the value ofrdredgcoalition.

Remark 3.1. All the results presented in the current section, as welhahes in Sec-

tions 3.2.3, 3.2.4, 3.2.7, can be easily extended to undmged transient MDPs, i.e.

games for which equation (3.14) holds afid= 1. Note in fact that, mathematically,

introducing a discount factgf € [0; 1) is equivalent to multiplying each transition prob-
ability by 3, which automatically ensures the transient condition4.1
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In his pioneering work, Petrosjan (2002) introduced a coapee payoff distribution pro-
cedure (CPDP) for games on finite trees. Following his limet)is section we propose a
CPDP for cooperative MDPs with-discounted criterion, witts € [0; 1) fixed a priori.

Definition 12 (CPDP) The cooperative payoff distribution procedure (CPRP) =
g, ..., g¥] is a recursive function that, for each time step 0, associates a real

P-tupleg® (h,) to the past histor, = [Sy, g (hg), S1,..., g@(h,_,),S,] of states
succession and stage-wise allocations up to time

The following are two alternative interpretations gi@:

i) 6tg§5)(ht) is the payoff that playei € C gets at the stageof the game, wheh,
is the history of the process;

i) g§ﬁ)(ht) is the payoff that playergets at timg when the new transition probabili-
tiesp’ are reduced by a factat, i.e. p/(s'|s, £") = Bp(s'|s, £5*). Hence,l — 3
is the stopping probability in each state.

Let us now define stationary CPDPs.

Definition 13 (Stationarity) Set3 < [0;1). A CPDPg? is stationary iffg!® (h,) =
g®(S,=5) = gW(s), forallt > 0 andh,.

Hence, a stationary CPD®? : S — R’ is a stage-wise payoff distribution law that does
not depend on the whole history of the process up to tirhat only on the state at time

We finally propose a CPDP for cooperative MDPs (MDP-CPDP).

Definition14 (MDP-CPDP) Set3 € [0; 1). Select the reaP-tupleT”(T',) € TO(T,),
Vs € 5. Our MDPs cooperative payoff distribution procedure (MDPDP) is the func-
tion v¥(s) between the Euclidean spades~ R" defined by

YD (s) =3 [buw — 8|5, £0)] TV (Ty),  Vses.  (3.15)

s'es

In the following sections we will illustrate some appealp@perties of such a CPDP.

3.2.3 Terminal Fairness

In this section, we let the terminal cooperative soluflbbe any of the classic cooperative
solution (Core, Shapley value, Nucleolus, etc.). We now psefwo desirable properties

for a CPDP and we prove that the MDP-CPDP defined in (3.15) &bitith of them.

The first fundamental feasibility property of a stationaryBERconsists in sharing among

the players the total payoff attained by the grand coaliibeach stage of the game. In
order to ensure always such a property, we also requireitbastantaneous rewards are
deterministic.
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Property 3.2.1 (Stage-wise efficiencyBet3 < [0;1). The CPDPg? is stage-wise
efficientiff 3, . g\” (s) = X, ceri(s, £ forall s € S, wheref"" is a pure stationary
strategy.

Theorem 3.6. The MDP-CPDP+(®, defined in (3.15), fulfills the stage-wise efficiency
Property 3.2.1, for all5 € [0;1).

Proof. The global optimum strategﬁéﬁ)* is pure, since the optimization problem (3.8)

that it solves can be formulated as a MDP (Puterman 1994)cé]eris, féﬁ)*) is deter-
ministic as a function of, for all i € C.
Let us sum (3.15) over all possibles €, for all s € S

=3 AP+ p(s)s £ (e, 1),
1€C s'eS
Since the following is also valid for ali € S from the definition ofu(?:

VP (e, T,) = Zrl s, f —i—ﬁZP \S v(e,Ty),

1EC s'esS
then, Yo (5) = Sicei(s, £57), surely. O

In order to guarantee a continuity between static coopergi@me theory and dynamic
payoff allocation, we require the expected discounted stitheostage-wise allocations
to be equal to the terminal cooperative solution of the game.

Property3.2.2 (Terminal fairness)Set3 < [0;1). The CPDPg® is said to be terminal
fair iff the terminal cooperative solution is stage-wiselgtributed in the course of the

game, i.eE| Y., 48 (hy)|Sy = s| € TW(T,), foralls € S.

Theorem 3.7. The MDP-CPDPy?)(s) € R”, defined in (3.15) is the unique stationary
CPDP that satisfies the terminal fairness Property 3.2.2albp5 € [0;1).

Proof. We know from Filar and Vrieze (1996) that, for alE C,

E[Y 20 847 (S)]S0 = s1] 7P (1)
. _ Z ﬂtPt(féB) .
E[Y a0 B0 (S)1S = sw]] - =° 7P (sn)

If we substitute (3.15) in the equation above, we find rn‘gi defined in (3.15) satisfies
the relation:

[Zﬁt (S,)[S0 —s] ~T(r,), vse s, ice.

t>0

Since the matrixy",., AP (fS"") = (I — gP(£")) ! is invertible, then such(® is
also unique. n
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It is straightforward to verify that the MDP-CPD#® defined in (3.15) also fulfills a
terminal efficiencyroperty, i.e.

ZE[Z St|50—3)} —o®@,T,), Vses

i€C t>0

3.2.4 Time Consistency

Time consistency is a well known concept in dynamic coopedheory (Filar and Pet-
rosjan 2000 and references therein). It captures the iddealie stage-wise allocation
must respect the terminal fairness Property 3.2.2 even &dater starting time of the
game, for any possible trajectory of the game up to that timether words, if players
renegotiate the agreement on CPDP at any intermediate tapgastisuming that coopera-
tion has prevailed from initial date until that instant,nhibe payoff distribution procedure
would remain the same. This property can be formalized &z/sl

Property3.2.3 (Time consistency)Set3 € [0;1). The CPDPg® in (3.15) is said to be
time consistent iff, for alh > 1 and for all possible allocation/state historles ; up to
timen—1,

Zﬁt (S, hy_1)|h

] e gT@ (Zp 18,1 = gwm), (3.16)

s'es

wheres is the latest state of histoty,, ;.

Now we are ready to state the main result of this section.

Theorem 3.8. The stationary MDP-CPDPy(? satisfies the time consistency Property
3.2.3forallg € [0;1), whereT represents the Shapley Value, or the Core if we suppose
that Co'”(T',) is nonempty for any € S.

Proof. Sincey? is stationary, we can rewrite (3.16) as

Zﬁ'r (St1n) eT? (Zp 15, £1)r, ) (3.17)

s'eS
Let us rewrite now equation (3.15), for alle S, as

T, = v D(s) +8 Y plsls, 7T (), (3.18)

s'eS

nl_S

wherevy(s) = [y1(s),...,vp(s)]" andT(ﬁ)(FS) € T®(T,). Thanks to (3.18), we can
write
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It is implicit that any player, after being rewarded wii#®)(s) in states at stepn — 1

can withdraw from the grand coalition only in the followingne stepn. Then, also
the transition probabilities from stateare invariant with respect to a change of strategy.
Therefore, we can exploit Proposition 3.2 to claim thaf i= Co, then

€ Co' (Zp 5, £ )

s'eS

E Zﬁt7(6)<st+7z) Sn—l =S

t=0

Thanks to Proposition 3.3 we can state thal i Sh, then

Z By (S, )80y = 5] = Sh®¥ (Z p(s'|s, fg@*)rs,)

s'es
So, (3.17) is verified, and the thesis is proved. n

3.2.5 Greedy Players Satisfaction

We now consider the presence of greedy players, i.e. pléng@iag a myopic perspective
of the game and who only look to get the highest reward in thglsistage game. We try
to find conditions under which greedy players are satisfiegedls

In this section we consider the coalition valié (A, T,) to be the3-discounted value of
the two player zero sum game of coalitidragainstC\ A in the gamd’;. This concept is
expressed by Condition 3.2.1.

Condition3.2.1 (Maxmin coalition values)The coalition value)*”)(A, T,) is computed
as the max-min expression in (3.9).

Let 2, be the single stage game in statefor any s € S. We assume thdl, is also

a TU game, in which the coalition valugA, €),) is, analogously to (3.9), the value of
the zero sum game played by the coalitibragainstC\ A, for eachA C €. Obviously,
vO (A, Ty) = v(A, Q).

The new property that we are seeking for in this section casubamarized as follows.

Property 3.2.4 (Greedy players satisfactior§et3 < [0;1). For alls € S, the CPDP
¥ (s) belongs to Core of the stage-wise gafgi.e. g¥) (s) € Co(Q,).

The intuition here is to let the discount factértend to zero and to probe under which
conditionsy?)(s) lies in Co(€,). For this purpose, in the current section we consider
T = Sh.

Lemma3.11. There exists a pure stratedy € Fe and 5* > 0 such thatf; is optimal

forall 5 € [0; 5%).
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Proof. The global optimization problem is a MDP havirti:feﬁ) as discounted reward.
Take a strictly decreasing sequer¢k } such thatim;_., 8 = 0. Since both the actions
and the states have a finite cardinality, then there existsagirategyf; and an infinite
subsequence dfj; }, namely{5,, }, with n,, < ng.; ¥k, such thaf is optimal for all
the discount factor§g,, }. Fix a pure strateg§e € Fe. Then

YO (s, o) = DU (s,£2) — DY (s, f) > 0, VEeN.  (3.19)

It is easy to see that?), with 3 € (0; 1), is a continuous rational function. Then, either
it is identically zero for all3 € (0;1) or ¥ = 0 in a finite number of points in the
interval (0; 1). Hence, for (3.19), there exists (s, fe) > 0 such thaty® (s, fe) > 0, for

all 5 € (0; 3*(s,fe)). Takef* = ming¢, 5*(s, fe) > 0.

Sincecp(eﬁ)(s,fg) is also continuous i = 0 from the right, therf}; is also optimal for

G = 0. The thesis is proved. O

Define nowo, as the affine space:

0, : {x eR”: ) xi= Zri(s,fé)}, (3.20)

1€C 1€C
wheref; is the global optimal strategy for all discount factors sufntly close to 0.
Corollary 3.1. Foranys € S, v (s) belongs to the affine spaég, for all 3 sufficiently
close to 0.

Proof. The proof follows straightforward from Theorem 3.6 and froemma 3.11. []

Here we present a useful result.
Lemma3.12.Let T = Sh. Under Condition 3.2.1)img ;0¥ (s) = Sh(T,) =
Sh(€,).
Proof. Recall the expression (3.15) 9f”), that we rewrite as
YO () = 3 |00 = Bo(s)s 87| SHO(Ty), Vs € 8.
s'eS

It is sufficient to prove thalimg;, Sh'”(I',) = Sh®(T,), Vs € S. Since each compo-
nent of the vectoBh?) (T, ) is a linear combination of the discounted valfies(A, T') }ace,
then we only need to show that

%M)(A,Fs) =0 O(AT,) =v(A,Q), Vse S, VACEC.

First of all we recall the relation (Filar and Vrieze 1996)

| val(B) — val(C)| < max |B;; — C, | (3.22)
z’]
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whereB, C are matrices with the same size. We know from (Filar and \&E296) that

v (A, T,) = val ([Zri(s,a/\,aem) +...

€A

mp(s),me\a(S)
+ﬁzp(8/|S,CLA,CL@\A) U(B)(A, Fs/)] ) s (322)

s'eS aAzl,ae\Azl

whereay € Ax(s) andaea € Aea(s). Thus, from (3.21,3.22) we can say that, for all
A CGC,

(A, T,) —v@(A,T,)| < max

Ap,ae\A

<P u

13
whereM = max;q, ae, [7A(s,an,ae\n)|. Fixe > 0. Seté = ¢/(M + €). Then for all
B € [0;0), we havdv® (A, T,) —v©@ (A, T,)| < e. Hencep® (A, T,) is right continuous
ingatg=0forallse S,A CC. O

g ZP(SI\& ap, aen) v (A Ty)

s'eS

Let us formulate an additional condition, which holds omithe current section.

Condition3.2.2 (Stage-wise strict convexityJhe single stage gam¢g, } . are strictly
convex, i.ev(AUAg, Q) +v(A1NAg, Q) > v(Ay, Q) +v(Ag,Qs), Vs €S, VA, Ay C
C.

We know from Shapley (1971) that, if Condition 3.2.2 holdsrtithe Core of); is
(P — 1)-dimensional for any € S, i.e. the affine hull ofCo((2,) coincides with©, in
(3.20), for anys € S. Note that, in general, the affine hull &fo(€2,) could be a strict
subset 00,

Corollary 3.2. Suppose that the stage-wise strict convexity Condition 8@ds. Then
(7) the Shapley value &, lie in the relative interior ofCo(£2y), for anys € S;

(1) the interior of Co(£2,) relative to©, coincides with the strict CoreCo((2;), for
anys € S.

Proof. For the proof of(i), see Shapley (1971). Now we pro{ig. Fix a generics € S.

If for a coalitionA C C, > .., x; = v(A, Q), then take(k, j) suchthaty € A, k ¢ A.
For alla € R, the vectorx®) = x + a[e® — el9)] does not lie inCo(f2,), where
e € RP is 1 in itsi-th component and O elsewhere. Henggjoes not belong to the
relative interior ofCo(2,).

Conversely, if a vectok € sCo(£)y), then it is straightforward to see that it also belongs
to the relative interior oCo(€2;). N
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Theorem 3.9. Letv” be the MDP-CPDP associated to the terminal cooperative &iut
T. ConsiderT(I's) = Sh(I';), for all s € S. Then, under Conditions 3.2.1 and 3.2.2,
the greedy players satisfaction Property 3.2.4 is verifigeyt®) for all discount factors

G sufficiently close to.

Proof. Takes* > 0, such thaf is global optimum for all3 € [0, 5%). Fixs € S. We
know from Corollary 3.2 thaBh(£2,) lies in the relative interior oCo((2). The affine
hull of Co(£2;) coincides with the hyperplan@, for Condition 3.2.2. Moreover, from
Corollary 3.1 we know that, for at € S, v(¥)(s) belongs to the affine spaé, for all
g € [0, 5%). Hence, for Lemma 3.12 we can say that foreal 0 there exists; € (0, 5*)
such that

V3 €[0;0,), ¥°(s) € [Bs, N O,] C Co(Qy),

whereB;, is the ball belonging t&” having radius of,. Taked = min,cg d,. The thesis
is proved. ]

Hence, under Condition 3.2.2, for all € [0; ), all the greedy players are content with
the stage-wise allocation as well.

3.2.6 Transition probabilities not depending on the actios

In this section we deal with a special case of our model, Exgtahat the transition prob-
abilities among the states do not depend on the playersegtes.

Condition3.2.3 The actions taken by players in statelo not influence the transition
probabilities from state, i.e. p(s'|s,a1,...,ap) = p(s'|s), for all a; € A;(s) and for
eachs, s’ € S.

Like in Section 3.2.5, we consider the single stage ga&mt possess transferable utili-
ties{v(A, Q) }sesace. Nevertheless, we no longer impose the maxmin Conditiori 3.2.
on the coalition values. This model is equivalent to the driéredtetchinski (2007), ex-
cept for the TU assumption. Let us provide our main resulhif $ection. It states that,
under Condition 3.2.3, if we choose a stage-wise allocat@ariging to the Core of each
single stage game, this is actually a MDP-CPDP, fulfilling gheedy players satifaction
Property 3.2.4 and whose discounted long run sum belondetG@dre of each long run
gamel’y, s € S.

Theorem 3.10.Sets € [0;1). LetT(ﬁ)(Fs) € R? be a terminal cooperative solution,

for all s € S. Let the stage wise allocation’® be the MDP-CPDP associated B
Under Condition 3.2.3, ify(® fulfills the greedy players satisfaction Property 3.2.4 for
all s € S, thenT(T',) € Co”(T,), forall s € S.

Proof. For eachA C C, let V(,, A) andV(A,T's) be the set of feasible allocations for
coalition A in the games2, andI,, respectively. Since the transition probability matrix
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does not depend on the players’ actions, we can write

V(Ts,, A) V(Qs,, A)
: = (I-p8P)" : , VA CC. (3.23)
V(sy, A) V(Qsy, A)
Since the matrixT — SP)~! is non negative, the thesis follows straighforward from
Proposition 3.2. O]

In Section 3.2.5 we showed that, when the transition prditiasiamong the states de-
pend on the players’ actions, a MDP-CPDP fulfills the greedye@is satisfaction Prop-
erty 3.2.4 provided thdal' = Sh, the single stage gamé¢®), } s are strictly convex and

G is sufficiently close to zero. It is interesting that inste@dthis case, we only need to
assume that the gamég; } ;s all possess a non empty Core, in order to fulfill Property
3.2.4forall 3 € [0;1).

The reader should also notice that the converse of TheorHIm8.not true. Indeed, it

is possible to find a terminal cooperative solution belogdmthe Core of the long run
gamesl’,, for all s € S, to which it is associated a MDP-CPDP outside the Core of at
least one single stage gantes

We conclude here by providing the analogous result of The@&0 for the Shapley
value. The proof follows straightforward from (3.23) andrfr Proposition 3.3.

Corollary 3.3. Setg € [0;1). LetT(ﬁ)(Fs) € R” be a terminal cooperative solution,

for all s € S. Lety(”) be the MDP-CPDP associated ®"”. Under Condition 3.2.3,
~®(s) = Sh(Q,), forall s € S, if and only if T(T,) = Sh(T,), forall s € S.

Itis now interesting to investigate about the loss incumdtie long run game by a greedy
coalition of players which withdraws from the grand coalitin a stage of the game.

3.2.7 Cooperation Maintenance

The (single step) cooperation maintenance property wdsrfireduced by Mazalov and
Rettieva (2010), who employed it in a deterministic fish watisg. Such a property
helps to preserve the cooperation agreement throughowdatime, since the long run
payoff that each coalition expects to get by deviating inrtbet stage of the game is not
smaller than the payoff that the coalition receives by dewgin the current stage. We
now adapt it to our cooperative MDP model. For simplicity, westrict the following
definitions to stationary CPDPs.
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Property3.2.5 (First step cooperation maintenan@®ts < [0; 1). The stationary CPDP
g® satisfies, for any initial state € S and for each coalitio C €,

S g (s) + Aol (A, S n(s]s, f((f)*)rs/> > (A, T).

1EA s'eS

In other words, Property 3.2.5 claims that each coalitioaligays incentivated to post-
pone the moment in which it will withdraw from the grand caalh, under the condition
that, once a coalitiol C C is formed, it can no longer rejoin the grand coalition in the
future. By induction, we can say that the cooperation maarea property enforces the
grand coalition agreement throughout the whole game.

n-tuple step cooperation maintenance

We now generalize Property 3.2.5, by considering the dilarfaned by a coalition which
decides whether deviating in the current stage or afteteps. Hence, let us then define
then-tuple step cooperation maintenance property, with 1.

Property 3.2.6 f-tuple step cooperation maintenanc8gt/ € [0;1). Let the integer
n > 1. The stationary CPDRR(? satisfies then-tuple step cooperation maintenance
property iff, for any initial states € S and for each coalitioh C C,

n—1
S 8m(s1s 10 3 g () + 50 (A’ S palsls, fém*)FS’) > oA L),

t=0 €A s'eS

Let P*® = P (£{7") be the transition probability matrix associated to the glaipti-
mal stationary strategf”*, whose(i, j) element is(s,|s;, £%).
We now find a necessary and sufficient condition on the coalitaluesy'”) to ensure

the existence of our MDP-CPD#?), defined in (3.15), satisfying thetuple step coop-
eration maintenance property, for amy> 1. Let us denoter(?) (A) as

", vAce

v (A) = PN T,,) ... oA Ty)

Theorem 3.11.Fix an integern > 1, 3 € [0;1). The set of stationary CPDPg¥)
satisfying then-tuple step cooperation maintenance Property 3.2.6 is mgotg if and
only if the vectors

g(ﬁ,n)m) — [I _ [ﬁp*(ﬂ)}”} v(ﬂ)(A), ACR@

are component-wisely balanced, i.e. for every functign 27 /{(} — [0; 1] such that:

VieC: ) o, (A) =1,
ACC:
A>i
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the following condition holds:

> o (I ) <TIME),  VEke[LN],
ACC

wherev!”™ (A) is thek-th component o3 (A).
Proof. Recall the expression of”) in equation (3.15), that can be rewritten as:
¥, _[I—ﬁP ] ., VieC (3.24)

=(B) —105)] ~(B8)
wherev” = YD (s1) .. AP (s0)]T, T = [T, (Ls) ... T (T )T € TO(Ty)

for each state € S. By exploiting twice the well known formula for matrix geomiet
series:

)_l

[P @) = [1— ] 1 [5P*]"]
0
we can reformulate Property 3.2.6 as

?

1= [BPO] | i, T > 1= [8P@]" | v(n), vace

Siee T = vO(€)
where the second relation in (3.25) comes from the clasBaezfcy property of a coop-

erative solution. Since the matrix — [3P*(?)]") is invertible, then we can equivalently
rewrite (3.25) as

(3.25)

~=(Bn)
Sia T, = VEmM(A), VACE
~(B.n) (3.26)
Yice Ty =30M(©)
where 5o
T,  =[1- [P T

Since the relations in the systems of inequalities in (3&&)component-wise, for the
Bondareva-Shapley Theorem (Bondareva 1963; Shapley 196®Meékis is proved. []

The reader should note that, in the limit for— oo, the result of Theorem 3.11 coincides
with the Bondareva-Shapley Theorem for static cooperatwvees.

We now state an important and intuitive result which furttenforces the importance of
the single step cooperation maintenance property.

Theorem 3.12.Set € [0;1). If the MDP-CPDP~?) satisfies the single step cooper-
ation maintenance Property 3.2.5, then it satisfiesritieple step cooperation mainte-
nance Property 3.2.6, for att > 1.
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Proof. Let ~(¥) be defined in (3.24), wher@"" satisfies the single step cooperation
maintenance Property 3.2.5, i.e., from (3.25),

3pH) [ZM TV v | > ¥, T —v®(A), vAce
Ciee T = V(@)

By iteratively left multiplying by the nonnegative matrixP*(®) both sides of the first
relation in (3.27), for each coalitioh C €, we obtain

(3.27)

ZT ) < gP* ZT —vO(n)| < [sP*P)° ZT ] <.
1€EA €A LISHN
Hence, the thesis is proved. O

Core selection criterion

In the following we prove that the single step cooperationme@ance Property 3.2.5
also implies that the discounted sum of allocations for gaakier, whens is the initial
state, belongs to the Core of the game

Corollary 3.4. Sets € [0;1). If a MDP-CPDP~¥ satisfies the single step cooperation
maintenance Property 3.2.5, then

E | 84785 = s

t>0

e Co(Ty), Vsesb. (3.28)

Proof. Let us definey® as in (3.24). We reformulate (3.28) as

(B
. < (8)
{ZH T, < vP()), VvACe, (3.20)

Yo T = v (e).

Sincey® satisfies Property 3.2.5, then (3.25) is verified, wite 1. By left multiplying
each set of inequalties in (3.25) by the nonnegative mékrix 5P*(*))~!, we obtain the
system of inequalities in (3.29). O

In this section we showed how appealing the single step catipe maintenance prop-
erty is. For Theorem 3.12, if our MDP-CPDP? fulfills it, then each coalition always
prefers to withdraw from the grand coalition in the futurthey than at the current stage.

In the case we consider the Core as the terminal cooperatigoso(T = Co), Corollary 3.4

suggests that the point of the care” used to compute the MDP-CPBP? in equation

(3.15) should be picked such tHEt” also satisfies the single step cooperation mainte-
nance property. In this sense, Property 3.2.5 is alSora selectiorcriterion.
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Counterexample for the converse of Corollary 3.4

It is natural to ask whether the converse of Corollary 3.4us.t\We will show in the fol-
lowing example that it does not hold in general, i.e. if a MDPDP~(?) satisfies (3.29),
then not necessarily the single step cooperation maintenaroperty 3.2.5 holds.

Let us consider a cooperative MDP with only two playePs=£ 2), four states§ = 4)
and with perfect information, i.e. in each state at most daggy has more than one
action available. Player 1 controls states, s2), and the remaining statéss, s,) are
controlled by player 2. Let the discount factor= 0.8. The immediate rewards for each
player and the transition probabilities for each statédagbair are shown in Table 3.3.

(s,a) |1 |19 | p(si|s,a) | p(sa|s,a) | p(ss|s,a) | p(s4]s,a)
(s1,01) | 1| 3 0.1 0.4 0.1 0.4
(Las) | 2| 1| 04 0.1 0.1 0.3
ol. 1 (s;,a3) | 110 0.4 0.2 0.4 0.1
' (sg,aq) | 2 | 1 0.1 0 0.4 0.4
(saa5) | 3|1 0.2 0.2 0.2 0.5
(s2,a6) | 4 | 3 0.2 0 0.2 0.3
(s3,a7) | 5|1 0.3 0.6 0.4 0.1
(s3,a8) | 1| 3 0.3 0.4 0.2 0
ol. 2 (s3,a9) | 2 | 6 0.3 0.3 0.1 0
" (saar0) | 0] 1 0.5 0 0.1 0.1
(sga11) | 2 | 2 0.1 0.3 0.5 0.2
(s4,a12) | 3| O 0.1 0.5 0.3 0.6

Table 3.3: Immediate rewards and transition probabiliteseach player, state, and
strategy.

In this case, the state-wise value vectors for all the pbssitalitions{1}, {2} andC =
{1,2}, rounded off to the second decimal, are

8.73 9.57 33.08
10.03 8.65 30.78
7.16 11.23 30.83

In order to contradict the converse of Corollary 3.4, it idfisiént to find a specific long

run allocationT " such that
TV (s) Ty W (s0)] € Co®I(Ty,),  k=1,2,3.4, (3.30)
but for which the4-by-1 MDP-CPDP:

A = [1- PP T, j=12

7
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does not respect the single step cooperation maintenaoperty for some initial state

s. In other words, we look fo(”T1 ) éog))such that
—(0.8)
T, >v*I({1})
T 0 v ({2}) (3.31)
T ’+T“’8) vO9({1,2})

and such that there exists at least one playerd an integek < [1; 4] such that

~(0.8) (0.8)
T, (k) <v, " ({i})

where

T, = [1- PP T,
vO8({i}) = [I- PP vOO({i)) i=1,2. (3.32)

Since the values are component-wisely superadditive bgtoastion, then the Core
Co(I') for the two-player case always exists, for alk S. Hence, there always ex-

(0 8)

ist (T(O i Tg)'S)) € R? satisfying (3.31). Let us select:
07 0 0 0]

TV v+ | gy gy o FOUL2D = MO + vV 2]
0 0 0 1]
03 0 0 O

TV g ] [0 = M) v 2]
0O 0 0 O

Substituting the values of*®, we obtain

T ~ [19.07 14.87 10.44 19.60]"

Ty ~ [14.01 15.91 23.32 11.23]"

~(0.8)
By computingT  andv(®®) we find that:

~(0.8)
T, ( )
T, (3) ~ )
E(O 8)(1) ~ 0.48 < V"9 ({2})
( )

(
T, (12)

2) ~2.92 < vV ({1}

Q

3.65

22

—0.75 < V¥ ({1}

22

Q

4) ~ 0.90 < v\*¥ 3.00
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Therefore, the converse of Corollary 3.4 is not true. On themiand, it is interesting to
observe that in this example, by randomly generating vs(:'li)&0 8 éo ) ) and fulfilling
the relation (3.30), in about th#9.45% of the trials the converse of Corollary 3.4 was

verified.

Strictly convex single stage games

In the spirit of Section 3.2.5, we show that the strict comyeondition 3.2.2 on the
single stage games ensures the MDP-CBRI3Pto satisfy Property 3.2.5 for all discount
factors small enough.

Theorem 3.13. Suppose that the strict convexity Condition 3.2.2 on thelsistpge
games{{),}.cs is valid. ConsiderT = Sh. Then the single step cooperation main-
tenance Property 3.2.5 is valid for all close enough to O.

Proof. Thanks to the linearity property of coalition values (seedesition 3.1) we can
reformulate Property 3.2.5 as

Z'yi(m(s) > Z [(5575/ — 5p(s’]s,fém*)] v (A, Ty), VACC, sebf.
1EA s'es
From (3.15), considerin@ = Sh,

> 90(s) = 3 [0 = (515 87| D sn(ry

€A s'es €A

By hypothesis, for alls € S the Shapley valuSh(Q,) = Sh®(I',) belongs to the
strict CoresCo'? (Q,) for all § sufficiently close ta). Hence, by right continuity of the
Shapley value and of coalition values(in= 0 (see proof of Lemma 3.12), we conclude
that, for all g sufficiently close td,

Z [53,3’ - ﬁp |S f* } [Z Sh(ﬁ U(ﬁ) (Aa FS’)

s'es €A

> 0,

wheref; is the optimal strategy for grand coalition for alsufficiently small. Hence,
the thesis is proved. ]

3.3 Confidence Intervals of Shapley-Shubik Power Index in
Markovian Games

Cooperative game theory is a powerful tool to analyze, ptexdtid, especially, influence
the interactions among several players capable to stgdkls and form subcoalitions
in order to pursue a common interest. Under the assumptaintile grand coalition,
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comprising all the players, is formed, it is a delicate isgushare the payoff earned by
the grand coalition among its participants.

Introduced by Lloyd S. Shapley in its seminal paper [54], 8f@pley value is one of
the best known payoff allocation rules in a cooperative gavite TU. It is the only
allocation procedure fulfilling three reasonable condsi@f symmetry, additivity and
dummy player compensation (see [54] for details). Moreonerlways exists under a
superadditive assumption on the coalition values. Thefsgnce of the Shapley value
is witnessed by the breadth of its applications, spanniamfpure economics [55] to
Internet economics [56-58], politics [59], and telecomimations [60].

The concept of Shapley value was successfully applied tghwed voting games as well.
In this case, it is commonly referred to as Shapley-Shubikgrandex [61]. Such games
imply that the coalition values are binary. Each player pseses a different amount of
resources and a coalition is effective, i.e. its value isiemever the sum of the resources
shared by its participants is higher than a certain quotaeratise, its value is 0. The
Shapley-Shubik index proves to be particularly suitablagsess priori the power of
the members of a legislation committee, and has many apiplisato politics (see [62]
for an overview).

However, politics or economics is more like a process ofiooiiig negotiation and bar-
gaining. This motivates the introduction of dynamic co@pee game theory. In this
work we consider that the game is not played one-shot bueratver an infinite hori-
zon: there exists a finite set of static cooperative gamdsctirae one after the other,
following a discrete-time homogeneous Markov process. 8lethais interaction model
repeated over time as Markovian game. Our Markovian gameshartes naturally in
all situations in which several individuals interact andgerate over time, and an exoge-
nous Markov process influences the value of each coalitiod,censequently also the
power of each player within coalitions. A very similar modelit with non transferable
utilities, was considered in [63]. Our model can also be eé\was a particular case of the
cooperative MDP described in Section 3.2, or in [64], in vitite transition probabilities
among the states do not depend on the players’ actions.

We take into account two criteria to sum over time the payedfisied in each single stage
game, specifically the average and the discount criterinrthis section we extend the
work in [65] to Markovian games. In [65], the authors consgdia weighted voting static
game and proved that any deterministic algorithm which @xprates one component of
the Banzhaf index with accuracy better tha/P, wherec > 0 and P is the number
of players, need€)(2” //P) queries. Hence, wheR grows large, it is crucial to find
a suitable way to approximate the power index with a mandgealmber of queries.
Hence, in [65] a confidence interval for Banzhaf index and &yafhubik power index
in weighted voting games has been developed, based on kwgsfchequality. In this
section, we assume that the estimator agent knows thetteamngiobabilities among the
states. We first show that it is still beneficial to utilize adamized approach to approx-
imate theShapleyshubik index inMarkovian games (SSM) for a number of playéts
sufficiently high. Thus, we propose three methods to comauwtenfidence interval for
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the SSM, that also apply to the Shapley valueany Markovian game. Then, we will
essentially demonstrate that, asymptotically in the nurobsteps of the Markov chain
and by exploiting the Hoeffding’s inequality, the estimaagent does not need to have
access to the coalition values in all the states at the sange tndeed, it suffices for the
estimator agent to learn the coalition values in each statgdhe course of the game to
“well” approximate SSM.

Let us overview the content of this section. We provide soseful definitions, back-
ground results, and motivations of our dynamic model in i8ac@.3.1. In Section 3.3.2
we study the trade-off between complexity and accuracy tdrdenistic algorithms ap-
proximating SSM. An exponential number of queries is neagsor any deterministic
algorithm even to approximate SSM with polynomial accura@ptivated by this, we
propose three different randomized approaches to commatef@ence interval for SSM.
Their complexity does not even depend on the number of mayguch approaches also
hold for the classicShapley value of any cooperativdarkovian game (ShM). In Sec-
tion 3.3.3 we provide the expression of our first confidenteri@l, SCI, which relies on
the static assumption that the estimator agent has acc#ss ¢oalition values in all the
states at the same time, even before the Markov processtésiti Although SCI relies
on an impractical assumption, it is still a valid benchmamkthe performance of the ap-
proaches yielding the confidence intervals described iti@ec3.3.4 and 3.3.4, dubbed
DCI1 and DCI2 respectively. DCI1 and DCI2 also hold under the meaéstic dynamic
assumption that the estimator agent learns the value atiooalalong the course of the
game. Then, we propose a straightforward way to optimizdig¢igness of DCI1. In
Section 3.3.5 we compare the three proposed approachemmaétightness of the con-
fidence interval. Finally, in Section 3.3.6 we provide a &adf complexity/accuracy of
our randomized algorithm, holding for any cooperative Mai&n game.

We point out that our results for SSM are also valid for ShMim@e Markovian games,
i.e. TU cooperative Markovian games with binary coaliti@ues in each state. More-
over, the extension of our approaches to Banzhaf index [68fasghtforward.

In this section we adopt the following notation. dfis a vector, ther,; is its i-th com-
ponent. IfA is a random variable, thea, is its ¢-th realization. Given a sef, | S| is its
cardinality. The expressian® indicates that the quantity standing possibly for Shap-
ley value, Shapley-Shubik index, coalition value, fedsibregion etc., is related to the
static game played in state The expressioiiPr(B) stands for the probability that the
eventB is verified. The indicator function is written d§.).

3.3.1 Markovian Model and Background results

In this section we consider cooperative Markovian gamek Will. Let? = {1,..., P}
be the grand coalition of players. We have a finite set of state {s,, ..., s5}. In state
s, each coalitiom C P can ensure for itself the valué®) (A), that can be shared in any
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manner among the players under the TU assumption. Hencaglimstate € S the game
U = (P,0®) is played among® players. LetV*)(A) be the half-space of all feasible
allocations for coalition\ in the TU gamel(*), i.e. the set of redl\|-tuplea € RIAI such
thatZL/j1 a; < v(®)(A). We suppose that the coalition values are superadditeve, i.

g)(A1UA2) > U (A1)+US)<A2> VAIQAQ :(D

The succession of the states is a discrete-time homogeharksv chain, whose tran-
sition probability matrix isP. Letx®) € R” be a payoff allocation among the players
in the single stage gam&(®). Under the3-discounted criterion, wherg € [0; 1), the
discounted allocation in the Markovian dynamic galmg starting from state,, can be

expressed as
15| S|

ZﬁtZPt silse) xt0) = Y v
= =1

wherep,(s;|sy) is the probablllty for the process to be in stateaftert steps when the
initial state iss;, andv¥(s,) is the k-th row of the nonnegative matrid — GP)~*
Under the average criterion, if the transition probabifitgtrix P is irreducible then the
allocation in the long run game,, can be written as

T |5 S|

Tﬂoo T+ 1 Zzpt silsg) X = izlﬂ-i x(59)

t=0 =1

whererr is the stationary distribution of the matrix.

We definéV(A, I';) as the set of feasible allocations in the long run gaimfor coalition
A, i.e. the Minkowski sum:

S|

= Z oi(s) V)

whereo;(s) = 17 (s) if the 3-discounted criterion is adopted, aag(s) = ; under the
average criterion.

Proposition 3.4.V(A, I') is equivalent to the set of realR*I-tuplesa such thag|A|

v(A,Ty), wherev(A, Ty) = Zﬁ‘l oi(s)v)(A), foralls € S, A C P.
Thanks to Proposition 3.4, it is legitimate to defing\,I';) as the value of coalition
A C Pinthe long run gamé,.
Let us now define the Shapley value in static games [54].

Definition 3.1. The Shapley valu&h® in the static game played in statec S is a real
P-tuple whosej-th component is the payoff allocation to player

s = Y- PP ooy o).

ACP/{5}
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We are ready to define tf&apley value in thdlarkovian gamé’;, ShM(T',), that can be
expressed, thanks to Proposition 3.4 and to the standaakiip property of the Shapley

value, as
S|

ShM;(T,) = Y oi(s)Sh{™, vseS 1<j<P. (3.33)
=1

In the next sections we will exploit Hoeffding’s inequal[6/7] to derive basic confidence
intervals for the Shapley value of Markovian games.

Theorem 3.14(Hoeffding’s inequality) Let A,, ..., A, ben independent random vari-
ables, whered; € [a;, b;] almost surely. Then, for all > 0,

- - o2n? e?
Pr (ZAi—E ZAZ- 2ne> < 2exp (— Zﬂzl(bi—ai)2>'
=1 =1 7

In this work, several results are shown in the case of wetghbeing Markovian games,
that we define in the following.

Definition 3.2. A weighted voting Markovian game a Markovian game in which each
single stage gam#&(® is associated to the tripleP, 7*), w(*)), wherel, ..., P are the
players,w®) ¢ R’ is the set of weights, an@® is a threshold. The binary coalition
valuesu®) in states are such that(*)(A) = 1 wheneve’",_, w'* > T) andv(®) (A) =

0 whenevery",_, w'¥ < T,

We say that playef is critical for coalition A C P\{i} in states if v()(A U {i}) —
v (A) = 1.

The concept of Shapley value applied to weighted votingcsttmes is referred to as
Shapleyshubik index (SS) [61], and its formulation is the same as itirid#on 3.1.
Technically, weighted voting games are not TU cooperatae, since the value of a
coalition does not represent a payoff to be shared amongléyers, but rather it in-
dicates the effectiveness of a coalition. Anyway, even fase games, we will still
assume that the coalition values in the long run ganpessess the linearity property of
Proposition 3.4. In other words(A, I'y) can be interpreted as the expected effectiveness
of coalition A in the long run gamé’,. Accordingly, the SSM can be written as the
expected - discounted or average - sum of the Shapley-Sinddes over time, i.e.

K
SSM;(Ty) = Y oi(s5)SSS, VseS 1<j<P (3.34)
=1

whereSSM; (') is the Shapley-Shubik power index in the Markovian gdméor player
j andSS{" is the Shapley-Shubik index for playgin states;.
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In the following we derive some properties of randomizedsdathms to approximate
SSM especially for weighted voting Markovian games. In taiccase, fixed a statgeto
each memberthe Weightwgs) is assigned and a coalitionis effective, i.ev® (A) = 1,
whenever the sum of its weigh}s,, ., w'*) exceeds a quotA®). We address a situation
in which repeated ballots are cast over times and the weagsigned to each member,
as well as the quot@, change according to a Markov chain. This reflects the fldicina
of the clout that each member has over the vote over timegdey@tnds on factors inde-
pendent of the voting outcome. The expected sum of Shagiepik indices computed
in each stage of the process is the most natural way to aseegewer of members over
the whole course of voting procedure.

Of course, all the results that we will derive for weighteding games are also valid in
the case of simple Markovian games, i.e. TU cooperative Masan games with binary
coalition values in each state.

3.3.2 Complexity of deterministic algorithms

Since theexactcomputation of the Shapley value - or, equivalently, of tha@ey-Shubik
index - involves the calculation of the incremental assetight by a player to each coali-
tion, then its complexity is proportional to the number oflsgoalitions, i.e2”~1, under
oracle access to the characteristic function. In this seatie evaluate the complexity
that anydeterministicalgorithm needs t@pproximatethe Shapley-Shubik index in a
weighted voting Markovian game.

Before starting the analysis, let us introduce some angiiancepts. We mean lgame
instancea specific collection of coalition values. In this sectiore implicitly assume
that all the algorithms considered - deterministic or ranced - aim at approximating
the Shapley value for player, without loss of generality. Let us clarify our notion of

query.

Definition 3.3. A queryof an algorithm - deterministic or randomized - consistshia t
evaluation of the marginal contribution of playgto a coalitionA C P\{:}, i.e. v(A U

{1}) —o(A).
Now we define the notion of accuracy of a deterministic altoni

Definition 3.4. Let us assume that the Shapley-Shubik index for player the game
I's is SSM;(T's) = a. Let ALG be adeterministicalgorithm needing a fixed number of
queries. We say that ALG has agcuracyof at leastd > 0 whenever, for all the game
instances, ALG always answe$SM; (I';) € [a — d;a + d].

We will first show that an exponential number of queries isassary in order to achieve a
polynomial accuracy for any deterministic algorithm aigto approximate the Shapley-
Shubik index in the static case. This is an extension of Témad in [65] to the Shapley-
Shubik index.
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Theorem 3.15. Any deterministic algorithm computing one component ofShapley-
Shubik index in weighted voting static game in statequiresQ(2”/+/P) queries to
achieve an accuracy of at least(2P), forall s € S.

The proof of this theorem and the following corollary is omit here. The interested
reader can refer to [68]

From the previous results we derive the complexity of a aeft@stic algorithm comput-
ing the Shapley-Shubik index in a weighted voting Markowgame, as a function of the
number of players.

Corollary 3.5. There existg: > 0 such that any deterministic algorithm computing one
component of the Shapley-Shubik index in the weighted vbtargovian gamd’, re-
quiresQ(2”/v/P) queries to achieve an accuracy of at leagP, for all s € S.

The results of the current section clearly discourage frampmuting exactly or even
approximating SSM with a deterministic algorithm when toeer of players is high.
Motivated by this, in the next sections we will direct oureaion towards randomized
approaches to construct confidence intervals for SSM, wbos®lexity does not even
depend orP.

3.3.3 Randomized static approach

In this section we will propose our first approach to computerdidence interval for the
Shapley value in Markovian games. The expression of the @emde interval that we
will propose holds for the Shapley valueariy Markovian game (ShM). Nevertheless, in
the following sections we will provide some results holdspgcifically for the Shapley-
Shubik index in the particular case of weighted voting Maraa games (SSM).

Let us first define our performance evaluator for a randomaggarithm.

Definition 3.5. Let us fix a probability of confidence— 4. Theaccuracy of a randomized
algorithm approximating the SSM is the expected length of the configleémierval in
which SSM lies with a probability of at least— §.

In parallel, the reader learns the notion of accuracy of arddhistic algorithm from

Definition 3.4.

We presuppose throughout the section that the transitiolpatility matrixP is known
by the estimator agent. In this section we also assume tbatallie of all coalitions in
each single stage games are availafldine to the estimator agent.

Assumption 3.1 The estimator agent has access to all the coalition valuesah state:
{v¥(A), VAC P, s e S}

at the same time, before the Markovian game starts.
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It is clear that, under Assumption 3.1, the estimator agantperform an off-line ran-
domized algorithm to approximate ShM.

Remark 3.2. Assumption 3.1 seems to be impractical for the intrinsicadgits of the
model we consider. Nevertheless, the randomized approasédbon Assumption 3.1
that we next propose (SCI) will prove to be an insightful perfance benchmark for two
methods (DCI1 and DCI2) described in Section 3.3.4, based aora raalistic dynamic
assumption.

First, let us find a formulation of the Shapley value in the kéatan game which is
suitable for our purpose. Léf be the set of all the permutations{df, .. ., P}. LetC, (j)
be the coalition of all the players whose index precedesthe permutationy € X, i.e.

Cy(j) = {i: x(d) < x()} (3.35)

We can write the Shapley value of the Markovian gdmeboth for the discount and for
the average criterion, as

S|

ShM;( Za, ) Sh{*
S|
P,ZZm (€ () U {i}) — v (€x(5)]
X|S|
Zm NOEFHESEICNONIE

whereL, is the expectation over all the permutations X, each having the same prob-
ability 1/P!.

We now propose our first algorithm to compute a confidencevatdéor ShM;(I';), for
each playey and initial states. For each query, labeled by the index=1,...,m, letus
select independently over a uniform distribution &na permutationy, of {1,..., P}.
Let us defineZ(j) as the random (ovey € X) variable

IS

Zm [0(€4(7) U{5}) — v (€4 (5))] (3.36)

—v( w1 UG} Ts) = v(€y (7). Ts)

and letZ,(j) be thek-th realization ofZ(j). We remark thatZ () implies the computa-
tion of | S| queries, one in each state. Thanks to Hoeffding’s ineguali can write that,

foralle > 0,
( 2m €2 )
< 2exp Y
7 — y]?
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where

We remark that, in the case of weighted voting ganfigs; Q]Q < [ (s )]2. Now
we are ready to propose our first confidence interval, baségssamption 3.1.

Static Confidence Intervd.3.1 SCI). Let1 < j < P, s € S. Fix an integem and
setd € (0;1). Then, with probability of confidencé — ¢, ShM,(I';) belongs to the
confidence interval

[ ZZk ) —€(m, 9) sz —l—emé)]

where
v —yl?log(2/6
e(m, ) = \/[y yJ* log(2/9) (3.37)
2m
In the case of weighted voting games, (3.37) becomes
2
S ails)] og(2/0)
e(m,d) = 5 : (3.38)
m

Under the average criterion, (3.38) can be written(as, 6) = +/log(2/9)/[2m].

Not surprisingly, the confidence interval SCI is analogouth®oone found in [65] for

static games. Indeed, the intrinsic dynamics of the gamerfsassed by Assumption 3.1,
for which the estimator has global knowledge of all the daali values, even before
the Markov process initiates. Therefore, from the estimagent’s point of view, there
exists no conceptual difference between the approach ihde8& SCI, except for the
complexity, which in the dynamic game increases by a factpr

3.3.4 Randomized dynamic approaches

In this section we will propose two methods to compute a cenfie interval for SSM,
for which Assumption 3.1 on global knowledge of coalitiorues is no longer necessary.
Indeed, the reader will notice that their conception ndiyexises from the assumption
that the estimator agent learns the coalition values in sagiie stage game while the
Markov chain process unfolds, as formalized below.
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Assumption 3.2 The state in which the estimator agent finds itself at eacle ttep
follows the same Markov chain process of the Markovian gasedfi The estimator
agent has local knowledge of the game that is being playedtistep > 0 the estimator
agent has access only to the coalition values associatbe &tdtic game in the current
states;.

Remark 3.3. The approaches described in this section can also be encplogler Assumption 3.1.
Indeed, any algorithm requiring the query on coalition ealgeparately in each state can
also be run under a static assumption.

In the following we still assume that the transition prothi&omatrix P is known by the
estimator agent. As in Section 3.3.3, the randomized appesathat we are going to
introduce hold for the Shapley value iy Markovian game.

First dynamic approach

Now we propose our first randomized approach to compute adande interval for ShM,
holding both under the static Assumption 3.1 and under tinahjc Assumption 3.2. Let
x € X be, as in Section 3.3.3, a random permutation uniformlyribisted on the set
{1,..., P}. Letus definey'*)(j) as the random (ovey € X) variable associated to
states;:

YEI(5) = ot(€y(7) U {5}) — v (€, (). (3.39)

Let us assume that*)(;) has been queried; times in states;, and let>_*! n;, = n.

We can still exploit Hoeffding’s inequality to say that, falt ¢ > 0,

Pr( Zne')ﬁ...

2 exp (_ 2[n ¢]? >
Y2 o) () — 2 (i) /n
where, foralli = 1,...,|S],

1S

> ? 37 V) - S

i=1 v

Z(i) = max v (CU {j}) — o) (@)

CCP

Y — min o) 1) )
z(i) = min v*(CU {7}) — v*(C)
We notice that, in the case of weighted voting game&s$) = 1 andz(i) = 0 for all
i=1,...,]S|. Sete = ne. Now we are ready to propose our second confidence interval
for ShM;(T',), the first holding under Assumption 3.2.

Dynamic Confidence Intervd@.3.1 OCI1). Let1 < j < P, s € S. Fix the number
of queriesn and sety € (0;1). Then, with probability of confidence — 9§, ShM;,(T',)
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belongs to the confidence interval

S|

o;\s S 8i) /- ~ oS ¢ i) [+ ~
S ZE S () ey S T S Yy 4 8 |
i=1 T t=1 i=1 i t=1
where
IS|
~ log(2/6 o?(s),_,. .
e(n, ) = J g(Q/ )Z n(_)[x(z)_g(@)]z. (3.40)
i=1 ¢
In the case of weighted voting games, (3.40) becomes
s | 108(2/0) S o3(s)
e(n,6) = 5 2 o (3.41)

Optimal sampling strategy

In this section we focus exclusively oveighted voting Markovian gamel$is interesting

to investigate the optimum number of timesin which the variablé”(*") () should be
sampled in each statg, in order to minimize the length of the confidence interval DCI
keeping the confidence probability fixed. We notice that, king 1 — 5, we can find the
optimal values fon,, .. ., n|g by setting up the following integer programming problem:

min 51 a2(5)[72(7) — 22(i n;
Jmin S 02530 - 2]/ 02
Zl'i|1 n; = n, n; € N

Remark 3.4. If the static Assumption 3.1 holds, then the computationhef dptimum
valuesnj, ... Ny, in (3.42) is the only information we need to maximize the aacy

of DCI1, since the sampling is done off-line. Otherwise, ifsAsption 3.2 holds, the
estimator does not know in advance the succession of stiitieg the process, hence it
is crucial to plan a sampling strategy of the variablé’) (j) along the Markov chain. Of
course, a possible strategy would be, whers fixed, to sample:; times the variable
Y(5i)(5) only the first time the state; is hit, until all the states are hit. Nevertheless,
this approach is clearly not efficient, since in several tteps the estimator is forced to
remain idle.

Motivated by Remark 3.4, now we devise an efficient and stthaglard sampling strat-
egy, consisting in samplinyy ©*/)(j), eachtime the states; is hit, an equal number of
timesoverali = 1,...,|S|. Let us first show a useful classical result for Markov chains
Let » be the number of steps performed by the Markov cH&in t € [0;7 — 1]}. Letn;

be the number of visits to statg i.e.

n—1

n; = Z I(S; = s4).

t=0
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Theorem 3.16( [69]). Let{S;, t > 1} be an ergodic Markov chain. Leﬂ”) = n; /.

Then, for any distribution on the initial state and for ak=1,...,|5|,
frfn) ateg ; with probability 1,

wherer is the stationary distribution of the Markov chain.

It is evident from (3.40) thad(n, §) € ©(n~'/2). We will now show under which con-
ditions the straightforward and efficient sampling strgteigscribed above allows to
achieve asymptotically fon 1T oo the best rate of convergence @, 0), for J fixed.
The reader can find the proof of the next Theorem in [70].

Theorem 3.17.Suppose that Assumption 3.2 holds. Let the Markov chaireaf#ighted
voting Markovian game be ergodic. Fix the confidence prdidghi — 6. Under the
average criterion, if each time the stateis hit then the estimator agent samples the
random variableY */)(j) a constant number of times not dependingida.g. 1), then
with probability 1:

loa(2/5)

Second dynamic approach

Since Hoeffding’s inequality has a very general appliggbdnd does not refer to any
particular probability distribution of the random variablat issue, it is natural to look
for confidence intervals especially suited to particulatances of games. In this section
we will show a third confidence interval for the Shapley vatliehe Markovian game
" which is tighteri) the higher the confidence probability— ¢ is andii) the tighter the
confidence interval§;; r;] are. As an example, in the following we will show a tight
confidence interval for weighted voting Markovian games.

We suppose that we have at our disposal beforehand a gepafalence intervall;; r;]
for the Shapley vaIuShgsi) in the static games in statg for all statess; € S. In general,

the extremd, andr; may depend om;, > ", Yt(si)(j), andy;.
As in the case of DCI1, the randomized approach proposedsséation also holds both

under the static Assumption 3.1 and under the dynamic Assam®.2. It is based on
the following Lemma, whose proof can be found in [70].

Lemma3.13.Let Ay, ..., A, bek random variables such th&tr(A; € [l;;7;]) > 1 —0;.
Letc; > 0,fori =1,...,k. Then,

k
Pr (Z cA; €

i=1

[1— 0]

k
i1

k k
Z cili ; Z Cﬂ“z‘]) >

=1 1=1 [
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The reader should keep in mind that, the smaller the singiéidence levels,, ..., d
are, the tighter the lower bound on the confidence probwjl'[ﬁi:l(l — ;) is.

Now we are ready to present our second dynamic approach.heatahdom variable
Y()(5) be defined as in (3.39). The following approach, as well as Di@iplies that
Y51 () is sampleds; times in states;, for all s; € S.

Dynamic Confidence Interv8l3.2 OCI2). Setd; € (0;1), foralli =1,...,|S]. Let

[zw <n > oY), 51-)  r) <n > Y6), 5)] (3.43)
t=1 t=1

be the confidence interval f@&h“?, with probability of confidenca — 4;, for all i =
1,...,|8]. Let1 < j < P, s € S. Then, with probability of confidencf[\!, (1 — ¢,),
ShM,(I's) belongs to the confidence interval

S| n; S| n;
[Z O'Z-(S) l(Si) (ni’ Z Y;(Si)(j% 5@) ; Z O'i(S) T(Si) (ni> Z Yt(si)(j), 51)] '
) t=1 i=1 t=1

We notice that the confidence interval DCI2 reveals the mdsirabconnection between
the issue of computing confidence intervals of Shapley valugtatic games, already
addressed in [65], and in Markovian games under the dynassciiption 3.2.

We already saw in Section 3.3.4 that the accuracy of DCI1 cancb@mized by adjusting
the number of queries,, ..., ng in each state. Here, in addition, we could optimize
DCI2 also over the set of confidence levéls. . ., 6,5/, under the nonlinear constraint:

S|

[Jir-6]=1-0.

i=1

Weighted voting Markovian games

The aim of this section is twofold. Firstly, we suggest methto compute a confidence
interval for the Shapley-Shubik index in weighted votingtit games, as a complement
of the study in [65]. Secondly, such methods can be utilizedompute efficiently the
confidence interval DCI2 for SSM, as it is clear from the deifomitof DCI2 itself.

In [65], the authors derived a confidence interval for thepihavalue of a single stage
game, based on Hoeffding’s inequality. Nevertheless, fighted voting static games,
a tighter confidence interval can be obtained, by applyimgftfiowing approach. Let
X € X be arandom permutation ¢t, ..., P}. Let us assume thdty, € X}, k£ > 1,
are uniform and independent. Let us define the Bernoulli stei& *)(5) as in (3.39).

As pointed out in [65], we can interpret the Shapley-Shubdeb(SS§.s) as
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Let Y, (j), ..., Y, () be independent realization Bf*) (). It is evident that

n

E:Y?QU)““BOLSSfU,

k=1

where B(a, b) is the binomial distribution with parametetsb. Hence, computing a
confidence interval fo%Sf) boils down to the computation of confidence intervals of the
probability of success of the Bernoulli varialdté®) () given the proportion of successes
py. Yk(s) (7)/n, which is a well know problem in literature. Of course, thigght be
accomplished by using the general Hoeffding's inequalgyira[65], but over the last
decades some more efficient methods have been proposethdik¥ernoff bound [71],
the Wilson’s score interval [72], the Wald interval [73]ethdjusted Wald interval [74],
and the “exact” Clopper-Pearson interval [75].

3.3.5 Comparison among the proposed approaches

In this section we focus oweighted voting Markovian gameand we compare the accu-
racy of the proposed randomized approaches. We know thdgy time static Assumption 3.1,
we are allowed to use any of the three methods presentedsisdhbtion, SCI, DCI1, and
DCI2, to compute a confidence interval for the Shapley-Shiralkx in weighted voting
Markovian games. In fact, DCI1 and DCI2 involve independemtrigs over the different
states, and this can also be done under Assumptions Assum3pii. Therefore, it makes
sense to compare the tightness of the two confidence ingeB@ll and DCI1.

Lemma 3.14. Consider weighted voting Markovian games. 2€t:, ) be the accuracy
of SCI (see eq. 3.38). L&&(n, )) be the accuracy of DCI1 (see eq. 3.41). Then, for any
integern and for any confidence probability— 9,

e(n,d) <€n,d).

An interested reader can find the proof of Lemma 3.14 in [68].

Remark 3.5. The reader should not be misled by the result in Lemma 3.14adtn
being equal in the two cases, the number of queries neededmididence interval SCI
is |S| times bigger than for DCI1, since each sampling of the vagiallj), defined in
(3.36), requiresgS| queries, one per each state. The comparison between theotwo ¢
fidence interval would be fair only if the estimator agentwrigeforehand the coalition
values of the long run gam(A, ')} a.

According to Remark 3.5, we should compare the length of timdidence interval for
the static case ¢(n, ¢), with the one for the dynamic cas&¢(|S|n, d), calculated with
|S| times many queries. Intriguingly, the relation betweentiyktness of SCI and DCI
is now, for a suitable query strategy, reversed.
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Theorem 3.18.1n the case of weighted voting Markovian games, for any imtege

min  €(]|S|n,d) < €(n,d).

LRI nig

> m=|SIn
Proof. We can write
1| 2(s) El 2(5) 5] 2(5) [Z|S| 0"(3)]2
. o (s o; (s _ o\ =
min Y SIS ) ot =) S n (3.44)
N n‘S‘ i=1 7 i=1 k=1 nk/‘ | =1

> m=|SIn

where the last inequality holds sineg(s) > 0. Hence, by inspection over the expres-
sions (3.38) and (3.41), the thesis is proved. n

Theorem 3.18 clarifies the relation between the confiderieevials SCl and DCI1, under
the condition of weighted voting Markovian games. We hightiits significance in the
next two remarks.

Remark 3.6. Theorem 3.18 claims that the approach DCI1 is more accurate $iClI
for a suitable choice of, ... ’”fS\’ when the number of queries is equal for the two
methods. In essence, this occurs because the dynamic appathaws us to tune the
number of queries in the coalition values according to thighter;(s) of each state; in

the long run game. Moreover, the queries on coalition vadmesndependent among the
states, hence providing more diversity to the statistics.

Remark 3.7. As we already remarked, the dynamic Assumption 3.2 is maagrpatic
and less restrictive than the static Assumption3.1. Letaw give some insights on
the accuracy that can be achieved by the approaches SCI and ub@é&t Assump-
tions Assumption 3.1 and Assumption 3.2 themselves. Theoapp DCI1 can be also
utilized under static Assumption 3.1, and in finite time DCélniore accurate under
Assumption 3.1 than under Assumption 3.2. Indeed, for a fixeshd under the static
Assumption 3.1, the value of}, ... ,n15| in (3.44) can always be set to the optimum
value, since the algorithm DCI1 is run off-line. Instead, entthe dynamic Assumption 3.2,
the sequence of states over tigig Sy, S, . . . is unknowna priori by the estimator agent,
hencen/,... ,n"s‘ cannot be optimized for a finite. Hence, in finite time, the static
Assumption 3.1 has still an edge over the dynamic Assumgtidn

Nevertheless, we know from Theorem 3.17 that, for the awe@agerion in ergodic
Markov chains, there exists a query strategy enabling teaelan optimum rate of con-
vergence for DCI1’s accuracy. Therefore we can conclude thétfollowing considera-
tion. Under the average criterion, DCI1, when employed utiteedynamic Assumption 3.2,
can beasymptoticallyas accurate as DCI1 itself and more accurate than SCI, when they
are both employed under the stronger static Assumption 3.1.

In addition to what has just been discussed, simulationgetidhat, when the number
of queriesn and the confidence levélare equal for the two methods, then #féective
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confidence probability for SCI is generally higher than for @Cle. the lower bound
1—4¢is less tight. We explain this by reminding that the centéth®confidence intervals
SCl and DC1, respectively

are already two estimators f88M(I's), and the former possesses a smaller variance than
the second one.

1 -6 | ases (%)
.97 100
.95 99.9
.9 87.5
.8 57.7

Table 3.4: Percentage, ; of cases in which the confidence interval DCI2 is narrower
than confidence interval DCI1, at different confidence prdhigs. The Clopper-Pearson
interval is considered for DCI2.

About the performance of confidence interval DCI2, the sithates confirmed our intu-
itions. We utilized the Clopper-Pearson interval to computenfidence interval for the
Shapley-Shubik index in weighted voting static games, aadsaw that the confidence
interval is more and more tight when the confidence proligtapproaches 1. Let,. ;

be the percentage of weighted voting Markovian game inssgrgenerated randomly, in
which the confidence interval DCI2 is narrower than confident&val DCI1. In Table
3.4 we show, for each value of confidence probability ¢, the values oti,. ; obtained
from simulations. We see that, for— § < 0.8, the two confidence interval have a com-
parable length. For — § > 0.8, the confidence interval DCI2 is evidently tighter than
DCI1 under these settings.

3.3.6 Complexity of confidence intervals

In Section 3.3.2 we motivated the importance of devisinglgardhm that approximates
SSM with a polynomial accuracy in the number of playérsvithout the need of an
exponential number of queries. In this section we show thatproposed randomized
approaches SCI and DCI1 fulfill this requirement. Before, wi is¢ied to clarify the
notion of accuracy of a randomized approach, in paralléh e one of a deterministic
approach shown in Definition 3.4.

Definition 3.6. Fix a confidence level and a number of queries Theaccuracy of a
randomized algorithnapproximating SSM is the length its confidence interval.
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In the previous sections we derived three confidence inefea ShM/SSM. Now we
show that the number of queries required by SCI and DCI1 doesveot depend on the
number of players.

Proposition 3.5. Fix the confidence leveland the length of confidence internzal. Then
n queries are required for the confidence interval SCI, where

[7— y]” log(2/9)
22 '

Proof. The proof follows straightforward from the expression ofifidence interval SCI.
O

Proposition 3.6. Fix the confidence level and the length of confidence intervak.
Then, there exists valuesof, . .., n|g, with > ©, n;, = n, such thai queries are required
for the confidence interval DCI1, where

_ 181 [5— 4" 10g(2/9)

n <
2¢€?

Proof. The proof follows straightforward from Theorem 3.18. O

From Propositions Proposition 3.5 and Proposition 3.6 wévedhe following funda-
mental result on the complexity of SCI and DCI1.

Theorem 3.19. Let p(P) be a polynomial in the variablé’. The number of queries
required to achieve an accuracy bfp(P) is O(p*(P)), for both the approaches SCI and
DCI1.

Since we did not provide an explicit expression for the canrfak interval DCI2, then
we can not provide a result analogous to Theorem 3.19 for D@h2re Anyway, we
notice that the expression (3.43) of its confidence intedgak not depend on the number
of playersP. Moreover, if the Hoeffding’s inequality is used to compttie confidence
interval for the Shapley value in the static games, then @altresnilar to Theorem 3.19
can be derived for DCI2.

Remark 3.8. Corollary 3.5 and Theorem 3.19 explain in what sense the gexpoan-
domized approaches SCI and DCI1 are better than any detetimapproach, according
to Definition 3.4 and Definition 3.6 of “accuracy”. In order &ehieve an accuracy in
the order of P, for a number of players$ sufficiently high, the number of queries
needed by SCI and DCI1 is always smaller than the number ofegiemployed by any
deterministic algorithm.

D2.2b SAPHYRE



3.4 Stochastic Games for Cooperative Network Routing anddgpiciSpread 107

3.3.7 Conclusive Considerations

We proved in Section 3.3.2 that an exponential number ofigsiés necessary for any
deterministic algorithm even to approximate SSM with polyrmal accuracy. Hence, we
directed our attention to randomized algorithms and we @seg three different meth-
ods to compute a confidence interval for SSM. The first onegrided in Section 3.3.3
and called SCI, assumes that the coalition values in eaoh atatavailable off-line to
the estimator agent. SCI can be seen as a benchmark for tleerparfce of the other
two methods, DCI1 in Sections 3.3.4 and DCI2 in Section 3.3l [ast two methods
can be utilized also if we pragmatically assume that themegor learns the coalition
values in each static game while the Markov chain processldsif DCI2 reveals the
most natural connection between confidence intervals opl8haalue in static games,
presented in [65], and in Markovian games. As a by-produt¢hefstudy of DCI2, we
provided confidence intervals for the Shapley-Shubik initegtatic games, which are
tighter than the one proposed in [65]. We proposed a stiaigidird way to optimize
the tightness of DCI1. We compared in Section 3.3.5 the pexgptisree approaches in
terms of tightness of the confidence interval. We proved @Kl is tighter than SCI,
with an equal number of queries and for a suitable choice @itimber of queries on
coalition values in each state. This occurs essentiallpise DCI1 allows us to tune the
number of samples according to the weight of the state. Hereceghowed thatasymp-
totically, the dynamic Assumption 3.2 is not restrictive with resgec¢he much stronger
static Assumption 3.1, under the average criterion and fatwoncerns SCI and DCI1.
The simulations confirmed that DCI2 is more accurate than @iea8d DCI1 when both
the confidence probability is close to 1 and a tight confidentarval for the Shapley-
Shubik index of static games is available, like the Cloppea¥Bon interval. Finally, in
Section 3.3.6 we showed that a polynomial number of quesiasifficient to achieve a
polynomial accuracy for the proposed algorithms. Henceydter to compute SSM, the
proposed randomized approaches are more accurate thaet@ngohistic approach for
a number of players sufficiently high. The three proposedaarnzed approaches also
produce confidence intervals for the Shapley valugnypcooperative Markovian game.

3.4 Stochastic Games for Cooperative Network Routing and
Epidemic Spread

Several providers share a network to provide connectioaidsva unique common des-
tination to their customers. We provide a framework of a itioal game to facilitate the
design of the available network links and their costs suelh tihere exists an optimum
routing strategy and a cost sharing satisfying all the ssbsfeproviders. More specifi-
cally, we provide algorithms to compute the coalition values. the minimum costs that
each coalition can ensure for itself. The proposed algorithbased on some results for
two-player zero-sum stochastic games with perfect inféionan Section 3.1.

It is worth noticing that the analyzed problem differs salnsially from the noncooper-
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ative routing games thoroughly studied in literature (fddiional details see e.g. [76]
and references therein). At the best of the authors’ knagdethis work is the first one
applying coalition games to determine an optimum routingtgm and cost allocation
in a shared network.

3.4.1 Routing model

We consider a network consisting of a set of notles{1, ..., N}. M service providers
share the network to offer their customers connection tdveasingle destination node
N. The customers'’s traffic is injected in the networkiat N —1 nodes, called sources,
located in node§ = {i,...,i,} CV/{N}. There is only one destination, in nodé
We assume that all the sources transmit at the same rate dketp@f a providek:, for
all possiblek. Letcx(i,j) > 0 represent the cost per unit time that providehas to
sustain to convey its own packets, sent by any of the souncEsthrough the linki — ;.

The k-th service provider controls the routing, i.e. the actoamtof outgoing links, in
the set of node¥),. We suppose that a node is controlled at most by one provider,
ViNnV; =0, Vag and|J, V; C V. Each node is assigned a subset C V, such that
thedirectedlink i — j can be activated if and only jf € «;. In the generic nodé € V;
controlled by providel, providerk himself can assign a probability distributidp to
the each nodg € «; such that the probability that the network lik 7) is utilized for
routing isf, (7, j) atanyrouting decision moment. The destination node is a “sinkY a
it does not route the incoming packets to any of the other si0dée remark that all the
nodes{1,..., N — 1}, included the sources, serve as routing nodes.

Let }, with 3 € [0;1], be aN-by-1 vector whose-th component is the expected
(-discounted sum of costs:

t>0

wherei, is thet-th node crossed by the packets. It is worth noticing thatgfe- 1, "
is the undiscounted sum and Itth component, withi € T, is the cost per unit time that
providerk incurs for the stream of packets going from tk& source to the destination.

3.4.2 Routing coalition game

Let M = {1,..., M} be the grand coalition of service providers. We assume et t
providers belonging to a generic coalitidh C M can stipulate binding agreements
among them to enforce the optimum strategy for the coaliéiod distribute the costs
among themselves.

Let Fe be the set of strategies available to coalit®nC M. It is easy to show that
Fe is the Cartesian product of the strategies available to allniembers ofC, i.e.
Fe = xieeFy, and the set of strategid&: is dubbednot correlated Moreover, thanks
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to available results on stochastic games (see Section\8e2;an focus only ompure
(deterministic) strategies. L&t be the set of pure strategies foyi.e.

Fe — {fk Ak} €@ Vie TV, 3): (i) = 1}.
Let us define, for any € [0; 1], the expected-discounted sum

L (hye.fe) = Y @5 (fge, fe)
{k}eeC

Let ey be aN-by-1 vector containing 1's in correspondance of the sauesel 0’s oth-
erwise. In this section we are interested in the gase 1, since the quant|t¢T<I>(e)

is the total cost per unit time th& incurs to sustain its|C| information streams. The
minimum costy(C) that coalitionC can ensure for itself is

v(€) = min max eT<I> (fjv[/@,f@) (3.45)

fe€Fe e €Fyve

Under the TU condition, we suppose thd4€) can be partitioned among the providers
of C in any manner, thanks to a binding agreement among its memWér can say that
v(C) is the minmax value of a zero-sum game between the coalitiomd the rest of the
providersM /€, who are willing to “punish” the coalitio®.

The formulation of this conflict among coalitions as a twey@r stochastic game with
perfect information is described hereinafter.

Player 2 is the coalitio® C M, while player 1 is the rest of the provide¥$/C. There ex-
ist a bijective association between the network nddesd the stateS. Let.S; andS; be
the set of states associated to the set of ani{%%We Vi and tol J e Ve respectively.

The network linki — j is activated if and only if playelf selects the actiomg.’“) (s;), where
j€aik:s; €8, The instantaneous rewar(s;, a' a; ( $i))=2_(pecCplis ), Wherek is

the player that controls the nodeThe transition probability i8(s,|s;, a§k)(si)) =M(w=
7)., wherell is the indicator function. Note th3t , . p(s'|s,f,g) =1, Vs € S/{sn}
and for each couple of stationary stratedifgz). The destination node is a “sink”, i.e
p(si|sn)=0, Vi € [1; N], and no actions are available in it for both players.

The overall optimum global routing strategy satifies

v(M) = @M (F°) = min L& (fy)

fr €

whereF) is the set of strategies available to the grand coalivdnlt is easy to see that
the superadditivity property of the characteristic fuonti:

U(el) +’U(€2) > U(el U 62), VGl,GQ - M, (31 N 62 :w

holds directly from the minmax definition (3.45) of
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Algorithm for computing coalition values

The valuesy(C) may beinfinite. In Section 3.2 it is shown that(C) is the value of the
game at Nash equilibrium. {f(C) = +o0, then the optimal strategies for the players, i.e.
the strategies at Nash equilibrium, impede at least onesalgstination path by causing
aloop in the network. In practice(C) = +oc is not the cost that coalitio has to bear;
anyway, it shows well that any service provider cannot actejose its own packets.

The theory of stochastic games provides an approaatdial infinities in the computation
of coalition values The details are illustrated in the following lemma whosegbrcan

be found in [77].

Lemma 3.15. Suppose that all the instantaneous rewards are nonnegaietais utilize
the extended line of real numbers, i.e. treato as a number{oo = +o00, —c0 < a €
R < 4+o0). Then, the uniform optimal strategies are optimal in thdisoounted criterion
as well, i.e.

®,(f,g") < ®y(f*,g") < ®y(f".g) Vig (3.46)

The idea is to compute the optimal strated(i&s,, f¢), for coalitionsM/C andC respec-
tively, for all the discount factors sufficiently close to 1. Then, we adogptstrategy that
is still optimal in the limit forg — 1.

In the following, we illustrate the proposed approach. Fpuge strategye for coali-
tion M/C. We say that the pure strateffyis an improvement for coalitiof with respect
to £}, for the discount factog iff

e e

where the relatior< is component-wise and is valid for at least one component. Let
Ivye(fe) be the optimization problem thai/C faces wher€ fixes its own strategye.
Then, the optimum strategy fov(/C in Tyye(fe) maximizes@ée)(fwe,f@) component-
wisely.

Algorithm3.4.1

1. Pick a pure routing strategf for coalition C.

2. Find the best strategle for coalition)M /€ in the optimization problenge( fe),
for all the discount factors close enough to 1.

3. Find thefirst node controlled by coalitio@ in which a change of strategff, is a
benefit for coalitionC for all the discount factors close enough to 1. If it does not
exists, then se([f;w/e, 1&) == (fwe, fe) and go to step 4. Otherwise, skt:= f;,
and go to step 2.

4. If limg_q e?@ée)(f;w@fg) = | < +oo then setw(€) = [. Otherwise, set(C) =
+00.
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We remark that the optimal strategy in step 2 and the stratefyyement in step 3 are
found with the help of simplex tableaux in the non-archinsderdered field#'(R) of
rational functions with real polynomial coefficients (fdl @etails, see Section 3.1).

Transient case

Suppose now that the following assumption holds.

Assumption 3.3 For any couple of pure strategiee, fe) for M/C andC respectively,
and for alli € V, there exists a pathr; (fyye, fe) of finite lengttt L, (fyye, fe) and without
loops linking node to the destination noda'.

The following result shows that the assumption above essbﬁ@ to be finite, for any
couple of strategies.

Proposition 3.7. Suppose that Assumption 3.3 holds. Then, for all the puegies
fjv[/e € FM/@, f@ € Fe:
(i) the pathr;(fyye, fe) is unique;

(i) @ (frge, fe) < +o.
Proof. Let 7;(fype, fe) = {io =4,41,...,ir, = N} be the nodes crossed by the path
whenfyge, fe are fixed. If there existed more than one path linking two sdtien there

would exist at least one node in which more than one arc gofatitthis is impossible
since the strategies are pure. Th@his proved. Therefore, we can say that

{pt(j|20 = iu fjv[/& f@) - H(.]:Zt)a Vt S [1; L’L(fj\/[/(“fa f@)]
pe(jlio = 1, fage, fe) = 0, Vit > Li(fage, fe)

wherep,(jlio) is the probability that the-th node crossed by the packets starting in node
iois j. Thus,Yi € V, thei-th component of\® (fyye, fe) is bounded by

Li(fype, fe) | €| max cx(i,7) < +oo
irj

Adapted algorithm for finite coalition values
If Assumption 3.3 holds, then the algorithm 3.4.1 can be tethpas follows.
Algorithm3.4.2

1. Pick a pure routing strategf for coalition C.

La path is a sequence of connected nodes
%the length of the path is the number of edges that it is contbose
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2. Find the best strategfy e for coalitionM/C in the optimization problemge( fe),
for g = 1.

3. Find thefirst node controlled by coalitio® in which a change of strategg. is
a benefit for coalitiorC, for 5 = 1. If it does not exists, then s€fyc, f¢) :=
(fawpe, fe) and go to step 4. Otherwise, skt= f; and go to step 2.

4. Setw(€) = eLd\ (froe, fo).

We remark that the algorithm 3.4.2 is analogous to the oneritbesl by Raghavan and
Syed in [48] whens = 1 and restricted to the transient case, with the differene¢ th
in step 2 the search is not necessarily lexicographic folittma M /C. Indeed, at each
iteration M /C is allowed to find its own temporarily optimal strategy wiiny MDP
solving method.

3.4.3 Network design

The main contribution of this section consists in descgliow to compute the coalition
values, and the network design is not our purpose. Neveghglve suggest which steps
could be followed in this direction.

An eventual network designer should aim at devising bothiahiéing decisionsy; avail-

able to each provider in each notlee 1V and the cost of the links,(z, 7), in order to
ensure that each coalition of providers has an interest irdeaating from the global
optimum policy F°. Formally, a network designer should ensure the non-emggin

of the core of the TU (transferable utility) coalition gam@/, v), i.e. that set of cost
Co(v) = {g1,-..,9m}+ € RM that providers can share among themselves through bind-
ing agreements, such that

Zl]gw:l gk = U(M>
Z{k}eegk <v(€), VCCM.

We see from the former equation that the core is globefficientfor the network and
from the latter that it is alsetablewith respect to the formation of greedy coalitions.

3.4.4 Hacker-Provider routing game

The routing game with just two players described in sectidril¥an also be re-interpreted
in the framework of the conflicts between one service pravishel one hacker.

There is a se¥; C V of vulnerable nodes, where the routing control may be gal byl

a hackerlj is the set of nodes in which the routing is handled by a septiogider. The
setV, = V;/V; is the set of unattackable nodes among the ones controlldtelservice
provider. Each link — j is assigned(, j) > 0, that in this case can be also interpreted
as adelay, i.e. the time that a packet of providérspends to go from nodeto node

j. In such a case, let us assume that the nodes are capablditeateall the incoming
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packets as soon as they receive them, without any additt@iay due to the buffering.
The service provider here wants to find the routing rule jiiatly minimizes the packet
delay®, for all the sources; conversely, the hacker wants to slowdine network.

Figure 3.1: Nash equilibrium in routing game. The contirmawows are the activated
links. The costs are specified next to each arrow. Green ahdages are controlled by
the service provider and by the hacker, respectively. Inevhddes there are no routing
choice.

As in section 3.4.1, there may be some couple of strategrebdéawo players for which
there exist loops in the network, that cause the packet detay some sources to be
infinite. Note that the hacker can also disrupt some node$pioyng a loop on them.
Hence, here we deal with the general case of undiscountetlasttic games described
in Section 3.2. The undiscounted optimal strategies carobgated by the algorithm
3.4.1, in which player 1 is now the hacker which controls rodg and player 2 is the
service provider, which controls nodeés

Note that in this case, in contrast to the coalition game, keenaore interested in the
computation of the optimal strategies, and not in the vafub@game at the Nash equi-
librium. Indeed, the optimal strategy for the service pdeviis the pure routing policy
it should adopt in order to minimize the source-wise paclkédylin the worst case. For
Lemma 3.8, the worst situation for the provider is when thekbais able to control all
the vulnerable nodés, and has at its disposal as many routing policies as pos$ioke.
that the optimal strategies for both players are pure,herauting policy is deterministic
in each node.

An example of optimal strategies for both players in a detayting game is shown in
Figure 3.1.

3.4.5 Natural disaster

Let us reformulate the model described in section 3.4.4 revp&ayer 1 is now a natu-
ral agent that can put out of order some notlfesC V of the network, independently
of the routing action taken by the service provider in sucbeso This addresses the
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practical situation in which nodég are located in areas subject to catastrophic natural
phenomena. It is straightforward to see that the computatiche optimal strategies for
the service provider boils down to the calculation of a MDRfarm optimal solution
(see [50]), in which the set of nodes of interest is reduceld fahat is the collection of
nodes controlled by the service provider.

3.4.6 Epidemic network

In this section we model an epidemic network withnodes; N — 1 possibly infected
individuals are located in nod€s, ..., N — 1} respectively. Each individual can infect,
with some probability, only one among a subset of other iddi&ls in its neighborhood.
There is a probability:; that the infection process starts from thth individual. The
infection spread terminates when the virus reaches thehéatated in nodé/. Hence,
there is a probability: yy that the epidemic spread is averted. There are two playayepl
2, the “good” one, wants to design and force the connectiomsng the individuals
such that the lowest expected number of individuals arectate while player 1 has the
opposite goal. The assumption of perfect information bblds, i.e. the set of nodes in
which player 1 and player 2 have more than one action avaikata disjoint.

The formulation of the problem is analogous to the two-piaysane described in section
3.4.1, in which the cost of the link, j) is 1 for all nodes, j. The nodes are substituted
by the individuals, the destination with the healer, thersesi become the first infected
entity, the packet routing is replaced by the virus transiis In this context, we wish
n’®, to represent the average number of infected individualgrdfore, for each cou-
ple of routing strategies)o loopsin the network are allowed, i.e. we suppose that the
Assumption 3.3 holds. Hence, thanks to Proposition 3.7g¥ery couple of pure station-
ary strategiesf, g), u” ®,(f, g) is actually the expected number of infected individuals.

It can be shown (see [77]) that Algorithm 3.4.2 can be useahtbtfie optimal strategy for
the “good” player, who is interested in minimizing the olijee functionu” ®,(f, g). If
(f*, g*) are the undiscounted optimal strategies, then the vyafi®, (f*, g*) is the most
pessimistic estimate for player 2 for the expected numberfetted individuals.

3.4.7 Conclusive Considerations

Several providers share the same network and control thiegaa disjoint sets of nodes.
There are several information sources and one destinaBgrusing the framework of
stochastic games, we provided algorithms to compute themain costs that each coali-
tion of providers can ensure for itself. This helps the optimdesign of a network,
which should guarantee the existence of an efficient andestaists partition among the
providers. We also modeled situations in which there areplagers with conflicting

interests, like a hacker against a service provider, or irchvl service provider wants to
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reduce the damages to the network caused by a natural digastepidemic spread net-
work model was shown as well. From a theoretical perspectieeextended some results
on uniform optimal strategies in stochastic game to the odsadiscounted criterion.

3.5 Cooperative Games on Markovian MACs with Jamming Users

In the last few years, the computing capability of terminads rapidly increased, as
much as their ability to sense the behavior of the other t@aniand to decide what is the
best strategy for themselves, in terms of power consumytimmdover, choice of symbol
constellation and so on. Thus, we are witnessing a paradigtnfsom fully centralized
networks with dumb terminals to distributed networks, inahhusers can cooperate and
pursue their own interest. Hence, from a system designet pbiview, it is more and
more crucial to devise a rate allocation being both optimanttie whole network and
stable, i.e. no subset of users is dissatisfied with the e=@nd decide to withdraw
from the communication [78]. This challenging issue is @dded by cooperative game
theory with non-transferable utility (NTU) [79], which prides powerful tools to derive
efficient and stable allocations in a setting in which the/eta - in this context the users
- can cooperate to reach a common goal.

In [80], La and Anantharam dealt with a cooperative game otiphel access channels
(MAC) in which several users attempt to send information tongle receiver. Users
being dissatisfied with the assigned rate can threaten tdhametwork. In this case,
only users with enough available power can transmit withtpesrate. They considered
a static channel and defined the Core of the game as the se¢sfiath that no subsets
of players can attain a better allocation when the remaingags jam.

In this section we consider a setting similar to the one if,[88cept for the fact that
the channel is quasi-static, i.e. they vary slowly enoughe¢@ssumed constant for the
whole duration of a codeword. Thus, the channel coefficiesutg at each codeword, and
follow a homogeneous Markov chain (HMC) on a discrete set aholel states. Hence,
at each step of the HMC, the same game as in [80] is played. Watiidy the relation
between the static and the Markovian game. The Core of thedvwank game is still the
most attractive set of rate allocations, both from a ceiatdl point of view and for the
single users. We consider both the discounted and the arerdagrion to sum the rate
over time. We find in Section 3.5.4 that the Core of the Markaogame is nonempty and
we study its connections with the Core of the single stage gaWealso consider the
possibility that coalitions can change over time, alonghtagkov process, and we find
that our allocation is still stable, for any subgame. In ®ecB.5.6 we show that, under
the discounted criterion, the procedure of joint rate atmns in the Markovian game
for each starting state of the HMC is a delicate proceduréeéd, the associated single
stage allocations may not be feasible. Thus we propose aoaysure their feasibility.
Section 3.5.7 analyzes thefair allocation procedures, with particular attentionthe
max-min fair (¢ — o) and to the proportional fairo( — 1) [81]. We find a condition
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on the single stage games ensuring that, if the single stégma@ons all satisfy such
criteria, they also do it in the long run game. Moreover, windein our setting the Nash
bargaining solution. Although the Core is a reasonably stablution, there is still the
chance that an agreement among the users is not found, anythedy threatens to jam.
For example, users may be envious of the rate assigned to cttr@euser. Thus, we
investigate this situation in Section 3.5.8 and we provg ih#éhe number of player$’
increases, the probability that some user can still comoat@itends to 0 with exponential
rate. As a by product of this analysis, we find that the Nasbdaimg solution that we
defined tends to all the three fair criteria cited above wRdends to infinity. Finally, in
Section 3.5.9 we prove that in the Markovian channel the e&gesum rate in the long
run game tends to O wheh tends to infinity.

A notation remark. Any order relation between vectors is &ant to be component-wise.

3.5.1 System Model

We consider a wireless system in whi¢hterminals attempt to send information to a
single receiver or base station. 1%t {1,..., P} be the set of all users. Each uséias

at its disposal a coding schemg of lengthn. Let {M;(k)}ren be the set of messages
that useri can transmit. Ther(); = {C;(k) : M;(k) — C"}ren, i.€.,C; maps the set of
messages of useinto complex symbols of length, which does not depend on the user.
The knowledge of such codes is available to all the usersarahurse, to the receiver.
We assume that the power 6f is subject to the constrain;, i.e., for any codeword

X(Z) € Oi,
BN (1))2
— < A
" E‘Xk|——AV
k=1

We assume a quasi-static channel, i.e. the channel coeffcaa be considered constant
for the whole duration of a codeword. Thus, thth signal block received by the unique
receiver, fort € Ny, can be written as

ylt) = > O x[] + wit

whereh"[t] is the complex channel coefficient for useat time stept, andwf[t] is a
collection ofn zero mean white Gaussian noise samples with variance/Ne assume
that the set of channel coefficients™), h?, ... (")} is finite and it follows a discrete
time HMC, which can change state at every new codeword. Irrotheds, if S, is the
channel state at time steépwhere

S, = |, ..., h P,

then the random proceds;, ¢ > 0} is a HMC. We defineS as the set of all theV
possible states of the HMC.
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We stress that our system model is different from the onellysumaestigated from an
information theoretical point of view (e.g. see [82]), ®nthe channel does not vary
during a whole codeword.

We assume that any subsktC P of users can decide not to participate anymore to the
transmission and hence to threaten to jam the network. \We pot that it is not granted
that they actually jam, but anyway the active users showddédthemselves for the worst
possible scenario, and assess which rate they can enswehia gase.

Note that our system model is equivalent to the one in [8Q3epkfor the fact that the
complex channel coefficients are not static, but vary at every codeword, according to a
Markov chain. Our goal in this section is indeed to study artte allocation in the long
run process, under the assumption of quasi-static Markaarodl.

3.5.2 Theoretical Background

In this section we provide some useful definitions and bamkgd results on polyma-
troids and cooperative game theory with NTU.

3.5.3 Polymatroids

Definition 3.7. Let A be a ground set with cardinality and letg : 24 — R be a rank
function, i.e. a real valued set function such that

g(B1U{i}) — g(B1) > g(Ba U{i}) — g(Ba), ¥V By C By C A\{i}.

ThepolymatroidR associated tq is defined as

IRE{XE[R:L_: ingg(T), VTQA}.
€T
Definition 3.8. Let A, B be two sets. Then, the sét
C=A+B={a+blac A be B}

is called theMinkowski sunbetweenA and B.

We present here an important result from [83], p.241, Thedt2.1.5.

Theorem 3.20. Let Ry, ..., R, be k polymatroids on the same ground sét and let
g; be the rank function associated . Then, the Minkowski sunﬁ:f:1 R; is still a
polymatroid with rank functiOth:1 Ji.-

The proof of the following Corollary is straightforward.
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Corollary 3.6. Leta; > 0, forall: = 1,...,k. LetR,,..., R, bek polymatroids on
the same ground set and lgt be the rank function oRR;. Then, the Minkowski sum
¥ | a;R; is a polymatroid with rank functiod ¥, a,g;.

In the following we will see that the main facet of a polymadrplays a fundamental role
in our game theoretic model.

Definition 3.9. Let R be a polymatroid and lef be its rank function on the set. The
main facetM (R) is defined as

M(R) = {XGR: in: g(A)}.

The facetM (R) has at most! extreme points, and each of them has an explicit charac-
terization as a function of the rank functign Let H(n) be the set of permutations of
{1,...,n}. Apointw € M(R) is a vertex if and only if there exists a permutatioof
{1,...,n} such that

w; = w;(o) = g({o1,...,0i1,0:}) — g({o1,...,0i-1})

Let us show a classical result on polymatroids (e.g. seg.[84]

Theorem 3.21.For anyc € R/, a solution of the linear programax 1! ¢;x;, where
x € R, is attained at a vertew (o) of M (R) such thaic,, > --- > ¢, .

Corollary 3.7. For eachx € R, there exist&k € M (R) such that > x.

The following result directly follows from Theorem 3.20 a@drollary 3.6.

Corollary 3.8. Leta; > 0,forall: =1,... k. LetR,,..., R, bek polymatroids on the
same ground sed. LetR = Zle a;R;. Letw(o)(i) be the vertex ol (R;) associated
to the permutatio of 1, ..., |A|. Letw(o) be a vertex ot/ (R). Then,

k

w(o) =Y a;w(o)(i), VoeH(|A]).

i=1

Cooperative game theory

In cooperative game theory, we generally deal with &sef P players in which each
coalitionT" C P can stipulate an off-line agreement and cooperate. UndeNihU
assumption, each coaliticfi C P can ensure for itself, regardless of the action of the
other players, a set of feasible payoff allocati®t(§’) € RI”!, such that, ifr € R, r; is

the payoff allocated to theth player belonging t@". If all the players inf cooperate,
we say that the grand coalitidhis formed.
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Traditionally, the main objective of cooperative game tiyas to find a payoff allocation

which is both efficient for the whole community and stable, no coalition has interest
in withdrawing from the grand coalition. A coalitidfi is enticed to withdraw from the
grand coalition when it can ensure for itself a payoff whislstrictly bigger, for each of
its participants, than the one assigned by the grand amalifThis concept is known as
the Core of the NTU game.

Definition 3.10. Let R(7T") be the feasible set of coalitichi C P in a NTU game. The
Core of the gameCo is the set of reaP-tuples which are feasible and optimum fBr
and which are not dominated by any vectofR(il"), for all 7' C P, i.e.

Co = {i ER(P):H(T CPxeRT))st.x>xT),

and Zii > in, Vx € IR(?)}

i€P i€P

wherex(™) stands for the set of componentssofelated to players of coalitio#, and
the order sign> is component-wise.

Nevertheless, the Core might not be synonymous with stabfior example, the envy
[85] felt by a player towards the allocation assigned to heoplayer may push the
first player not to cooperate anymore. Nash addressed intf@problem of payoff

allocations among non-cooperative players, who cannotdimdagreement. He found
a unique allocation, called the Nash bargaining solutiatfiilling four sensible axioms

(see [86] for any further detail).

Definition 3.11. Let d be the disagreement point, i.d; is the payoff that playei can
ensure for itself when no agreement is attained among thyerda Assume that the set
B ={x € RP) : x; >d;, Vi € P} is nonempty. TheNash bargaining solution
xVB e R? is defined as

P
xVP = argmax H(XZ —d;)
xeB i1

3.5.4 Cooperative games

In this section we analyze the feasibility rate region of gygstem, assuming that any
subset of users can jam the remaining active users. In oue gaeoretic model, the
users are the players and the feasibility region for eacbfssttive usersi; is their non
transferable utility region. In Section 3.5.5 we apply saesults obtained in [80] to our
settings, while in Section 3.5.5 we provide new results @nféasible rate regions on
Markovian MAC.
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3.5.5 Static Channel

Set the channel state= [V (s),..., h")(s)]. Fix the set of jamming user$ c P.
Let A(J, s) be the maximum power achievable by the signal transmitteithdéyamming
users. Under the assumption that the user$ @an stipulate an off-line deal and hence
cooperate effectively against the set of active users= P\ J, their signals can sum
coherently and the expression/fJ, s) becomes

5) = (Z \h(“(s)lx/E) |

Let R(A,, s) be the capacity region for the active usets in the channel state. As
usual, it is defined as the set of rates jointly achievablelbtha users inA; with a
probability of detection error that tends to 0 when the bligeigthn tends to infinity.

Assumption 3.4 In our NTU cooperative game model, we assume fdat;, s) is the
set of feasible allocations fot ; in states.
Let Ej(s) be the set of active users such that:

Aj(s)y={ie Ay |hO(s)PA; > A(J,5)}

In [80], the authors showed th&{( A, s) is the set of non-negative relal ;|-tuplesr;(s)
such that

ri(s)=0, VieA)\A,
D ri(s) < ( > 1D (s)PA;L A Js)+N0), VT C A,

€T i€TNA (s)

whereC'(a, b) = log,(1 + a/b). In other words, only the users jﬁ](s), whose signal is
strong enough to overwhelm the jamming signal, can comnaiidt is easy to check
that the capacity regiaR( A, s) can be rewritten as the set|of;|-tuples{r; € R{ }.c,
such that

D rils <C(Z\h |AZ,AJ5)+NO>,VTQAJ

€T €T

whereﬁi = A, for: e /L(s) and &- = 0foralli e AJ\/L(s). For simplicity of
notations, let us define, for &ll C A; ands € S,

gia, (Z\h ]Al,AJs)nLNO)

€T

It is straightforward to check that, for any state= S and any setd;, g1 ,(T,s) is a
rank function. Therefore, in each channel state S and for any set of jamming users
J, the feasible regiofR( A, s) is a polymatroid.

D2.2b SAPHYRE



3.5 Cooperative Games on Markovian MACs with Jamming Users 121

As remarked before, we consid&( A, s) as the set of feasible allocations for coalition
Ay in the single stage game played in state S. The Core of the game can be inter-
preted, in this case, as the set of efficient allocationgfeigrand coalition of users such
that there is no subcoalition that can ensure a better aikoctor all its participants when
the rest of the users jam. Therefore, if a rate allocatiors s lie in the Core is not ef-
ficient from a centralized point of view, and/or it is not féar some users. In [80], La
and Anatharam found the Core of the game by relying on codpergame theory with
transferable utilities. Their approach is not complet@prous, since the rate cannot be
shared in any manner among the users but only within the dgpagion. Neverthe-
less, NTU cooperative game theory yields the same resu@jsds it is clear from the
following Theorem.

Theorem 3.22.Let W, be the single stage game played in state S. The CoreCo(V)
coincides with the main facét/ (R(P, s)).

Proof. For Theorem 3.21, all the points M (R(P, s)) solve the linear programax,cr(p,s) Y _;cp -
Hence, all the points i/ (R(P, s)) are efficient forP. Moreover, in [80] it is shown that,
forallr € M(R(P,s)),

Z r; > g(AJ)(AJ78)7 VA; CP

€Ay

Hence, we can say that, for alle M (R(P, s)), there exists no allocation belonging to
M(R(A,, s)) that dominates for coalition A;. Since any rate allocations belonging to
R(A;, s) is dominated by a rate allocationd (R(A, s)), thenM (R(P, s)) C Co(V,).
If r ¢ M(R(P,s)), either itis not feasible or it is not efficient fér. Then, M (R(P, s)) =
Co(Vy). N

Markovian channel

In this section we mainly deal with Markovian cooperativengatheory. We consider
a finite set of channel statés = {s;,...,sy} and in eachs € S the game described
in Section 3.5.4 is played among the same set of playerBhe succession of states at
discrete time step$S;, ¢t > 0} is a HMC, characterized by the transition probability
matrix P.

Assumption 3.5 The transition probability matri¥ is irreducible, i,e, from any state, all
the statess are reachable with positive probability.

Under Assumption 3.5, the stationary distributioof P exists and the matri{d — 3P) !

is positive. Along the Markov process, for each state S, arater(s) € R(A,, s) needs

to be assigned to the active users. We will now make our fundamental assumption on
the rate allocation procedure.

Assumption 3.6 The rate allocation procedure along the HMC is stationagy, it is a
function exclusively of the state of the channel at each stehe HMC, and not of the
rate allocations and of the channel states in the previeys st
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Letr;(s) € R(T, s) be the payoff in state € S assigned to playerc 7. LetI'; be the
Markovian game when the initial state of the underlying HMG i€ S. In literature,
two criteria to sum the payoffs over time are usually congide The former is the-
discounted criterion, wher@ € [0;1). In this case, the long run discounted allocation

r(ﬁ)(l“s) in the gamel’, for player: € T, provided that the initial state of the HMC is

)

s € S, is expressed as

N
E ¢ (sk|s;) ri(sk)

k=1

Mz HM8

m(sk, s;)ri(sg), Vs; €8 (3.47)

e
Il

1

wherev ¥ (., s;) is thej-th row of the non negative matrid — 3P)~*, andp;(s'|s) is the
probability of being in state’ aftert steps, when the initial state és Expression (3.47)
can be inverted and described by a bijective func#éfl : RV” — RV such that

[£(y) - r(0y)] | = 0P ({r(s)}ses)
=(I-p3P)! [r(sl) o r(sN)]

The latter criterion considered is referred to as averaigerion, and in this case;(I'y)
is defined as the Cesaro limit:

ri(Ty) = liminf —— Z > il

tOsES

T

SinceP is irreducible, them;(I'y) can be expressed as [87]:

N

r;([s) = Zw(sk) ri(sg), VseSs. (3.48)

k=1
wherer is the stationary distribution of the HMC. We can rewrite &.4s a function
® : RN — RP such that:

= (I)({I‘ SES)
Zﬂ' Sk

Let us define now the feasible rate region in the long run mecmder discounted and
average criterion. Fix the set of jamming usérsvho are supposed to jam for the whole
duration of the transmission. Let; = P\ J be the set of active users.

Definition 3.12. Set3 € [0; 1). Thediscounted feasible rate regick® (A, T,) is de-
fined as the weighted Minkowski sum:

RO (AT, Zu (sk, )R(Aj,8), VA, CP.

D2.2b SAPHYRE



3.5 Cooperative Games on Markovian MACs with Jamming Users 123

Definition 3.13. The average feasible rate regidR(A,, I'y) is defined as the weighted
Minkowski sum:

N
R(A;T) = > w(si)R(Ay s), VA CP.
k=1

Note that we can defin®(A,;,I') = R(A,,Ts), since the average feasible rate region
does not depend on the initial state

Now we are ready to derive the exact expressions for B&th A, T',) andR(A;, T,).
The following two Lemmas follows directly from Corollary 3.6

Lemma3.16.Set € [0;1) ands € S. Let A; C P be the set of active users. The
discounted feasible rate regidRi?) (A, T,) is a polymatroid with rank function:

g(AJ ZV (sir s AJ)<T3) VI C A

Lemma3.17.Let A; C P be the set of active users. For any initial state= S, the
average feasible rate regidR( A, ') is a polymatroid with rank function:

N
g(AJ Zﬂ' A,)TS) \V/TgAJ
=1

Thanks to Lemma 3.16 and Lemma 3.17, we can extend the resuhe Core of a single
stage game in Theorem 3.22 to our Markovian setting.

Lemma 3.18. Under the3-discounted criterion, the Core of the garfle, Co'”(I',)
coincides with the main facet 8% (P, T,), i.e

Co(T,) = M(%m(?,rs)), ¥seS.
Analogously, under the average criterion, the Cafe(I's) coincides with

Co(l',) = M(ﬂz(ip, r)), VseS.

Hence, all the rate allocations M (R(P,T")) are auspicable both from a system designer
point of view, since they are efficient in the long run pro¢essl for each subset of users
A. In fact, A would not be able to ensure a better rate if the remainingsd®ed would

be jamming for the whole duration of the transmission.

Time consistency

Up to now, we have assumed that the coalitions of active amdhjag users are prede-
fined at the beginning of the game and they do not change indwese of the game. Of
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course, a more realistic setting allows the coalition tonggathroughout the transmis-
sion, at each step of the channel HMC. Under this assumptienyant to investigate
when an allocation is stable throughout the whole game.

Let us consider the discounted criterion. If a long run at@nr € Co”(T,), then if
any coalition of users faces the dilemma:

do I withdraw now or I'll cooperate forever?

beforethe gamel’, starts, then it always decides to cooperate, by the defindgfiathe
Core. We still ignore what is the answer to this dilemma at angrimediate step of
the game. Hence, we want strengthen our concept of stalaly we wish that, for
any trajectory of the HMC up to the-th step, the expected-discounted sum of rate
allocations from state,, on still belongs to the Core dfg, , for anyn. In dynamic
cooperative game theory, this concept is usually refewwebtime consistenc{e.g. see
[88]). In our case it is naturally satisfied, as we can see fitwerfollowing Theorem.

Theorem 3.23.Let S, be the state visited by the channel HMC at time gtdpet the set
of long run allocationgr(T',) € Co'(I',)}.cs and let{r(s)}.cs be its associated set of
single stage rate allocation. Suppose thét) € R(P, s), for all s € S. Then, for every

integern,
E (Z Br(S,)
t=n

whereh(n) is the history of channel states and rate allocations uprteetstep..

h(n)) € f"Co”(T'g,)

Proof. Since the rate allocation is assumed to be stationary, then

E (Z B'r(S,) h(n)> =E (Z B'r(S,) sn)

=B"E (Z B'r(Siin) Sn>
t=0
= G"r([y)
e 8" CoW(T'g,) (3.49)
where (3.49) comes from hypothesis. Then, the thesis isepirov n

3.5.6 Core Allocations

Lemma 3.18 is not sufficient yet to provide a method to alleche rate at each stage of
the game. We should design both the rate allocat{®iy) that each user gets in the long
run procesd’; and a rate allocation(s) at each stage of the Markov process, such that
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their discounted/average expected sum matetieg. Of course, the best solution would
be to find, under the-discounted criterion,

({x(1) € Co(T)}es, {x(s) € Co(W,)}es )
s.t.r(Ty) = Zy(ﬂ)(si, s)r(s;), Vse S (3.50)

=1

and, under the average criterion,

({r(r.) € Co(M)}es. {r(s) € Co(¥.)}es)
s.t.r(ly) = Zw(si) r(s;), Vse€ S (3.51)

Remark 3.9. Let us suppose the existence of greedy users, having a myefspective
of the game and only care for the rate assigned to them in thmerdistage of the game.
If, depending on the criterion considered, either condi{®50) or (3.51) is verified, then
also such users are content with the assigned rate allacatio

A promising result comes from the following Lemma.

Lemma3.19.LetR,, ..., R, bek polymatroids on the same ground sktLet g; be the
rank function ofR;. Leta; > 0, forall 1 <i¢ < k. LetR = Zle a; R;, with rank function

g € Zle a;g; for Corollary 3.6. Then, the weighted Minkowski sum of the madets
Yo, a;M(R;) coincides withM (R).

Proof. Letr(:) € M(R;), forall1 < i < k. Then, it is easy to see from Corollary 3.6
thath:1 a;r(i) € M(R). HenceY ! | a;M(R;) C M(R). Let nowr € R. Then there
exists a convex combination such that

r= Z c(o)w(o)
ocH(|A])

Hence, if we choose, for all < ¢ < k,

ri)= ) clo)wlo)(i)

c€H(|A])
then we can see that
k k
Y ax(i)y= Y (o)) aw(o)(i)
i=1 a€H(|A]) i=1
= > coyw(o)=r.
ceH(|A])

where the second equality comes from Corollary 3.8. BoR) C >"" | ;M (R;) and
the thesis is proved. ]
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Average criterion

Thanks to Lemma 3.18 and Lemma 3.19 we can derive the firstriamparesult for rate
allocation under the average criterion.

Theorem 3.24.Under the average criterion, given a long run allocatiofi’) € Co(I'),
it is always possible to find a set of single stage allocations:

[£(s1) ... v(sn)]" € (@) (x(T))
such thatr(s) € Co(¥,), forall s € S.

Moreover, under the average criterion, the proof of Lemrhf 3uggests a way to find
the single stage allocations from the log run one.

Discounted criterion

Under the discounted criterion, the situation is more trickhere exists a one-to-one
linear transformation between the $e{l',) € M (R (P, T,))}.es andR¥?, namely

1)} o5 = (@) ({r(0y) € MERD(@,T)}, )

such thak(s;) ... r(sy) is the only stage-wise allocation whoseliscounted sum, when
the process starts in state equalsr(I'y). Lemma3.19 ensures that a single long run
allocation is always reachable by stationary allocatidireder the3-discounted criterion,

a set of NV long run allocations need to be jointly reached by the sarefssationary
allocation, which is not always verified. Indeed, it is quatesy to find a counterexample.

Counterexampl&.5.1 Set3 = 0.9, Ny, = 0.1. SetP = 2, with power constraints
A; = A, = 1. Consider two states. sy, |h(V(s1)]?> = 0.1, |h®)(s51)]? = 0.2. In sy,
|RW(s5)]? = 0.15, |hP)(s5)]? = 0.3. LetP = [0.8 0.2; 0.3 0.7]. Choose the feasible
allocations in the long run game

r(Ty,) = [0.67; 1.48] € M(RC)(P,T,)))
r(T,,) = [0.77; 1.52] € M(R"9(P,T,,))

It is straightforward to check that the corresponding srsjage allocations:
(1) v(s2)]" = (@) (Ir(Ts) 1(T)])

)
r(s1) 2 [0.0476; 0.1061] ¢ R(?P, 51)
¢ R(P, s

P,
r(sy) = [0.1416; 1.1619] ¢ R(P, s2)

are both not feasible.

These considerations lead to the following fact.
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Fact3.5.1 For any set of single stage allocatiohss) € Co(¥;)}scs, the correspond-
ing long run allocationgr(T', )}, s belong respectively t§Co'” (I',)},cs. The converse
is not true: some set of long run allocatiohgI",) € Co'”(T',)}.cs are not reachable,
since(®@)~1({r(T',)) are not feasible stationary single stage allocations.

Therefore, our effort should be focused on devising a slataét of reachable long run
allocation{r(T',) € Co”(I',)},cs, such that the associated single stage rate allocations
(@)1 ({r(T,)) are all feasible and belonging to the Core of the respectineegaThe
following Theorem suggests a simple way to do it.

Theorem 3.25. Choose a set of convex coefficieftgo)}, for all 0 € H(P). Let
w?(0)(T,) be the vertex of/ (R (P, T,)) associated to the permutation Compute
the set of long run allocations as

r(l'y) = Z c(o)wP(o)(,), VseSs.
c€H(P)

Then, the set of single stage allocations

{x(s)}ses = (@) ({r(LL)}ees)
are feasible and(s) € M(R(P,s)), forall s € S, i.e. condition (3.50) holds.

Proof. Let us write

r(s1) > esqr) (@)W (0)(Ty,)
= (I-3P) :
r(sy) > sesip) @)W (o) (Tsy)
w?(o)(Ts,)
= ) c(o)(I-pP) :
7€I(P) W (0)(Tsy)

For Corollary 3.8, we can say that

r(s) w(o)(s1)

o) [ w(o)(sw)

Hence, condition (3.50) holds and the thesis is proved. O

The method provided in Theorem 3.25 to choose a suitablerlamgate allocation is not
the only available of course, but leads to an intuitive rednBiach vertexv(o)(s) can be
achieved by letting the receiver decode sequentially,enéverse order af, the signals
coming from each user under the channel stateS, and by considering the signals not
decoded yet as Gaussian noise (e.g. see [89,90]). Thereforeate allocation on the
main facetM (R(?P, s)) can be achieved by time sharing such decoding configurations
Theorem 3.25 hence suggests that time sharing in the samiewagh single stage is an
efficient and fair strategy also in the long run process.
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3.5.7 Fairness Criteria

Let us define three well known fair allocations.

Definition 3.14. An allocationr’’* is max-min fairwhenever no user with rater; can
yield resources to a uséwith r; < r; without violating feasibility.

Definition 3.15. The a-fair allocationr®?’, with o > 0, is defined as

Definition 3.16. Theproportional fair allocationr”*" coincides with thew-fair allocation
whena — 1, i.e.

IfF:zmmmxIIm (3.52)

From [81] we know the following result.

Theorem 3.26. If the feasible rate region is a polymatroid, then theair allocation
coincides, for alla > 0, with the max-min fair allocation and with the proportionalrfa
allocation.

Since the three allocation procedures are equivalent irsettings, we will encapsulate
them in the concept afeneral fairallocationr?

F MM PF aF Ya>0

We study the relation between the general fair allocati@oa@ated to each single stage
game with the one associated to the long run game. Genefally,assign a general fair
allocation in each stage of the game, the associated longllagation is not necessarily
general fair in the long run game. Nevertheless, we will mtea sufficient condition for
this property to be satisfied.

In [91], the following algorithm to compute the general fallocation within a general
polymatroid®R, with rank functiong and on the se#, is provided.

Algorithm3.5.1 Setk = 1. SetA' = A, ¢ = g.

1) Compute
. . g'(T)
T/, = argmin
®) ng?' T
9 (Th) . .
rf = ‘T(*;’), v {i} € T},
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2) If 17, = P, then stop. The rate allocatiafi is general fair forR. Otherwise, set
k=k+1,P = fP’\T(*k) and
9(T) = ¢(TUuTy)) -4 (Th) VT CF
Of course, Algorithm 3.5.1 can be utilized to compute theggahfair allocation both in
single stage games and in the long run prodeder both the summation criteria.
The following Theorem is a straightforward extension of tbsults in [91], and shows

that the general fair allocation is a useful procedure tecea point in the Core of the
long run game.

Theorem 3.27.The general fair allocation of a polymatroi#l belongs to its main facet
M(R).

We now present the main result of this section. It providasfiécgent condition to ensure
that the general fair allocation employed in each stageeptbcess is still consistent in
the long run process. Let"®(I',) be the general fair allocation under thediscounted
gamerl', and letr” (T',) be the general fair allocation under the average criterion.

Theorem 3.28.Let T*(1)(s), ..., T*(ks)(s) be the sequence of sets computed in step 1
of Algorithm 3.5.1 applied to the single stage gamelLet r’(s) be the general fair
allocation in states € S. Suppose that the sequences

{T(ﬁ)<3)>T(z)(S)a e } = {j:(*l)aj:(*Q)? e } Vse S

I.e. are equal in all states. Then the long run allocations
N
rF(ﬁ)(FS) — Z V(ﬁ)(si, S) I‘F(SZ’)
=1
in case ofg-discounted criterion, and
N
e (1) = ) w(si)r’(sq)
=1
in case of average criterion, are general fair in the long gamer,.

Proof. Let us consider the discounted criterion. The proof for therage one is to-
tally similar. Let us apply Algorithm 3.5.1 to compute thexwain allocationr? (T',) €
M(R®(P,T,)). At the first iteration, at step 1, for Lemma 3.16 we can write:

B
T/}, = argmin —g(?)(T, L)
W Ry T
N
_ Dim V(ﬁ)(sia s) g»(T), si)
= argmin
TCP |T|

=Ty
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Hence, we can compute the max-min fair allocation for the/ et

N N*
ZLzlywxshS)%?ﬂThysﬂ

F
r;(I'y) = —
i (T) T

N

= S (s sl (), Vi) e Ty,

=1

Then, at step 2, the update of the rank function, foffadt fP\f(*l),

/ ~
(9 @.1) v (si, 5)loe) (T U Ty, 50) = 9T 1)

M-

=1

v (si,5) (909 (T, 1))

M-

=1

preserves the linearity property of the rank function afsthe following iteration. Hence,
by induction, the thesis is proved. n

3.5.8 Nash bargaining solution

In the previous sections we have seen that the Core of the longame is nonempty,
and that it is always possible to find single stage allocatlmionging to the Core of the
single stage games such that their long run sum still belemgze Core of the long run
game. Hence, under this point of view, the grand coalitistable throughout the game.
Nevertheless, there is still the chance that some user nragipe its own rate allocation
as unfairly too low with respect to some other users.
As an example, consider in stat@ couple of userg, j) such that their received power
IS

[ (s) 28 > |9 (s)]PA,.

Letr;(s),r;(s) be the rate allocations for usersind j, respectively. Of course, user
can decrease its power to

A9 (s)]PA,

O (s)]>

and he will get a rate;(s). La and Anantharam pointed out in [80] thatrjfs) < r;(s),
then uset may “envy” user; and decide not to join the grand coalition, and in the worst
case scenario to jam. Therefore, it still makes sense toepitud situation in which no
agreement is reached among the users.

Let us focus on the static game in a state S. We want to define the Nash bargaining
solution for MAC with jamming users. We stress that in litera (e.g. see [92]) the
disagreement point is generally set to O for each user. Ircase, in which the game
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structure is clear, it makes sense to define it as the set dhmaxrate that each user can
ensure for itself without agreement.
Let us first show the following result.

Proposition 3.8. Letd; (P, s) be the rate that useérc [1; P| can ensure in statewhen no
cooperation is reached. In each statkere exists at most one usesuch thad, (P, s) >
0.

Proof. Userk, with

|h<’f><s>|2Ak>( > |h<"><s>|@) = MP\{k},9) (3.53)

can ensure for itself a positive rate, which we ehl( P, s):

d (P, s) = C (|h™(s)[PA, A(P\{k}, s) + No) .

Then,
P
BB (s)PAk > Y [BO(s)PA,
i=1,iNEk
and, for any usejnek,
P
B ()PA; < W (s)PAx = D [ (s)]PAs
i=1,iNEk,j
P 2
(£ wons)
i=1,iNEj

Therefore,
di(P, S) =0 Vanek.

Now we can define the Nash bargaining solution in our setting.

Definition 3.17. Fix the states € S. Let

di(P, s) = max d;(P,s) > 0.

1<i<P

TheNash bargaining solution™¥?(s) in MAC with static coefficients and jamming users
is

P
r"P(P,s) = argmax (rj — dy(P,s)) H r;. (3.54)
rER(P,s o
Tkggkapz)s) ’LZ’\HE:;{}
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rate
user 2

,
7
dy _

rate
user 1
>

»

Figure 3.2: General fair and Nash bargaining allocations.

Analogously, the Nash bargaining solution in the Markowjame can be defined in the
following way.

Definition 3.18. Set € [0;1). Set the initial state € S. Compute the3-discounted
disagreement point as

P
dg.ﬂ)(P, Iy = Zu(ﬁ)(si,s) d;(P,s;), V1<j<P

i=1

Under 3-discounted criterion, th&lash bargaining solution™¥2()(T,) in Markovian
MAC with static coefficients and jamming users is

P
rVBO(PT,) = argmax H (r; — d!

7

B
'(P,T,)).
reRB)(P,rg) g
r12d£ﬁ> (P7FS)7V7' iNER

Definition 3.19. Compute the average disagreement point as

P
d;(P,T) = ZW(&') d;(P,s;), V1<j<P

i=1

Under average criterion, théash bargaining solution™?(T',) in Markovian MAC with
static coefficients and jamming users is

P
rB(P,T,) = argmax H (r; — d;(P,T)).

reR(P,s) =1
ri>d;(PT),Yi ;\ek

By comparing (3.54) with (3.52) it is evident thelt? = r wheneveid;(P) = 0 for all
i, i.e. when no user has sufficient available power and chasorelitions good enough
to be still able to communicate when no agreements is reached
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We now want to investigate the relation between the Nashabargy solution and the
general fair allocation in the single stage game when thebeuraf user increases. To
do so in probabilistic terms, we suppose that there existelzgpility distribution among
the states which preserves the independence of the charefBtients among the users.
Under this assumption, we will show that the probability &b a states such that there
existsk : di(P,s) > 0 tends to O when the number of usérgends to infinity. Hence,
the probability thatVZyer!” tends to 0 as well.

First, we show a general result on independent random Vasiab

Lemma3.20.Let&, &, ... be a countable set of independent positive random variables
with E(¢;) = m; andVar(&;) = v?. Letinf; m; > 0 andsup, v? < oo. Let the probability
density function of; be bounded and with limited support, for allThen,

P
Pr (&-S > &,\HSJ'SP) iy (3.55)

1=1,iNEj

with exponential rate of convergenceih

Proof. Let m = inf; m; > 0 andv? = sup, v?. Define the event

,
B = (sjs > 5)

1=1,iNEj

Then, we can rewrite (3.55) as

P Py _ P 7(P)

P
—1-Ypr (E§P>> (3.56)
j=1
>1— P max Pr <E§P)> (3.57)
j=1,...,P
WhereEE.P) Is the complementary event ﬁjﬁp) and (3.56) comes from the exclusivity of

the events. We can prove that the (3.57) tends to 1 whe&nds to infinity. Hence, it is
sufficient to prove that

PPr (EP) %0, vj=1,...,P (3.58)

Let f5-. ¢ (.) be the probability density function, possibly discrete)of¢;. Let f¢,(.) be
bounded betweejd); a;|. For simplicity of notation, we show (3.58) fgr= 1.

PPe(B) = P [ falen [ fer oo deden
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From the central limit Theorem, we can say that

lim P Pr (E( )>

Ploo

IlDiTr?oP/oal ffl(-Tl)/ (Zm“Zv> xo) dxo dzy.

whereN(a, b)(.) is a gaussian univariate distribution with meamand variancé. We
continue by writing

/ fe an/ (Zm,,z ) (2) ds day

IN

AT (—(m e ) o <

j=2"J

g PRSP ECEILES L P
P

(a; — [P — 1] m)? Ploo
Eexp(_ [P—1]62 )mzaxf&( )—> 0

where the first inequality comes from the Chernoff bound ondhlerobability of Gaus-
sian variables, and the second and the third inequality @id for all P large enough.
Hence, (3.58) holds and the thesis is proved. O

Let us now make the following assumption on the distributbthe channel coefficients.
Assumption 3.7 The channel coefficients”)(s) };ci, under the probability distribution
i on.S, are independent and bounded variables, with

inf E,, (| (s)[*) >0, sup Var, (|h(s)]?) < oc.

Lemma 3.21.Under Assumption 3.7, the probability that no user canstiure for itself
a positive rate without agreement tends to 1 when the numbeses ends to infinity,

i.e.
Ploo

Pr(di(P,s)zo, VlgigP) Pl .

Proof. The probability of the event

P 2
Ih® () PA, < ( > |h<i>(s)y@>  Vk=1,...,P (3.59)

i=1,iNEk

is not smaller than

P
Pr (]h(k)(s)FAk < D EOs)PAL VE=1,.. ,P) : (3.60)

i=1,iNEk
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For Lemma 3.20, (3.60) tends to 1 whéhtends to infinity, so also the probability of
(3.59) does. Hence, the thesis is proved. n

Hence, we obtain that the probability that the Nash barggisolution coincides with
the general fairness allocation tends to 1 when the numheses increases.

Theorem 3.29.Under Assumption 3.7,

Pr (rVP(P,s) = (P, s)) gy

3.5.9 No cooperation in Markovian channels

In this section we want to prove the importance of reachinggreement in the Marko-
vian channel. Let us first derive an accessory result, onuherate in the single stage
game, assuming a distribution probability on the states.

Lemma 3.22. Suppose that Assumption 3.7 holds. Then,

STE(di(Ps) T 0

=1

with exponential rate of convergence/ih

Proof. Let |h|? be the supremum that a channel coefficient can achieve dtbeaitates.
Let m = inf; E,(|h(s)[?) and®? = sup, Var,(|h¥(s)[?). Let A be the maximum
possible power constraint for users. We write

ZE(d (P)) < Pmax E,(d;(P,s))

1<i<P

It is sufficient to prove thaf’E,, (d;(P, s)) tends to O wher” T oo, forall 1 < i < P.
Then, for Lemma 3.20, for ail

PE,(d;(P,s)) < PPr(di(P, s)ne0) C (|h[°A, Np)
%0

where the rate of convergence is exponential, still for Len3120. Hence, the thesis is
proved. ]

We now suppose to know the distribution of the channel state @t the beginning of the

game isu(.). In this case, under the discounted criterion, the feasib#égion averaged
over i, can be expressed as

RO(P.T,,) = ZMO YR (P.T,,)
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which is still a polymatroid, according to Corollary 3.6. Wndhe average criterion, the
average of the capacity regidt(P, I';) overyy is still R(P, T'), since it does not depend
on the initial state.

We want now to show under which conditions the sum througbpttie network in the
Markovian game collapses f@* | oo, when no agreement is reached among the users.
Letd,(S;, P) be the ratel;(S;, P) at time step. We definedg. (I'y,, P) as the rate that
userj can ensure when no agreement is found:

ﬁ //«07 ZNO Z 5175) dJ(Pa Si)

seS i=1

in the case ofi-discounted criterion and

N
Ty P) = Y 7(si)dj(P,s;) = d;(T, P)
=1
under the average criterion, since it does not depena,on

We now make an usual assumption on MAC, for which the channeCH&h be splitted
into P independent processes.

Assumption 3.8 For any integer$, t,

(RO (Sein)s o A (Sa) [RO(S)), ., hP(S,) ) =
P

:[Ip(h“NSHJHh“NSJ)

i=1

Let S® be the set of possible states for the channel coeffidi€ht such thats® =
{h®D} s andS is the Cartesian produ’_, S@. Letn(® be the stationary distribution

of the irreducible HMC{S" | ¢ > 0}.

Proposition 3.9. If Assumption 3.8 holds, then(s), where

is the stationary distribution of the HMC an
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Proof. We can writer(s) as

= >[I0 ) ph ()W)

s'eS i=1

= [T w000 pn®(s) (")

=1 ¢'€S

P
— [[~x
=1

The following result directly follows from Proposition 3.9

Corollary 3.9. Suppose that Assumption 3.8 holds.t= =, i.e. the stationary distribu-
tion is also the initial distribution of the HMC then the vablesh™ (S,), ..., K" (S,)
are independent and distributed a5, . P) respectively, for any > 0.

We are now ready to show our main result of this section. testthat, under Markovian
assumption, the guaranteed throughput of the network mmasigreement is found goes
to 0 when the number of usefstends to infinity.

Theorem 3.30. Suppose that Assumption 3.8 holds and that Assumption 8alidsfor
the distributionz. Then, in the case gf-discounted criterion, the sum rate:

P
S d? (., P) = 0

i=1

and, under the average criterion, the sum rate:
& P
S dy(r,, P) 2 0.
Proof. We can write, in the case oFdiscounted criterion,

P
> d(r., P) = ZﬁtZESt (S, P (3.61)
j=1

and, under the average criterion,

> Es, (d;(Si, P)). (3.62)
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Thanks to Corollary 3.9, we can invoke Lemma 3.22 to say that
P
S Es (dj(S, P)) U5 0, vi>0.
j=1

Hence, the thesis is proved. m
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4 Game Theory for Spectrum and Infrastructure
Sharing Networks

We directed our efforts into two directions, igpectrumandinfrastructuresharing.

With reference to the spectrum sharing, we considered thieasio where several oper-
ators decide to share with each other a part of their sped®8m However, this choice
requires the coordination for the access to the sharedmesoin order to avoid another
resource waste due to the so called “Tragedy of the comm®&a4g’ Many algorithms
can be proposed, belonging to two main categoneitogonalandnon-orthogonal The
former considers mutually exclusive access to the sharectgspn and hence does not
tolerate any interference. The latter allows several BSshsesame transmission fre-
qguency at the same time, provided that the level of inteniegeat the intended receivers
is below a desired threshold. All of them have pros and codsemable different gains
for the operators. In our work, we focused on the orthogoas¢ @nd quantified arpper
boundon the achievable gain. To do that, we proposed in [95] a akr#d algorithm
which exploits perfect channel information and performes dptimal allocation in a co-
ordinated manner. Even though it is not directly amenableraatical implementation,
due to the conflicting operator interests, this solutionsa@ihcalculating an upper bound
on the sum capacity that can be reached in each cell. Thig &ymesented in Section
4.1. A cooperative context is considered where the netwpekaiors are not selfish and
try to maximise a common metric, i.e. the total system cdpaci

With reference to infrastructure sharing, we studied treeaa relay sharing in wireless
networks ([96,97]). In particular, in Section 4.2 we comsithe case of a network with a
a cross-layer interaction between routing and medium aao@strol and investigate the
proper cooperation mechanism to be adopted by the userasa tain is obtained by
both those who have their transmission relayed to the firslrtition and also those who
act as relays. In Section 4.3, we consider Bayesian Networ&srhpute the correlation
between local network parameters and overall performamicereas the selection of the
nodes to be shared by a nework operator is made by means ofeatiyaanetic approach.

4.1 An Upper Bound on Capacity Gains due to Orthogonal
Spectrum Sharing

We consider two Long Term Evolution (LTE) mobile networkgeoating in the same
geographical region, i.e. having adjacent cells. In paldic for the sake of simplicity we
consider the case of two cells. However, all consideratgamsbe promptly extended to
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a more general case. We assume that the network operatorsdpaaent portions of the
spectrum and agree upon sharing a part of them.

In LTE networks, the downlink of a cell is organized accoglio a TDMA/OFDMA
scheme. The time is divided into 10 ms frames, each congistinlO sub-frames of
1 ms. The spectrum is divided into bundles of adjacent suibecs, calledsub-channels
each one of which is being assigned to a single user for aneesuib-frame. Thus,
the resources to be allocated by the BS managing the cell presented by the sub-
channels, and the allocation decision is taken per-subétaasis. The choice of which
user to allocate on each sub-channel depends on the saigedanli resource allocation
policy adopted, i.e. on the utility functions that are to heimised by the allocation
entity.

Let KX be the set of available sub-channels for the downlink, spid two subsetsK;
andX,, whereX; is assigned to operatgr Denote withK' = |X|, K; = |X;| and with

a € [0, 1] the sharing percentage, i.e. the fraction of spectrum epehator decides to
share. For the sake of simplicity, we assufiig| = |X,| = K/2 and indicate it ag.
The extension to the general case is straightforward. iTheb-channels are split into
a partk® = ko that is shared, and a patt that remains private to the operator, with
k = k* + kP. In this way, each operator has a final set:6favailable sub-channels that
is made of its initialk plus thek® shared by the other,

K= k(1 +a). (4.1)

We denote withk¢ the number of sub-channels which compose the common peol (i.
k¢ = 2k®). Since in this work we consider the caseoothogonal spectrum sharinghe
access to the common resources is mutually exclusive. fdrerecoordination for the
usage of such resources is needed.

We remark that, since OFDMA is used for the downlink accegsulfiple users, no in-
terference occurs among different sub-channels and tleusahsmit power on each one
of them can be set to the maximum possible. The performantgcrteken into consid-
eration for operatofn is the cell sum capacity, i.e. the sum of the Shannon capaciti
achievable on each sub-channel allocated, defined as

Con = 300 S5 Blogy(1 + SINRy; - 8;5),
(4.2)
5 — 1, UE; allocated to sub-channel

Y10, otherwise

whereB and Ny g are, respectively, the sub-channel bandwidth and the nuafldser
Equipments (UEs) in the cell, whilSI/N R, ; is the Signal-to-Interference-and-Noise
Ratio (SINR) perceived by UEon sub-channel. Note that the actual cell throughput
is lower than the capacity and depends on the modulation @tidg scheme chosen for
each sub-channel on the basis of the corresponding SINR.
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4.1.1 Coordinated Scheduling Algorithm

At first, each BS runs independently its internal resouragcation procedure; then, the
trading for the common pool usage starts. Therefore, twegdheaan be identified: (i) the
proposal of a resource allocation and (ii) the contenticoldion.

For every allocation opportunity, each BS belonging to anratee decides which are the
sub-channels, among those it is entitled to use, that willdeal in that allocation period
and the UE the resource will be assigned to. We call the setiod psub-channel, UE
aschannel allocation map We assume that the BS manages a different flow for each
UE registered to it, and these flows are always backloggethacevery time a flow is
selected there is always a packet to transmit. Another imeddal assumption that we do
is regarding the internal scheduling policy adopted by éa8hWe suppose that short-
term fairness among the flows is not taken into consideratimms the only objective
of the allocator is the maximisation of the cell capacitydded, if fairness was taken
into consideration, then the total throughput reached by avB&d be reduced, since
the achievement of a fair situation could force the alloc#&bosub-optimal choices, as
discussed in depth in [98].

The problem of selecting the channel allocation map thatimiaes the capacity is com-
binatorial in nature and thus with a high computational ctaxipy. In a more formal way,
each UE has a Channel Quality Indicator (CQI) for each sub+atlaiVe denotéJQI}J
the CQI value of usejf, served by BS, for the sub-channél Each BS selects, for each
sub-channel, the user:! with the largest CQI so as to maximise the sum capacity. In
other words,

uézargmjaxCQﬂ l=1,... k", (4.3)

ZL]’

Z?]’

CQI'=max CQI',, 1=1,... k" (4.4)
J

In this way the BS constructs the proposed allocation veaie= [u!, u?, ..., u¥, uF,

.., u¥"]. If the resources that BScan allocate are fewer thaf', BS selects the best
k elements according to the value of CQI;", u."?, ..., u;"*]|, wherem, € X.

7

When each BS has determined its proposal of resource allac#ti®mtrading phase starts
in order to solve all the possible contentions for resoutzess and determine the final
allocation maps. Many algorithms can be proposed to take ehthe conflicts, each

of them having pros and cons and reaching different perfooma We propose such
an algorithm, without considering the implementation aspef it, for the purpose of

establishing an upper bound on the cell capacity achievemtahby both operators.

This is a centralized algorithm that obtains an upper boumdhe gain that can be
achieved by distributed algorithms enabling orthogonaksmm sharing. Even though
it is not meant as a practical scheme, it can be used to bemkhih®performance of
other strategies. In particular, the proposed solutionsaatmmaximising the total cell
capacity. To do so, the operators behave as if they were ai@mnqtity, a kind oimo-

nopolisthaving complete information on both cells, and allocatédhesatb-channel to the
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best UE, i.e. the one having the largest Channel Quality &diq CQI), without taking
into consideration any fairness constraints amongst tgataThe resulting capacity is
hence the theoretical limit, i.e. the maximum achievabléutlycoordination. Of course,
when deciding the allocation of the common sub-channetsUtE can belong to any of
the involved operators. On the other hand, when allocatiegstib-channels private to a
certain operator, then only its UEs can be taken into consita. The pseudo-code for
the algorithm is given hereafter.

forall sub-channelg € X do

if (j € X°) then . /* it is a common sub-channel =/

if (CQI ;> CQI ;)then

; YUY Uy

| W =uf;

end
else [+ it is private sub-channel =*/
|l = /* s is the owner of sub-channel j */
end

end

Algorithm 2 : Coordinated Scheduling Algorithm

In this way, the final allocation vectar = (u*)cq is constructed and contains the
indication of which UE to allocate on each sub-channel.

4.1.2 Numerical Results

We run an extensive simulation campaign to assess the pefme of the coordinated
scheduling algorithm. To better appreciate the sharing gahievable by orthogonal
spectrum sharing, we considered two different scenaripsyfnmetric load scenario,
and (ii) asymmetric load scenario. We consider two paytialterlapping disk-shaped
cells and random user droppings. Table 4.1 contains the sgatam parameters common
to both scenarios. In particular, those related to the PH¥rlare taken directly from the
LTE standard. The simulations were run by using the networkistor ns-3 [99] with
the extension defined in [100] for the support of multi-celllthoperator LTE networks
with spectrum sharing.

Symmetric load scenario Both cells are under saturation (i.e. all the UEs have an in-
finite number of packets to transmit) and each BS tries to useaay sub-channels as
possible, i.e.k". The two cells are statistically equivalent and thus theaye perfor-
mance achieved by both coincides.

Asymmetric load scenaria In this scenario, the two BSs have different traffic load and
the one with higher traffic can opportunistically exploi¢ tbhared resources not used by
the other one. In order to model this scenario, we assumeettit BS guarantees to

D2.2b SAPHYRE



4.1 An Upper Bound on Capacity Gains due to Orthogonal Spec&foaning 143

Parameter Value

Center frequencies 2.115 GHz (BS0),
2.125 GHz (BS1)

Downlink channel bandwidth 10 MHz

Subcarrier bandwidth 15 kHz

Doppler frequency 60 Hz

Sub-channel bandwidth 180 kHz

Subcarriers per sub-channel 12

OFDM symbols per sub-carrier | 14

TX power per sub-channel 27 dBm

Noise spectral density () —174 dBm/Hz

Pathloss 128.1 4 (37.6 - log,,(d)) dB (d is
the BS-UE distance in km)

Shadow fading log-normal ¢ = 8 dB)

Multipath Jakes model
with 6 to 12 scatterers

Wall penetration loss 10dB

Frame duration 10 ms

TTI 1ms

Cell radius 1500 m

Distance between BSs 1000 m

Table 4.1: Main system parameters

each UE no more than two sub-channels at each allocationrtopity. The UEs are
always allocated according to their CQI, so as to exploit thétioser diversity as much
as possible. In particular, each BS tries to givéme-frequency resources to each of
its users, as long as there are free sub-channels in thefghd spectrum it can access.
Therefore, the asymmetric load is generated by varying tlmeber of users. Cell 1 is
overloaded and ha#) UEs to serve; thus, it nee@® sub-channels. For cell 2 we con-
sidered a varying number of UEs, ranging fr@map to40. When the sharing percentage
is 0%, BS1 cannot use more than 50 sub-channels, indepenétentl the load of cell 2.
This may lead to large resource waste when the latter is loatbrd. When the sharing
percentage increases, BS1 is entitled to use more sub-dbaririee other operator and
thus a larger number of UEs can be served. Therefore, therpehce of BS1 is limited
by the sharing percentage and by the load of cell 2, whichsieethe of the available
resources to satisfy its users. When both cells have the saawde &lso the respective
achievable channel capacity is the same because they isécslly equivalent.

All the results are characterized by a 95% confidence intevith a maximum relative
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Figure 4.1: Cell sum capacity versus sharing percentageaftwus number of UEs and
symmetric load

error of 5%. Fig. 4.1 shows the sum capacity reached by edkim tke symmetric load
scenario, for various numbers of UEs, when the sharing p&age increases. Since both
cells are statistically equivalent (for number of UEs, atelrstate, traffic load), also the
respective final outcome is the same. First of all, a cleareiment of the capacity with
the number of UEs can be noted, which is a direct consequéitise multiuser diversity.
The larger the number of UEs, the higher the probability tbaeach sub-channel there
is at least one UE with good channel quality. However, forlbvaigh higher user density
the improvement is quite low because for almost all the swdnnels there is at least one
user in good situation. The second important observatianhdan be done is that there
is a neasharing gain The cell sum capacity increases with the sharing percenthgs
there is an incentive for the network operators to sharegédheir frequencies.

Fig. 4.2 shows the correspondisgectrum sharing gain.e. the ratio between the cell
capacity achieved with and without spectrum sharing. Fallsnumber of UEs and full
sharing, 20% gain can be reached over the non-sharing casédiséussed previously,
the sharing gain is greater for scenarios with few UEs, andg¢o reduce for situations
with more users, because additional (due to spectrum gf)annltiuser diversity has a
diminishing returns effect. This aspect is more evidentig B.3, where the total (i.e.
over the two cells) sum capacity is depicted as a functiomefiumber of UEs in each
cell. In this case, the saturation effect for cells with moesers is more evident: after 18
UEs the improvement of the capacity is almost negligiblediasussed above.

Fig. 4.4 depicts the corresponding total sum capacity fersitenario with asymmetric
traffic, as a function of the number of UEs in cell 2 (esselytiaodeling the traffic load
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Figure 4.2: Spectrum sharing gain versus sharing percetitaigzarious UEs and sym-
metric load

of cell 2). Three values for the percentag®f spectrum sharing have been considered,
i.e. 0,50 and 100%. For the reference case of no shading (%), the curve increases
due to the increasing number of UEs that are served in ce#rBdmber that for cell 1
the capacity is constant since all th@resources are always allocated). For the sharing
case { > 0), the total capacity still increases with the number of Uisthe same
reason. Moreover, there is additional increase, due toatidliat BS1 is entitled to use
a higher portion of the spectrum and thus can serve more UEhould be noted that
after a certain number of UEs in cell 2 has been reached @rcdse 25 since the number
of initial sub-channels per cell is 50), there are no fre@ueses that BS1 can exploit
from cell 2. Any additional increment in the total sum capac only due to multiuser
diversity, which still yields some benefits from the incre@s the number of users, even
though the additional improvement decreases for netwoittsmore users.

The capacity results and sharing gains depend on the radmagation environment.
The larger the frequency diversity, the higher the intetlegt an operator might have in
accessing the spectrum of its competitors because it magttam sub-carriers of better
quality for it. Also, the allocation policy adopted by the Blays an important role. In
this numerical study, we are not considering fairness antieadlows and for each sub-
channel the best UE is always chosen. By introducing someefss; the curves would
change significantly, in particular the capacity values decrease.

SAPHYRE D2.2b



146 4 Game Theory for Spectrum and Infrastructure Sharing Nedsvo

—

140

130 s “‘*‘ o —

— D —
n S
2 120 i
('U ::
© 110 /
S 5
> B
0 * /
I=
E 100
a=0% —+—
a=30%
90 0=60% e |
a=100% B}
0 5 10 15 20 25 30

UE

Figure 4.3: Total sum capacity versus the number of UEs péfarevarious sharing
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4.2 Relaying in Wireless Networks in a Game Theoretic Perspective

Relay networks have been widely studied in information th¢d®1]. In particular, the
relay channel represents one of the most common scenauniiedt Several theoretical
results about the capacity of this basic network have beaihaie in the literature since
long [102], and others keep being proposed even very rgcgrt8, 104].

Atthe same time, game theory [105] is being employed moreraore every day by wire-
less telecommunication engineer. From a game theoretsppetive, the relay channel is
a natural scenario to evaluateoperation106], which may improve the communication
for users experiencing bad quality on their direct link te ttestination. The concept
of cooperation has a precise meaning in game theory mostiygh the application of
coalitional gameswhich we will exploit in this part of our work.

Yet, we do not apply these game theoretic concept to a puceniation theory sce-
nario. Instead, we focus on a precise application of the/iehannel, with a real network
protocol involving packet exchanges and retransmissioough cooperative Automatic
Repeat reQuest (ARQ). Our proposal involves a cross-layetignlspanning on the data
link (and more specifically, both channel access protocsigieand ARQ) and network
layers.

The contribution in this sense is two-fold. First, we givearalytical characterization
of the performance of the relay channel from a game theopstispective. Second,
we are also able to define a cooperative protocol where thelbvetwork throughput
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is improved. However, differently from classic results nfarmation theory where the
capacity enhancement simply stems from spontaneous aiaper.e. the nodes collab-
orate out of goodwill, we precisely model also the node baitao that their cooperation
is not taken for granted, but rather promoted through a abdefsign of incentives to all

the involved nodes (both those exploiting cooperativeyssland those who aid others,
e.g. by forwarding their packets).

In this sense, this throughput enhancement is achievalgeattical cases, and is truly
beneficial for those nodes who have poor channel conditmgs,those at the cell edge,
not only because somebody improves their throughput, lsat sihce other nodes are
actually willing to cooperate with them, since they see accete benefit in it.

4.2.1 Coalitional Game Terminology and Notation

Cooperative game theory [106] is a branch of game theory tlogiges analytical tools
to study the behavior of rational players when they cooperat

The main area of cooperative games is represented by ooalitgames [107], defined
as a pair(N,v), whereN = {1,..., N} is a discrete set of players amds a function
that quantifies thealue of a coalition in a game. Each coalitigh C N behaves as a
single player, competing against other coalitions in otdebtain a higher value af. A
coalitional game may have the following properties:

Propertyl. (Characteristic form)he value of a coalitiots depends only on who are the
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members of that coalition, regardless of other coalitions

Property2. (Transferable utility)The value of a coalition is a real number, representing
the total utility achieved by the coalition, and it can beitdily divided among its
members

For coalitional games satisfying properties 1 and 2, thaeval: 2~ — R is a function
that assigns to each coalitighthe total utility achieved by it. The utility value can be
arbitrarily divided among the coalition members and the amof utility that a player

i € S receivesy;, is the player’s payoff. A payoff allocation is a vectoe RI°! (where

|S| is the cardinality of the sef) whose elements are the payoffs of players belonging to
the coalition; in other words, it represents a redistrinutf the total utility.

Another interesting property that a coalitional game mayeha super-additivity, that for
a game with properties 1 and 2 assumes the following form:

Property3. (Super-additivity)
’U(Sl U SQ) Z U(Sl) + U(Sg) VSl, SQ C N s.t. Sl N SQ = (Z)

The super-additivity property expresses in mathematerahs$ that formation of a larger
coalition is always beneficial. Hence, for those games witdnelds, the players are
encouraged to stick together, forming the grand coalidon

For a game having all properties listed before, the maincspe analyze are:

« finding a redistribution of the total utility(N) such that the grand coalition is
stable, i.e. no group of players has an incentive to leavgridwed coalition

« finding fairness criteria for the redistribution of theabtitility

 guantifying the gain that the grand coalition can obtaithwespect to non cooper-
ative behaviors

A payoff allocation isgroup rationalif Zﬁil x; = v(N) and it isindividually rationalif
x; > v({i}) Vi, i.e. if every player does not obtain a lower utility by coogténg than by
acting alone. A payoff allocation having both propertiesagl to be amnmputation

The concept otoreis also very important. It is defined as the set of imputatitnad
guarantee that the grand coalition is stable, i.e. all gagltications where no group of
playersS C N have an incentive to refuse the proposed payoff allocateaving the
grand coalition and forming coalitiofi instead. Mathematically speaking,

G:{x s.t, Za; =o(N), ) ;> 0(S)VS C N} (4.5)

Indeed, the core may be empty, in which case the grand apaiginot stable. The exis-
tence of the core ought to be checked case by case, possfibjtag some categories
of games where the existence is guaranteed [105, Ch. 13].
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Figure 4.5: The reference scenario.

4.2.2 Problem Statement

We consider the scenario of two nodes, A and B, which want toncomicate with an

Access Point, Z, as represented in Fig. 4.5, 75, 7ap andvyp4 are the signal to noise
ratios (SNRs) between A and Z, B and Z, A and B and B and A resdgtiWe suppose
that:

* Y4, VB, VAR @nd~yp4 are constant over time, i.e. time invariant channels andifixe
transmission powers of A and B. Actually, also slow time-vwagychannels can be
included in this analysis. Moreover, without losing gefigrave suppose g > v4

» node A and B always have packets to transmit to Z

* time division multiple access (TDMA) is adopted, assuntingt the access point
Z manages it in a centralized manner. The process that asaigiot to a new
packet is independent identically distributed (i.i.d.}iwP, and Pz = 1 — P, the
probabilities to assign the slot to node A or node B respelstiv

» we consider an ARQ retransmission scheme with at mestransmission (maxi-
mum total number of transmissidn = 2). In subsection 4.2.2 we will see how the
analysis can be generalized for multiple retransmissions

» we focus on the uplink connection from the users to the acpest, therefore we
neglect the traffic from Z to nodes A and B

Once a new packet for node A is scheduled, the non coopetatimemission process
of this packet can be represented by the Markov Chain in F&g.Absorbing state# 4
and N4 represent the events that the packet is received or novestby Z. Other states
represent the actual number of packet transmissions pegfbby user A, so the initial
state is statd 4. We defineq(v) as the probability that a packet is correctly received
when the SNR isy. This function depends on the modulation scheme used anldeon t
packet length. We definB;“ as the probability to be absorbed in stdig in the non
cooperative case.

PYC = q(va) + (1 — q(74))q(74) (4.6)
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q(ya)

1-g(ya) a(ya)

Figure 4.6: Non-cooperative transmission process of agiasfluser A

q(ya)

1-q(ya) d(va)

Figure 4.7: Non-cooperative transmission process of agiackhe network

We defineN}'“ as the average number of transmissions of the packet in theauper-
ative case.

NAC =q(ya) +2(1 = q(74)) =2 — q(7a) 4.7)

The transmission of a packet in the non cooperative cas®, tihe choice of the user to
packet reception (or to the maximum number of transmis$jomeepresented in Fig. 4.7.
Initial state/ represents the selection of the user that can transmit ttkepaJsers A and

B are selected with probabilitieB, and Pg, respectively. Once either user is selected,
the transmission process evolves analogously to the Matkt@in shown in Fig. 4.6.
When the packet is correctly received by Z or the maximum nurobé&ansmissions

is reached (i.e. an absorbing state is entered), anothepaeket is considered, again
starting from statd: a new user is selected, a new packet is transmitted, and.so on
Renewal theory [108] allows to study this kind of situationBhe beginning of each
renewal cycle constitutes a regenerative epoch of the Mapkocess. The asymptotic
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metrics of the network can be obtained by studying the aeebatpavior of the Markov
process. The asymptotic bit rate of each user is calculagezbbsidering the average
number of transmitted bits and dividing it by the averageetimabsorption:

_ PAPF]EVAC Nbit

NC
BRYC = —5¢ T (4.8)

where NV¢ = P,NYC + PyNJ¢ is the average number of transmissions for packet,
Nyir is the number of bits in a packet afig,, is the time needed for a single packet
transmission.

Finally, the asymptotic bit rate of the network for the normperative scenario is given
by:

BRNY = BRY® + BRY¢ (4.9)

Cooperative ARQ

Now the performance of the network is evaluated for the cds@cooperation is active,
by means of the coalitional game framework. Nodes can catg@enelping other nodes
to retransmit a packet not correctly received by the acceiss.p

We assume that the game satisfies properties 1 and 2. Notmn tthegt two-user case,
the former property is automatically satisfied. Howeveg gnoperty still holds true
even if the analysis is extended to a network with more thanusers, since the TDMA
approach guarantees that different coalitions do notacteeach coalition tries to obtain
the maximum throughput by using the slots assigned exdlysiw it. For what concerns
property 2, the problem of the throughput redistributioadslressed in subsection 4.2.2.

The valueu(-) of the coalitional game is the throughput obtained by eacfittan. In a
two-user case, three coalitions are possible: the twotemadiformed by the single users,
A and B, and the coalition formed by both users, i.e. the grand toalN = { A, B}.
The value of each coalition is:

cv({A}) = BRY“ v({B}) = BRy“
v(N) = BR® = BRS + BRY, (4.10)

where BRS and BRS, are the respective asymptotic bit rates for user A and B in the
cooperative scenario.

During a cooperative transmission, the packet transmiited node is heard by Z and
the other user who actively cooperates. In our formulatcmoperation implies that, if
a packet is not correctly received by Z, its retransmisssocarried out by the user who
has the better signal to noise ratio, provided that it rexgbihhe packet correctly. Thus,
the transmission process for user A can be represented Beahev Chain in Fig. 4.8.
State2 (24) represents the second transmission in the case thaBuses (not) correctly
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Figure 4.8: Cooperative transmission process of a packetesfAl

received the packet during the first transmission; remethia¢we assumeg > v4. We
obtain:

RCLPf, = q(ya) + (1=q(va)(1—q(ya8))a(7)
+ q(yvaB)q(vB))
NS = q(ya) +2(1 = q(va)) =2 — q(y4) (4.11)

Note thatPy;, > Py¢ thanks to the cooperation of B, whilg{ = N because we
are considering at most 2 transmissions. If more transarissare considered, we obtain
alsoN§ < NY“. Note thatP; = P}“ because B is not helped by anybody.

Along the same lines of (4.8), the asymptotic bit rate of dserthe cooperative scenario
is given by:

PAPg Nyt
BRS = 42" > BRY¢ 4.12
A NC Tpk;t A ( )
Finally:
v(N) = BRY = BRS + BRS, > BRYC + BR)® (4.13)

Therefore the game satisfies also property 3.

Throughput subdivision

Now we want to find a payoff allocation that belongs to the @od is fair under certain
parameters. Note that, for a super-additive two player gdngecore is not empty and
coincides with the set of imputations.

In the considered game, the set of imputations is given by:
x4 =BRYY + (1 —w)(BRS — BRY®)
zp =BRNY +w(BRS — BRY) (4.14)
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Here acooperation weightlenoted as is introduced to determine the throughput share
that each user gets. Note thats introduced to give a proper incentive to both users to
cooperate. In fact, only user A, whose channel quality towasse, can directly benefit
from being helped by user B’s cooperative relaying. Howavsey B can get an incentive
to cooperate if this results in a larger throughput share.

By varying the value of the cooperation weightin the interval|0, 1], we can obtain
all the imputations. It is immediate to see that + x5 = v(N) VYw. Moreover, for
w = 0 we obtainry = BRY® = v({B}) and increasingw we haverp > v({B}). For

w = 1 we obtainz, = BRY® = v({A}) and decreasing we haver, > v({A4}). On
the other hand, ifv < 0 thenzp < v({B}) and ifw > 1 thenz, < v({A}). Thus,
by setting the value ofv we decide the right level of fairness of the subdivision. sThi
takes into account that, in order to cooperate with A, usea8th consume more power,
retransmitting packets instead of A, that can in turn sawegpo We can assign a cost
to the power, depending on the application/scenario we @msidering. If the cost of
the power increases, we have to increase also the value obtperation weightv (i.e.

to further increase the payoff of cooperative users) in otdekeep the same level of
fairness.

So far we have supposed that the total throughput can beedivayg users rather arbitrar-
ily. From a practical point of view, the only thing that candmntrolled is the allocation
policy, P, and Pg. We suppose therefore that the allocation policy is charfiged P,
and P to P{ and P§ in order to satisfy the subdivision proposed. Is the newcalion
policy feasible? Thatis, iB{ + PS5 < 1? Itis easy to show that the new allocation policy
is feasible. In fact, we have to increase the allocation @lodly of the cooperating user
B and decreasing the allocation probability of A, while kiegpconstant the total bit rate
v(N). Since B has a better SNR, it results that the incrégge- Py is greater that the
decreasé’, — P in order to keep the total bit rate constant. Therefore:

P —Pg<Py—P{=PS+P{<Py+Pz=1 (4.15)

This means that the allocation is feasible and that therepesitive probability that
some slots are not assigned to anybody, which would not bainggal. Therefore, the
quantity P’ = 1 — P{ — P§ can be divided between users, increasing for example both
P{ and P§ by the same amount, or increasing them by a weighted amourft efhere

we can use again the cooperation weightFinally, this means that both users have a
further benefit in obtaining an even higher bit rate comp#&pdte subdivision proposed.

Multiple retransmission generalization

Previously, we have found the mathematical expressionth&®asymptotic bit rates in
the non-cooperative and cooperative casegfer 2. This can be generalized 16 > 2
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as follows. For the non-cooperative case we obtain:

q(v4) (L = q(ya))""

-

ﬁ
||
N

PYC =q(va) +

&
L

NYC =q(va) + > ia(ra)(1 - q(va)) '+

+F(1—q(ya) ! (4.16)

For the cooperative case, [Ef ; andT'4 s be the times required by and B, respectively,
to correctly receive the packet frorh Then, we have

F
rCIPS, = q(ya)+ Y P(Taz =)

i—1

= Q(’YA)‘i" |:ZP<TA,B k)P(TAZ Z|TAB k)

k=1

+ P(TA,B > 7 — l)P(TAZ = i|TA7B > 7 — 1):|

= —1—2 [ZC] vap)(1 = q(va8))* 'q(p)

%

(1= )M (1 — glrp))
+ (1_Q(VAB))i_1Q(’YA)(1_Q('YA))i_l} (4.17)
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rCIN = q(ya)+ Y iP(Tayz=i)+ FP(Tyy >F —1)

P(Tay =i|Tap>i— 1)} +F| > P(Tap=k)

P(Taz>F —1|Tap=k)+ P(Tap > F —2)

P(TA,Z > F— HTA,B > F— 2)

i—1

= )+ 21| X aluan)1 - abuan)*a0m)

(1 a(a)(L - a3) ™+ (L~ glan))
a(1a)(1 - q(’m))i‘l] s F[Z (1a5)
(1= a(ras) (1 = a(ra)* (1 = () "+
+ (1—q(yap) (1 - CI(VA))Fl] (4.18)

Itis easy to see that;, > PYC andN{ < N, thereforeBRG > BRY. Thus, the
reasonings done in subsection 4.2.2 are still valid evet'for 2.

4.2.3 Results

The throughput of the proposed scenario with a time invacaannel has been evalu-
ated through a Matlab simulator. An example of results isvwwhim Fig. 4.9, where the
throughput for both nodes in the cooperative and non-c@perscenario is plotted. We
consider a6 — QQ AM modulation with packet length a2000 bits. P, and P are equal
t0 0.5, v4p andvyp4 are both set ta10. The SNR of B;yg, is constant and equal @,
while v, varies from0 to 2vz = 140. For very low values ofy 4, in the non-cooperative
case, the capacity of node A is closeOtowhile that of B is aroun@700 bits/s. In this
case, most of the slots assigned to A are wasted to retratismstame packet. When B
cooperates, it allows to save most of this wasted slots witdecreasing the throughput
of A. This saved slots are then assigned to B which doublelrisighput with respect to
the non-cooperative case. Increasingeflects in an enhanced non-cooperative through-
put of A. Cooperation from B allows to save fewer slots thangrevious case, but it is
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Figure 4.9: Throughput for the time invariant channel case

still beneficial and B experiences a higher throughput coeth#o the non-cooperative
case. The closer, to g, the lower the gain of B. When the SNRs of both nodes are
equal, cooperation is useless and the nodes have the sayngtiput. From this point
on the situation is reversed: when > v, A helps B and the cooperative throughput
of node A is higher than its non-cooperative throughput. TEnger~,, the higher the
(absolute) throughput gain.

It is worth noting that, while not rewarding cooperatiore.iw = 0, determines low
throughput for the node with worse channel quality, coofregawith weight equal to

1 does not represent an improvement for this user either. ¢h sucase, the whole
throughput gain harvested from the cooperation is assignihe better user to encourage
its cooperation. Thus, the case where= 0.5 represents an interesting trade-off, where
both users get a cooperation gain, and have the proper imegnb cooperate from a
game theoretic standpoint.

4.2.4 Discussion and Possible Extensions

The numerical results show an actual gain for both nodes wWieyndecide to cooperate.
Many papers which discuss cooperation in wireless netwolfties fail to determine the
actual benefit for the nodes in cooperating; therefore, thfegn resort to some form
of side payment. However, the viability of such solutiomspoth economic and legal
terms, is arguable at best. Instead, our proposed appraaplysaddresses the benefit
of cooperation as a throughput enhancemenbfiih kinds of users, i.e. those relaying
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packets and those exploiting a relay. Also, focusing on &-ifivision multiplexing
channel access is not restrictive; this assumption majydasiranslated to other forms,
e.g. random-based, medium access control.

Possible extensions of the present work, which are cugrem{oing, involve the in-
troduction of hybrid ARQ [109], as opposed to plain ARQ as emgtbhere, and the
addition of time-varying channels in the analysis. Thigglapoint may require to extend
the problem so as to include dynamic games and further ragotiamong the coop-
erating users. In a time invariant channel, cooperationwsys triggered in the same
manner, i.e. the user with better channel relays the pad&ethie other; conversely,
the main challenge of time varying gains would be that thesusan sometimes have
reversed cooperation roles. This complicates the set atfegfies that can be played by
each player; especially, the access point needs to giveepogmperation incentives so
as to avoid the “ungrateful” situation (a user that most @f time enjoys cooperation
by a relay does not reciprocate when it is its turn to relay ékgg. Nevertheless, our
preliminary evaluations hinted that a cooperation gaihtstids also in this scenario.

Finally, given the promising results found for a simple tnade network, it is surely
worth investigating an extension to larger networks, gagsvith multi-hop relaying.
This development, currently under evaluation, implieshbat evaluation on a larger
scale and also the definition of a proper negotiation prdtimcestablish the cooperation
roles [110].

4.3 Cooperation in Relay Sharing Scenarios

Cooperation is one of the most promising enabling technetotp meet the increasing
rate demands and quality of service requirements in wsabesworks. For the case of
infrastructure sharing, when a network operator decidesdperate, it shares some or all
of its nodes, that become relays for another network. In sustenario, cooperation can
leverage the benefits of diversity, obtaining a considerghln in the efficiency of shared
resources. Usually, sharing the whole set of nodes can grarttiggest advantage to
both networks. However, this clearly comes at the cost oitadal traffic that should be
handled by some of the shared nodes. In addition, in a neadistironment, an operator
may not be willing to share too many nodes to improve the traffanother operator, e.g.
for security or privacy reasons. Therefore, the operator degide to share only a limited
number of nodes, receiving the same treatment from the typevathe other network.
If this is the case, an optimal choice of the shared nodesrditg to certain criteria,
is needed. Indeed, some nodes may be deployed in crucidigpssiand they may be
particularly suited for helping the other network; on thatary, nodes placed close to
the network border are likely to be less useful or even uselésirthermore, sharing a
node implies that a higher amount of traffic will be routecbtigh it, which may result
in a higher latency for the traffic of its own network.

We consider two wireless networks deployed in the same melgiib operated by differ-
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ent entities. In the first scenario, the two coexisting neks@erform their operations
separately: each network only uses its own resources teeti¢hie data packets gener-
ated by its nodes. Clearly, since they are assumed to shasare spectrum resources,
cross—network interference may limit the overall perfonc& For such a scenario, we
select a set of local parameters: some of them are directigroble and depend only
on the topology of the network, like the number of neighbdra given node, and some
others are not observable and depend on the link charaer@sd on the traffic load.
We exploit Bayesian Network (BN) [111] analysis to estimatejtint probability distri-
bution of this set of parameters, and we use BN also to pregien the evaluation of the
observable parameters, the values of the other parameétitl be used to calculate a
performance metric. The use of this probabilistic tool ispqgromising for wireless net-
work optimisation, and it has been recently exploited, égpredicting the occurrence
of congestion in a multi-hop wireless network [112].

Such an approach can also be used to improve the performébothanetworks in our
scenario. The key idea is that a higher node density may lotlprietworks to augment
the available diversity, and thus to find shorter routes foltiihop communications. Itis
straightforward that this may be obtained if each networkte&e advantage of some of
the nodes of the other one. We model the interaction betweetwio networks through
Game Theory. In spite of the considerable theoretical gah & cooperative transmis-
sion allows, modeling the involved agents as smart selfisisda-makers usually leads
to inefficient non-cooperative equilibria. For examplel31shows that the IEEE 802.11
distributed Medium Access Control (MAC) protocol leads tomefficient Nash Equilib-
rium (NE) and in [114] a situation similar to the Prisoner'degbnma occurs in a slotted
Aloha MAC protocol. To improve the performance of the netkyarooperation among
the players is often desirable. In our work, we achieve tha §y formulating the prob-
lem as a repeated game, which consists in a number of repstitif a base game. It
captures the idea that a player has to take into account teeqaences of his current
action on the future actions of other players. Cooperatiamnfect obtained by punishing
deviating users in subsequent stages. Similar approaaweshkeen used for example
in [115-117].

In brief, the main contributions of this part of our study:are

* the definition of the cooperation problem of two networkarshg the same spec-
trum resources as a strategic game;

* the use of BN theory to learn the probabilistic relationslamong a set of param-
eters of interest in the network, in order to infer the parfance metric parameters
from some observable topological parameters;

* the proposal of a game theoretic algorithm to choose thenoekes to share;

 the implementation of the strategic game and the BN predictan actual wireless
network simulator, that simulates the network behaviohatRhysical, the MAC
and the network layers of the protocol stack;

» to numerically show the effectiveness of our algorithmnmproving the perfor-
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mance of the wireless networks by accurately selecting ddesito be shared.

4.3.1 Mathematical Preliminaries

In this section we briefly describe the mathematical toel, Bayesian Networks, that
we adopt to identify techniques for the selection of the loestiperating nodes in the
network. Itis a method to learn an approximate joint prolighdistribution among a set
of random variables from a set of instances of such variables

A BN is a probabilistic graphical model [111] describing carmmhal independence re-
lations among a set af/ random variables through a Directed Acyclic Graph (DAG).
This graph is used to efficiently compute the marginal andditmmal probabilities of
the M variables. A nodé in the DAG represents a random variable while an arrow
that connects two nodeésnd; represents a direct probabilistic relation between the cor
responding variables; andz;. The absence of a direct arrow between two variables
implies that the variables are independent, given certaialitions on the other variables
of the graph. The orientation of the arrow is also relevanddscribe the relationship
between the two variables. If the arrow is directed from noenodej, we say that is

a parent ofj, and we writex; € pa(x;). To clarify this concept, consider the following
example. If node#, i, and;j are represented in a BN such tlais a parent of and: is

a parent ofj, the joint probability of the corresponding variables is

P(ap, xi, x5) = Pxp) P(xi|en) Pxglz:) (4.19)

that is simpler than a general joint probability among thuaables. See [111] for further
details on the BN properties.

Learning the structure The technique to learn the approximate joint probabilitstrah
bution through a BN is divided into two phases, structureriegyand parameter learning.
The former is a procedure to define the DAG that representgubktative relationships
between the random variables, i.e. the presence of a divacection between a couple
of variables, not conditioned by other variables. Accogdio the score based method,
e.g. see [118], we do not assume any a priori knowledge ondtee but we just ana-
lyze the realizations of the variables and we score eachipe$3AG with the Bayesian
Information Criterion (BIC) [119], that we have chosen as a sdanction. The BIC
is easy to compute and is based on the Maximum Likelihood (Btltgrion, i.e. how
well the data suits a given structure, and penalizes DAGs avitigher number of edges.
If each variable is distributed according to a multinomiesitigbution, i.e. it has a finite
number of possible outcomes, then the BIC becomes very sitmglempute, involving
only summations for all possible outcomes of the variabfesall possible outcomes of
the parents of each variable, see [118].

Learning the parameters The parameter learning phase consists in estimating the pa-
rameters of the simplified joint distribution according lte fprobability structure defined
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by the DAG chosen in the structure learning phase. In ordeave the joint distribution,
it suffices to estimate the probability of each variable ¢ooed by the variables that
correspond to its parent nodes in the graph. Coherently Wethchoice of the BIC as
a scoring function, we use the ML estimation technique adsdetermine all the condi-
tioned probabilities for each variable considered.

4.3.2 System Model

In this section, we describe the network scenario undestigagion from the physical up
to the routing layer. In our scenario, two ad hoc wirelessvoeits coexist and share the
common spectrum resource. Each network consisfg tdrminals randomly deployed,
and each node is a source of traffic, which generates paat@isting to a Poisson pro-
cess with intensity\. The end destination of each packet is another node in theonet
chosen at random. Furthermore, time is divided in slots &tdsgnchronization is as-
sumed across the whole network.

Physical Layer

At the physical layer, Code Division Multiple Access (CDMA)thifixed spreading fac-
tor is employed to separate simultaneous transmissionsg sioth networks share the
same spectrum resources, and a training sequence is tteatsatithe beginning of each
transmission to help channel estimation. The receivingen®d?), uses a simple itera-
tive interference cancellation scheme to retrieve theddgiacket whed/ simultaneous

communications, namely™", ..., 7) are heard. In order to describe this scheme, we
need to define the SINR &) for the incoming transmissiofi® from nodeD®, i.e.
. N.p®
o _ ; | 4.20

whereN, is the noise power and¥, is the spreading facto?") indicates the incoming
power due tal'¥), i.e. forallj =1,..., M:

_ Prlhpo pol?d;®
= 1 ,
wherePr is the transmission power, which is considered to be the $anal the nodes

in the network,A is a fixed path-loss terma; is the distance between the receiving node
and the source df "), « is the path loss exponent, ahg) po) is a complex zero mean
and unit variance Gaussian random variable, which reptesba effect of multi-path
fading. More precisely, in our scenario, we consider a timgatated block fading.
Therefore, for the channel between nod¥8 andD®, the multi-path fading coefficient
in time slott is

Py (4.21)

hpw po(t) = p hpo po(t —1)++/1—p* ¢, (4.22)

D2.2b SAPHYRE



4.3 Cooperation in Relay Sharing Scenarios 161

wherep is the time-correlation factor andis an independent complex Gaussian random
variable with zero mean and unit variance. Now we can desthib iterative interference
cancellation scheme as follows:

the destination nod®(*)sorts thel/ incoming transmissions according to the re-
ceived SINR, in decreasing order (for simplicity, we assiitie > - .. > T'(M));

starting from transmissiofi™, D tries to decode the corresponding packet, with
a decoding probability that is a function Bf");

if the packet is correctly received, its contribution isacted from the total in-
coming signal;

D) attempts to decode the transmission with the next high@$RSI'®, and
goes on until it can try to decode the packet of interest.

MAC Layer

At the MAC layer, we implement a simple transmission protd@sed on a Request-To-
Send/Clear-To-Send (RTS/CTS) handshake. Every time hddevants to send a packet

to nodeDY), it checks the destination availability by sending a RTSke#cif D) is

not busy, it replies with a CTS so th&® can start transmitting the packet. Correct
reception is acknowledged by means of an ACK packet. In the chdecoding failure,
after a random backoff time, nod&* schedules a new transmission attempt, or discards
the packet, if the maximum number of retransmissions has keseched. The signaling
packets are very short, i.e. they are transmitted withimglsitime slot, and are protected
by a simple repetition code of rat¢2. Instead, data packets may span several time slots,
so error detection coding is used to verify their correcepion, i.e. redundancy bits are
added at the end of each packet.

Network Layer

The source node and the destination node are not necessdhily coverage range of
each other, so we consider multi-hop transmissions. Twe®ade neighbors, i.e. they
can communicate directly, if their distance is lower thahr@shold valu€. In order to
transmit to a node that is not within coverage, the nodes ssa&tia routing table, which
is built using Optimized Link State Routing (OLSR) [120], aditeonal routing protocol,
and is available at every node of the network. Each time a gederates a new packet,
or receives a packet to be forwarded, the packet is put in dde ueue, with First-In
First-Out (FIFO) policy. The maximum queue length is fixed aqual for all nodes. If
a new packet arrives when the queue is full, it is simply dided.
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4.3.3 Cooperation Strategy

In this section we describe how the two networks that coexisur scenario can share
efficiently the spectrum resources by means of cooperation.

Performance metric

Given the path fromD® to DY), we define the delivery delag/’?) as the average end-
to-end delay of a packet sent along the path, given that thkepas received; and the
packet loss probabilityoﬁi’j) as the probability that a packet is lost along the path. The
former depends on the channel and interference conditishigh may require one or
more retransmissions, and on the overall traffic level. déaddor multi-hop routes, a
packet has to wait at each relay node until all the packetsdsfin the FIFO queue have
been sent. Regarding the latter, the packet loss, there am&m events to be accounted
for. One is a high interference level, that may lead to a pagdi@p due to an excessive
number of retransmissions; the other is buffer overflow,the packet is discarded if the
next relay has no room for it in its queue.

We consider a metric to measure the gain offered by the v&gooperation strategies,
which takes into account the average end-to-end delay otkepaent along the path
from D® to DY), Since no end-to-end packet retransmission mechanisnplsinented
in our network, the effect of lost packets must also be carsdl Ignoring lost packets
(i.e. computing the delay statistics only on correctly d&ied packets) may lead to an
optimistic evaluation of the network performance undewigeeaffic, where few packets
actually reach the destination. In this case, a high-loss paght end up being con-
sidered better than a more reliable path with a slightly aigtelivery delay. The other
extreme, i.e. defining the delay contribution of a lost paelseinfinite, makes the delay
evaluation meaningless since the average delay would asofibite for any positive
loss probability. Clearly, neither option is desirable im oase.

Therefore, we propose another definition that gives a finds to the average delay in
case of a packet loss. In particular, when a packet is loshwioeng fromD® to DU,

we increase the delay of the following packet in the same pgtthe interarrival time
between packets routed on that patfhis additional delay is given bV — 1)/, i.e.

the inverse of the per-path average traffic intensity (te¢bat each packet generated at
D has a randomly chosen destination among the remaining raddhs network, so
that the per-node traffid needs to be divided by the number of possible destinations,
N —1).

According to this reasoning, we recursively define Wedghted delivery delagf a data

!Equivalently, we assign to lost packets a delay contrilbuéiqual to the interarrival time, to received
packets the actual delay incurred, and then divide the siath oéntributions by the number of correctly
received packets only.
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packet sent via multi-hop transmission by nddé to nodeD") as:
) o /N -1 )
Wd) — (1 _ p(w)) ((m) _|_p(m) 4+ W) (4.23)
c c A ° *

In this calculation, the channel and interference cond#j@nd thus the loss probability,
are assumed to be independent for different packets. Thisi@sto the fact that the

destination for each packet is chosen at random, and theltatveeen two subsequent
packet transmissions over the same path is deemed to berlongle

From Eq. (4.23) we obtain:

N-1 pi? g
Es () (4.24)

W) —
)\ ]_ — pc’

The delivery delay /) and the loss probabilitgg/f’j) depend on the nodes that the routing
protocol selects as relays. In a static network, it is pdssdestimate these values during
a training period. Instead, if the network is dynamic (melnibdes or time-varying traffic
statistics), this is not possible. We propose a different @faestimating the delay and the
loss probability, based only on instantaneous geograptia@uting information. Since
a packet sent over a multi-hop path has to traverse a numberdefs before reaching
the destination, we make the assumption that both the dyertdl delivery delay and the
overall path loss probability can be decomposed into doumtiions given by the various
traversed nodes. More precisely, the overall deliveryydaagiven by the sum of the
average delays required to traverse every single node (tiqaeue plus transmission
time), whereas the overall loss probability is obtainedftbe loss probabilities at every
node (probability of transmission failure and probabitifybuffer overflow). IfR@9) is
the set of nodes belonging to the path betw&éh and DY) (excludingD® and D)),

we have: N ,
¢ = Cq(l) + Z géh) , (4.25)
heR(:3)

whereggh) is the average time between the arrival of a packet at d@tleand its recep-

tion at the next hop. This delay depends on the next relageddgdwhile the time needed
for traversing the queue is the same for all packets, the taqgaired for a successful
transmission depends on the channel condition, and henteeamext hop chosen. We

estimateféh) averaging over all the possible next-hop relays, thus oVvéneneighbors
of nodeD®™),

The packet loss in the multi-hop path is calculated in a sinvilay, i.e.

P =1-(=p") (=) I[ a=p"0-5), 426
heR(E:5)

Wherepﬁh) Is the probability that a transmission from ndd& the next hop fails because
the maximum number of retransmissions is reached,;é’ﬁds the probability that a
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packet correctly received at nod¥” is discarded due to buffer overflow. Furthermore,
we notice thatpgh) depends on the queue of the receiving nad®), while pﬁh) depends
also on which node is used as next hop. For this reason, giyrtitawhat we have done
for Céh), we consider a value averaged over all the neighbor3(6f.

With (4.25) and (4.26) we can calculate the weighted defiviglay W), defined

in (4.24). This parameter should be estimated for each eoophodes, with a suffi-
ciently long training period. From (4.24), we defiieas the average over all the couples
of nodes belonging to the network. This will be used in théofeing as the performance
metric of the whole network.

Stochastic estimation of local parameters

In a real network, the values of the parame(é’i)s pf), andpﬁf) should be estimated based
on local information. Our idea is to use some parametersctrabe easily calculated at
each nodeD¥. We consider in particular the number of flo@$), that can be easily
calculated from the routing table, and the number of neighpd”. We have estimated
the probabilistic relationships amowdg, p;, p,,» F, andN. Notice that we removed the
dependence on the specific node. In fact, the Bayesian Netppioach exploits the
collected data, which are specific for each node, to find caictrrelation between the
local parameters and the values)fandJ. The result is a set of general conditional
distributions (one per each local parameter) which can eeefore applied to any node
of the network. It follows that once the number of flows or migrs of a given node is
known, the distributions of.”, p!”, andp” for that node are also known.

We first collected the measures of these parameters in onasces a function of the
traffic load \, for different topologies. Then we calculated the struetof the BN. We
should notice that this procedure is different from usingaantng period to directly derive
the local parameters. In fact, in this case a training peniodld be needed every time
the topology changes, so as to evaluate their value for geehfie node or path. On the
contrary, with our procedure we can estimate the genernall pyobability among these
parameters, that does not depend on the specific topology.

The structure of the BN is reported in Fig. 4.10. The structfréhis BN is the same
for all the values of\, while quantitatively the probabilistic relationshipsaciye with

A. We notice thafN does not influence, to a first approximation, the values othhee
performance parameters, once the valug @ observed. In other words, once we cal-
culate from the routing table the value &f we can have an estimate of the probability
distribution of the three performance parameters. Frorsdlestimated parameters, we
can calculate also the overall network performaiée
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Figure 4.10: Bayesian Network showing the probabilistiatienships among the pa-
rameters of interest,, p;, p, F, andN.

Cooperation

When cooperation is exploited, some nodes are shared betivedwo networks, and
the routing tables calculated via OLSR change accordingly.using the framework
introduced above, we can estimate the overall performah¢kectwo networks with
and without cooperation. We denote wit, (D, D,) the weighted delivery delay of
network k£, with & = 1,2, when the two networks share the set of noflgsand D,
respectively. In particulan¥V,((), () is the performance metric of netwokkwhen no
nodes are shared. Thus, for any choice of the nodes shareahvaalculate the variation
in W, for the two networks. Then, we can model the cooperatioresiyaby means of
Game Theory, by considering each network as a selfish agergeadtility function can
be any decreasing function d9,. To sum up, the following steps are followed in our
framework:

» we learn the network behavior by measuring the parameténseoest over several
random topologies with fixed setup;

+ we use the BN method to infer the joint distribution ama@pgp;, p,, F, andN;

« we evaluate the utility function®, (D, D,), for the two networks: € {1, 2}, for
all the possible choices of the séds andD,.

» we select the two subsef3; andD, to be shared, based on the game theoretic
approach described in Section 4.3.3.

Game theoretic approach

The problem is formulated as a repeategdlayer game, where the players are the two
networks. We name the nodes of the networks fiotm 2N, where the nodes in the sets
9 ={1,..,N}andQ, = {N + 1,...,2N} belong to networkl and2, respectively.
The strategy of each network is represented by the set ofsribdand D, they decide

to share, therefore in the most general formulation thaegyasets are the power sets
8, = 29 and$§, = 2%. The utility function of each networky;, : 29 x 2% - R, k =
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Table 4.2: Simulation parameters

Number of nodes per network 10
Transmission power [dBm]| 24
Noise floor [dBm] -103
Modulation used BPSK
Time slot duration [ms] 1
Packet length [bit] 4096
A [pkt/s/node] 1to5
Spreading factor 16
Fading correlation factgr 0.9

1,2, is the reciprocal of the average weighted delay per pathhfair network, that is,
Wk_l(Dl, D,). Each of these metrics jointly depends on the strategie®tf players:

if a network decides to share a given node, that node is lobgekde traffic of the other
network that passes through it. On the other hand, an additghared node decreases
the overall amount of traffic that passes through the othdeso

We assume for simplicity that the networks do not have thedioen to choose the number
of nodes to share. They can share either no nodes or exactbdes, therefore the
cardinality of each strategy space(i%) + 1. Although our approach can be extended to
a larger number of cooperating nodes, our numerical reshti/ that a large fraction of
the available cooperation gain is already achieved withghmple choice.

If we consider a single stage of this game it is immediate ®tkat the unique NE is
the strategy profile = (0, (), i.e. no network cooperates. In fact, given the strategy of
the other, each network prefers to share no nodes in ordeo mutrease the total traffic
through its nodes. However, in the repeated formulatioantlwe shown that each strategy
profile that allows to reach a better utility for both playes NE. A player deviating
from that strategy profile can be punished by the other pldyeng subsequent stages.
The duration of this punishment can be set so that the gaairaut during the deviating
stage does not compensate the loss during the subsequged.SRunishment strategies
in repeated games allow multiple equilibria with varyingditis for each player.

Inspired by the Nash bargaining solution [121], we decidm&ximise the product
(w1 — ujlvc) (us — uévc) : (4.27)

whereu N andul’C are the status quo utilities, i.e. the utilitie®, (0, 0) andW, ' (0, 0)
obtained when networks do not cooperate. We additionallyose the mathematical
constraintu, — u“ > 0, k = 1,2, to avoid the situation where the maximum
corresponds to a decrease in the utilities of both netwdrke. solution found results in
increased utilities for both networks compared to the napeaoative case, therefore it is
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Figure 4.11: BN estimation of the average delivery delags a function of the number
of flows F passing through the node.
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Figure 4.12: BN estimation of the probability of buffer ovevil p, as a function of the
number of flowsF passing through the node.
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Figure 4.13: BN estimation of the probability of transmissfailure p; as a function of
the number of flow$ passing through the node.

a NE for the repeated game formulation.

4.3.4 Results

In this section we present the simulation setup and the nesinlts of our approach for
cooperation.

Simulation Setup

In order to prove the effectiveness of our cooperation efpgtwe developed a network
simulator which encompasses the layers from physical ttimguas described in Section
4.3.2. The system parameters are reported in Table 4.2.d#ackation run is performed
with randomly generated connected networks, and lastdfifl0 time slots, including an
initial transient phase. Different values of the traffic geation intensity\ were consid-
ered, froml packet/s, corresponding to a lightly loaded network, up packet/s, which
IS instead the case of an overloaded network. In each scef@bisimulation runs were
performed to collect the data required for the BN inferencesefleon this information,
the empirical distributions and the average value§ af; andp,, conditioned or¥F, were
derived.

In the subsequent steps, a new seb@f simulation runs was performed for each value
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of A. In each run, two networks are again randomly deployed; tleeatl system per-
formance is theoretically evaluated by computing the \&hfé¥,,, based on the routing
tables, and the values 89,(D,, D,), with k € {1,2}, whereD, andD, are the opti-

mal sets of nodes to be shared, according to the game theftretiework proposed in
Section 4.3.3.

The aim is to verify how much gain is achievable with our agtowith respect to a
random selection of the nodes shared and a fully cooperstra¢egy. Therefore, the
network performance obtained by using our Game Theoretie rselection strategy is
compared to those achieved by the following strategiespXaoperation, 2) two nodes
shared, randomly chosen by each network, and 3) all nodesdsha

Bayesian Network estimation

Exploiting the stochastic estimation of local parametarsugh the BN approach pro-
posed in Section 4.3.1, we can evaluate the expected valtiee dhree parameters of
interest, namely the average delivery defaythe probability of buffer overflow, and
the probability of transmission failugg, as a function of the number of flovispassing
through the node and of the traffic intensity The expected values @f, p,, andp,
are shown in Figs. 4.11, 4.12 and 4.13, respectively. Weadhat the highest number
of flows through a single node is reached when that node bextimeeonly connection
among three separate clusters of nodes. If these groupsimaier cardinalities, and the
number of nodes in each network)¥§ we can rise up to a maximum of abatVv —1)?/3
flows through a single node, that is close to the maximum vafue represented in the
figures. We also observe in Fig. 4.11 that for very high valhfe$ and )\, the average
delivery delay decreases. We conjecture that this happenad reasons: (1) the queue
of these nodes are always almost full, so that the time tetsathem cannot grow much
further, whereas (2) a node traversed by a high number of fiswfien chosen as re-
ceiver by most of his neighbors. For these reasons, whesmistnits, a lower number of
communications can interfere, thus leading to a lower tieeded to deliver a packet to
the next hop.

Cooperation performance

In Fig. 4.14, we present the actual gain, in terms of delayegdn, offered by the con-
sidered cooperation strategy. The curves are obtained énagwg over 500 random
topologies, each consisting of two networks'of= 10 nodes. The other system param-
eters are reported in Tab. 4.2. We plot the average weighalay o@f each network (due
to the symmetry of the scenario, it is not necessary to @jstsh between the networks)
in four different cases, that is: (1) when no nodes are shagedely No Coop; (2) when
2 nodes randomly chosen are shared, namely 2 Rand; (3) whete8 rselected through
the proposed Game-theoretic approach, are shared, nar@dly(2) when all nodes are
shared, namely Full Coop.
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Figure 4.14: Weighted delay as a function of the packet gaiogrintensity), for the four
compared scenarios: with no nodes shared (No Coop); with blesshared, randomly
chosen (2 Rand); with two nodes shared, chosen via Game Tte@&Y); and with all
the nodes shared (Full Coop).

It can be observed that, as intuition suggests, full codjgergrants the highest benefits,
due to the higher diversity. Hence, this is the maximum a@ike gain for the scenario
investigated. This gain is more pronounced when the nesvair& heavily loaded, since
congested paths are more frequent, and spatial diversitynioes more advantageous.

When only two nodes can be shared, the choice of the shared noales the differ-
ence. In fact, Fig. 4.14 shows that a careful selection ofélseurces to be shared can
significantly increase the achievable gain when comparedtod random selection. A
random selection can not offer a significant gain for lightgded networks, while, for
heavily loaded networks, it can offer only one third of thenggranted by full coopera-
tion. On the contrary, if the same number of nodes are shartgdhosen by means of
our game-theoretic approach, the maximum achievable gduily obtained for lightly
loaded networks and closely approached for heavily loagédarks.
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5 Conclusions

In Section 1.1, a multi-user network was analysed, wherdiphellsecondary TX-RX
pairs coexist with multiple primary systems, in the sameggaphical area and utilizing
the same spectral band. The TXs employ multiple antennasni&in results are:

» The characterization of the Pareto boundary for the ytiggion of the secondary
users where fixed prices weights are given. For each secondar, the utility
function is defined as its achievable rate minus the sum ofvted interference
rates this user produces at the primary users. The charatien does not hold for
the rate region under soft- or peak-power-shaping comsgralUnder such condi-
tions, each Pareto rate tuple is achieved under differeceéprveights. Acquiring
these weights would require an iterative process.

» Given a set of existing primary users, the Pareto boundfityeosecondary users’
achievable rate region is characterized under the nufpisegaconstraints. The
Pareto efficient strategies can be performed by the secpndars if they coop-
erate.

» Motivated by distributed (noncooperative) operatiornaf $econdary systems, null-
shaping constraints are designed to improve the efficiehtlgeononcooperative
systems. The null-shaping constraints, correspondingrtioed primary users, are
characterized such that all points on the Pareto boundattyeofate region with-
out constraints are achieved by the noncooperative seppagstems. This result
shows that imposing null-shaping constraints on the seanynasers can be suffi-
cient to improve their noncooperative outcome.

 Following the previous result, the noncooperative seaondser selection problem
Is investigated to increase the achievable sum rate. Tleets®l should activate
only a subset of the existing secondary systems for opetafAssuming that the
secondary users are noncooperative and null-shapingraonstcorresponding to
existing primary users exist, a secondary user selectgorighm is proposed that
improves the sum performance of the systems. The algorshgneiedy such that
in each iteration step, activating a secondary system hasrtease the sum rate of
the selected secondary systems set.

In Section 1.2, a cellular setup including two multi-antaeBSs was studied, where each
BS has a protected band which it uses exclusively and alsareadshand which is shared
with the other BS. The main contributions are:

» Multi-antenna technology is applied over the protecteddsathrough the ZFB
strategy, so that each BS guarantee zero interference tasterners, while the
two BSs interfere on each other in the shared band.
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* In order to avoid the large amount of overhead that cooeranduces, the two
BSs are assumed non-cooperative and the situation betweéndBSs is formu-
lated as a non-cooperative game in which the objective dif B&:is to maximize
the system data rate.

» The existence of an NE is proven and sufficient conditiores movided for its
uniqueness. By proving that the non-cooperative game is ersiqaular game,
the uniqueness of NE implies the global convergence of lesgtonse dynamics
(iterative waterfilling).

» The efficiency of the NE is compared to the cooperative marinsum rate by
extensive simulations. It is shown that the setup of pretkend shared bands
provides significant efficiency gains to the non-coopeeasiystems.

In Section 2.1, it was assumed that not only the TXs, but dsoRXs have multiple
antennas. The distributed design of beamforming vectossowasidered under the prac-
tical assumption that the TXs and RXs only have local CSlI, ir@nfthe links directly
connected to them. The main contributions are:

» The distributed beamforming design in the MIMO IC with palrCSI is modelled
as a Bayesian game.

» Equilibria are derived for two versions of the Bayesian gantlee egoistic (which
maximizes the beamforming gain at the intended receivet}amaltruistic (which
minimizes the interference created towards other recgjiver

In Section 2.2, the autonomous and decentralized allataficate and power was studied
in a two-user single-antenna IC with partial CSI. First, thectical case was considered
where the rate is fixed and each source has to determine ther pdvich maximizes its
utility. Then, the general case was considered where eashesbas to select its strategy
defined in terms of the power and the transmitting rate, lyiffinally, the optimization
approach was also considered in the two asymptotic regifieseoference limited and
noise limited systems. The main achievements are:

* NE are determined with low complexity via best responserdtigns of an equiv-
alent game (interference-limited regime and general aaiselpsed-form expres-
sions (noise limited regime).

* NE are analyzed in terms of existence, multiplicity, andvaygence of the best
response. Conditions for uniqueness and convergence asielgulo

* Only for the interference-limited and noise-limited negis, optimum can be de-
termined via closed-form expressions. In the general aaseguires exhaustive
search.

* NE leads to fairer resource allocation than optimization.

In Section 3.1, zero-sum stochastic games with two playeiparfect information were
studied. The contributions are the following:

» A stochastic game model is introduced. It is proven thatafbdiscounted factors
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close enough to 1, the discounted value belongs to the fietdtiminal functions
with real coefficients.

» Two algorithms are proposed which compute a pair of unifdistount optimal
strategiegf*, g*), which are optimal in the long run average criterion as well.

» The convergence in a finite time of the first algorithm, basegolicy improve-
ment, is proven. A simple method is shown to find the range sfalint factors in
which (f*, g*) are discount optimal.

* It is shown by simulations that the second algorithm hasaeefacomplexity than
the first one, in terms of number of pivot operations.

« For transient stochastic games, it is proven thatg*) are optimal under the undis-
counted criterion as well.

In Section 3.2, discount cooperative MDPs were consideneghich the payoffs at each
stage are multiplied by a discount factor and summed up awex. fThe outcomes of the
study are:

» Non-cooperative and cooperative multi-agent MDPs aretghsurveyed and a sta-
tionary stage-wise CPDP for cooperative discounted MDPsRMIPDP) is pro-
posed.

* Itis proven that the proposed MDP-CPDP satisfies the “teahf@irness property”,
i.e. the expected discounted sum of payoff allocationsrgEdo a cooperative
solution (i.e. Shapley Value, Core, etc.) of the whole disted game.

* It is shown that the proposed MDP-CPDP fulfills the time cst&sicy property,
which is a crucial one in repeated games theory: it suggkatsat CPDP should
respect the terminal fairness property in a subgame gdrtam any time step.

* Itis shown that, under some conditions, for all discountdes small enough, also
the greedy players having a myopic perspective of the gameatisfied with the
proposed MDP-CPDP.

» The n-tuple step cooperation maintenance property of a CPDP esfigated. It
claims that, at each stage of the game, the long run rewatdettedn group of
players expects to get by withdrawing from the grand caatliifter step: should
be less than what it would get by sticking to the grand caadiforever. In some
sense, if such a condition is fulfilled for all integer's, then no players are enticed
to withdraw from the grand coalition. It is found that thegm step cooperation
maintenance property is the strongest one amongsalFurthermore, a necessary
and sufficient condition is given for the proposed MDP-CPD#gatisfy then-tuple
step cooperation maintenance property, for all integers

In Section 3.2, dynamic cooperative game theory was inteduwhere the game is not
played one-shot but rather over an infinite horizon. Twececidt were taken into account
to sum over time the payoffs earned in each single stage ggpeeifically the average
and the discount criterion. The main results are:
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5 Conclusions

Itis proven that an exponential number of queries is nexgger any deterministic
algorithm even to approximate SSM with polynomial accuracy

Three randomized algorithms are proposed to compute ademte interval for
SSM. Thefirst one, SCI, assumes that the coalition valuexim&ate are available
off-line to the estimator agent. SCI can be seen as a bencHordhe performance
of the other two methods, DCI1 and DCI2. The last two methodsbeantilized
also if we pragmatically assume that the estimator learasctialition values in
each static game while the Markov chain process unfolds. D&il@als the most
natural connection between confidence intervals of Shagkye in static games
and in Markovian games.

As a by-product of the study of DCI2, confidence intervals pu@vided for the
Shapley-Shubik index in static games. Also, a straightémdawvay to optimize the
tightness of DCI1 is proposed.

The proposed three approaches are compared in terms wigggof the confidence
interval. It is proven that DCI1 is tighter than SCI, with an ebjpumber of queries
and for a suitable choice of the number of queries on coalitadues in each state.
This occurs essentially because DCI1 allows us to tune thebaumf samples
according to the weight of the state. The simulations codtrttat DCI2 is more
accurate than the SCI and DCI1 when both the confidence prdipabitlose to
1 and a tight confidence interval for the Shapley-Shubik xnaofestatic games is
available, like the Clopper-Pearson interval.

Finally, it is shown that a polynomial number of queries udfisient to achieve
a polynomial accuracy for the proposed algorithms. Hencterder to compute
SSM, the proposed randomized approaches are more accuaatarty determin-
istic approach for a number of players sufficiently high. Tieee proposed ran-
domized approaches also produce confidence intervalsd@hhapley value iany
cooperative Markovian game.

In Section 3.4, a scenario was considered where severaidgrsvshare a network to
provide connection towards a unique common destinationeio tustomers. A coalition
game framework was provide to facilitate the design of thalalile network links and
their costs such that there exists an optimum routing gfyadad a cost sharing satisfying
all the subsets of providers. The main results are:

» By using the framework of stochastic games, algorithms aseiged to compute

the minimum costs that each coalition of providers can enfarritself. This helps
the optimum design of a network, which should guaranteexistence of an effi-
cient and stable costs partition among the providers.

* Also situations are modeled in which there are two playeatk wonflicting inter-

ests, like a hacker against a service provider, or in whichrace provider wants
to reduce the damages to the network caused by a naturaiedisas

* An epidemic spread network model is shown as well. From ar#étecal perspec-

tive, some results on uniform optimal strategies in stobbgame are extended to
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the case of undiscounted criterion.

In Section 3.5, distributed networks were considered, irclviusers can cooperate and
pursue their own interest. Cooperative game theory with NTdd wsed, to derive ef-
ficient and stable allocations in a setting in which the usens cooperate to reach a
common goal. The main achievements are:

» The relation between the static and the Markovian gameuied. The Core of
the Markovian game is still the most attractive set of ratecaltions, both from
a centralized point of view and for the single users. Both tisealinted and the
average criterion to sum the rate over time are considered.

» The Core of the Markovian game is found nonempty and its cctiores with the
Core of the single stage game are studied. Also the posgithlit coalitions can
change over time, along the Markov process, is considereéd afound that the
allocation is still stable, for any subgame.

* It is shown that, under the discounted criterion, the pdoce of joint rate alloca-
tions in the Markovian game for each starting state of the H¥I&delicate proce-
dure. Indeed, the associated single stage allocations ptayerfeasible. Thus, a
way is proposed to ensure their feasibility.

» The-fair allocation procedures are analyzed, with particaténtion to the max-
min fair (« — oc) and to the proportional faira( — 1). A condition is found
on the single stage games ensuring that, if the single stégtons all satisfy
such criteria, they also do it in the long run game. Moreotrex,Nash bargaining
solution is defined.

» The situation that an agreement among the users is not fanddceverybody threat-
ens to jam is investigated and it is proven that, if the nunalbptayersP increases,
the probability that some user can still communicate tend3 with exponential
rate. As a by product of this analysis, it is found that theiNBaargaining solution
tends to all the three fair criteria whéntends to infinity.

* It is proven that in the Markovian channel the expected sata in the long run
game tends to 0 wheR tends to infinity.

In Chapter 4, game theory was used to address resource @topadblems arising from
spectrum and infrastructure sharing.

* In Section 4.1, considering only spectrum sharing, an uppend on the system
performance in terms of aggregate capacity was calculatédhe existence of a
possible sharing gain is shown. The main factors impactirge the number of
users in the network, the frequency diversity, and the trédfad for each operator.

* In Section 4.2, the theory of coalitional games was exptbib analyse cooperative
relaying. The proper cooperation mechanism is derived abdlyain is obtained
by both those who have their transmissions relayed to thé diestination and
also those who act as relays. This gain can be directly rekatea throughput
improvement if the users follow specific access procedures.
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* In Section 4.3, the focus moved to a scenario where two leelhetwork oper-
ators are willing to share some of their relays to gain bendiiterms of lower
packet delivery delay and reduced loss probability. Bayehliatwork analysis is
exploited to compute the correlation between local parametnd overall perfor-
mance, whereas the selection of the nodes to share is madednysmof a game
theoretic approach. The results show that an accuratdiselet the shared nodes

can significantly increase the performance gain with resjoe& random selection
scheme.
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