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Executive Summary

This deliverable describes the Wireless Network Coding (WNC) technique as a PHY
layer tool for sharing resources of wireless communication systems. The WNC tech-
nique is based on the synthesis of the modulation, coding and processing in multi-
terminal (source/destination) and multi-node (relay) networks. WNC replaces to
some extend the functionalities traditionally associated to the medium access con-
trol and the network layer.

We focus on the PHY layer synthesis and analysis in all three components of WNC.
In particular, these are source node strategies (Network Coded Modulation), relay
node strategies (Hierarchical Decode and Forward), and destination node strategies
(mainly iterative soft side-information aided decoding). The deliverable closely in-
teracts with related signal processing technique of WP3.1 and with the fundamental
limits investigation reported in [SAPHYRE D2.1a] and [SAPHYRE D2.1b]. Our
algorithms formed inputs for the demonstrator as described in WP6 deliverables.

This deliverable is the final version of the deliverable summarizing the results of
Task 3.2 development. It builds on the initial deliverable [SAPHYRE D3.2a] keep-
ing its background and overall description and scenario parts. This final version
substantially extends (completely new or significantly extended sections) the initial
one namely in the following parts.

• Section 2 Gentle Introduction to Main Technical Results

This section summarizes selected main results and performance gains in simpli-
fied (mainly graphical) form. All detailed results are in the follow-up chapters.

• Section 4.4 Optimised Constellation Prerotation for 3-Terminal 1-Relay Net-
work with WNC

This extends the WNC into scenarios with multiple terminals.

• Section 4.5 Lattice-Constellation Indexing for WNC 2-way Relaying with
Modulo-4 Sum Relay Decoding

This section develops a constructive technique for proper indexing of NCM
constellations.

• Chapter 5 Network Coded Modulation design for scenarios with imperfect
side-information

This is a completely new chapter addressing a wide range of design methods
and performance evaluations in scenarios with imperfect side information.

• Section 6.3 Design of HXA Robust to Parametrization

The section contains new parts addressing issues related to combatting the
influence of channel (relative) parametrization and fading, namely “Design of
UMP full-response CPM”, “Design of General UMP Alphabet by Non-Linear
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3

Optimization”, “Non-uniform 2-slot constellations for bidirectional relaying in
fading channels”, and “Diversity Processing in Fading Channels”.

• Section 7.1 Representation of General Messages in FG/SPA

The section defines general rules for developing message passing algorithms
with mixture (discrete and continuous) messages.

• Section 7.3 Symbol-wise processing implementation of semi-iterative turbo
principle in multi-hop relay networks

This section develops a technique for a reduction of the latency in decoding
algorithms in WNC networks.

• Chapter 8 Synchronization in WNC Relaying

This section investigates an impact of imperfect synchronization on the per-
formance of WNC with HDF relaying.

SAPHYRE D3.2b
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Notation

Abbreviations

2-SRN 2-Source Relay Network

2-WRC 2-Way Relay Channel

AF Amplify and Forward

AWGN Additive White Gaussian Noise

BC Broadcast Channel

BICM Bit-Interleaved Coded Modulation

BPSK Binary Phase Shift Keying

CDMA Code Division Multiple Access

CF Compress and Forward

C-SI Complementari Side-Information

CPE Continous Phase Encoder

DF Decode and Forward

E-PHXC Extended Parametric Hierarchical eXclusive Code

FG Factor Graph

FN Factor Node

FSM Finite State Machine

GF Galois Field

HCF Hierarchical Compress and Forward

HD Hierarchical Data

HDF Hierarchical Decode and Forward

HI Hierarchical Information

HXA Hierarchical eXclusive Alphabet

HXC Hierarchical eXclusive Code

IFC Interference
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JDF Joint Decode & Forward

KLT Karhunen-Loève Transformation

MAC Multiple Access Channel

MACL Medium Access Control Layer

MSE Mean Square Error

MU Multi-User

NC Network Coding

NCM Network Coded Modulation

NL Network Layer

NMM Nonlinear Memoryless Mapper

P2P Point-to-Point

PDF Probability Density Function

PHY Physical Layer

PLNC Physical Layer Network Coding

PMF Probability Mass Function

Rx Receiver

SNR Signal to Noise Ratio

SPA Sum-Product Algorithm

SuP Surviving Pattern

Tx Transmitter

UMP Uniformly Most Powerful

VA Viterbi Algorithm

WNC Wireless Network Coding
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1 Introduction

1.1 Goals and Context of the Report

This report describes the Wireless Network Coding (WNC) technique as a PHY
layer tool for sharing resources of wireless communication systems. The WNC
technique is based on the synthesis of the modulation, coding and processing in
multi-terminal (source/destination) and multi-node (relay) networks. In simple
terms, the WNC can be described as PHY layer which includes, apart of the channel
coding and modulation, inherently the functionality traditionally devoted to the
medium access control and the network layer. This results in higher performance,
namely in terms of the throughput.

This report targets a synthesis and analysis of various WNC coding and process-
ing strategies including the impact of the parametric channel. The fundamental
limits (achievable regions) are investigated in the deliverables [SAPHYRE D2.1a]
and [SAPHYRE D2.1b]. The related signal processing aspects are investigated in
the deliverables [SAPHYRE D3.1a] and [SAPHYRE D3.1b]. A connection to the
game-theory based resource management and related utility modeling is in the de-
liverable [SAPHYRE D2.3a]. An implementation of simple HDF scenario on the
demonstrator HW platform showing the advantages of the HDF layered design prin-
ciple (compared to the commonly used AF strategy) is described in the deliverable
[SAPHYRE D6.1a].

This deliverable concentrates on the WNC/HDF code and processing construction
fulfilling the principles of the WNC based PHY sharing. The quantitative perfor-
mance, the SAPHYRE gain (namely the sum-rate) is defined in[SAPHYRE D3.3a].
The detailed SAPHYRE gain evaluation for WNC/HDF, including the fundamen-
tal limits, is treated in other deliverables devoted to fundamental limits investiga-
tion [SAPHYRE D2.1a, D2.1b]. However we show the most important example
SAPHYRE gains related to particular WNC schemes also in this report.

1.2 Background and Related Work

Multi-node and multi-source wireless communication scenarios are currently under
intensive investigation in the research community. Generally, these can be seen
as similar to the Network Coding (NC) paradigm [1]. NC operates with a discrete
(typical binary) alphabet over lossless discrete channels. It is in fact an operation on
data rather than on the channel codewords. NC has great potential in substantially

SAPHYRE D3.2b



10 1 Introduction

increasing the throughput of complicated communication networks. An extension of
these principles into the wireless (signal space) domain is however non-trivial. Some
attempts have been carried out using a simple concatenation of NC and a single-
link physical layer modulation and coding technique. In [2], the authors construct
various relaying schemes with complex field NC. The operation on the relay however
requires individual decoding of incoming MAC phase symbols, i.e. the NC is built
on top of the classical PHY layer technique. This has number of drawbacks and
only limited optimality. An optimal solution is a direct signal space domain code
synthesis.

Limited code design and capacity region results are available for the simplest pos-
sible scenario of the 2-WRC. The authors of [3], [4], [5], [6] essentially follow the
symbol-wise hierarchical exclusive constellation optimization. Another related area
is lattice code based hierarchical code construction. It is followed by [7] and [8]. The
authors of [7] and [8] provide lattice based code construction using the principles of
[9] but do not investigate the impact of the channel parametrization. The lattice
based constructions have a drawback in overall complexity since they treat both
exclusivity law and capacity approaching code performance in one complicated de-
sign. The lattice based approach also treats the problem in a rather conceptual and
abstract manner in comparison with the practically implementable alphabet and
code constructions treated in this paper. Nevertheless, the lattice based approach
provides a nice direct connection to the pure information-theoretic investigations.
A number of results related to the distributed coding and processing are available.
Some authors ([10], [11]) approach a similar set of problems by a strategy called
Compute and Forward which relies again on structured codes with a lattice based
code construction ([9]). To the best of our knowledge, these are the only significant
previous works on the 2-WRC respecting a true signal space nature of wireless com-
munications for the hierarchical relay processing. There are also some other weakly
related works using simply a traditional form of NC on top of the standard physical
layer technique (like classical 2-source MAC), e.g. [12].

The authors of [13] address the problem of 2-WRC Physical-layer Network Coding
design. They restrict themselves to a binary BPSK alphabet and most importantly
by the non-parametric channel (no phase rotation). They encode the source nodes
by the binary Repeat and Accumulate code and then they construct a Factor Graph
SPA based decoder for virtual arithmetically superpositioned relay received sym-
bols. The factor check node for the accumulator output is incorporated inside the
corresponding mappings for the discrete Network Coded relay output symbol. This
structure however strongly depends on the non-parametric channel assumption (it
affects the virtual accumulator factor node update rules) and the usage of the re-
peater as the outer stage. The overall resulting scheme of [13] is limited by the
alphabet (in this case BPSK) constrained hierarchical capacity, whereas our layered
design provides a generic procedure for achieving the same target with an explicit
rate region calculation.

D3.2b SAPHYRE



1.3 Structure of this Report 11

The authors of [14] approach the problem of the code design for 2-WRC along the
same lines as [7] and [8] using the lattice based design. It stands on the principles of
[9] modified for the modulo sum of nested lattices. The design is not finite alphabet
limited. On the other hand, the lattice based approach makes the inclusion of the
joint multisource-relay channel parametrization extremely difficult. The modulo-
lattice operations would collapse under variable channel parametrization. A positive
feature of the lattice approach is that it provides, at least theoretically (but see also
[15] for some recent developments), a tool to prove the achievability of the general
Gaussian alphabet unconstrained channel rates. In [14], it is shown that the joint
bi-directional achievable rate is 1

2
lg(1

2
+ SNR) for real valued lattice 2-WRC codes.

Papers [6], [4] appear to be the closest related works. The papers treat the problem
of designing the optimized constellation exclusive mapping regions for the relay.
The authors take the pair-wise error probability (and hence free distance) as the
optimization target. They reach the conclusion that, under a specific channel state,
the minimal exclusive mapping fails to comply with the exclusive law (or gives poor
performance in that region of the channel states). They suggest a solution based on
adaptive change of the mapping regions and also allowing extended (higher cardi-
nality) exclusive mapping. The work however leaves a number of unsolved or open
problems and also adopts a number of ad-hoc assumptions. (1) The optimization
target is the per-symbol free distance and the optimization does not respect multi-
plicity of the distances. The procedure is thus in fact strongly constrained to the
uncoded case. (2) The problem of the cardinality of the exclusive mapping at the
relay is treated in an isolated and ad-hoc manner. (3) The fact that some adaptive
mapping modes use extended (non-minimal) mapping prevents the usage of the
outer code layered design.

1.3 Structure of this Report

The report is structured in the following way.

• Section 2 summarizes selected main results and performance gains in simplified
(mainly graphical) form. All detailed results are in the follow-up chapters.

• Section 3 provides a gentle “tutorial” introduction to the WNC technique.
We explain the fundamental principles and put WNC into a proper context
of the PHY layer technique. We also provide an extensive classification of the
strategies.

• Section 4 is devoted to the synthesis of the codes for a particular case of
Hierarchical Decode and Forward relaying WNC strategy with perfect side
information.

• Section 5 designs Network Coded Modulation for scenarios with imperfect
side-information.

SAPHYRE D3.2b
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• Section 6 deals with a particular problem of the Hierarchical eXclusive Code
construction for the parametric channel.

• Section 7 is aimed on the receiver decoding technique for WNC with particular
emphasis on the iterative soft-information aided technique and the distributed
decoding.

• Section 8 analyzes impact of synchronization issues on WNC with HDF strat-
egy.

D3.2b SAPHYRE
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2 Gentle Introduction to Main Technical Results

This section summarizes selected main results and performance gains in simplified
(mainly graphical) form. All detailed results are in the follow-up chapters.

2.1 New Concepts — NCM Design

2.1.1 Layered NCM Design for Asymmetric Rates

• We are able to design a precoding increasing throughput of the network for
arbitrary source rates and all (minimal, extended and full) hierarchical map-
ping (see Fig. 2.1). This method is suited for the WNC-HDF strategy that
has a capability to operate beyond the classical MAC region. Details are in
Sections 4.2 and 5.2.
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Figure 2.1: The joint channel encoders design for an arbitrary source rates is de-
signed with the WNC-HDF strategy.
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Figure 2.2: Equivalent destination decoding in Layered NCM design with minimal
mapping.
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14 2 Gentle Introduction to Main Technical Results

2.1.2 SAPHYRE Gain with Non-uniform 2-slot Alphabets

• Networks with imperfect C-SI - Butterfly network⇒Extended cardinality WNC

• Higher relay output cardinality but only partial C-SI is sufficient for correct
decoding

• Non-uniform 2-slot (NuT) source alphabets

– 2-slot MAC stage ⇒super-symbol

– Non-uniform power distribution between the slots

– Stronger slot provides more reliable partial C-SI than in the uniform case

• More details are provided in Section 5.4.

sA

sB

C-SI

sA

sB

Figure 2.3: Butterfly network with imperfect C-SI.

C-SI C-SIC-SI C-SI

Figure 2.4: Minimal vs. extended relaying with NuT.
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Figure 2.5: BER of extended mapping with NuT.

2.2 Performance Improvements — SAPHYRE Gain

2.2.1 SAPHYRE Gain by Optimization of MAC in 3T-1R using WNC

• Network comprising multi- (more than two) sources with multiple data-flows
over a common relay node.

• Can we generalize WNC/NCM concept for such topology?

• More details to be found in Section 4.4.

Figure 2.6: 3-Terminal 1-Relay Network.

Figure 2.7: Optimised pre-rotation of signal constellations in the MAC stage with
WNC decoding.
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Figure 2.8: The proposed approach leads to SAPHYRE capacity or SNR gain.

2.2.2 WNC in Parametric 2-Way Relay Channel

• WNC performance using canonical constellation alphabets in wireless para-
metric 2-WRC is affected by additional source of fading called relative-fading.

• Can we optimize modulation and coding to overcome relative-fading?

• We have found that relative-fading is suppressed by special multidimensional
constellations (called UMP). We propose multidimensional frequency (FSK,
CPM) constellations and multidimensional numerically optimized constella-
tions completely avoiding relative-fading.
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Figure 2.9: UMP alphabets eliminate adverse effects of relative-fading.

• More details to be found in Section 6.3.4.
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2.2.3 WNC in Wireless 2-Way Relay SIMO Channel

• In order to study impact of diversity on WNC performance in fading channel,
we assume multi-antenna relay.

• What is the impact of diversity on WNC performance?

• More details to be found in Section 6.4.

Figure 2.10: Multi-antenna relay in wireless 2-WRC.
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Figure 2.11: Diversity relay processing significantly suppresses both absolute and
relative-fading of parametric wireless channel.
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3 Wireless Network Coding — The Network

Aware PHY Layer

3.1 WNC in the Context of SAPHYRE Project

The Wireless Network Coding (WNC) and the Hierarchical Decode and Forward
(HDF) strategy are novel PHY layer techniques for multi-terminal and multi-node
networks. This section is devoted to the explanation of the basic principles and
incorporation of the technique into a proper context. The description will be pro-
vided in a qualitative and a conceptual level. Rigorous details and the quantitative
treatment will be done in the following chapters.

WNC is a directly relevant technique for SAPHYRE project. It allows to share
wireless propagation medium at the same time and the same frequency band by a
smart design of the source node encoding and the intermediate relay node processing
fully respecting the overall network structure directly at the PHY layer.

3.2 Role of PHY Layer in Multi-Terminal and Multi-Node
Networks

The physical layer (PHY) technique provides means of conveying the digital data
symbols over the wireless propagation medium which is by nature continuous both
in time and in values. A simplistic interpretation of the PHY layer technique seems
to be a mature part of the communication systems. However this applies only
when PHY plays its traditional point-to-point role and no advanced interference
cancellation technique is used or all multi-node related processing is done outside
the PHY in upper (medium access and network) layers. The interference alignment
technique tries to avoid/minimize the disturbing impact of the interference on the
system by advanced inter or intra PHY cooperation algorithms and it is widely
addressed by other tasks of SAPHYRE project.

This section will follow a different approach of solving the same problem. It will
explain why it is useful to have PHY layer with much more multi-node network
structure aware functionality. The PHY layer will pro-actively construct the signals
and codebooks in such a way that it turns some of the secondary received signal
into friendly interference that actually helps the system performance. We will see
that modern advanced WNC based PHY layer in fact replaces the functionality
traditionally dedicated to Medium Access Control Layer (MACL) and Network

SAPHYRE D3.2b



20 3 Wireless Network Coding — The Network Aware PHY Layer

Modulator Demodulator

Source Destination

Link of interest

Interference

Figure 3.1: Traditional role of PHY layer — example.

Layer (NL).

3.2.1 Traditional Role of PHY Layer

Historically, the physical layer has been used to provide a “bit pipe” for a single
Point-to-Point (P2P) link between one source and one destination. In the case
of more complicated networks, it was a responsibility of upper layers (particularly
Medium Access Control Layer and Network Layer) to decide how to access the
medium and what should be the contents of the message respecting all the routing
information.

At the PHY layer itself, we do not care about the presence of any other nodes
than the given source and the destination. All other signals are treated as harmful
interference (Fig. 3.1). Essentially, the rest of the network is ignored including any
knowledge we may have of its topology. Any knowledge about interfering signals is
also ignored. It is commonly treated as Gaussian noise ignoring any knowledge of
its internal structure (codebook) we might have.

The disadvantages of this approach are clear. Generally, ignoring available infor-
mation degrades the performance! The traditional PHY point-to-point role ignores
two forms of the information: (1) the structure (topology) of the network, and (2)
the structure of other (interfering) signals.

3.2.2 Multi-User PHY Layer

A next step in the better utilization of the available signal and topology structure
knowledge is the Multi-User (MU) PHY layer. It is better, but still a classical
technique. MU-PHY adds (on top of point-to-point PHY) a capability of respecting
signal and topology structure of immediate direct neighbors of the given node. A
direct neighbors are those whose wireless signals directly interacts with the signal

D3.2b SAPHYRE



3.2 Role of PHY Layer in Multi-Terminal and Multi-Node Networks 21

Rate of user 1

Rate of user 2

Figure 3.2: Multi-User PHY Layer — example.

of the node of the interest (either in receive or in transmit). In fact, MU-PHY
replaces the classical polling (switching) type of MACL. It is common to regard
multiple access techniques (esp. CDMA) as part of the PHY layer. Similarly for
the broadcast channel, one source sends different information to many terminals
respecting a concurrent presence of all signals (signal space codewords) at the Tx
antenna. See Fig. 3.2.

Respecting the direct neighbors already enhances the traditional PHY layer. No-
tice that anything beyond the direct neighbors (i.e. the network structure) is still
ignored. The interference (both Tx and Rx) of direct neighbors is actively handled,
and knowledge of its structure (codebook) is utilized (e.g. by the successive decod-
ing with interference cancellation). The user rates must be inside the rate (capacity)
region. The fact that the MU-PHY layer technique ignores any structure beyond
direct neighbors implies that the node must always be capable of fully individually
distinguishing (decoding/encoding) all symbols from all neighboring nodes. For ex-
ample, in the 2-source MAC channel, the receiver will fully decode the symbols from
both sources.

3.2.3 Network Coding

The Network Coding (NC) utilizes the knowledge of the network structure but only
at the discrete data symbol level. NC does not utilize any PHY layer related pro-
cessing. All nodes receive the discrete symbols over traditional P2P PHY layer. It is
in fact a distributed network layer and replaces its traditional routing functionality
by “flooding” the information over all nodes and routes in parallel.

A network node applies a joint coding function to two (or more) incoming data
streams instead of simply switching between them, as in conventional network layer.
A full decoding of the source stream occurs at the final destination node (Fig. 3.3).
The NC thus takes full account of the network topology.

However, NC does not handle the signal space interference of the concurrent received
signals. The PHY layer is a traditional P2P one. Node inputs are provided by

SAPHYRE D3.2b
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Figure 3.3: Network coding — example.

separate channels which must be provided by orthogonal PHY layer. The NC
coding is applied to discrete symbols, not signals.

3.2.4 Wireless Network Coding — State-of-the-Art Network Structure
Aware PHY

Wireless Network Coding (WNC) (a.k.a. Physical Layer Network Coding (PLNC))
is a state-of-the-art network structure aware PHY technique. Its main distinguishing
features are the following. (1) It operates over the networks, (2) it respects properly
the wireless additive signal behavior for direct neighboring nodes, and (3) it operates
directly at the signal level.

1. The operation over the network utilizes multiple paths between source and des-
tination. It essentially “floods” (instead of “routing” in traditional networks)
the information over the whole network. Operations of all intermediate relay
nodes fully respect what information is available at the destination by other
propagation paths. The PHY behavior at the given node depends on its posi-
tion in the network topology, thus it is “network structure aware”. The WNC
in fact replaces the network layer.

2. The WNC properly respects the (additive) composition of signals of direct
neighbors in wireless propagation medium. However this is done together with
network awareness (beyond direct neighbors). Received signals from multi-
ple neighbor nodes have generally three different forms (see formal definitions
later): (a) useful signal, (b) complementary side-information signal, (c) inter-
ference signal. The WNC in fact replaces the medium access control which
traditionally controls the access of direct neighbors to the shared (additive)
wireless medium.

3. All operations at arbitrary participating node are fully done in the signal (con-
stellation) space, namely and most importantly all receiver operations. This
contrasts with the NC technique where all operations are done at the discrete
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information symbol level. The WNC is thus a true PHY layer technique with
full channel coding capabilities.

WNC is thus the technique which combines a functionality of channel coding,
medium access control and networking into one operation.1

3.2.5 Network Coded Modulation

The Network Coded Modulation (NCM) is a particular way of achieving WNC
goals. The NCM is the network structure aware modulation and coding. Each node,
either source or relay, transmits the signal that can be processed in the remaining
receiving nodes performing various joint relaying strategies (e.g. HDF) and utilizing
all complementary side-information available at destinations. The NCM term itself
(as introduced in our earlier works [16, 17, 18]) denotes a particular joint design of
the multi-source codebook which (1) has signal-space codewords (hence the term
“Modulation”), and (2) which respects the network structure and the position of
the nodes involved in communication including other side-information the nodes
might have available (hence the term “Network Coded”). The knowledge of the
network structure is an essential part of NCM design (similarly as the Trellis Coded
Modulation uses the knowledge of the trellis structure).

3.2.6 Feature Comparison Summary

A summary of various PHY layer technique features is shown in Tab. 3.1. However
the most important seems to be a comparison of Network Coding versus Wireless
Network Coding.

• Common features of NC and WNC. Both operate over the networks. Infor-
mation travels from the source to the destination via multiple paths and po-
tentially by all possible paths simultaneously. This available path multiplicity
gives advantages of the increased throughput and/or diversity.

• Differences between NC and WNC. The NC assumes discrete links/channels
between pairs of nodes, whereas in the WNC signals from different wireless
neighboring (radio visible) nodes cannot be inherently separated due to the
superposition of the radio waves at the antenna. For NC, the PHY is still a
classical point-to-point one; whereas WNC requires a novel modulation and
coding operating in the signal space and being fully aware of the network

1We use a generic definitions of the network layer and medium access control layer functionality.
The medium access control functionality solves the problem of mutual operation of multiple links
within the direct signal visibility (direct neighbors). The signals of individual links mutually
interacts due to the (additive) composition of wireless signals. The network layer functionality
solves the problem of getting the information beyond the direct radio visibility horizon typically
utilizing multiple partially overlapping areas of direct visibility.
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P2P-PHY MU-PHY NC WNC

Topology: signal interaction of direct neighbors (MACL) − + − +

Topology: full network structure (NET) − − + +

Signal structure: at constellation (signal) space level + + − +

+ = takes into account, − = does not take into account

Table 3.1: Summary of PHY layer technique features in multi-node networks.

A R B

Figure 3.4: 2WRC system.

structure (hence the term Network Coded Modulation). This leads to the WNC
advantage that links do not have to be separated on orthogonal channels.

3.2.7 2-Way Relay Channel — Motivation Example

We now demonstrate various PHY layer network techniques in the motivation exam-
ple of 2-Way Relay Channel (2WRC). This simplest example scenario is also a very
useful practical case. 2WRC scenario (Fig. 3.4) has two terminals that exchange
information via a single relay and direct communication is not possible.

• The approach using traditional (point-to-point) PHY requires 4 time slots
(Fig. 3.5).

– PHY is only used for P2P links.

– PHY does not employ MACL and no network structure knowledge is
used.

• 2WRC with network coding approach (Fig. 3.6) first receives the symbols
from sources A and B at the relay using a traditional point-to-point 2-slot

Timeslot 3

A R B

A R B A R B

A R B

Timeslot 1

Timeslot 2 Timeslot 4

Figure 3.5: 2WRC — classical PHY.

D3.2b SAPHYRE



3.2 Role of PHY Layer in Multi-Terminal and Multi-Node Networks 25

a b

a ⊕ b

AAA

A

B

B

Timeslot 1 Timeslot 2 Timeslot 3

A R B A R B A R B

Figure 3.6: 2WRC — network coding approach.

Time slot 1

BA R B A R

Time slot 2

Figure 3.7: 2WRC — multi-user PHY approach.

technique. Then, the relay encodes the data by XOR combining the two
data streams. Each destination can recover intended data by XOR combining
received data with own transmitted data (complementary side information –
C-SI ). This operation relies on the existence of the inverse element on GF[m]
a ⊕ (a ⊕ b) = b, b ⊕ (a ⊕ b) = a. Overall, it requires 3 time slots.

– PHY is used only for P2P links.

– BC stage uses the network structure knowledge at discrete GF symbol
level.

• 2WRC with multi-user PHY approach (Fig. 3.7) employs the PHY based
medium access in the MAC stage. Terminals A and B transmit simultaneously.
The relay uses the multiple access detection methods to separately decode data
a and b. The relay transmits simultaneously to both A and B using broadcast
channel methods to transmit data a and b separately but at the same time.
Overall, it requires 2 time slots. The capacity of multiple access/broadcast
channel is limited by corresponding capacity regions.

– MAC stage uses MACL at PHY layer.

– BC stage uses MACL at PHY layer.

– No network structure knowledge is used.

• 2WRC with Network Coding over Multi-User PHY (Fig. 3.8) has the MAC
stage identical as in the multi-user PHY approach, but the relay applies net-
work coding in BC stage. It requires 2 time slots. The broadcast channel
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Time slot 1

â = r̂ ⊕ b

A R B A R B

â, b̂ r = a ⊕ b

Time slot 2

Figure 3.8: 2WRC — NC over multi-user PHY.

capacity limitation is removed but the multiple access “bottleneck” (in time
slot 1) remains. In BC stage, the Network coding involves only discrete oper-
ations with a classical PHY role.

– MAC stage uses MACL at PHY layer.

– BC stage uses the network structure knowledge at discrete GF symbol
level.

• 2WRC with Wireless Network Coding (Fig. 3.9) is the most advanced strat-
egy which employs both MACL and network structure knowledge at the PHY
layer. In the 1st time slot, terminals A and B transmit simultaneously. The
relay directly decodes combined “hierarchical symbol” from the signal space.
In our example, terminals use BPSK. The relay can detect a⊕ b from received
signal if the relay uses Hierarchical Decode & Forward strategy (see below for
advanced discussion on this). In the 2nd time slot, the relay transmits hierar-
chical symbol. The destination terminals use it together with C-SI (available
at destinations) to decode the data. The example again uses BPSK.

– MAC stage uses MACL together with network structure knowledge at
PHY layer.

– BC stage with Hierarchical Decode & Forward strategy uses network
structure knowledge at PHY layer,

– BC stage with Hierarchical Compress/Amplify & Forward strategy uses
MACL together with network structure knowledge at PHY layer.

3.3 System Scenario

In order to study the benefits, a realistic performance and fundamental limits of
the WNC based system, we need a system scenario model. It should capture all
important aspects and, at the same time, it should be simple enough to allow the
required analysis.
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Figure 3.9: 2WRC — WNC.

3.3.1 Ultimate Scenario

The ultimate scenario is supposed to be close to a practical deployment scenario and
it is supposed to model all relevant phenomena. The Multi-Terminal & Multi-Node
PHY layer using the WNC approach is in fact a network structure aware modulation
& coding which is inherently (1) cooperative, (2) distributed, (3) sharing relay nodes,
and (4) allowing separate utility metric groups.

Performance (throughput) of the WNC based system is substantially improved di-
rectly at PHY, compared to a traditional point-to-point PHY role. But on top of
this, there is a wide potential for an additional gain. WNC systems allow a wider
resource (e.g. game-theory) management. It directly operates over the shared PHY
coding, signal processing, and the shared PHY directly provides input for perfor-
mance utility metric groups.

The ultimate system scenario is shown in Fig. 3.10. The network elements are nodes.
The data source and destination nodes are called terminals. Apart of the source
and destination nodes, there are also the relay nodes which are neither source nor
destinations.

The processing at the relay nodes which respects complete network structure is
called a hierarchical one. The hierarchical relay processing handles hierarchical
data symbols which uniquely represent the individual data from source A and B only
when combined with the side-information on the complementary data at the final
destination. We call this strategy generally a hierarchical strategy (e.g. Hierarchical
Decode and Forward (HDF)). A reason for using the name hierarchical is that the
relay decodes symbols hierarchically composed from the original two source symbols.
The relay does not care about these individual symbols and treats them as one
container. The PHY layer of the node utilizes the network structure knowledge
in a hierarchy. In a more complicated network topology, this encapsulation would
occur in hierarchical levels. Example #1: There are two sources A and B. The relay
operates with hierarchical symbol (AB) and the mutual structure knowledge of A
+ B composite is required. Example #2: There are sources AB (the result of the
previous hierarchical operation) and C. The relay operates with hierarchical symbol
((AB)C) and the mutual structure knowledge of (AB) + C composite is required.
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AB

Hierarchical Information (Symbols)

Interference
(unuseful data contents, known structure)

(Complementary) Side-Information

source

destination

shared relay node

stage #1
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stage #3

performance utility metric (b)

performance utility metric (a)

A

B

C

A

B

C

AB

(AB)C

HI + C-SI + IFC

C-SI=0, direct

Figure 3.10: Ultimate scenario with Wireless signal space links.

It is however required only at the highest hierarchy level ()+() at the given node.

There are 3 types of signals. The hierarchical information signal carries the informa-
tion about (among others) the desired data. The complementary side-information
signal does not carry the information about the desired data, but it carries the in-
formation about other parameters or data that helps the receiver decoding the data
from the hierarchical signal. It is in fact a friendly interference. The last signal
type is a classical harmful interference. More detailed definitions will be provided
later.

In all our systems, we assume the half-duplex constraint where a simultaneous Tx
and Rx operation of given node is impossible due to the technological reasons. This
is reflected by multiple stages of the network operation.

3.3.2 Initial Scenario

The initial scenario is the scenario capturing all required PHY related phenomena
in a simple enough form to be analyzed. It is the Butterfly network — 2-Source
Relay Network (2-SRN) with Partial C-SI (Fig. 3.11). It captures the phenomena
of multiple sources, a shared common node, partial (imperfect) Complementary
Side-Information (C-SI), and 2 separate utility metrics. The 2-Way Relay Channel
(2WRC) is a special case with perfect C-SI. The half-duplex constraint is respected.
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Figure 3.11: Butterfly network — 2-Source Relay Network with Partial C-SI.

The 2-SRN will be used to investigate a particular PHY layer sharing technique
with WNC coding strategy. It is Hierarchical Decode (Compress) & Forward
(HDF/HCF) strategy which uses Hierarchical eXclusive Code (HXC) or Hierar-
chical eXclusive Alphabet (HXA). It uses 2 stages (phases): Hierarchical MAC
and Hierarchical BC. The HDF strategy requires Complementary Side-Information
(C-SI) at the destination. It can be both, the perfect C-SI or partial (soft) C-SI.

3.4 Basic Principles and Strategies for WNC

3.4.1 Classification of the Strategies

We start with the classification of the strategies according to the role of the node
in the network.

Strategy at Source Terminal

A strategy at the source terminals refers to the codebook construction. The codebook
is a multi-source codebook and it must respect the presence of the other sources in
the network and the way how the codewords are combined at relay nodes.

An example of such coding strategy is the multi-source (Hierarchical) eXclusive
Codebook which guarantees a fulfillment of the exclusive law for any pair of the
source data words. The exclusive law allows to obtain the source data with the help
of complementary side-information at the final destination. This is achieved with
the reduced cardinality of the codebook (i.e. lower than the product of source data
cardinalities).

Strategy at Relay

A strategy at relay nodes refers to the operation performed on incoming signals to
produce the relay output. The operation must respect the level of complementary
side-information at the destination. The strategies can be classified into following
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R-D relative impact

B

relay

C-SI

dest

Â

B
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C-SI

Â

Capacity C(A) bottleneck

Figure 3.12: AF Relay strategy — equivalent model. 2WRC scenario from the A-
data perspective.

classes.

• Amplify and Forward (AF)

• Decode and Forward (DF)

– Joint

– Hierarchical

• Compress and Forward (CF)

AF Relay Strategy The AF relay strategy (Fig. 3.12) is a linear processing
only. It applies linear scaling to maximize the signal to noise ratio (or other target
performance criteria) at the destination. It is effectively equivalent to a single hop
MAC channel, when the C-SI is added at the destination. The bottleneck on R-D
channel is due to the added noise on that channel.

DF Relay Strategy Any decode and forward strategy (Fig. 3.13), of arbitrary
variant, makes full decisions at the relay. The decisions can be made on a symbol,
a bit, or a codeword, etc. The decisions themselves can be based on various demod-
ulation decision region mappers. This creates various variants of DF strategy. The
major variants are the following.

• Joint DF — the joint simultaneous separate decoders (symbol demappers)
decode symbols from A and B separately.

• Hierarchical DF — the hierarchical codeword (symbol) is decoded by a specific
decision region mapper.

All xDF strategies have independent MAC and BC phase bottlenecks. The partic-
ular MAC and BC throughputs depend on the strategy variant.

JDF Relay Strategy The Joint Decode & Forward (JDF) is a variant of DF
strategy where the relay decoder provides joint simultaneous separate decisions
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Figure 3.13: DF Relay strategy — equivalent model. 2WRC scenario from the A-
data perspective.
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Figure 3.14: JDF Relay Strategy — equivalent model.

(symbol demappers) on A and B from the MAC stage (Fig. 3.14). Then the indi-
vidual decision can be used for example to form the discrete NC coded BC phase
symbol.

The JDF exists in two sub-variants depending on how the individual decisions were
made. They can be done either by decoders with separate marginalized metric

[d̂A, d̂B] =
[
arg max

dA

µ(dA), arg max
dB

µ(dB)
]

(3.1)

or by composite hypothesis decoders

[d̂A, d̂B] =
[
arg max

dA,dB

µ(dA, dB)
]

(3.2)

where µ(�) is the decoder metric.

HDF Relay Strategy The Hierarchical Decode & Forward (HDF) differs from
JDF in the fact that the relay does not provide both individual source node symbols
but only and directly the hierarchical symbol (see Section 3.5). The decision on the
hierarchical symbol is done directly at the signal space level (cf. with JDF followed
by NC).

The hierarchical codeword (symbol) decision region mapper performs the operation

d̂AB = arg max
dAB

µ(dAB) = arg max
dAB

µ
(
∪dA,dB :X (dA,dB)=dAB

{dA, dB}
)

(3.3)

where X (dA, dB) is the exclusive mapper.
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Figure 3.15: HDF Relay Strategy — equivalent model.

MAC and BC phase partially independent bottlenecks
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Figure 3.16: CF Relay Strategy — equivalent model. 2WRC scenario from the A-
data perspective.

CF Relay Strategy The Compress & Forward strategy (Fig. 3.16) performs
a general nonlinear operation on relay to compress the information signal. The
nonlinear operation can be typically a soft-demodulation with source compression,
or a signal quantization applied to various versions of the signal (samples, Matched
Filter output, soft measure of symbol/codeword). In CF strategy, the quality of the
link at one phase partially influences the other phase.

Strategy at Destination Terminal

The strategy at the destination terminal refers to the demodulation/decoding tech-
nique used at the final destination. The demodulation/decoding must respect (1)
multiple received signals from various relays or other terminals, and (2) the comple-
mentary side-information available about the target data in variety of forms (soft
information, perfect knowledge, etc.). A typical example of the strategy is the
iterative soft complementary side-information aided decoder.

3.5 Hierarchical Decode and Forward Strategy

3.5.1 Hierarchical Symbols

The Hierarchical Decode and Forward (HDF) Strategy is based on the relay pro-
cessing which forwards the hierarchical data which obey the Exclusive Law. The
cardinality of the forwarded codebook is lower than the product of the source A and
B codebook cardinalities. The exclusive law can be interpreted as a condition for
the invertibility of the hierarchical mapping. The final destination can decode the
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represented by arbitrary symbol/waveform along the network path

A

B

AB AB AB

hierarchical data/symbols

Figure 3.17: Illustration of the HDF strategy principle.

B Complementary data Side Information

AB
A

Figure 3.18: Hierarchical data with exclusive law.

target data from the hierarchical symbols and the available complementary side-
information (e.g. by simply knowing its own data or by listening of the MAC stage
signals), Fig. 3.17, Fig. 3.18.

3.5.2 Exclusive Law

The Hierarchical eXclusive Code (HXC) is a two-source codebook v ∈ CR: v =
Xv(dA, dB) where χv is the hierarchical mapping which must fulfill the exclusive
law. The Exclusive Law

Xd(dA, dB) 6= Xd(d′
A, dB), ∀dA 6= d′

A (3.4)

Xd(dA, dB) 6= Xd(dA, d′
B), ∀dB 6= d′

B (3.5)

must apply at all stages of the relay processing in order for the destination to recover
the target data with the help of C-SI.

The exclusive law is in fact a condition for the invertibility. The invertibility im-
plies that the cardinality of codebooks must comply with |CR| ≥ max(|CA|, |CB|)
condition. We define the following special cases.

• Classical MAC uses the upper bound |CR| = |CA||CB| of the cardinality. It
allows to fully distinguish all pairs of A and B symbols. No C-SI is required
at the destination.

• Minimal HXC uses the lower bound |CR| = max(|CA|, |CB|). It has the mini-
mum throughput requirements on the BC phase. Individual symbols A and B
cannot be determined without C-SI. It requires a perfect C-SI at the destina-
tion.
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• Extended HXC has the cardinality in between the lower and the upper bound
max(|CA|, |CB|) < |CR| < |CA||CB|. We cannot fully distinguish the A and B
symbols from the hierarchical symbol. The required BC stage throughput is
higher than in the minimal HXC case but on the other side only partial C-SI
is required at the final destination.

3.5.3 Complementary Side-Information

The WNC works with three types of received signals. Their definitions follow (I(�; �)
denotes the mutual information).

• Hierarchical Information (HI) signal

– The signal x is HI signal on desired data a iff I(a; x) > 0.

The signal x carries information about desired data.

• Complementary Side-Information (C-SI)

– Let x be HI signal on desired data a then the signal z is C-SI for com-
plementary data b iff I(b; x) > 0 and I(b; z) > 0.

The HI signal of the desired data a is influenced by other data b and C-SI
signal provides the information about those b data. Thus, the C-SI is friendly
interference — helps removing influence of the complementary data b. For
example, in 2-Way Relay Channel, the signal forwarded from the relay to
destination A is HI; the information from the other source B is C-SI. The
C-SI should not be confused with Side-Information signal, where y is SI signal
if I(a; y) > 0, i.e. additional observation of the desired data.

• Interference (IFC) (classical, harmful) signal r w.r.t. x(a)

– It must hold I(a; r) = 0, I(b; r) = 0 for any other complementary data
(I(x; b) > 0).

3.5.4 Hierarchical Compress & Forward

The Hierarchical Compress & Forward (HCF) follows the similar lines as HDF but
without full relay decoding (decisions). Only the decoding metric is passed from the
relay. It can be understood also as a distributed soft-metric decoding. It provides
a trade-off between latency and optimality. It requires larger BC capacity (hence
not optimal) but can be forwarded symbol-by-symbol, without waiting for the full
decoding at the relay (hence reduced latency).
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4 NCM/HDF Design for Scenarios with Perfect

Side-Information

4.1 2-WRC System Model and Definitions

We consider a wireless 2-WRC system (Fig. 4.1) which has 3 physically separated
nodes (source S, relay R, destination D) supporting two way communication through
a common shared relay R. The source for data A is co-located with the destination
for data B and vice-versa. The transmitted data (signal) of the source serves as Com-
plementary Side-Information (C-SI) for the destination of the reverse link (hence
the name Complementary). The system is wireless and all transmitted and received
symbols are signal space symbols. The channel model is linear frequency-flat with
Additive White Gaussian Noise (AWGN). The signal transmission is half-duplex
(the co-located transmitter (Tx) and receiver (Rx) are not allowed to operate si-
multaneously). The operation is split into a Multiple Access (MAC) and a Broadcast
(BC) phase. The system is symmetric in its topology. This allows us to investi-
gate it from the perspective of the data flow A with data B being only a nuisance
parameter. All conclusions drawn for A should then be equally applicable to B.

4.1.1 MAC Phase

Now, we define all formal details. Subscripts A and B denote the variables as-
sociated with node A and B respectively. Source data messages are dA, dB and
they are composed of data symbols dA, dB ∈ Ad = {0, 1, . . . , Md − 1}, with al-
phabet cardinality |Ad| = Md. For notational simplicity, we omit the sequence
number indices of individual symbols. Source node codewords are cA, cB with code
symbols cA, cB ∈ Ac, |Ac| = Mc. The encoding operation is performed by the en-
coders (codebooks) CA, CB with codewords cA ∈ CA and cB ∈ CB. A signal space

C-SI
A R B

MAC phase

BC phase

C-SI

Figure 4.1: 2WRC with C-SI.
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representation (with an orthonormal basis) of the transmitted channel symbols is
sA = s(cA), sB = s(cB), sA, sB ∈ As ⊂ CN . We assume a common channel symbol
mapper As(�). A signal space representation of the overall coded frame is sA(cA)
and sB(cB).

We use a slightly relaxed notation for the symbol and the codebook sets and the
corresponding mapping and encoding operations. The notation uses the same letter
symbol in two different contexts. This simplifies the reader’s appreciation of the
relatively large number of codebooks/alphabets involved. As an example, the code-
book (the set of all codewords) is denoted by C and it is optionally supplemented by
a subscript corresponding to the particular codeword. The notation C(d) denotes a
codeword corresponding to the data input d. A similar notation holds for symbol
alphabets, denoted by A, and corresponding mapping operations A(�).

The received signal at the relay is

u = sA + hsB. (4.1)

It equivalently represents the parametric channel with both links parametrized ac-
cording to the flat fading (assumed to be constant over the frame). It is obtained
by a proper common rescaling of the true channel x′ = hAsA + hBsB + w′ by 1/hA

and denoting x = x′/hA, h = hB/hA, w = w′/hA, hA, hB, h ∈ C1. The received
signal of the equivalent channel at the relay is

x = u + w (4.2)

where the circularly symmetric complex Gaussian noise w has the variance σ2
w per

complex dimension.

The Signal-to-Noise Ratio (SNR) is defined as the ratio of the real base-band symbol
energy of one source (e.g. A, to have a fair comparison for reference cases) to the

noise power spectrum density γx =
(
ĒsA

/2
)

/N0w. Assuming orthonormal basis

signal space complex envelope representation of the AWGN, we have σ2
w = 2N0w

and thus γx = E [‖sA‖2] /σ2
w.

4.1.2 BC Phase

The relay receives the signal x and processes it using a Hierarchical Decode and
Forward (HDF) strategy. More details will be given in the next section. The
output codeword and its code symbols are cR and cR. These are mapped into signal
space channel symbols v ∈ AR and signal space codewords v with the codebook
v ∈ CR and broadcast to destinations A and B. At node B (the destination for data
A), the received signal space symbols are

yA = v + wA (4.3)
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where the complex circularly symmetric AWGN wA has variance σ2
A per complex

dimension. We denote the signal space symbols at the node A (a destination for
data B) similarly yB = v + wB. The SNR is defined as γy = E [‖v‖2] /σ2

A.

4.2 Layered Hierarchical Exclusive Codebook Design for
2-WRC

4.2.1 Hierarchical Decode and Forward Strategy

Exclusive Law

The HDF strategy is based on the relay processing which fully decodes the Hierar-
chical Data (HD) message dAB(dA, dB) and sends out the corresponding codeword
v = v(dAB) which represents the original data messages dA and dB only through
the exclusive law [4]

v (dAB(dA, dB)) 6= v (dAB(d′
A, dB)) , ∀dA 6= d′

A, (4.4)

v (dAB(dA, dB)) 6= v (dAB(dA, d′
B)) , ∀dB 6= d′

B. (4.5)

Vectors dA, dB are the source A and source B data and dAB is the vector of the
hierarchical (relay) data. The hierarchical data are a joint representation of the
data from both sources such that it uniquely represents one data source given full
knowledge of the other one. Assuming that the destination node B has perfect C-SI
on the node’s own data dB it can then decode the message dA (and similarly for
node A). Data dB will be called complementary data from the perspective of the
data dA operations. The exclusive law at the signal space codeword level implies
the same for the HD messages

dAB(dA, dB) 6= dAB(d′
A, dB), ∀dA 6= d′

A, (4.6)

dAB(dA, dB) 6= dAB(d′
A, dB), ∀dB 6= d′

B. (4.7)

A code (codebook) satisfying the above criteria is called a Hierarchical eXclusive
Code (HXC). We will denote the mapping satisfying the exclusive law by the oper-
ator X (�, �).

The hierarchical data can be viewed as network coded data streams. But notice
an important difference. When we simply concatenate independently the NC and
then the channel coding, the data generated at the relay are obtained by jointly
decoding both individual streams from A and B. The NC mainly serves for the BC
stage transmission. The MAC phase is classical joint decoding. In our hierarchical
approach this does not happen. The hierarchical data are directly obtained from the
received signal signal-space observations without the necessity of individual source
data decoding. The MAC stage encoding must be such that the observation at the
relay allows HXC mapping to the hierarchical data, which may then be encoded into
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v. In other words, alongside the complete signal path (MAC and BC), the coding
must always be HXC w.r.t. the hierarchical data.

Relay Hierarchical Codebook Cardinality

In order for the exclusive law to hold, the relay hierarchical codebook cardinality
must satisfy |CR| ≥ max(|CA|, |CB|). This enables the invertibility of the mapping
from the hierarchical symbol and the C-SI. On the other hand, the cardinality is
upper-bounded by all possible dA and dB message combinations |CR| ≤ |CA||CB|.
The lower bound case requires perfect C-SI on the complementary data at the
destination. The upper bound is in fact a classical MAC channel with joint decoding
of both data messages at the relay and requires no C-SI. Any situation in between
those two extreme cases requires partial C-SI at the destination.

The HXC having the minimal cardinality |CR| = max(|CA|, |CB|) will be called
Minimal-HXC (M-HXC). This case puts minimum throughput requirements on the
BC channel at the price of requiring perfect C-SI at the destination. All codebooks
with a higher cardinality will be called Extended-HXC (E-HXC).

4.2.2 Layered HXC Design for Perfect C-SI

Error Correcting and Hierarchical Exclusive Mapper Layers

It is evident that a direct design of the HXC codebook CR providing the mapping
v (dAB(dA, dB)) is highly complex. An alternative approach is a layered design
where the inner layer (closer to the channel symbols) provides the exclusivity prop-
erty whereas the outer layer provides the error correcting (classical channel coding)
functionality. The outer layer code can be an arbitrary state-of-the-art capacity
approaching code, e.g. turbo code or LDPC. The dividing line between the layers
can take various forms. Both layers can have various levels of internal structure
(memory) and various levels of error correcting capability.

The simplest case is that in which the inner layer is simply a signal space channel
symbol memoryless mapper. An alphabet memoryless mapper

cAB = Xc(cA, cB) (4.8)

fulfilling the exclusive law will be called Hierarchical eXclusive Alphabet (HXA).
The outer layer then carries all the capacity achieving (error correcting) responsi-
bility. The layered system model is shown in Fig. 4.2.

Symbol-wise Relay HDF Processing

There is also an additional advantage of the layered design. The exclusive property
at the symbol level allows a simple determination of the soft per-symbol measure
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Figure 4.2: The system model for layered HXC design.

decoding metric for hierarchical symbols at the relay. It can either be directly used
by the full relay decoder or properly source encoded and sent on a per-symbol basis
without decoding. The latter has the major advantage of lowering the latency of
the relay processing.

Layered Design

The layered design relies on the following two lemmas. Source nodes have a common
codebook CA = CB = C.

Lemma 1 (Coding distributes over the exclusive law). Assume arbitrary linear
one-to-one code mappings with a common codebook

cA = C(dA), cB = C(dB), cAB = C(dAB). (4.9)

Then, there exist two minimal exclusive mappings (for data and codewords)

dAB = Xd(dA, dB), cAB = Xc(cA, cB) (4.10)

such that the following holds

C (Xd(dA, dB)) = Xc (C(dA), C(dB)) . (4.11)

This means that encoding hierarchical data is the same as individually encoding the
original A and B data and then constructing a hierarchical codeword from the result.

Proof. The minimal hierarchical exclusive mapping for the two data or codewords
on GF(Mn) with a common alphabet size M can always be done by addition on
GF(Mn) (with a side effect of being a symbol-by-symbol operation)

Xd(dA, dB) = dA ⊕ dB, Xc(cA, cB) = cA ⊕ cB. (4.12)

Then, we use the linearity of the code

C (Xd(dA, dB)) = C (dA ⊕ dB)

= C(dA) ⊕ C(dB)

= Xc (C(dA), C(dB)) . (4.13)
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Corollary 2. A direct consequence of the code distributive law is the ability to
decode hierarchical data from the hierarchical codeword. This is exactly what the
HDF relay does.

Lemma 3 (Exclusive law decomposition over symbols). Assume that the symbol
mapping obeys the exclusive law for each individual symbol. Then the exclusive law
holds also for the complete codeword

cAB = Xc(cA, cB) =⇒ cAB = Xc(cA, cB). (4.14)

Proof. Codewords differ cA 6= c′
A if they differ in at least one symbol cA 6= c′

A.
Then the exclusive symbols cAB must differ cAB 6= c′

AB and thus also cAB differs
cAB 6= c′

AB. Hence the GF addition construction of the exclusive codeword may be
done on a symbol-by-symbol basis.

We design the layered HXC based on these two lemmas. The MAC and BC phases of
the HDF strategy will be denoted Hierarchical-MAC (H-MAC) and Hierarchical-BC
(H-BC). They operate, unlike classical MAC/BC, with hierarchical symbols/codewords
at the relay. The goal is to ensure that the relay output obeys the exclusive law
w.r.t. data v = Xv(dA, dB). The relay symbol space output v is uniquely given by
cR, on a symbol-by-symbol basis v = AR(cR).

Theorem 4 (Layered HXC Design). Assume the following:

1. There is a common outer layer codebook cA = C(dA), cB = C(dB) for source
nodes A and B, and the data form a minimal hierarchical exclusive mapping
dAB = Xd(dA, dB).

2. The symbol-by-symbol inner layer mapper has an exclusive mapping w.r.t. the
useful signal at the relay

cAB = Xc(cA, cB) (4.15)

where u(cA, cB) = Au(cAB). The useful signal can have multiple instances
corresponding to one hierarchical symbol. The Au(cAB) is generally a set or
a multi-symbol class.

3. The information outer code rate obeys

RA = RB = RAB ≤ I(cAB; x). (4.16)

Then the relay H-MAC stage decoder DAB output is d̂AB = dAB and the H-BC stage
output fulfills the exclusive law

v = Xv(dA, dB). (4.17)

Proof. Lemma 3 implies cAB = Xc(cA, cB). This together with Lemma 1 gives
cAB = C(dAB). The hierarchical code symbols are observed at the relay by x =
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Au(cAB) + w. Providing that the code information rate on the symbols cAB does
not exceed I(cAB; x) the H-MAC stage relay decoder DAB can decode the symbols

dAB reliably and thus d̂AB = dAB. The data dAB represents the minimal exclusive
mapping and thus fully represents both data streams dA, dB providing the C-SI
is available. This gives a rectangular rate region (4.16). The H-BC relay encoder
encodes this information in a one-to-one manner into v = v(dAB) which gives
(4.17).

The theorem states that we can achieve capacity by using ordinary capacity ap-
proaching codes on top of HXA symbols and that the only bottleneck is the finite
cardinality of the H-MAC channel hierarchical symbols.

It is useful to realize that the exclusivity requirements are important only on data
dA, dB and codeword level cA, cB. The symbol space mapping itself does not nec-
essarily need to produce disjoint sets Au(cAB) ∩ Au(c′

AB) = ∅, for cAB 6= c′
AB. A

non-zero intersection would of course decrease the value I(cAB; x) but (4.16) should
still hold. The zero set/class overlap is in fact just an exclusivity mapping extension
for sets (symbol class output).

Equal Information Rates and Uniform-Input Capacity

For the present, we assume equal data information rates RA = RB with common
shared codebook and mappers. A solution of the asymmetric case is not considered
here.

The mutual information I(cAB; x) is not a capacity in a strict sense since we do not
maximize over the input distribution. We will however assume that this distribution
is given and it is a uniform distribution of a discrete channel input. This will be
called a uniform-input (alphabet constrained) capacity. We denote that by letter C
but the uniform-input assumption must be kept in mind.

4.3 Relay Hierarchical Decoding with Soft HXA Metric
and Common Codebook

The soft-output H-MAC relay demodulator produces the symbol-wise metric µ(cAB)
on the hierarchical data cAB which is fed into the hierarchical H-MAC stage decoder
DAB. The metric must properly reflect the fact that the useful signal Au(cAB) is
a set (class) with the cardinality generally higher than one and also depending on
the channel parametrization.

The symbol-wise metric is the likelihood of the given symbol µ(cAB) = p(x|cAB).
The condition in the PDF p(x|cAB) is in fact a union of individual pairs {cA, cB}
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conforming with the hierarchical symbol cAB = Xc(cA, cB). Then

p(x|cAB) = p


x|

⋃

cA,cB :Xc(cA,cB)=cAB

{cA, cB}



=
p
(
x ∩

(⋃
cA,cB :Xc(cA,cB)=cAB

{cA, cB}
))

p
(⋃

cA,cB :Xc(cA,cB)=cAB
{cA, cB}

) . (4.18)

Pairs {cA, cB} form a partition (disjoint subsets). Then

p(x|cAB) =

∑
cA,cB :Xc(cA,cB)=cAB

p(x|cA, cB)p(cA, cB)
∑

cA,cB :Xc(cA,cB)=cAB
p(cA, cB)

. (4.19)

An alternative notation form of the result can be obtained using the indicator
(Kronecker delta) function Ic(cA, cB, cAB) = δ[cAB − Xc(cA, cB)]

p(x|cAB) =

∑
cA,cB

p(x|cA, cB)Ic(cA, cB, cAB)
∑

cA,cB
Ic(cA, cB, cAB)

(4.20)

where we also utilized the assumption of uniformly distributed component code
symbols p(cA, cB) = const.

In a special case of a minimal exclusive code (M-HXC) and uniformly distributed
cA, cB, the hierarchical symbols have Pr{cAB} = 1/

∑
cA,cB

Ic(cA, cB, cAB) = 1/Mc

and the conditional PDF is simply

p(x|cAB) =
1

Mc

∑

cA,cB :Xc(cA,cB)=cAB

pw (x − u(cA, cB)) . (4.21)

We sum only over such pairs cA, cB that are compliant with the given hierarchical
symbol cAB. There are Mc such uniformly probable cases for a minimal exclusive
code and equal cardinality symbols. An alternative notation of the result with the
indicator function is

p(x|cAB) =
1

Mc

∑

cA,cB

pw (x − u(cA, cB)) Ic(cA, cB, cAB). (4.22)

It is important to realize that the decoding metric is not simply a distance, even
in the simplest case of the Gaussian channel and minimal HXC. The signal space
2-source codebook u(cA, cB) thus cannot be generally optimized with the distance
criterion (compare this to [6]). In the case of extended mapping, the expression
(4.20) is even more complicated due to the necessity of respecting particular cA, cB

mapping on cAB.
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Figure 4.3: Wireless 3T-1R network.

Figure 4.4: I. 2-Stage MAC, II. 1-Stage MAC and III. 2-Stage MAC transmitting
the same amount of information as II.

4.4 Optimised Constellation Prerotation for 3-Terminal
1-Relay Network with WNC

Significant capacity gains of WNC were shown in a wireless 2-WRC, see dedicated
chapter in SAPHYRE_D2.1b. Extension of WNC to more complicated network
topologies potentially offers even larger gains than in the 2-WRC. However, such
an extension is generally non-trivial. In this section, we show that it is feasible to
achieve additional considerable capacity gains in comparison to bidirectional relay-
ing approach in a three-terminal one-relay network. We focus on the constellation
design for its uplink (MAC stage). The throughput maximisation is achieved by an
optimised prerotation of source constellations, effectively reducing a total number
of required MAC stages. The core of this section is based on [19].

4.4.1 System Model

The proposed approach is demonstrated in a 3-Terminal 1-Relay (3T-1R) network
(see Fig. 4.3). However, it is useful and applicable to a more general setting espe-
cially in combination with utilization of additional overheard information links [20].
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3-Terminal 1-Relay Network Setting

Let us consider the 3T-1R network comprising three terminals A, B, C communi-
cating in a half-duplex manner via a relay R. Every terminal wishes to send its
message to all other terminals; the data-flows, denoted by oriented blue lines in
Fig. 4.3, represent e.g. “video-conference” – the nodes are exchanging its common
status information. Nonetheless, the aim of our scenario is to simply demonstrate
benefits of the WNC-based multi-source (esp. more than 2-source) MAC. Unlike
in [20], we do not assume a presence of direct links among terminals. Our scenario
assumes time-synchronised low-mobility environment allowing adaptive-precoding
strategy [21] inverting wireless channel fading coefficients and arbitrary setting con-
stellation prerotation. Further, we assume per-symbol relaying and we do not con-
sider channel coding which can be additionally concatenated with our scheme [22].

Constellation Space Model and Used Notation

The terminals use a common primary alphabet A which is assumed to be a canonical
linear scheme (ASK, PSK, QAM) with cardinality of the alphabet |A| = Md to
be a power of two. The baseband signals in the constellation space forming the
alphabet A = {sdT

}Md−1
dT =0 , where sdT

∈ C are normalised to unit mean symbol energy.
Let dT ∈ ZMd

= {0, 1, . . . , (Md − 1)} be a data symbol transmitted by terminal
T ∈ {A, B, C} for all other terminals. We also assume memoryless constellation
mapper M such that sdT

= M(dT ).

Considered HDF-MAC Strategies

We consider two major MAC strategies, see Fig. 4.4: I. 2-stage MAC and II. 1-stage
MAC, described later in Sec. 4.4.2 and Sec. 4.4.2, respectively. Since we assume the
same symbol duration case I has half rate than II due to the orthogonal separation
of MAC stages. Case III is introduced for comparison purposes as it possess the
same rate as II, however requiring additional time resources.

4.4.2 HDF Strategy in 3T-1R Network

Final destinations using HDF in the 3T-1R network (as well as in the 2-WRC) can
successfully decode messages from other terminals with knowledge of its own data
and exclusively coded data, similarly as in the network coding approach. Exclu-
sively coded data incorporate data from multiple sources via an invertible exclusive
operation χ. Typical minimum cardinality exclusive operations are bit-wise XOR
dAB = dA ⊕dB and modulo-Md addition dAB = (dA +dB)mod Md

. Broadcast of exclu-
sively coded data is desirable since it reduces required data to be broadcast without
loss of performance.
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In the 3T-1R, broadcast of dAB and dBC is sufficient because the terminal A obtains
desired data dB and dC with help of its own data dA by the following steps: at
first dB = χ−1(dAB, dA) is decoded followed by dC = χ−1(dBC , dB), where χ−1

is the inversion of χ. In a similar way, B obtains dA = χ−1(dAB, dB) and dC =
χ−1(dBC , dB), and C obtains dB = χ−1(dBC , dC) and dA = χ−1(dAB, dB). In this
section, we focus on MAC strategies where the relay decodes exclusively coded data
[dAB, dBC ].

Two-Stage MAC Strategy

The natural extension of HDF for 3T-1R would be to separate 3T-1R into the two
separate 2-WRCs i.e. the MAC stage would be divided into two independent stages.
In the first stage, A and B (resp. in the latter stage B and C ) are simultaneously

transmitting and d̂AB (resp. d̂BC) are decoded as follows. The adaptive-precoding
strategy [21] inverts the channel fading coefficients hA, hB by setting precoding
coefficients to pA = 1/hA, pB = 1/hB; the received signal is

x = hApAsdA
+ hBpBsdB

+ w = sdA
+ sdB

+ w, (4.23)

where w is a complex AWGN noise with variance 2N0 and frequency-flat coefficients
hA and hB follow appropriate distributions. We suppose an easy to implement vari-
ant with two-step decoding processing: an estimate of exclusively coded data d̂AB

(and similarly for d̂BC) is obtained by Joint Maximum Likelihood (JML) decoding

[d̂A, d̂B] = arg min
[dA,dB ]

|x − sdA
− sdB

|2 (4.24)

followed by exclusive encoding d̂AB = χ(d̂A, d̂B). Note, that by JML we are not
able to distinguish e.g. [sdA

, sdB
] = [1, −1] from [sdA

, sdB
] = [−1, 1] when BPSK

alphabet is considered. However, it is not a source of errors, since we are interested
in decoding of d̂AB which is in both these cases identical and equals to d̂AB = 1.

One-Stage MAC Strategy

In addition to invert wireless channel coefficients, the adaptive-precoding tech-
nique [21] enables prerotation of individual constellations to the desired position
as seen at the relay which permits a joint detection of both exclusively coded data
symbols [dAB, dBC ] in a single MAC stage. Let pA = 1/hA, pB = 1/hB exp(jϕ1),
pC = 1/hC exp(jϕ2) be adaptive precoding coefficients together with the proposed
constellation prerotation where the alphabet of terminal A remains fixed and B
alphabet (resp. C) is rotated by angle ϕ1 (resp. ϕ2). The received composite signal
is

x = sdA
+ sdB

ejϕ1 + sdC
ejϕ2 + w, (4.25)
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where w is a complex AWGN noise with variance 2N0 and hA, hB, hC are frequency-
flat coefficients. The exclusively coded decoding resembles the preceding two-stage
case; initial JML yields

[d̂A, d̂B, d̂C ] = arg min
[dA,dB ,dC ]

|x − sdA
− sdB

ejϕ1 − sdC
ejϕ2|2 (4.26)

which is followed by exclusively coded data encoding [d̂AB, d̂BC ] = [χ(d̂A, d̂B), χ(d̂B, d̂C)].
Similarly, an erroneous joint detection (4.26) is error-free as long as it produces cor-

rect exclusively coded pair [dAB, dBC ] = [d̂AB, d̂BC ].

Optimised Constellation Prerotation for 1-Stage MAC

The prerotation angels [ϕ1, ϕ2] are chosen to maximise a squared minimal Euclidean
distance between important signal points of a superimposed (composite) constel-
lation which mostly influences the system error performance for sufficiently high
signal-to-noise ratio [6]. We define the minimal distance as

∆2
min(ϕ1, ϕ2) = min

[dAB ,dBC ]6=[d′
AB

,d′
BC

]
|u(ϕ1, ϕ2) − u′(ϕ1, ϕ2)|2 (4.27)

to properly respect [dAB, dBC ] decoding from the superimposed constellation, where
composite signal u(ϕ1, ϕ2) = sdA

+sdB
ejϕ1 +sdC

ejϕ2 and u′ = sd′
A

+sd′
B

ejϕ1 +sd′
C
ejϕ2 .

The prerotation angles are set to maximise the minimal distance,

[ϕ̂1, ϕ̂2] = arg max
[ϕ1,ϕ2]

∆2
min(ϕ1, ϕ2). (4.28)

Numerically obtained results for several alphabets and exclusive operations are sum-
marised in Table 4.1; apparently due to the problem symmetry, there are multiple
optimal solutions but all of them have the second optimal angle ϕ̂2 = 2ϕ̂1. Acronyms
“XOR” and “Mod” refer to bit-wise XOR and modulo-Md addition, respectively.
Note, by evaluating of minimum in (4.27) with fixed dA and dB and variable dC

we obtain a squared minimal distance of primary alphabet δ2
min = mini6=j |si − sj|2,

therefore ∆2
min is upper-bounded by δ2

min. In our notation, δ2
min refers to the minimal

distance of primary alphabet A while ∆2
min is a minimal distance of the composite

alphabet (superposition of three prerotated A).

The results show that Md-ASK, modulo sum operation and π/3 prerotation forms
hexagonal structure, see Fig. 4.5, 4.6, which is favourable since it keeps the same
minimal distance as in the point-to-point case ∆2

min(ϕ̂1, ϕ̂2) = δ2
min.

Generalisation for a Multi-Source Network

An extension to multi-source N -Terminal 1-Relay (NT-1R) network is trivial in the
sense that we can always optimise mutual prerotation of alphabets w.r.t. exclusively
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Table 4.1: Minimal distances ∆2
min of composite constellations with optimised con-

stellation prerotation ϕ̂1 for different alphabets A and exclusive opera-
tions χ

A δ2
min χ ϕ̂1 ∆2

min 10log10

(
∆2

min

δ2
min

)

BPSK 4 XOR π/3 4 0

4-ASK 0.8 Mod π/3 0.8 0

4-ASK 0.8 XOR 0.19π 0.088 -9.6

QPSK 2 Mod 0.097π 0.19 -10.2

QPSK 2 XOR 0.097π 0.19 -10.2

8-ASK 0.19 Mod π/3 0.19 0

8-ASK 0.19 XOR 0.19π 0.0076 -14

8-PSK 0.56 Mod 1.21π 0.0089 -18

8-PSK 0.56 XOR 1.21π 0.0089 -18

Figure 4.5: Composite constellation of three mutually π/3 prerotated BPSK mod-
ulations. The interfering signals at the point 0 in the signal space cor-
respond to [dA, dB, dC ] = [0, 0, 0] and [1, 1, 1]. Since these points lie in
the region with identical [dAB, dBC ] (identical colour), it is not a source
of errors.
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Figure 4.6: Superimposed constellations of π/3 prerotated 4-ASK and 8-ASK. In-
terfering points are not sources of errors because they are clustered in
the same coloured region [dAB, dBC ]; similarly as in Fig. 4.5.

coded data decoding. However, we cannot always expect the optimality possessed
by the solution in 3T-1R (π/3 prerotated Md-ASK and modulo sum operation) where
by optimality, we mean that minimal distance ∆2

min equals to its upper-bounding
minimal distance of primary alphabet δ2

min. Design of alphabets similarly optimal in
NT-1R network is challenging and apparently it requires a joint design of N distinct
alphabets. Based on this work, we may conjecture that the optimal composite con-
stellation would be some dense lattice constellation (generally multi-dimensional)
with N axis of symmetry, since in 3T-1R the result is dense hexagonal lattice with
three axis of symmetry (marked in Fig. 4.5 by dashed lines).

4.4.3 Performance Evaluation

In Fig. 4.7, we compare different alphabets in 1-stage (dashed lines) and 2-stage
(solid lines) MAC strategies by its alphabet constrained capacities C∗, which is a
channel capacity respecting practical constraints given by a particular alphabet i.e.
the capacity with discrete-valued uniformly-distributed input and unconstrained
output. We numerically evaluate C∗ as the mutual information between uniformly
distributed [dAB, dBC ] and the received signal (4.23) for 2-stage and received sig-
nal (4.25) for 1-stage MAC. More detailed description of C∗ evaluation is in [22].
All wireless links are assumed to have the same SNR. Depicted 2-stage strategies
correspond to case I in Fig. 4.4 and attain asymptotically (SNR→ ∞) only half C∗

of 1-stage strategy (case II) due to the orthogonal separation of MAC stages (it
requires two channel uses to deliver the same amount of information). Reference
case III is not depicted in Fig. 4.7, since its capacity is simply the case I capacity
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Figure 4.7: Alphabet constrained capacity for several alphabets, exclusive opera-
tions and prerotations.

multiplied by 2, however, requiring twice temporal-resources. We confirm that the
1-stage MAC with optimally prerotated ASK modulations and modulo sum oper-
ation performs the highest constrained capacity for given SNR among the other
strategies.

4.4.4 Summary

This section proposes an optimised constellation-prerotation (design of compos-
ite constellation) for wireless network coding-based MAC strategy in a 3-terminal
1-relay network. It effectively reduces number of MAC stages resulting in con-
siderable capacity gains. The proposed paradigm is applicable in general settings
attractive especially in combination with utilization of additional overheard infor-
mation links [20]. The proposed approach exploits knowledge of network topology,
data-flows and channel adaptation technique.

4.5 Lattice-Constellation Indexing for 2-WRC with
Modulo-Sum Relay Decoding

In this section, we present core ideas published in [23]. We consider wireless WNC 2-
way relaying where both terminals use constellations curved from a common lattice
structure and the relay node decodes modulo-sum exclusive operation of transmit-
ted data symbols at the MAC stage. We will show that performance of such a
system with AWGN is strongly determined by used constellation indexing. For
some indexing, the minimal distance of modulo-sum decoding is 0 (some points of
superimposed-constellation are equal despite corresponding to unequal modulo-sum
of data symbols) which causes considerable loss in Alphabet-Constrained Capacity
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Figure 4.8: The relay decodes modulo-sum of transmitted data symbols from super-
position of two primary lattice-constellations at the WNC-MAC stage.

(ACC). In this section, we show that if indices form a modulo-arithmetic progres-
sion along each lattice (real) dimension (denoted Affine Indexing (AI)), the minimal
distance of modulo-sum decoding equals to minimal distance of primary terminal
constellation. Some canonical constellation shapes prevent existence of AI, there-
fore we propose a greedy-sphere packing algorithm for constellation shape design
which jointly maximises minimal distance and keeps existence of AI.

4.5.1 System Model

WNC encourages relaying nodes to decode an invertible function of transmitted data
(instead of data itself) in the MAC stage. In the spirit of linear network coding,
compute-and-forward strategy [11] proposes this function to be a linear combina-
tion over some finite field and uses theory of nested lattices to study overall achiev-
able rates similarly. In this section, we assume an invertible function described by
modulo-sum operation (utilised also in [19]) and terminal constellations curved from
a common lattice structure (denoted as lattice-constellations), see an ilustrative ex-
ample in Fig. 4.8. We assume lattice-constellations for the following reasons: many
canonical constellations (incl. QAM) are curved from lattice [24]; superposition of
lattice-constellations is again a lattice-constellation keeping e.g. the same distance
properties; many dense lattices are known [25] and implementable [26]; both do-
mains mixed by WNC (the continuous signal space of physical-layer and discrete
integer space of network coding) can be described by common integer algebraic
structure for lattice-constellations.

We study an impact of constellation indexing on the overall performance with
AWGN (see example of its impact in Fig. 4.10). Our scenario in comparison to [11]
is rather practical since we assume finite-dimensional lattices and we do not require
a nested lattice structure.

2-WRC Model and Lattice-Constellation Notation

2-WRC comprises terminals A and B bi-directionally communicating via a support-
ing relay R in a half-duplex manner (each node cannot send and receive at the same

D3.2b SAPHYRE



4.5 Lattice-Constellation Indexing for 2-WRC with Modulo-Sum Relay Decoding51

time). We assume an ideal time-synchronised scenario with AWGN and per-symbol
low-latency relaying as presented in [22].

We introduce the notation from the perspective of terminal A, since the notation for
B is analogical. Let both terminals A and B use the same constellation A = AA =
AB including the same constellation-indexing. Alphabet A ⊆ CNs is assumed to be
curved from some Ns complex-dimensional lattice Λ with the cardinality Md = |A|
to be a power of two. Baseband signal points in the constellation space sA forming
the alphabet A = {s

(i)
A }Md−1

i=0 are assumed to be normalised to unit mean symbol
energy. We use upper-indices to stress a concrete value of given variable. Let data
symbol be dA ∈ {d

(i)
A }Md−1

i=0 = ZMd
, where ZMd

= {0, 1, . . . , (Md − 1)} denotes non-
negative integers with elements lower than Md. We assume constellation mapper
M : ZMd

→ A such that the alphabet indices directly equal to data symbols

M(dA) = s
(dA)
A . Using lattice-generator matrix G, we describe constellation by

lattice-coordinate vectors a as

A =
{
s

(i)
A = Gai − m : ai ∈ S

}Md−1

i=0
(4.29)

where m = 1/Md

∑Md
i=1 Gai ensures that A is zero-mean. Vector a ∈ S ⊆ Z2Ns

is a = [a0, ..., a2Ns−1]
T , ai ∈ Z, ∀i ∈ Z2Ns

where S and Z = {. . . , −1, 0, 1, . . . }
denotes a set of lattice coordinate vectors (determining constellation shape) and a
ring of integers, respectively. Lattice-generator matrix is formed by concatenation
of lattice-basis, e.g. rectangular Z2, hexagonal A2 and checkboard D2 lattice has
following matrices:

GZ2 = [1, j], GA2 = [1, 1/2 + j
√

3/2],

GD2 = [
√

2/2 + j
√

2/2, −
√

2/2 + j
√

2/2]. (4.30)

We define indexing mapper and lattice-modulation mapper as

I : ZMd
7→ S, I(dA) = a, (4.31)

Λ : S 7→ A, Λ(a) = Ga − m = sA, (4.32)

respectively. The lattice-constellation modulation mapper is

M(dA) = Λ(I(dA)) = sA. (4.33)

WNC in 2-WRC Using Lattice-Constellations

WNC 2-way relaying consists of a MAC stage when both terminals transmit simul-
taneously to the relay with modulo-sum data decoding and a Broadcast (BC) stage
when the relay broadcasts modulo-sum data. Final destinations perform successful
detection exploiting knowledge of its own data via an invertibility of modulo-sum
operation (similarly as in the network coding approach). We focus on the WNC-
MAC stage since its performance is more challenging than at the BC stage due to
the additional multiple-access interference.
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Figure 4.9: Model of modulo-sum data decoding performed by the relay with AWGN
noise at the WNC-MAC stage.

WNC-MAC stage

The relay receives superposition of signals from terminal A and B (as shown in
Figure 4.9)

x = u + w = sA + sB + w, (4.34)

where w is a complex Ns-dimensional AWGN vector with variance 2N0 per-complex
dimension and u is a superimposed-constellation point u ∈ AA+B ⊆ CNs where

AA+B =
{
u(i,j) = s

(i)
A + s

(j)
B : s

(i)
A , s

(j)
B ∈ A

}Md−1,Md−1

i=0,j=0
. (4.35)

Maximum likelihood decoding of modulo-sum data symbol

d̂AB = arg max
dAB

p(x|dAB), (4.36)

uses likelihood function

p(x|dAB) =
1

Md

∑

(dA+dB)mod Md
=dAB

pw(x − M(dA) − M(dB)), (4.37)

where the summation runs over all [dA, dB] such that (dA + dB)mod Md
= dAB and

the noise probability density function equals to pw(w) = 1/(2πN0)Nse−||w||2/2N0 .

4.5.2 Lattice-Constellation Indexing for WNC Using Modulo-Sum
Decoding

Impact of Indexing

Figure 4.10 demonstrates an impact of constellation indexing on the performance
of modulo-sum decoding at the WNC-MAC stage with 4-QAM constellations for
indexing a) and b) (index ‘2‘ switched with ‘3‘). Unlike a), indexing b) modulo-sum
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Figure 4.10: Minimal distance of modulo-sum decoding with constellation index-
ing a) equals to minimal distance of primary constellations since all
identical superimposed-constellation points lie in the decoding region
with identical modulo-sum data symbol dAB (marked by distinct col-
ours according to the associated multiplicative table). Indexing b)
implies that some superimposed points of modulo-sum decoding will
be decoded erroneously. Symbols ∆0 and ∆1 denotes index-increments
along each lattice (real) dimension as will be discussed in Sec. 4.5.2.

decoding contains some superimposed-constellation points (e.g. [0, 2] and [1, 3])
which are equal despite corresponding to unequal modulo-sum data symbols (i.e.
the minimal distance of modulo-sum decoding is 0) which causes considerable loss
of capacity as can be seen in Fig. 4.11 (dashed line).

Suitability of Affine Indexing

The following lemma explains why the errorless modulo-sum decoding of indexing
a) in Fig. 4.10 was not accidental.

Lemma 5. Lattice-constellation indices forming modulo-arithmetic progression along
each lattice (real) dimension (i.e. inverse indexing function I−1 (4.31) is modulo-
affine (denoted (AI)) imply that all equal superimposed-constellation points corre-
spond to the same modulo-sum data symbol.

Proof. Let two superimposed-constellation points u(dA,dB), u′(d′
A

,d′
B

) ∈ AA+B corre-
spond to distinct data symbol pairs [dA, dB] 6= [d′

A, d′
B] and fall to the same constel-
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lation point:
u(dA,dB) = u′(d′

A
,d′

B
). (4.38)

Assuming primary constellations to be curved from a common lattice, we may use
(4.29) and (4.35) to expand (4.38) as

G(a + b) − 2m = G(a′ + b′) − 2m (4.39)

and thus a + b = a′ + b′ must hold which expanded per-dimension equals to

ai + bi = a′
i + b′

i, ∀i ∈ Z2Ns
. (4.40)

The superimposed point u (resp. u′) matches modulo-sum data symbol dAB =
(dA + dB)mod Md

(resp. d′
AB). Let further expand dAB and d′

AB utilising that index
mapping function I(dA) = a is a bijective and so existence of inversion function
I−1(a) = dA is ensured. Exclusive symbols simplify to

dAB = (dA + dB)mod Md
=
(
I−1(a) + I−1(b)

)
mod Md

,

d′
AB = (d′

A + d′
B)mod Md

=
(
I−1(a′) + I−1(b′)

)
mod Md

.
(4.41)

The precondition of the lemma is I−1 to be a modulo-affine function and so can be
expressed as

I−1(a) =

(
2Ns−1∑

i=0

∆iai + z

)

mod Md

, (4.42)

where ∆i ∈ Z denotes common increment of modulo-arithmetic progression in the
ith lattice (real) dimension and z ∈ Z is some integer constant which represents a
cyclic-shift of indices. Using (4.42), we expand (4.41) as

dAB = (dA + dB)mod Md
=
(
I−1(a) + I−1(b)

)
mod Md

=

=



(

2Ns−1∑

i=0

∆iai + z

)

mod Md

+

(
2Ns−1∑

i=0

∆ibi + z

)

mod Md




mod Md

⋄)
=

=

(
2Ns−1∑

i=0

∆iai + z +
2Ns−1∑

i=0

∆ibi + z

)

mod Md

=

(
2Ns−1∑

i=0

∆i(ai + bi) + 2z

)

mod Md

(4.43)

where in ⋄) step, we use modulo-arithmetic rule (x + y)mod M = (xmod M + ymod M)mod M .
By the same manipulations, we obtain

d′
AB =

(
2Ns−1∑

i=0

∆i(a
′
i + b′

i) + 2z

)

mod Md

. (4.44)

Comparing (4.43) with (4.44), we conclude that if superimposed-constellation points
are equal ((4.40) holds), than dAB = d′

AB which proves the lemma.

D3.2b SAPHYRE



4.5 Lattice-Constellation Indexing for 2-WRC with Modulo-Sum Relay Decoding55

Example 4.1. Note, the indices of case a) in Fig. 4.10 in the first horizontal dimen-
sion are ‘0‘ and ‘1‘, and ‘2‘ and ‘3‘ both with common horizontal index-increment
∆0 = +1; similarly index-increment in vertical dimension is ∆1 = +2 (indices ‘0‘
and ‘2‘, and ‘1‘ and ‘3‘). Therefore indexing a) is AI, unlike to indexing b) where
e.g. common increment for the first horizontal index pair ‘0‘, ‘1‘ is +1, but for the
second pair ‘3‘, ‘2‘, it is −1 which does not allow AI.

Corollary 6. Superimposed-constellation points lie in the same lattice as primary
lattice-constellation points. Obviously, if all equal superimposed-constellation points
correspond to the same modulo-sum data symbol (according to Lemma 5 implied by
AI), then the minimal distance of modulo-sum decoding

∆min = min
(dA+dB) mod Md

6=(d′
A

+d′
B)

mod Md

∥∥∥u(dA,dB) − u′(d′
A

,d′
B

)
∥∥∥ , (4.45)

equals to minimal distance of primary lattice-constellation

∆min = δmin, (4.46)

where minimal distance of AA is defined as

δmin = min
dA 6=d′

A

∥∥∥∥s
(dA)
A + s

(d′
A

)
A

∥∥∥∥ . (4.47)

Error performance of uncoded modulo-sum decoding for high signal-to-noise ratio
in AWGN is well determined by ∆min (4.45). Design of a system with maximal
∆min is not an obvious task because instead of modulo-sum operation, generally
every invertible function (e.g. bit-wise XOR) is admittable and thus we face a joint
optimisation problem (over constellations and invertible functions). Number of all
possible invertible functions is related to the number of distinct Latin squares which
increases w.r.t. cardinality very quickly (see [27] Tab.1) and the problem starts to be
unmanageable. However, utilising Lemma 5 and Corollary 6, we may fix invertible
function to be modulo-sum and search over lattice-constellations with maximal δmin

which can be indexed by AI. We concern on the existence of AI in the following
section.

Existence of AI for Canonical Lattice-Constellations

Existence verification algorithm

We use brute-force approach to investigate whether canonical lattice-constellations
can be indexed by AI: try all combinations of ∆i which we take from the following
set

∆i ∈ A∆ = {±1, ±2, . . . , ±(Md − 1)} , ∀i ∈ Z2Ns
(4.48)

and check whether indexing function I is bijective. By restriction ∆i to be only
from set A∆, we cover all possibilities because the arithmetic progression of AI needs
to be taken modulo Md.
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Considered lattices

Although Lemma 5 holds for arbitrary dimensional lattice-constellations, we focus
on single complex-dimensional ones (Ns = 1) since they are often implemented and
easy to be shown with their indexing. Particularly, we restrict on rectangular Z2,
checkboard D2 and hexagonal A2 lattice with generator matrices (4.30).

Results

Table 4.2 summarizes existence of AI for several canonical constellations. Symbol
[∆0, ∆1] denotes a possible pair of common increments of AI and symbol × labels
those cases which cannot be indexed by any [∆0, ∆1] (no AI exists). We have found
that constellations with rectangular-type of shape in rectangular Z2 lattice as well
as square shape in checkboard D2 lattice can be indexed by AI. Unfortunately,
some constellation shapes that cannot be indexed by AI are often used in technical
practise e.g. cross-shapes in rectangular Z2 lattice with odd bit-cardinalities Md =
32, 128 and also those with high-cardinality sphere-like shapes.

Greedy-Sphere Packing for Constellation Shape Design which Ensures
Affine Indexing

Results from the preceding section indicate that sphere-like lattice-constellation
shapes for high-cardinalities apparently prevent existence of AI. However, sphere-
like constellation shapes possess maximal shaping gain [24]. So, the question is: can
we design sphere-like latice-constellation shapes for high-cardinalities and ensure
existence of AI? We propose the following simple optimisation algorithm to answer
this question.

Optimisation algorithm

Finding optimal constellation shape for general lattice structure requires high com-
plexity optimisation especially in high-dimensional and high-cardinality alphabet
case. Paper [26] suggests heuristic low-complexity greedy-sphere packing algorithm
for constellation shape design. It cannot always bring the optimum, nevertheless, it
may yield near-optimal solution with a good performance. The algorithm initially
starts from the lattice origin and iteratively includes constellation points which are
nearest to the actual centroid until Md points are selected. We modify this algo-
rithm to additionally ensure existence of AI (we select lattice point which is nearest
to the actual centroid from the set of neighbouring lattice-points with not already
included AI-indices). Proposed algorithm is summarized in Alg. 4.1.
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Table 4.2: List of canonical constellations and its possible AI described by [∆0, ∆1]

Λ Md shape A δ2
min [∆0, ∆1]

Z2 2 rectangular 4 [1, 0]

4 rectangular 0.8 [1, 0]

4 square 2 [1, 2]

8 rectangular 0.67 [1, 4]

8 sphere 0.82 [1, 3]

16 square 0.4 [1, 4]

16 cross 0.4 ×

32 rectangular 0.15 [1, 8]

32 cross 0.2 ×

64 square 0.095 [1, 8]

128 rectangular 0.038 [1, 16]

128 cross 0.048 ×

128 sphere 0.049 ×

D2 8 square 0.8 [1, 3]

32 square 0.19 [1, 7]

128 square 0.047 [1, 15]

A2 8 sphere 0.93 [1, 3]

16 sphere 0.46 ×

32 sphere 0.23 ×
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Algorithm 4.1 Greedy-Sphere Packing for Constellation Design which Ensure AI.

1. Choose Ns-dimensional lattice (a generator matrix G) from which we want to
construct Md-ary constellation.

2. Choose index-increments of AI [∆0, ∆1, . . . ] ∈ A2Ns

∆ where A∆ =
{±1, ±2, . . . , ±(Md − 1)} .

3. Initiation: set of lattice-coordinates includes zero-coordinate vector S :=
{a0 = 0} ; current centroid is m := 0 and set of indices includes 0 index
Ad := {0} .

4. Repeat

a) Create a set of all hypothetical coordinate candidates Sx which are in the
neighbourhood to all points in S but are not included in S. (Coordinate
vector ax is in neighbourhood to coordinate vector ay if ‖ax − ay‖ = 1,
i.e. ax differs from ay in only one dimension by ±1.)

b) Exclude all hypothetical coordinates ay ∈ Sx with index dy = I−1(ay) =(∑2Ns−1
i=0 ∆iay,i + z

)
mod Md

already included in the set of indices dy ∈ Ad.

c) Choose the one a∗ ∈ Sx with signal point closest to the actual centroid
a∗ = arg mina∈Sx

‖Ga − m‖ .

d) Update: include coordinate a∗ into S := S ∪ {a∗} , include index d∗ :=

I−1(a∗) =
(∑2Ns−1

i=0 ∆ia∗,i

)
mod Md

into Ad := Ad ∪ {d∗} and set a new

centroid m := 1/|S|
∑|S|

i=1 Gai where |S| denotes cardinality of |S| .

5. Until |S| = Md

6. Minimal Distance Maximisation: running step 2) through 5) for all dis-
tinct [∆0, ∆1, . . . ] ∈ A2Ns

∆ in step 2), we find the constellation with maximal
minimal distance denoted as δmin,AI for corresponding optimal [∆0, ∆1, . . . ]AI .
(We assume cyclic-shift of indices z to be 0 in step 4b), since we do not
influence the minimal distance optimisation.)
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Table 4.3: List of constellations designed by Algorithm 4.1.

Λ Md A [∆0, ∆1]AI δ2
min,AI δ2

min 10 log10

(
δ2

min,AI

δ2
min

)

Z2 2 [1, 0] 4 4 0

4 [1, 2] 2 2 0

8 [1, 3] 0.82 0.82 0

16 [1, 4] 0.4 0.4 0

32 [1, 7] 0.193 0.2 -0.15

64 [1, 24] 0.097 0.098 -0.04

A2 2 [1, 0] 4 4 0

4 [1, 2] 2 2 0

8 [1, 3] 0.93 0.93 0

16 [1, 7] 0.453 0.457 -0.04

32 [1, 6] 0.224 0.227 -0.06

64 [1, 8] 0.112 0.113 -0.04

Results

The found constellations (restricting on Z2 and A2 lattices) with maximal mini-
mal distance which can be indexed by AI are summarized in Table 4.3. Symbol
[∆0, ∆1]AI denotes common increments for which Alg. 4.1 converges to the high-
est minimal distance δmin,AI. Symbol δmin denotes minimal distance of alphabets
obtained by Alg. 4.1 irrespecting existence of AI (without step 4b)). Parameter
10 log10 (δ2

min,AI/δ2
min) measures de-facto a price we pay for constellation being able to

be indexed by AI.

4.5.3 Alphabet-Constrained Capacity Evaluation

In the previous sections, we consider minimal distances as a performance measure,
although performance of channel coded system (using ideal capacity-approaching
codes) are of the scope. For that reason, we evaluate Alphabet-Constrained Ca-
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Figure 4.11: Alphabet-constrained capacities of several canonical constellations
from Table 4.2 and optimised constellations from Table 4.3. Dashed-
line curve with 4-QAM constellation shows impact of erroneous
modulo-sum decoding caused by constellation-indexing which is not
AI (the example Fig. 4.10 b)). Fig. 4.10 b) shows that 4 out of 16
superimposed-constellation points are erroneously interfering (with
50% probability of error). It yields 4/16 = 1/4 of interfering points and
1/4 · 50% = 1/8 are erroneous which equals to log2 4/8 = 0.25 of erroneous
bits. Loss of 0.25 over AI case (solid-red-square line) bits for high SNR
is well seen on the dashed-line curve.

pacity (ACC). ACC is a mutual information between discrete-valued uniformly-
distributed input (determined by particular constellation) and unconstrained-output.
It represents maximal possible achievable rate using given constellation. System
with concatenated linear capacity-approaching channel code is expected to perform
closely to these curves [22]. ACC of WNC in 2WRC can be easily numerically
evaluated by

C∗ = log2 Md +
1

Md

ˆ

x∈CNs

Md∑

dAB=1

p(x|dAB) log2

p(x|dAB)
∑Md

d′
AB

=1 p(x|d′
AB)

dx. (4.49)

where p(x|dAB) equals to (6.57), for the derivation see [22].

Figure 4.11 presents ACC for several considered constellations and indexing (all
uses AI except of the one from example in Fig. 4.10 indexing b)). Curves described
by ’maxmin-shape’ denote cases with the shape maximised by Alg. 4.1. The re-
sults show that AI lattice-constellations with modulo-sum relay decoding is viable
approach in AWGN channel.
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4.5.4 Summary

In this section, we have studied impact of constellation indexing on the perfor-
mance of relay processing at the MAC stage of WNC in a 2-WRC. We consider
the scenario where both terminals use constellations curved from a common lat-
tice (denoted lattice-constellations) and the relay decodes modulo-sum operation
of transmitted data symbols. The proposed constellation-indexing (denoted Affine
Indexing (AI)) implies the minimal distance of modulo-sum decoding to be equal to
the minimal distance of primary terminal constellation (for some non-AI indexing
the minimal distance is 0). We have found that not every lattice-constellation shape
can be indexed by AI. Unfortunately, sphere-like shapes cannot be indexed by AI,
therefore we have proposed greedy-sphere packing algorithm for constellation shape
design maximizing minimal distance while keeping existence of AI. The proposed AI
lattice-constellations not only possess good minimal distance properties (if curved
from dense lattices), but also perform well in the measure of alphabet-constrained
capacity.

We see a great potential of WNC strategy using AI lattice-constellations with
modulo-sum relay decoding also in general multi-source multi-destination network.
Especially connection of WNC with lattice-constellations is interesting since su-
perposition of any number of interfering terminals (using alphabets curved from
identical lattice) lay again in the same lattice and lattice-constellation points can
be described by integer coefficients (therefore, domains mixed by WNC (the contin-
uous signal space of physical-layer and discrete integer space of network coding) can
be described by common integer algebraic structure). Based on our results, invert-
ible modulo-sum function seems to naturally correspond to the additive property
of interfering electromagnetic waves for WNC with AI lattice-constellations.
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5 NCM/HDF Design for Scenarios with

Imperfect Side-Information

5.1 System Models and Scenarios with Imperfect
Side-Information

5.1.1 Butterfly Network with HDF Strategy

A parametric wireless butterfly network (Fig. 5.1) with 5 physically separated nodes
(sources SA, SB, destinations DA, DB and relay R) is depicted in Fig. 5.1). The
signal space representation (with an orthonormal basis) of the transmitted channel
symbols is sA (cA), sB (cB) (si ∈ Ai

s ⊂ CN , |Ai
s| = M , i ∈ {A, B}), where cA, cB

are source node code symbols, Ai
s(�) is the channel symbol memoryless mapper and

M is the source alphabet cardinality (identical for both sources).

We assume that the HDF strategy (see [22] for details) is employed in the system.
Note that due to the half-duplex constraint each communication round consists of
the separate MAC and Broadcast (BC) phases (see Fig. 5.1).

The constellation space signal received at R in MAC phase is

x = hAsA + hBsB + wR, (5.1)

where wR is the circularly symmetric complex Gaussian noise (variance σ2
wR

per
complex dimension) and hA, hB are scalar complex channel coefficients (constant
during the observation and known at the relay). Sources’ transmissions in the MAC
phase are overheard (see Fig. 5.1) by destinations DA, DB as C-SI:

zA = sB + wA, (5.2)

zB = sA + wB. (5.3)

After receiving the MAC phase signal x, the relay performs an eXclusive mapping
operation (see [22] for details) to map the received compound symbol to the relay

output symbol sR (cAB) ∈ AR
s , where cAB = X

(
ci

A, cj
B

)
is the eXclusive mapping

operation (sometimes also called as Hierarchical Network Code (HNC) [28]). More

details on the cardinality of the relay output alphabet (
∣∣∣AR

s

∣∣∣ = MR) will be provided
in the next section. The relay decodes directly the hierarchical data cAB, while the
separate data streams cA, cB are not decoded (more details can be found e.g. in
[22]).
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In the BC phase the relay transmits the signal to both destinations. The constella-
tion space signal received at Di (i ∈ {A, B}) is

yi = sR + ξi. (5.4)

Assuming that a suitable HNC map has been used by the relay (see e.g. [29] for
details), destinations are able to decode the desired data from the relay signal and
C-SI. Note that the C-SI and BC channels are for simplicity reasons considered
as pure Gaussian, whereas the MAC channel is considered to be parametric to
embrace the detrimental effects of channel parametrization on the WNC processing
(for details see [30] and references therein).

Relay Output Alphabet Cardinality

The cardinality of the relay output alphabet (MR) can be bounded (see e.g. [22])
as:

M ≤ MR ≤ M2, (5.5)

where the equalities correspond to the minimal (MR = M) and full cardinality
(MR = M2) relaying (see [17, 31] for details). Obviously, the relay alphabet car-
dinality is affected by actual channel conditions, i.e. by the quality of the C-SI
channels (e.g. full cardinality will be required if the C-SI is completely missing at
one destination) [29].

An in-depth analysis of the mutual relation between the anticipated C-SI link quality
and the required relay alphabet cardinality is available in [29], where the systematic
algorithm for the design of suitable HNC operation X (�, �) is derived. The algorithm
in [29] allows to design the HNC mapper X (�, �) for arbitrary source alphabet car-
dinality (and anticipated C-SI link quality), i.e. including the extended cardinality
case (MR > M), which will be discussed in the following sections.

5.2 Block-Structured Layered Design of NCM/HDF for
Asymmetric Rates

5.2.1 Introduction

Background And Related Work

The network coded modulation (NCM) technique provides a huge potential in fu-
ture multi-source wireless networks operating with wireless network coding, because
performance beyond the classical MAC region limiting conventional approaches can
be achieved. The principle of the NCM consists in a joint design of the processing
across a whole network including (1) channel encoders, (2) hierarchical network code
(HNC) and (3) signal space mappers to optimize the performance. Particularly, it
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C-SI C-SI

MAC phase

BC phase

Figure 5.1: HDF/DNF signal flow in the butterfly network. The relay decodes only
the superimposed (hierarchical) symbol in the Multiple-Access (MAC)
phase of the communication (instead of joint decoding of the two sepa-
rate data streams). In the following Broadcast phase (BC) the hierar-
chical symbol is broadcast to both destinations, which are then able to
decode the desired information by using the C-SI (overheard from the
other source) [6, 22]. Signal-to-Noise Ratios (SNRs) of individual links
are shown in the figure.

means (i) to maximize coding gain of the constellation space 2-source codebook and
(ii) to minimize a performance degradation caused by parameterization of channels
(e.g. fading).

The current state of art offers several attempts to the NCM design. E.g. the
layered design proposed in [31] states conditions to HNC and the encoders, when
a separated optimization does not cause any lost against joint optimization. This
design however assumes symmetric rates and identical codes.

Couple of works build on the lattice code approach (e.g. [7]). This approach in-
herently includes joint channel encoders, HNC and signal space mapping design.
Nevertheless, the lattice codes serve rather for proving an achievability of the per-
formance than for a concrete way to implement the system.

The Compute-and-Forward strategy [11] models the HNC by linear equations. The
destinations must have enough equations available to decode the desired data prop-
erly.

A construction of the relay decoder for an optimized (even non-linear) HNC and
source LDPC encoders is proposed in [32]. The assumption strictly limiting this
work is that the non-zero elements of the LDPC matrix must be on the same position
in all sources and relay LDPC matrices. This design thus does not allow arbitrary
individual rates of sources. A mitigation of this limitation (paid by linearity of the
HNC) is one of the contribution of our work.
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Figure 5.2: 2-Source 1-Relay system example.

Goals and Contributions

Assume a relay based Wireless Network Coding (WNC) system with multiple source
nodes and multiple relay paths between sources and destinations. Each relay uses
Hierarchical Decode and Forward (HDF) strategy which means that it makes a
decisions on some (hierarchical) function of the data from source nodes and these
decisions are forwarded towards the destination. The final destination collects mul-
tiple hierarchical functions of the data and calculates the desired target data. The
overall HNC map must be invertible in order to do so [33]. In WNC system, all
data streams are encoded and the relay decisions are based on the signal space
observation metric parametrized by the corresponding hierarchical coded symbol.

The core problem solved in this work is the following. We exemplify everything for
simple 2-source 1-relay 2-paths system however the procedure is easy to generalize.
Individual data bA, bB of source nodes are encoded into cA, cB by individual linear
block encoders. The decision statistic (metric) µ(cAB) at the relay is a function of
the hierarchical coded symbol cAB = χc(cA, cB). Multi-source signal space codebook
with the performance measured in terms of the hierarchical symbol is called NCM.
The relay decoder should make decisions on hierarchical data bAB. Given the
individual source node encoders and given the HNC map for coded symbols we
want to find what decoder µ(cAB) 7→ bAB should be used at the relay and what
hierarchical function on data bAB = χb(bA, bB) it corresponds to. The solution
should work for arbitrary hierarchical maps (including minimal, extended, and full,
see [31]), and also for asymmetric code rates used at source nodes.

The solution will use a specific sub-block structured encoding matrices. Since
the overall goal of NCM design is achieved by independent (layered) use of stan-
dard single-user channel outer codes and inner hierarchical maps, we call it Block-
Structured Layered NCM. It can be viewed as a generalization of [31].

5.2.2 System Model and Definitions

The system model for demonstration 2-source 1-relay 2-paths scenario is shown in
Fig. 5.2. Only those parts which are relevant to our design are shown in detail. The
bold-face lower-case letters refer to whole codeword vectors, while standard-face
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letters refer to individual symbols.

Assume source data vectors bA, bB with individual symbols bA, bB (we drop the
sequential numbering index for notation simplicity). These are encoded by linear
block encoders cA = GAbA with rate rA = kA/nA and cB = GBbB with rate
rB = kB/nB. All operations are performed over extended field GF[pm]. Code sym-
bols are mapped into signal space symbols sA(cA), sB(cB). The relay receives noisy
superposition of these x = sA + hsB + w where h is flat fading relative channel
parametrization. The relay evaluates a hierarchical metric µ(cAB) as a sufficient
statistic from the received signal and the hierarchical metric is a function of the
hierarchical symbol cAB = χc(cA, cB). In this paper we assume linear only hierar-
chical maps cAB = Xc,AcA + Xc,BcB (all operations over GF[pm]). The hierarchical
relay decoder is described fully by its parity check matrix HAB which corresponds
to (virtual) hierarchical encoding relation cAB = GABbAB where the hierarchical
data are bAB = Xb,AbA + Xb,BbB.

A similar formalism would hold for other relays/paths. In our example, one other
(complementary) is present and it is formally denoted by the over-bar symbol. In
order for the destination to recover the original data, the overall HNC

[
bAB

b̄AB

]
=

[
Xb,A Xb,B

X̄b,A X̄b,B

] [
bA

bB

]
(5.6)

must be invertible [33].

5.2.3 Block-Structured Layered NCM Design

Standard Layered Design

Assume that the encoders GA, GB and HNC code map Xc =
[

Xc,A Xc,B

]
are

given and we want to find GAB with associated HAB and the corresponding data
HNC map Xb =

[
Xb,A Xb,B

]
. It holds

cAB = Xc,AGAbA + Xc,BGBbB. (5.7)

A simple, however very special solution, is available if 1) Xc,A = Xc,B = E (unit
matrix or any column permutation), i.e. the mapping is minimal, and 2) GA =
GB = G, i.e. symmetric source-A to relay and source-B to relay links. Then
clearly (see [31])

cAB = G(bA + bB) (5.8)

and the solution is GAB = G and Xb =
[

E E
]
. It is obvious that this approach

will not work for arbitrary mapping and asymmetric codes.
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Block-Structured Layered NCM Design

The proposed solution to the problem is to restrict slightly the structure of the
encoding matrices into block-wise form. We will show that a proper structuring al-
lows to find all encoders and HNC maps. The inner matrices of the block-structured
design can be arbitrary valid capacity achieving single-user linear block codes and
thus the layered design paradigm is preserved. Those component codes can be e.g.
LDPC codes and the overall design preserves the sparsity of the overall matrices.

We formally define our goal to have a valid network configuration. It means that
GAB must properly define the virtual hierarchical encoder, i.e. cAB = GABXb[bA, bB]T

must be satisfied jointly with (5.7) for all bA, bB.

Definition 7 (Consistent Generator Set). We call a set of full-rank matrices S =
{GAB, GA, GB, Xb,A, Xb,B, Xc,A, Xc,B} satisfying

GABXb =
[

GABXb,A GABXb,B

]
=
[

Xc,AGA Xc,BGB

]
(5.9)

a consistent generator set.

We extend the consistent generator set by valid parity check matrices for decoding
purposes.

Definition 8 (Consistent Parity Check Set). The full-rank matrices {HAB, HA, HB}
jointly with a consistent generator set S are called the consistent parity check set if
HA, HB and HAB are valid parity check matrices of GA, GB and GAB.

The consistent parity check set formally states our overall goal. Among a number of
approaches, we propose a joint HNC-channel encoding construction that produces
a valid network implementation. The idea beyond this construction is to combine a
minimal hierarchical mapping (layered design) with conventional joint decoding. We
introduce orthogonal matrix-blocks GA1, GB1 and G2. One part of both individual
data streams is encoded by a joint encoder G2 and the second part of them by
separated encoders GA1 and GB1.

Definition 9 (Block Structured Layered Code). We assume full-rank matrices GA1 :
nA1×kA1, GB1 : nB1×kB1 and G2 : n2×k2. If the generator matrices can be written
as GA = diag(GA1, G2), GB = diag(GB1, G2), GAB = diag(GA1, GB1, G2) and the
HNC matrices are in the form

Xb,A =




EkA1
0

0 0

0 Ek2


 and Xb,B =




0 0

EkB1
0

0 Ek2


 , (5.10)

Xc,A =




EnA1
0

0 0

0 En2


 and Xc,B =




0 0

EnB1
0

0 En2


 , (5.11)
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where Ex is x×x identity matrix and 0 is a zero matrix of a corresponding dimension,
the matrices are called block structured layered code.

Notice that E(.)(.)1
matrices define the full mapping part and E(.)2 matrices define

the minimal mapping. The overall map is thus a mixture of the full and the minimal
map. A proper choice of matrix sizes allows to achieve an arbitrary cardinality of
the HNC-map from the minimal, over the extended to the full one.

Each section of the data or codeword vector uses either full or the minimal map, i.e.
each individual data/code symbol belong to the one or the other. Our statement
about arbitrary map cardinality applies to the whole message or codeword in av-
erage. Detailed information theoretic analysis of this block-structure is not solved
here.

We state some basic properties of the block structured layered code.

Lemma 10. Assuming a block structured layered code, all matrices GAB, GA, GB,
Xb,A, Xb,B, Xc,A, Xc,B are full-rank.

Proof. Due to the block-diagonal structure of the generator matrices and the full
rank property of the blocks on the diagonal, the rank of the generator matrices is
given by sum of ranks of the blocks on diagonal, e.g. rank(GA) = rank(GA1) +
rank(G2) = kA1 + k2 = kA and similarly for other generator matrices. We re-
mind that GA is nA × kA matrix. The HNC matrices are also full-rank, because
rank(Xb,A) = kA1 + k2 = kA and Xb,A is kAB × kA matrix. The full-rank property
of other HNC matrices can be shown in the same way.

Lemma 11. An arbitrary block structured layered code forms a consistent gener-
ator set.

Proof. The full-rank property guarantees Lemma 10. One can verify that (5.9) is
also satisfied by substituting Definition 9 into (4).

We show a construction of the parity check matrices based on the block structured
layered code satisfying the consistency parity check conditions.

Theorem 12 (Block-Structured Layered NCM). We assume an arbitrary block
structured layered code and denote HA1 : (nA1 −kA1)×nA1, HB1 : (nB1 −kB1)×nB1

and H2 : (n2 − k2) × n2 parity check matrices of the generator blocks GA1, GB1

and G2 in a full-rank form. Then the parity check matrices HA = diag(HA1, H2),
HB = diag(HB1, H2) and HAB = diag(HA1, HB1, H2) form a consistent parity check
set.

Proof. The full-rank property of the parity check matrices can be shown similarly
as in the generator matrices case in proof of Lemma 10. The consistent generator
set is formed according to Lemma 11.
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Figure 5.3: 2-Source 1-Relay system example from bit-wise processing point of view.
It is assumed that nA1 = nB1 = n2 for simplicity. The hierarchical de-
coder is shown in the decomposed form. A soft message µX is capable to
carry the extrinsic information about cX evaluated in both the decoder
and SODEM. Consequently, the block decoders are able to utilize the
information from other block decoders carried via SODEMs.

To verify that the matrices are valid parity check matrices, we write e.g. for HA

0nA−kA,kA
= diag(0nA1−kA1,kA1

, 0n2−k2,k2) (5.12)

= diag(HA1GA1, H2G2) (5.13)

= diag(HA1, H2)diag(GA1, G2) (5.14)

= HAGA. (5.15)

The same procedure can be applied to both HB and HAB.

Block-Structured Layered NCM Properties

According to Theorem 12, we can choose independently the inner encoders to satisfy
the network consistency, i.e. given rA, rB and rAB we independently compose the
encoders with rates

rA1 =
kAB − kB

nAB − nB

, rB1 =
kAB − kA

nAB − nA

, r2 =
kA + kB − kAB

nA + nB − nAB

and the encoders composed from these blocks according to the block structured
layered code are consistent. If nA1 = nB1 = n2, the block-rates become rA1 =
3rAB − 2rA, rB1 = 3rAB − 2rB and r2 = 2rA + 2rB − 3rAB.

Block-Structured Layered NCM Convergence Properties

Due to the block-structured layered design, the block decoders HA1, HB1 and H2

work independently and the overall performance of the hierarchical decoder HAB
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Figure 5.4: Bit error rate verification of the proposed design for the overall hierar-
chical stream bAB and its weakest individual sub-streams from bA1,bB1

and b2 for different hierarchical rates. The BER simulation is performed
in two cases: 1) pure decoder, where the hierarchical decoder works as
three independent decoders and therefore it operates on the rate of its
weakest block-part and 2) decoder with enabled information exchange
with SODEM. One can see a significant gain of the SODEM usage.
Moreover, the enabled information exchange between the SODEM and
decoder causes an averaging of the sub-decoders properties.

is limited by the weakest block decoder. The hierarchical decoder HAB therefore
operates on the rate of its weakest block sub-decoder.

This limitation can be naturally reduced, when bits from individual block encoders
are combined into one higher order channel symbol and a soft output demodulator
(SODEM) is applied to evaluate the soft metric for the decoder. A soft information
exchange between the SODEM and the decoder (see Fig. 5.3) is a conventional
way of a performance improvement. In our case, the improvement is emphasized
by the fact that the soft information exchange between SODEM and decoder also
enables an information exchange between the independent individual block decoders.
A detailed EXIT analysis is out of scope of this paper.

5.2.4 Numerical Verification

We compose a system to provide a numerical verification of the proposed design.
We assume a MAC stage of 2-source 1-relay system, where the source data-stream
is encoded by the encoder GA in source A, GB in source B respectively, according
to the notation presented above.

This paper leaves the optimization of the signal space properties out of its focus.
We choose (ad-hoc) the signal space mappers at bit level to be QPSK for both sA

and sB. The bit mapping is ad-hoc selected to maximize the minimal hierarchical
distance. The symbol received in relay is given by x = sA + hsB + w, where
h = exp(j π/4) and w is assumed to be a zero-mean AWGN. The relay evaluates
a metric in SODEM given by the likelihood upon the hierarchical codeword, i.e.
µ(cAB) = p(x|cAB) as shown in [31].
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We distinguish 3 sub-streams referring to bAB, which are formed by the individual
streams inputing the encoders GA1, GB1 (bA1, bB1) and bit-wise XOR of the streams
inputing G2 (b2 = bA2 ⊕ bB2). The stream cA1 = GA1bA1 is bit-wisely mapped to
the first hierarchical-symbol bit, cB1 = GB1bB1 to the second one and c2 = G2b2

to the third one. The hierarchical (symbol-wise) codeword mapping with extended
cardinality is therefore given by cAB = [cA1, cB1, cA2 ⊕ cB2]. This can be easily
written using matrices X̃c,A and X̃c,B in a block diagonal form. The desired block
form of Xc,A and Xc,B can be obtained by a column swapping properly reflected in
SODEM. The matrix HAB is constructed according to Theorem 12 (see Fig. 5.3).

Considering rA = 2/3, rB = 1/2 and two values of rAB (1/2 and 5/9) , we choose
nA1 = nB1 = n2 = 2400. This choices unambiguously determine the rates rA1 =
1/2, rB1 = 1/6, r2 = 5/6 for rAB = 1/2 and rA1 = 2/3, rB1 = 1/3, r2 = 2/3
for rAB = 5/9. We compose the block LDPC decoders HA1, HB1 and H2 with
corresponding rates.

We evaluated a bit-error rate (BER) simulation for the above-mentioned parameters.
We tracked the BER in two cases (1) enabled soft information exchange between
the decoder and SODEM and (2) disabled soft information exchange between the
decoder and SODEM. The results can be found in Fig. 5.4.

First of all, we can recognize the waterfall behavior of all BER curves indicating
a proper functionality of the proposed design. The performance of the individual
streams is given by signal space properties and by the rate of the referring block-
decoder. We can see (Fig. 5.4) that the overall hierarchical decoder is indeed
limited by its weakest sub-decoder, when the SODEM is not applied (decoder HAB

operating on rate 5/6 for rAB = 1/2, and on rate 2/3 for rAB = 5/9). In this case,
the hierarchical decoder rAB = 5/9 outperforms the decoder with rAB = 1/2 (see
green and blue curves in Fig. 5.4).

The soft information exchange between SODEM and decoder significantly improves
the performance (see red-like curves in Fig. 5.4). The properties of the block
decoders are averaged and the hierarchical encoder definitely operates on a larger
rate then its stand-alone weakest block decoder.

5.2.5 Discussion and Conclusions

We proposed a design of the joint network-channel encoding for linear encoders and
hierarchical mappers. This design is based on a predefined block-structure of both
the channel encoders and the hierarchical maps. We proved the network consistency
of the proposed design. We shown that the overall hierarchical decoder inherits the
properties of its sub-decoders. We numerically verified the performance of such a
design, see Fig. 5.4 (blue and green curves). Since the proposed design works well
for an arbitrary individual rates, the paper provides an extension of the layered
design [31].
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The proposed design allows to describe the system on bit level enabling a soft infor-
mation exchange between SODEM and decoder in the iterative decoding process.
The informational exchange between the hierarchical decoder and SODEM signifi-
cantly improves the performance of the system (see Fig 5.4 - red-like color curves).
This makes advantage of this design against designs where the information exchange
is principally not enabled. Thus the proposed design can be used with advantage
also in symmetric cases, where the restriction on the linear only hierarchical maps
is balanced out by the possibility of the information exchange between SODEM and
decoder.

5.3 Extended HNC Mapper Design

5.3.1 Introduction

Although an extension of the WNC principles from the 2-WRC system into a slightly
advanced network structures like the butterfly network [34] (Fig. 5.1) could seem
relatively straightforward, several new unconventional features of the WNC arise.
First of all, the unreliable transmission of the C-SI can be overcome by an in-
creased cardinality of the relay output (extended cardinality relaying [35, 17]) –
the phenomenon which does not have its counterpart in the traditional (binary) NC
systems. The legacy of the NC approach is hence broken here, rising a huge number
of new (and challenging) research problems.

It has been shown in [35] that the extended cardinality relaying/relay output map-
ping could (under specific channel conditions) outperform the minimal one (see e.g.
[22]). This was demonstrated on an example of the butterfly network with 4-ary
source and 8-ary relay constellation alphabets, using the Hierarchical Decode &
Forward (HDF) strategy [22]. Moreover, as also proved in [35], the HDF strategy
with a layered hierarchical coding approach (see e.g. [22]) and linear mapping can
achieve the end-to-end capacity upper bound in the butterfly network.

One of the crucial steps in the HDF system design is the choice of a suitable Hier-
archical Network Code (HNC) mapper at the relay. Simply speaking, this mapper
defines how the separate data streams (from individual users) are mapped to the
hierarchical (network-coded) data [22] stream at the relay node.

Design of the HNC mapper is quite simple in the case of the minimal mapping (see
e.g. [22]) where it is usually given by a simple bit-wise xor operation. However,
in case of the extended mapping the suitable HNC mapper should respect also the
amount of destinations’ C-SI (i.e. a quality of the C-SI links) to maximize the
potential throughput of the system.

In this section we focus on this problem. We introduce a systematic approach to
the design of a set of HNC mappers for relay output mapping in the Broadcast
(BC) phase of communication in the butterfly network (Fig. 5.1). Consequently, we
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Figure 5.5: Butterfly network with HDF strategy – SAPHYRE project point of view.

focus mainly on a relay processing and the subsequent BC phase of communication.
The parametric Multiple-Access (MAC) phase (essentially identical to that in the
2-WRC) is analyzed e.g. in [22, 36, 30].

In a numerical evaluation of the alphabet-constrained capacity (mutual informa-
tion) we show how the performance of the butterfly network can be controlled by a
suitable choice of the HNC mapper (from the pre-designed set) at the relay. These
results pave the way for an idea of adaptive butterfly network, where the perfor-
mance can be adapted to the actual channel conditions (and thus the quality of
C-SI).

5.3.2 Definitions

C-SI links

The C-SI links (5.2), (5.3) have obviously a significant impact on the system perfor-
mance (as will be discussed later). Here we assume that the quality of the C-SI links
can be for smiplicity evaluated by a number of “reliably” received channel symbol
bits, i.e. cA

CSI (for DA) and cB
CSI (for DB), where cA

CSI, cB
CSI ∈ {0, 1, . . . , log2 M}.

Relay Output Mapping

We will assume that the HNC mapping operation can be described directly on the
signal-space symbol level s

kij

R = Xs

(
si

A, sj
B

)
. In this case it is suitable to describe

the specific HNC mapping by the HNC matrix

XHNC =




k11 · · · k1M

...
. . .

...

kM1 · · · kMM


 , (5.16)

where kij = XHNC (i, j) , i, j ∈ {1, 2, . . . M} is an index of the relay output (signal

space) channel symbol s
kij

R ∈ AR
s . Note again that for the cardinality of the relay

output alphabet holds (see e.g. [22]):

|As| = M ≤
∣∣∣AR

s

∣∣∣ ≤ M2 = |As|2 . (5.17)
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Figure 5.6: Butterfly network with perfect C-SI links (cA
CSI = cB

CSI = 2).
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Figure 5.7: Butterfly network with unreliable/missing C-SI links (cA
CSI = cB

CSI = 0).

The equalities in (5.17) correspond to the minimal (
∣∣∣AR

s

∣∣∣ = |As|) and full (
∣∣∣AR

s

∣∣∣ =

|As|2) mapping (see e.g. [22, 17]). More details about the relay output alphabet
cardinality and corresponding required amount of the C-SI will be provided later.

SAPHYRE Project Point of View

The topology of the butterfly network can be justified also from the point of view
of the SAPHYRE project (see Fig. 5.5). Sources SA, SB correspond to the base
stations of two different mobile operators. Since both mobile nodes (destinations
DA, DB) are out of their respective operator’s coverage area, the communication is
not possible. However, if the operators implement the SAPHYRE approach, which
in this case means that they will share their time-frequency slots (sharing resources)
and deploy a common relay R (sharing infrastructure), they will both benefit from
the situation, since a communication to both mobile nodes will be made possible
(using the HDF strategy).
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C-SI C-SI

sA

sB

sA

sB

Figure 5.8: Butterfly network with imperfect C-SI links (cA
CSI = cb

CSI = 1). Imper-
fection of the C-SI links can be visualized as a loss of (several) least
significant bits (only the last bit is lost in this example).

5.3.3 The Role of Complementary Side Information

The amount of information on the complementary data stream (C-SI) which is
available at Di (after the MAC phase) is given by a number of reliably received bits
ci

CSI, i ∈ {A, B}. This corresponds to a level of granularity at which the destina-
tion can distinguish particular symbols received on the C-SI link, and consequently
also to the partitioning of the HNC map (HNC matrix XHNC). For the unambigu-
ous decoding each destination needs to identify only the relay symbol inside the
resulting subset of the HNC map (submatrix of XHNC). This is obvious from the
example system with |As| = 4 in Figs. 5.6, 5.7, 5.8 for perfect, zero and partial C-SI
(respectively).

As proved e.g. in [35], for unambiguous decoding in the presence of perfect C-SI
at each destination each particular relay output symbol can appear at most once
on each row and in each column of the HNC map (see Fig. 5.6). This corresponds

to the minimal cardinality relay output mapping (
∣∣∣AR

s

∣∣∣ = M). Similarly (as also

noted in [35]), for the case of partial/imperfect C-SI each particular relay output
symbol can appear at most once within a group of rows/columns (given by the
HNC map partitioning – see Fig. 5.8). This corresponds to the extended cardinality
relay output mapping. In the last case, i.e. in the butterfly network where the C-SI
links are fully unreliable (Fig. 5.7), the relay needs to deliver data to both sources
without assistance of the C-SI and hence a full cardinality relay output mapping
(
∣∣∣AR

s

∣∣∣ = M2) is required.

As it is obvious from the discussion above, the C-SI (overheard by destinations in
the MAC phase) has a crucial impact on the overall system performance, since it

determines a required minimal cardinality of the relay output alphabet
∣∣∣AR

s

∣∣∣ (as

proved e.g. in [35]). This is obviously a direct consequence of the eXclusive law
(see e.g. [22]). Accordingly, the C-SI introduces some preconditions on a suitable
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sA

sB

sA

sB

Figure 5.9: Examples of HNC matrix partitioning for cA
CSI = 2, cB

CSI = 1 and cA
CSI =

cB
CSI = 1.

HNC matrix design. In the following section we introduce an algorithm for the
design of a set of HNC matrices for arbitrary source alphabet cardinality M (and
the corresponding range of permissible values of cA

CSI, cB
CSI).

5.3.4 HNC Mapper Design

As noted in the previous section, the quality of the C-SI links defines the partitioning
of the HNC matrix XHNC (see examples in Figs. 5.6, 5.7, 5.8), where unique relay
output symbols are required in all the resulting submatrices (for a given cA

CSI, cB
CSI).

In this way the XHNC can be partitioned into a set of (generally rectangular) blocks
Bl (see examples in Fig. 5.9).

This observation leads to an idea of a systematic, block-based design of the HNC ma-
trix. A suitable XHNC must have unique symbols in each individual block Bl and also
in all the respective subsets of blocks corresponding to the given partitioning (e.g.
{B0, B1, B2, B3} , {B4, B5, B6, B7} and {B0, B4} , {B1, B5} , {B2, B6} , {B3, B7} in
Fig. 5.9).

It is interesting to note that square building blocks Bl can be assumed without
loss of generality (for arbitrary cA

CSI, cB
CSI)

1. Each individual block is hence a B × B
submatrix of XHNC. The block dimensionality is given by B = M/2cCSI , where cCSI =

min
{
cA

CSI, cB
CSI

}
. The HNC matrix designed for the source alphabet with cardinality

M and CSI-links quality cCSI will be denoted as X
(cCSI)
M . The design algorithm for

the HNC matrix X
(cCSI)
M is summarized in Algorithm 5.1.

1The minimal required relay alphabet cardinality
∣∣AR

s

∣∣ is given by the weaker C-SI link. To
clarify this statement we can consider an example where one C-SI link is fully unreliable (e.g.
cA

CSI = 0). In this case the relay must use full cardinality relaying in order to guarantee successful
decoding at DA (even if DB has a perfect C-SI available). Hence for the purpose of the HNC
mapper design we can assume the same level of partitioning given by cCSI = min

{
cA

CSI, cB
CSI

}
,

resulting in the square blocks Bl.
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Algorithm 5.1 HNC matrix X
(m)
M design (M = |As|, m = cCSI).

1. Assumptions:

a) Block dimensionality: B = M/2m

b) Number of unique blocks: L = 2m

c) Input elements: k ∈ K = {0, 1, 2, . . . (M2/L) − 1}

2. Design the set of blocks {Bl}L−1
l=0 :

a) Partition the set K into L non-overlapping subsets Kl, where |Kl| =
B2, ∀l ∈ {0, . . . L − 1}

b) Fill in successively (e.g. columnwise) the block Bl with unique elements
from Kl

3. Set up (block-by-block) the HNC matrix X
(m)
M :

a) Ai,j = Bi⊕j, where i, j ∈ {0, 1, . . . L − 1} and ⊕ is a bit-wise XOR

b) X
(m)
M =




A0,0 · · · A0,L−1

...
. . .

...

AL−1,0 · · · AL−1,L−1




cCSI 1 2

X
(cCSI)
4




0 2 4 6

1 3 5 7

4 6 0 2

5 7 1 3







0 1 2 3

1 0 3 2

2 3 0 1

3 2 1 0




Table 5.1: Example HNC matrices X
(1)
4 and X

(2)
4 .
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cCSI 1 2

X
(cCSI)
8




0 4 8 12 16 20 24 28

1 5 9 13 17 21 25 29

2 6 10 14 18 22 26 30

3 7 11 15 19 23 27 31

16 20 24 28 0 4 8 12

17 21 25 29 1 5 9 13

18 22 26 30 2 6 10 14

19 23 27 31 3 7 11 15







0 2 4 6 8 10 12 14

1 3 5 7 9 11 13 15

4 6 0 2 12 14 8 10

5 7 1 3 13 15 9 11

8 10 12 14 0 2 4 6

9 11 13 15 1 3 5 7

12 14 8 10 4 6 0 2

13 15 9 11 5 7 1 3




Table 5.2: Example HNC matrices X
(1)
8 and X

(2)
8 .

Figure 5.10: Partitioning of the QPSK source constellation alphabet.

The complete set of HNC matrices X
(cCSI)
M for given M and all permissible values of

cCSI (0 ≤ cCSI ≤ log2 M) can be designed with Algorithm 5.1. This design algorithm
is suitable even for the design of HNC mappers for minimal (B = 1, L = M) and
full cardinality (B = M, L = 1) relaying. Some examples of the proposed HNC
matrices are given in Tables 5.1, 5.2 for M = 4 and M = 8 (respectively). As it is
also obvious from these tables, the cardinality of the relay output alphabet is given
by

∣∣∣AR
s

∣∣∣ = |K| =
M2

L
. (5.18)

Source Alphabet Partitioning

The HNC mapper design in Algorithm 5.1 is based on the assumption that each des-
tination can identify (at least) first cCSI bits from the constellation symbol received
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Figure 5.11: Partitioning of the 8PSK source constellation alphabet.

on the C-SI link (except for the full cardinality case) – see examples in Figs. 5.6, 5.8.
Obviously, it is possible to increase the reliability of this (partial) C-SI by a suitable
partitioning (and corresponding constellation indexing) of both source alphabets
As.

The idea is to partition the source constellation alphabet into smaller subsets (ac-
cording to the principles similar to Ungerboeck mapping rules [37]) to increase the
probability of successful (partial) C-SI retrieval at the destination. Hence the inten-
tion is to maximize the distance between the particular subsets (not the particular
symbols)2. The principle of the proposed source constellation alphabet partitioning
is visualized in Figs. 5.10, 5.11 for QPSK and 8PSK (respectively).

5.3.5 Numerical Evaluations

In this section we finally demonstrate a feasibility of the proposed HNC mapper
design (Algorithm 5.1) for the butterfly network. Without loss of generality, we
focus on the DB processing. Destination DB has two channel observations – the
relay (network-coded) signal yB (cAB) and C-SI link zB (cA).

Since the relay transmits a common signal to both destinations, the broadcast phase

2This should be clear e.g. from Fig. 5.8, where symbols 00 and 01 define the same subset of the
HNC map and consequently the successful decoding would be possible even if the destination is
unable to distinguish between these two symbols on the C-SI link. Hence, these symbols should
be grouped into one subset {00, 01} (and similarly for the other symbols).
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capacity region is rectangular [17] with maximum rate given by I(cB; yB, zB) (and
similarly for DA). The broadcast phase alphabet-constrained capacity [17] (mutual
information) is given by

CHBC = I(cB; yB, zB) = H[yB, zB] − H[yB, zB|cB]. (5.19)

The pure C-SI link capacity CCSI = I(cA; zB) will be also evaluated (for a compar-
ison)3. This capacity is simply a capacity of the Gaussian (alphabet constrained)
channel [17].

The alphabet constrained capacities were evaluated numerically by the Monte-Carlo
integral evaluation (for details see [17] and references therein). The broadcast phase
capacity was evaluated as a function of the C-SI link SNR (γzB

) for various relay-
to-destination SNR (γyB

). The results are on Figs. 5.12, 5.13, 5.14 (QPSK source
alphabet) and on Figs. 5.16, 5.17, 5.18, 5.20 (8PSK source alphabet). For all these
results the source alphabets were partitioned according to the Figs. 5.10, 5.11 and
the HNC mappers (matrices X

(cCSI)
M ) were designed using the Algorithm 5.1.

For the extended relaying scenarios we have evaluated also the capacities for source
alphabets with Ungerboeck [37] mapping (see Figs. 5.15, 5.19, 5.21). Here a signif-
icant degradation of the broadcast phase capacity can be observed (see Figs. 5.14
and 5.15; Figs. 5.18 and 5.19; Figs. 5.20 and 5.21), although the C-SI link capacity
is identical for both compared source alphabet partitioning. Hence it is obvious
that Ungerboeck source alphabet partitioning is not appropriate for the proposed
HNC mappers.

Adaptive Butterfly Network Performance

As it is clear from the presented numerical results, the achievable broadcast phase
capacity depends strongly on the employed HNC mapper. Obviously, by a suitable
choice of the HNC mapper (according to the actual channel conditions) it would
be possible to maximize the throughput of the system. Provided that the observed
quality of the C-SI link is delivered to the relay by both destinations DA, DB, a
suitable HNC mapper can be chosen (from the predesigned set) to maximize the
achievable capacity of the network.

To demonstrate a potential performance of such a system, we will assume a genie-
aided relay which possess a perfect knowledge about the actual quality of the C-SI
links quality (γzA

, γzB
) and the respective relay to destination links (γyA

, γyB
). The

achievable broadcast phase capacity of this (genie-aided) system is evaluated in
Figs. 5.22, 5.23 for QPSK and 8PSK (respectively) source alphabets.

3It is important to note that some caution is necessary when interpreting the numerically eval-
uated C-SI link capacity and the C-SI link "quality indicator" cCSI. Obviously, the particular
value of cCSI does not directly correspond to the C-SI link capacity and the proper relation
between these quantities needs further investigation.
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Figure 5.12: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (minimal mapping, As = QPSK, AR

s = QPSK).
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Figure 5.13: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (full mapping, As = QPSK, AR

s = 16QAM).
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Figure 5.14: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = QPSK, AR

s = 8PSK).
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Figure 5.15: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = QPSK with Ungerboeck
mapping, AR

s = 8PSK). Compare with Fig. 5.14.
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Figure 5.16: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (minimal mapping, As = 8PSK, AR

s = 8PSK).
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Figure 5.17: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (full mapping, As = 8PSK, AR

s = 64QAM).
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Figure 5.18: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = 8PSK, AR

s = 16QAM).
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Figure 5.19: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = 8PSK with Ungerboeck
mapping, AR

s = 16QAM). Compare with Fig. 5.18.
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Figure 5.20: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = 8PSK, AR

s = 32QAM).
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Figure 5.21: BC phase alphabet constrained capacity and capacity of the comple-
mentary SI link (extended mapping, As = 8PSK with Ungerboeck
mapping, AR

s = 32QAM). Compare with Fig. 5.20.
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Figure 5.22: Maximum achievable BC phase (alphabet constrained) capacity for the
adaptive butterfly network (As = QPSK).

5.3.6 Conclusion

We have proposed a systematic algorithm for the HNC mapper design (see Algo-
rithm 5.1) for relaying in the butterfly network with HDF strategy. The feasibility
of the proposed HNC mappers was demonstrated by evaluation of the broadcast
phase capacity. We have shown that suitable source alphabet partitioning should
be performed by the sources to increase the probability of successful (partial) C-SI
retrieval at destinations (to maximize the achievable capacity of the system). The
observed behaviour of the broadcast phase capacities gave rise to the idea of adap-
tive butterfly network, where the performance of the system can be adapted to the
actual quality of the C-SI and relay to destination links.

5.4 NuT WNC Relaying in Butterfly Network

5.4.1 Introduction

As shown in [17], the broadcast-phase capacity of the butterfly network with im-
perfect C-SI and minimal cardinality WNC (see e.g. [22]) is upper-bounded by the
C-SI link capacity. Fortunately, it is possible to overcome this limitation by em-
ploying the extended cardinality WNC principles (see e.g. [35, 29]). Although an
increased cardinality of the relay output is required in this case (see [29] for details),
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Figure 5.23: Maximum achievable BC phase (alphabet constrained) capacity for the
adaptive butterfly network (As = 8PSK).

partial C-SI is sufficient to guarantee successful decoding at both destinations, and
this approach can outperform (for some specific channel conditions) the minimal
cardinality case.

In this section we focus on HDF relaying in the butterfly network. Since the 2-WRC
can be viewed as a perfect C-SI equivalent of the butterfly network, a promising
parametric channel performance of the Non-uniform 2-slot (NuT) source alphabets
(proposed originally for HDF relaying in 2-WRC [30]) can be exploited likewise in
the butterfly network.

The inherent non-uniform distribution of power between the two slots of the NuT
constellation super-symbol (more details will be given later) could, however, degrade
the performance on the C-SI link (resulting in a significant performance loss). To
avoid this performance degradation, we propose to employ the extended cardinality
relaying, where only the stronger slot is harnessed as partial C-SI (see Fig. 5.24),
while the weaker slot can be discarded. The extended cardinality relaying hence
offers an efficient trade-off between the amount of C-SI (one/two slots) and re-
quired relay output alphabet cardinality. The promising performance benefits of
the NuT constellations (compared to conventional linear modulation schemes) will
be demonstrated in the overall system Bit Error Rate (BER) evaluation.
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C-SI C-SI

Figure 5.24: Butterfly network with NuT source constellations and extended car-
dinality relaying. The non-uniform distribution of power between the
two slots of the NuT constellation super-symbol can be advantageously
exploited in the extended cardinality HDF [29]. Only the stronger slot
is harnessed as partial C-SI (at respective destination) in this case,
while the weaker slot can be discarded. Although an increased cardi-
nality of the relay output is required to guarantee successful decoding
at both destinations (see [29] for details), this approach can outperform
the minimal cardinality case, where both slots of NuT constellation are
utilized as C-SI.

5.4.2 Non-uniform 2-slot Alphabets

A goal of the employed source constellations in the butterfly network is twofold:
first to deliver reliably source data to the relay; and second, within the same trans-
mission, to secure (at least partially) the transfer of the C-SI to the respective
destination (Fig. 5.24). In the following sections we will show that the NuT con-
stellations are well suited to meet both these objectives, especially in case of the
extended cardinality relaying.

The NuT constellations were originally proposed in [30] to suppress the negative
impact of MAC channel parametrization on the HDF relaying performance in 2-
WRC. Being robust to channel parametrization effects, the NuT alphabets avoid
the requirement of phase pre-rotation (or adaptive processing) while preserving the
C1 (per symbol slot) dimensionality constraint (avoiding thereby the throughput re-
duction). This is achieved by a non-uniform re-allocation of power between the slots
of the 2-slot super-symbol (formed by pairing of two subsequent source symbols),
where a conventional linear modulation constellation is used as the base (per-slot)
alphabet.

Distribution of output power within the 2-slot super-symbol is controlled by the
power scaling factor sf ∈ (0, 2) to guarantee the constant average power of the
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super-symbol. The NuT constellation (NuT (As; sf )) is hence a 2-source alphabet:

AA
s =

[√
sf · As;

√
2 − sf · As

]
, (5.20)

AB
s =

[√
2 − sf · As;

√
sf · As

]
, (5.21)

where the base alphabet As is a conventional linear modulation constellation (e.g.
BPSK, QPSK).

Note that NuT (As; 1) is a pure 2-slot extension of a conventional modulation with
equal per-slot power. We will use NuT (As; 1) whenever a comparison with conven-
tional linear modulation is required, since it has an identical performance. The car-
dinality of NuT constellation is obviously M = |As|2. An example NuT (QPSK; 0.25)
constellation with M = 16 is in Fig. 5.24 (for details see the NuT alphabet design
algorithm in [30]).

Performance as the C-SI link alphabet

The NuT alphabets’ robustness to the MAC channel parametrization was already
demonstrated in [30]. In the butterfly network, the employed source alphabets
are, however, also carriers of the C-SI (see Fig. 5.1), which rises some additional
requirements on the alphabet properties/design. In this section we look on the
secondary purpose of the alphabet, i.e. on its capability to deliver C-SI (at least
partial) to the respective destination.

Without loss of generality we focus solely on AA
s part of the NuT (QPSK; sf ) al-

phabets (sf ∈ {1, 0.25}) and we analyze the alphabet-constrained capacity/mutual
information as CC−SI = I(cA; zB) (for details on alphabet-constrained capacity eval-
uation see [17]). Comparison of mutual information performance of the observed
alphabets is in Fig. 5.25.

Note that the non-uniform per-slot power (sf 6= 1), required to improve the MAC
phase performance [30], results in a deterioration of an aggregate (2-slot) CC−CSI

performance. However, as it is also obvious from Fig. 5.25, a significant SNR gain
can be observed for the second slot of NuT (QPSK; 0.25) constellation. This gain
can be generally evaluated as

GNuT (sf ) = 10 log10 (max (sf , 2 − sf )) , (5.22)

which corresponds to the SNR gain of the "stronger" slot of the NuT alphabet
(compared to conventional linear modulation). From (5.22) we have a gain of
GNuT (0.25) ≈ 2.34 dB for the alphabet with sf = 0.25. As will be shown in
the following section, this superior one-slot mutual information performance can
be conveniently exploited in the extended cardinality relaying. Note again that in
order to utilize this we need to use the extended relay output HNC map.
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Figure 5.25: Mutual information of AA
s for NuT (QPSK; 1) & NuT (QPSK; 0.25)

alphabets. Per-slot mutual information is also evaluated to emphasize
the 2-slot nature of NuT constellations. Note that NuT (QPSK; 0.25)
has better one-slot performance (for 2nd slot) than NuT (QPSK; 1),
although its aggregate 2-slot performance is worse.

5.4.3 Numerical Results

In this section we finally evaluate the overall system BER. Without loss of generality
we focus on the DB processing. As it is obvious from Fig. 5.1, DB has two channel
observations – the relay (network-coded) signal yB (cAB) and C-SI link zB (cA).

The MAC channel is considered to be parametric (Rician fading channels hA, hB

with a Rician factor K = 10 dB are assumed) to embrace the detrimental ef-
fects of channel parametrization on the WNC processing. The equivalent SNRs
are evaluated on a per-slot basis. The average MAC channel SNR is defined as
γx = ε

2σ2
wR

E
[
|hA|2 + |hB|2

]
and the individual links’ SNRs are defined as γzB

= ε
σ2

wB

,

γyB
= ε

σ2
ξB

, where ε = 1 is an equivalent one-slot alphabet mean symbol energy

(mean symbol energy of the whole NuT super-symbol is equal to 2). Particular
bit mapping to constellation symbols and HNC maps are designed according to the
design algorithm in [29]. For simplicity reasons we do not use error-correcting codes.

We will observe an overall (SB → DB) BER performance as a function of C-SI
link SNR (γzB

). The results will be parametrized by R → DB SNR (γyB
), while

the average MAC channel SNR (γx) is supposed to be constant. In the following
sections we introduce the observed BER performance results separately for minimal
and extended cardinality relaying. To show a relevant comparison of the NuT and
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conventional linear modulation constellations, we will always compare the perfor-
mance of the AA

s for NuT (QPSK; 1) and NuT (QPSK; 0.25) alphabets. Note again
that the performance of NuT (QPSK; 1) is identical to that of the corresponding
base-alphabet (i.e. QPSK in this case) [30].

Minimal Cardinality Relaying

In minimal cardinality HDF, both slots of NuT super-symbol are utilized as C-SI to
enable successful decoding of required data stream (from the received relay signal)
at the destination. This allows to keep the cardinality of the relay output identical
with the cardinality of individual source alphabets (MR = M).

Before proceeding to the BER performance results, it is appropriate to briefly dis-
cuss the anticipated behavior. Since the MAC channel SNR is considered to be
constant in BER evaluation, an error floor (given by the actual MAC and R → DB

channel SNRs) is expected. This is obviously given by the absence of the direct link
(SB → DB). If the relevant hierarchical data cannot be retrieved reliably by the
relay in the MAC phase, the errors will be propagated to destination (regardless of
the C-SI link quality). Note that this is true in general, i.e. even for the extended
cardinality relaying. On the other hand, for the minimal cardinality case there
should be some performance loss given by the worse aggregate C-SI performance
of the NuT (QPSK; 0.25) constellation (see Fig. 5.25). The simulated BER perfor-
mance for the observed alphabets and minimal cardinality relaying (MR = 16) is in
Fig. 5.26.

Extended Cardinality Relaying

As was shown in the previous section, the superior MAC phase performance of the
NuT (QPSK; 0.25) constellation results in the lower error floor (for sufficiently high
γyB

). However, a significant performance loss can be observed for γzB
≤ 17 dB as

a consequence of the worse aggregate C-SI performance of the NuT (QPSK; 0.25)
constellation (see Fig. 5.25). Encouraged by potential performance gains of the
extended cardinality relaying (presented in [29]) and the superior one-slot mutual
information performance (see Fig. 5.25) we propose to employ the extended cardi-
nality relaying to overcome this behavior (see Fig. 5.24).

We assume that only the stronger slot carries the effective C-SI (see Fig. 5.24). Since
only partial C-SI will be available at destinations in this case, the cardinality of the
relay output must be greater than the cardinality of individual source alphabets
(MR > M). The simulated BER performance of the extended cardinality relaying
is in Fig. 5.27. Suitable HNC map was designed using the algorithm in [29].
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Figure 5.26: Minimal cardinality relaying (MR = 16, AR
s = 16QAM), destination

DB BER (constellations NuT (QPSK; 1) & NuT (QPSK; 0.25)). Note
the error floor induced by MAC and R → DB channel SNRs. Perfor-
mance loss of NuT (QPSK; 0.25) due to the worse aggregate C-SI (see
Fig. 5.25) can be also observed.
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Figure 5.27: Extended cardinality relaying (MR = 64, AR
s = 64QAM), destination

DB BER (constellations NuT (QPSK; 1) & NuT (QPSK; 0.25)). Note
the error floor induced by MAC and R → DB channel SNRs. Perfor-
mance gain of NuT (QPSK; 0.25) constellation induced by the better
one-slot C-SI performance (see Fig. 5.25) can be also observed.
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5.4.4 Conclusion

Surpassing again the performance of conventional linear modulation schemes, the
NuT constellations were shown to be a viable solution for HDF relaying in the
butterfly network. While their favorable parametric MAC channel performance
(see [30]) induces the lower error floor in both minimal (Fig. 5.26) & extended
(Fig. 5.27) cardinality relaying, the increased reliability of partial one-slot C-SI
(see Fig. 5.25) transforms into the additional SNR gain in the extended cardinality
case (Fig. 5.27), where the worse aggregate C-SI performance is compensated by
an increased cardinality of the relay output alphabet (see [29]). Moreover, as it is
obvious from comparison of Figs. 5.26, 5.27, for some specific SNR conditions the
extended cardinality relaying outperforms the minimal one, suggesting the extended
cardinality WNC to be a preferred solution for relaying in the butterfly network with
NuT source constellation alphabets.
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6 HXC in Parametric Channel

In this chapter we analyze the HXC in a parametric 2-Way Relay Channel (2-
WRC) with HDF strategy. We show that even in this relatively simple network
scenario, the unavoidable channel parametrization can have dramatic effect on the
overall system performance. The undesirable effects of channel parametrization
are observed in an analysis of hierarchical minimum distance [38], which represents
an approximation of the exact per-symbol measure decoding metric for hierarchical
symbols received at the relay. The adverse effects of channel parametrization on the
system performance were also observed in [18]. To avoid the adverse parametrization
effects, the channel parametrization should be taken into account in the design of a
suitable modulation alphabet [36, 39, 40, 27, 41, 42]. Other comparative view on the
same problem, is to consider adverse parametrization effect as an additional source
of fading which may be effectively suppressed by diversity processing techniques [42].

The rest of this chapter is organized as follows. Firstly, we introduce the system
model of 2-WRC in parametric wireless channel with HDF strategy. Then we pay a
special attention to the analysis of the Euclidean distance of hierarchical symbols,
which gives us an insight to the parametric behaviour of the whole system. Based
on the Euclidean distance analysis, we propose several novel approaches to the
alphabet design for parametric channels. Performance analysis of the proposed
alphabets shows some promising results (compared to traditional linear modulation
schemes) considering the Euclidean distance and SER.

6.1 System Model

We consider a parametric wireless 2-WRC system (Fig. 6.1) with 3 physically sepa-
rated nodes (sources A, B and relay R) supporting two-way communication through
a common shared relay R. Data A source is co-located with the destination for data
B (and vice-versa). The transmission from each source serves also as the Side Infor-
mation (SI) for the reverse link. We assume a wireless system, hence all transmitted
and received symbols are signal space symbols. Linear frequency flat channel with
Additive White Gaussian Noise (AWGN) is assumed and all nodes are considered
as half-duplex (one node cannot simultaneously receive and transmit). Each bi-
directional communication round can be divided into a Multiple Access (MAC) and
a Broadcast (BC) phase.
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MAC phase

A R B

BC phase

A R B

C−SIC−SI

Figure 6.1: Model of 2-WRC with side information.

MAC phase

By subscripts A and B we denote the variables associated with nodes A and B re-
spectively. A signal space representation (with an orthonormal basis) of the trans-
mitted channel symbols is sA, sB, (sA, sB ∈ As ⊂ CN , |As| = M), where As(�) is a
channel symbol memoryless mapper, N is a constellation space dimensionality and
M is alphabet cardinality.

The constellation space signal received at the relay in MAC phase is

x = hAsA + hBsB + w (6.1)

where w is the circularly symmetric complex Gaussian noise (variance σ2
w per com-

plex dimension) and hA, hB are scalar complex channel coefficients (constant during
the observation and known at the relay).

The useful signal (hAsA + hBsB) can be equivalently expressed (after a rescaling by
1/hA) as

u = sA + hsB. (6.2)

where h = hB/hA, hA, hB, h ∈ C1. The only purpose of this “rescaling” is an
attempt to simplify the signal analysis in parametric MAC channel by introducing
a useful signal model which incorporates the influence of both channel parameters
(hA, hB) in the single one parameter (h). Since the useful signal (u) is in fact a
superimposed symbol (given by the symbols transmitted from sources A, B) in the
signal space, it will be called hierarchical symbol. The received signal at the relay is

x = hAu + w. (6.3)

BC phase

After receiving the signal x, the relay processes it using a Hierarchical Decode and
Forward (HDF) strategy (more details can be found in the previous chapters). The
output is mapped into the signal space channel symbols v ∈ AR

s and broadcast to
destinations A and B. The received signal space symbols at node B (the destination
for data A) are

yA = v + wA (6.4)
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where the complex circularly symmetric AWGN (wA) has the variance σ2
A per com-

plex dimension. We denote the signal space symbols at node A (a destination for
data B) similarly yB = v + wB.

Destination processing

The destination terminals use the available information (C-SI) about their own data
(sent in the previous communication round) to extract the desired data from the
signal received in the BC phase (more details can be found in the previous chapters).

6.2 Euclidean Distance Analysis

6.2.1 Hierarchical Minimum Distance

The hierarchical minimum distance represents an approximation of the exact per-
symbol measure decoding metric for hierarchical symbols received at the relay (as
discussed e.g. in [6] or [18]). The (squared) hierarchical minimum distance is the
most dominant factor in a weighted sum of all the possible pairwise error probabili-
ties (approximation of the total error rate) and hence its performance is quite closely
connected with the error rate performance of the whole system [6]. In this section
we introduce an analysis of the constellation space (Euclidean) distance properties
of the HDF relay decoder with minimal cardinality L-HXC.

The (squared) Euclidean distance (d2
ui, j , ui′, j′ (h)) of a pair of hierarchical symbols

(ui, j = si
A + hsj

B and ui′, j′
= si′

A + hsj′

B) can be defined as:

d2 (h) =
∥∥∥
(
si

A + hsj
B

)
−
(
si′

A + hsj′

B

)∥∥∥
2

=
∥∥∥∆si, i′

A + h∆sj, j′

B

∥∥∥
2

=
∥∥∥∆si, i′

A

∥∥∥
2

+ |h|2
∥∥∥∆sj, j′

B

∥∥∥
2

+ 2ℜ {h∗z} , (6.5)

where z =
〈
∆si, i′

A ; ∆sj, j′

B

〉
is an inner product of vectors ∆si, i′

A , ∆sj, j′

B ; ∆si, i′
=

si − si′
and i, i′, j, j′ ∈ {1, 2, . . . M}. The Euclidean distance for arbitrary pair of

hierarchical symbols is hence defined by (6.5).

If some pair of hierarchical symbols (u, u′) belongs to the same eXclusive relay out-
put (X (ui, j) = X (ui′, j′

)), it will be “clustered” by the relay decoder and such pair
does not affect the final hierarchical minimum distance. The hierarchical minimum
distance (d2

min (h)) is hence given by:

d2
min (h) = min

X (ui, j) 6=X(ui′, j′)
d2

ui, j , ui′, j′ (h) . (6.6)
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Table 6.1: Example of a hierarchical symbol table (
∣∣∣AA

s (�)
∣∣∣ =

∣∣∣AB
s (�)

∣∣∣ = M).

j1 j2 . . . jM

i1 u(i1,j1) u(i1,j2) . . . u(i1,jM )

i2 u(i2,j1) u(i2,j2) . . . u(i2,jM )

...
...

...
. . .

...

iM u(iM ,j1) u(iM ,j2) . . . u(iM ,jM )

Specific channel parametrization can invoke the eXclusive law [4] failures, resulting
in a significant performance degradation (see e.g. [4, 18]). These eXclusive law
failures occur whenever the channel parametrization causes that some pair of hier-
archical symbols (ui, j (h) , ui′, j′

(h)), which correspond to a distinct eXclusive relay
output (X (ui, j) 6= X (ui′, j′

)), fall in (or close) to each other in the constellation
space, thus increasing the probability of erroneous decision at the relay. Note that
the eXclusive law failures cause d2

min (h) → 0, which in turn results into a faulty
decision of the relay decoder (and consequently the performance degradation). To
provide a better insight into the following discussion, we introduce a hierarchical
symbol table (Table 6.1), which illustrates the relation between the source (A, B)
output symbols si

A, sj
B (given by the indices i, j ∈ {1, 2, . . . M}) and the corre-

sponding hierarchical symbols uiA, jB .

Exclusive clustering of hierarchical symbols (ui, j, ui′, j′
) which have one index in

common (i.e. i = i′ or j = j′) is generally impossible. All such hierarchical symbol
pairs lie in the same row (i = i′) or column (j = j′) of the hierarchical symbol table
(Table 6.1). The search of minimum Euclidean distance in (6.6) can be divided into
the following three cases:

1. i = i′ (rows):

d2
row (h) = min

ui, j 6=ui, j′
d2

ui, j , ui, ,j′ (h)

= |h|2 min
j 6=j′

∥∥∥∆sj, j′

B

∥∥∥
2

(6.7)

2. j = j′ (columns):

d2
col = min

ui, j 6=ui′, j
d2

ui, j , ui′, j (h)

= min
i6=i′

∥∥∥∆si, i′

A

∥∥∥
2

(6.8)

3. i 6= i′ and j 6= j′ (general case). In this case the Euclidean distance remains
in the “full” form of (6.5):

d2
g (h) = min

X (ui, j) 6=X(ui′, j′)
d2

ui, j , ui′, j′ (h) . (6.9)
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The minimum distance (6.6) of the hierarchical symbols (as observed by the relay)
hence can be equivalently defined as

d2
min (h) = min

{
d2

row (h) , d2
col, d2

g (h)
}

. (6.10)

6.2.2 Hierarchical Distance Bounds

Those hierarchical symbol pairs (ui, j, ui′, j′
) which have one index in common (i.e.

i = i′ or j = j′) cannot be clustered by a common X (�). The corresponding
Euclidean distances ((6.7) and (6.8)) hence always (for arbitrary HXA and relay
output eXclusive mapper X (�)) form the upper bound of the hierarchical minimum
distance:

d2
min, UB (h) = min

{
d2

row (h) , d2
col

}
. (6.11)

And consequently:

d2
min (h) = d2

min, UB (h) , for d2
g (h) ≥ d2

min, UB (h) , (6.12)

d2
min (h) < d2

min, UB (h) , for d2
g (h) < d2

min, UB (h) . (6.13)

As we will show in the following discussion, the min-distance upper bound given
by (6.11) is not tight in general (for a considerable range of channel parameter (h)
values). However, it defines an upper bound for the overall min-distance perfor-
mance, since it is given solely by the properties of the HXA mappers at sources
(AA

s (�) , AB
s (�)) and it is not affected by the choice of the relay output eXclusive

mapper X (�). Note that the min-distance upper bound (6.11) does not depend on
∠h.

The reason why the hierarchical min-distance upper bound (as given by (6.11))
could be quite broad is given by the last term in the search of the min-distance
in (6.10). This term (given by (6.9)) depends generally on both HXA mappers
(AA

s (�) , AB
s (�)), the relay output eXclusive mapper X (�) and also on the value of

channel parameter h ∈ C1. Even for the specified HXA and eXclusive mappers the
value of d2

g (h) could change significantly with the varying channel parameter h. As
we will show in the following Lemma, the search of the minimum in (6.9) can be
bounded, if we consider the worst case value of ∠h and focus only on the varying
absolute value of the channel parameter (|h|).

Lemma 13 (Hierarchical distance lower bound). The Euclidean distance d2
g (h) of

the general pair of hierarchical symbols ui, j, ui′, j′
is lower bounded by

d2
g, LB (h) = min

i6=i′, j 6=j′

{∥∥∥∆si, i′

A

∥∥∥
2

+ |h|2
∥∥∥∆sj, j′

B

∥∥∥
2 − 2 |h| |z|

}
, (6.14)

where z =
〈
∆si, i′

A ; ∆sj, j′

B

〉
, ∆si, i′

= si − si′
and i, i′, j, j′ ∈ {1, 2, . . . M}, such that

X (ui, j) 6= X
(
ui′, j′

)
.
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Proof. The minimum of d2
ui, j , ui′, j′ (h) in (6.9) is taken over all permissible hierar-

chical symbol pairs ui, j, ui′, j′
(such that X (ui, j) 6= X

(
ui′, j′

)
). The general form

of d2
ui, j , ui′, j′ (h) is given by (6.5), where ℜ {h∗z} = ℜ {|h| |z| exp (j (∠h∗ + ∠z))}. It

is obvious that ℜ {h∗z} ≥ − |h| |z|, where the minimum is achieved for h′ such that
(∠h′∗ + ∠z) = Π. By applying the minimum of ℜ {h∗z} to (6.5) we immediately
obtain (6.14).

The min-distance lower bound in (6.14) is always achievable, since the complex
channel parameter h can have arbitrary phase (∠h) and hence it can achieve the
value of h′ as in the proof of Lemma 13. It is quite obvious that (6.14) is in fact
the search of the minimum over the set of parabolas given by

∥∥∥∆si, i′

A

∥∥∥
2

+ |h|2
∥∥∥∆sj, j′

B

∥∥∥
2 − 2 |h| |z| (6.15)

for each of the particular i, i′, j, j′ ∈ {1, 2, . . . M}, such that X (ui, j) 6= X
(
ui′, j′

)
.

To illustrate the influence of the derived bounds (6.11), (6.14) on the the over-
all hierarchical min-distance performance, we will observe the d2

min (|h|), i.e. the
Euclidean minimum distance as a function of the absolute value of the channel
parameter (|h|). The results for some classical linear modulation schemes are avail-
able in Figs. 6.2, 6.3, 6.4 and 6.5. Standard Gray mapping of alphabet indices
(i ∈ {1, 2, . . . M}) to constellation space symbols (si) was used and the eXclusive
hierarchical mapping (X (�)) was defined by the bit-wise XOR operation of the sym-
bol indices. All alphabets were scaled to have identical mean symbol energy. All
parabolas defined by (6.15) are included in the figures, to show their influence on
the search of minimum in (6.14). Note that since it is possible to employ the 2-mode
relay processing (see [39]), which effectively bounds the range of channel parameter
values, it could be sufficient to observe only the interval bounded by |h| ≤ 1.

Many important conclusions can be stated by observing the Figs. 6.2, 6.3, 6.4 and
6.5. Since d2

g (h) essentially does not exist for binary alphabets (e.g. BPSK) the
hierarchical min-distance is always equal to the bound given by (6.11) and hence the
binary alphabets are highly resistant to the channel parametrization. For higher
alphabet cardinality (QPSK, 8-PSK and 16-QAM in our Figures) an increasing
number of parabolas (given by (6.15)) quickly emerge and significantly affect the
resulting values of d2

min (|h|).
Note again that for some specific value of channel parametrization (respective spe-
cific value of ∠h) the minimum hierarchical distance will achieve the lower bound
(d2

min (h) = d2
g, LB (h)). Hence the observations presented in the Figs. 6.2, 6.3, 6.4

and 6.5 can help us to identify the eXclusive law failures (d2
min (h) → 0) for any

alphabet mapper.
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Figure 6.2: Hierarchical minimum distance d2
min (|h|) for BPSK alphabet.
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Figure 6.3: Hierarchical minimum distance d2
min (|h|) for QPSK alphabet.
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Figure 6.4: Hierarchical minimum distance d2
min (|h|) for 8-PSK alphabet.

0 1 2 3 4 5 6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

|h|

d m
in

2
(|

h|
)

16−QAM

 

 

d
row
2 (|h|)

d
col
2 (|h|)

d
min
2 (|h|)

Figure 6.5: Hierarchical minimum distance d2
min (|h|) for 16-QAM alphabet.
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Figure 6.6: Parametric minimal distance of QPSK and bit-wise XOR XC (left) –
for some non-zero parameters we expect poor performance. QFSK with
κ = 1 and bit-wise XOR XC (center) is robust to parametrization – is
uniformly most powerful (UMP). QFSK with κ = 1 and modulo sum
XC (right) is not UMP due to poor performance for parameter value
−1.

6.2.3 Uniformly Most Powerful Alphabets

Demonstration of Unique Problem in Coherent HDF MAC Stage

Coherent HDF MAC stage has parametric minimal distance and performance. For
some modulation alphabets and eXclusive codes there exist some non-zero parame-
ters which significantly degrade the performance. This problem is well demonstrated
e.g. by QPSK and orthonormal quaternary FSK (QFSK) modulation. In Fig. 6.6
on the left is depicted minimal distance of hierarchical QPSK with bit-wise XOR
eXclusive mapper X (�), which has minimal distance equal to zero for several values
of channel parameter (e.g. for h = j). On the contrary, QFSK with κ = 1 and
identical X (�) has minimal distance

d2
min(h) = 2|h|2, (6.16)

see Fig. 6.6 (center). It seems to be robust to parametrization and has zero distance
only for |h| = 0, which is expected since it corresponds to the case when one of the
channels has zero gain (relatively).

The eXclusive mapper X (�) processing can be simply described by an eXclusive
Code matrix XC (XC matrix), where each element aij defines an index of a relay
output symbol aij = X (ui, j). For a bit-wise XOR eXclusive mapper X (�), the XC
matrix is defined as

XCBitXOR =




0 1 2 3

1 0 3 2

2 3 0 1

3 2 1 0




(6.17)
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and for the modulo sum eXclusive mapper X (�), the XC matrix is defined as

XCModSum =




0 1 2 3

1 2 3 0

2 3 0 1

3 0 1 2




. (6.18)

In Fig. 6.6 (right) with QFSK κ = 1 and modulo sum eXclusive mapper is demon-
strated the fact that not only the modulation alphabet, but also the choice of
eXclusive mapper X (�) (given by the XC matrix) has impact on the min-distance
performance.

Uniformly Most Powerful HXA

Minimal Euclidean distance of any HXA is upper-bounded by d2
row (h) (see (6.7)).

It is interesting to note that some HXA attains this bound (Fig. 6.6 center), while
some others don’t (Fig. 6.6 left, right).

Definition 14 (Uniformly Most Powerful Alphabets). We define uniformly most
powerful (UMP) HXA as the one reaching the min-distance bound:

d2
min(h) = d2

row (h) , ∀h ∈ C,

= |h|2 δ2
min, (6.19)

where δ2
min = minj 6=j′

∥∥∥∆sj, j′
∥∥∥

2
.

Strictly speaking, HXA performance is always parametric (e.g. unavoidable per-
formance degradation for h → 0), but only UMP has minimal Euclidean distance
equal to the upper-bound given by (6.19). Other equivalent interpretation of (6.19)
is that hierarchical signal differences outside the same row or column in XC matrix
are always larger than the bound,

||ui, j − ui′, j′||2 ≥ |h|2δ2
min, (6.20)

for all i, i′, j, j′ ∈ {1, 2, . . . M}, such that X (ui, j) 6= X
(
ui′, j′

)
and ∀h ∈ C, |h| ≤ 1.

Expanded left side of (6.20) is

||si − si′ ||2 + |h|2||sj − sj′||2 + 2ℜ{h∗
〈
si − si′

, sj − sj′
〉
}. (6.21)

It can be further adjusted, because inequality in (6.20) must hold for all ϕ = ∠h.
So it holds for the worst case ϕc, where the part with the inner product is minimal
and (6.20) is

||si − si′ ||2 + |h|2||sj − sj′ ||2 − 2|h|
∣∣∣
〈
si − si′

, sj − sj′
〉∣∣∣ ≥ |h|2δ2

min, (6.22)

for all i, i′, j, j′ ∈ {1, 2, . . . M}, such that X (ui, j) 6= X
(
ui′, j′

)
and ∀h ∈ C, |h| ≤ 1.

This form of UMP condition is easier to verify due to presence of only one real
variable |h|.
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Binary HXA is UMP

Binary HXA has unique XC matrix in the standard notation

XCXOR2 =

[
0 1

1 0

]
. (6.23)

Minimal Euclidean distance is given solely by the distances between hierarchi-
cal signals from the same row and column of XC matrix and hence d2

min(h) =
|h|2δ2

min and binary alphabet is UMP regardless of modulation alphabet mappers
(AA

s (�) , AB
s (�)). An example of a binary UMP modulation with maximal distance

is a simple BPSK alphabet.

Exclusive Mapper Suitable for UMP

In this section we show that the eXclusive mapper X (�) of UMP must fulfill some
conditions regardless of modulation alphabet mappers (AA

s (�) , AB
s (�)). This fact

reduces the number of available eXclusive mappers in the search for UMP.

Let us define a catastrophic parameter ratio as a non-zero parameter hcat that forces
two hierarchical symbols corresponding to a different eXclusive relay output symbol
(X (ui, j) 6= X

(
ui′, j′

)
) to fall to the same signal space point. In our notation, for

some hcat 6= 0 there exist i, i′, j, j′ such that X (ui, j) 6= X
(
ui′, j′

)
and

||ui, j(hcat) − ui′, j′

(hcat)||2 = 0. (6.24)

It is important to stress that UMP does not have any hcat. Now we prove that HXA
with XC matrix with different numbers on the main diagonal has hcat = −1 and
XC matrix which is not symmetric over the main diagonal has hcat = 1 regardless
of modulation alphabet. We assume two hierarchical signals from the XC matrix
main diagonal ui, i, uj, j, i 6= j such that X (ui, i) 6= X (uj, j). Equation (6.24) is then

||
(
si − sj

)
+ h(si − sj)||2 = |1 + h|2||si − sj||2 (6.25)

and hcat = −1. Similarly for not symmetric XC matrix. Assume ui, j, uj, i such that
X (ui, j) 6= X (uj, i), the equation (6.24) becomes

||
(
si − sj

)
+ h(sj − si)||2 = |1 − h|2||si − sj||2 (6.26)

and hcat = 1. We conclude that necessary condition for UMP is an eXclusive mapper
which has symmetric XC matrix with the same output symbol on the main diagonal.
Bit-wise XOR XC matrix fulfills both required conditions and it is found to be the
only one solution for binary and quaternary alphabets (however it is not the only
choice e.g. for octal alphabet). Once we have fixed the eXclusive mapper X (�), i.e.
the XC matrix (at least for binary and quaternary case), we seek only for UMP
modulation alphabet mappers (AA

s (�) , AB
s (�)).
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Figure 6.7: Visualization of hierarchical symbol pairs vulnerable to eXclusive law
failures.

6.3 Design of HXA Robust to Parametrization

In the previous section we have observed the effects of channel parametrization on
the Euclidean distance of hierarchical symbols in the 2-WRC with HDF strategy. To
avoid the observed adverse effects of parametrization, the channel parametrization
should be taken into account as an inherent part of the system model in the alphabet
design process. In this section we prove that it is impossible to avoid eXclusive law
failures (and hence dramatic performance degradation) if we are restricted only to
the traditional linear modulation alphabets (sA, sB ∈ As ⊂ C1). Based on this fact,
we propose two alphabet design methods suitable for the parametric 2-WRC with
HDF strategy.

The first design approach is based on the pairwise design criterion for the parameter-
invariant constellation space boundaries [43]. Based on this criterion it is possible to
design the alphabet mappers AA

s (�) , AB
s (�) ∈ C2 with promising Euclidean distance

performance [36]. The second design approach aims on the optimization of scalar
parameters of FSK (modulation index κ) and full-response CPM (frequency pulse
shape) to produce modulations satisfying the requirements for the UMP alphabets
[40, 27]. We focused on FSK and CPM modulations because its waveform signaling
alphabets naturally comprise multiple complex dimensions needed to obey UMP
condition. In the third design approach, we formulate UMP alphabet design as a bi-
quadratically-constrained linear-program on which non-linear optimization methods
are applied [41].

6.3.1 Single-Dimensional HXA

In the following Lemma we will show that it is impossible to design the HXA in C1

(with M > 2) if we require the eXclusive law failures (d2
min (h) → 0) to be avoided

for arbitrary channel parametrization.

Lemma 15 (Alphabets in C1). The eXclusive law failures d2
min (h) → 0 (h 6= 0, h ∈

C1) cannot be avoided for any alphabets AA
s (�) , AB

s (�) such that AA
s (�) , AB

s (�) ∈ C1

and |As (�)| = M > 2.
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Proof. The eXclusive law failure occurs whenever d2
ui, j , ui′, j′ (h) = 0 for any hier-

archical symbol pair ui, j, ui′, j′
such that X (ui, j) 6= X

(
ui′, j′

)
. We focus on the

(squared) Euclidean distance (as defined in (6.5)) in the following form:

d2 (h) =
∥∥∥∆si, i′

A + h∆sj, j′

B

∥∥∥
2

. (6.27)

Now since for a general vector v holds ‖v‖ = 0 ⇔ v = o, it is obvious from

(6.27) that d2 (h) = 0 ⇔ ∆si, i′

A + h∆sj, j′

B = 0. If this linear combination of vectors

∆si, i′

A , ∆sj, j′

B ∈ C1 should be non-zero for any h 6= 0, these vectors must be linearly
independent. However, in C1 all non-zero vector pairs are always linearly dependent,
and hence for any pair of hierarchical symbols ui, j, ui′, j′

in C1 (such that X (ui, j) 6=
X
(
ui′, j′

)
) it can always be found some h′ 6= 0 resulting in the eXclusive law failure.

For a given ui, j there is a total of
[
(M − 1)2 − (M − 1)

]
= (M2 − 3M + 2) such

pairs of ui, j, ui′, j′
(see the Fig. 6.7) and each of these pairs can consequently violate

the eXclusive law. It is obvious that (M2 − 3M + 2) is always nonzero for cardi-
nality M > 2, and hence for M > 2 there always exists some pair of hierarchical
symbols ui, j, ui′, j′

, which can invoke the eXclusive law failure. Note that for M = 2
such pair of hierarchical symbols never exists (since all such pairs are clustered by a
common X (�) - see the Fig. 6.7), which corresponds to the fact the d2

g (h) essentially
does not exist for binary alphabets.

6.3.2 Parametric HXA Design in C2

As we have proved in the previous section, it is impossible to design the HXA in C1,
if we require the eXclusive law failures (d2

min (h) → 0) to be avoided for arbitrary
parametrization. In this section we introduce the Extended Parametric Hierarchical
eXclusive Code (E-PHXC) design criteria [44], which ensure that all permissible
hierarchical symbols have decision regions invariant to the channel parameters (as
seen by the relay). We utilize the criterion for parameter-invariant constellation
space boundary to obtain the codebooks (alphabet mappers AA

s (�) , AB
s (�)) with

channel parameter-invariant decision regions at the relay. Since the requirements
on such codebooks are relatively strict, the construction of higher-order codebooks
will require a slightly simplified design criteria. We will show that the construction
algorithm based on these relaxed criteria provides a feasible way to the design of
codebooks with arbitrary cardinality.

We denote the symbols in codebooks as follows, AA
s = {si

A}i, AB
s = {sj

B}j and
Au

s = {uk}k. Let uk(i, j)(h) = si
A+hsj

B be the equivalent hierarchical symbol received
at the relay. Symbol indices k, i, j must obviously obey the exclusive law. Note
that the index of the hierarchical symbol k is a function of the pair of individual
symbol indices (i, j), hence it is again useful to list all permissible combinations
of individual symbols si

A, sj
B (and corresponding hierarchical symbols uk(i, j)) in a
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Figure 6.8: Visualization of the pairwise boundary in the constellation space.

“hierarchical symbol table” (Table 6.1). We generally assume that all codebooks
are subsets of 2-dimensional vector space over the field F (AA

s , AB
s , Au

s , AR
s ⊂ F2)

and that the parameter is a scalar in F, h ∈ F. The field is typically the set of real
or complex numbers.

Definition 16 (Pairwise boundary). A pairwise boundary Rkl(h) is the set of points
having the same (constellation space) Euclidean distance from a pair of hierarchical
symbols uk(i, j)(h) and ul(i′, j′)(h) for any k 6= l. A pairwise boundaries set SPB is
the union of all pairwise boundaries Rkl(h).

A pairwise boundary (see the example in Fig. 6.8) is defined for every permissible
pair of hierarchical symbols (uk(h),ul(h)). From the perspective of the codebook
design, the most critical are those pairs of hierarchical symbols, which have one
of the comprising individual symbols identical (si

A = si′

A or sj
B = sj′

B). These hi-
erarchical symbol pairs may directly violate the exclusive law [4], if some specific
value of parametrization causes them to fall into an identical decision region of the
relay decoder. The symbols from such pair must hence be designed appropriately
to ensure that they always fall into two distinct mapping regions of the output
HDF codebook AR

s , otherwise the error-less communication would be impossible.
Pairwise boundaries between all such pairs of hierarchical symbols constitute some
subset of SPB, as it is obvious from the following definition.

Definition 17 (Critical boundaries). A critical boundaries subset SCB ⊂ SPB is the
set of all pairwise boundaries Rkl(h) between all permissible hierarchical symbols
pairs uk(i, j)(h), ul(i′, j′)(h) which have i = i′ or j = j′.

Pairwise boundary Rkl between the hierarchical symbols pair uk(i, j)(h), ul(i′, j′)(h) is
hence classified as critical (Rkl

CB) by Definition 17, if the corresponding hierarchical
symbols reside in the same row (i = i′) or column (j = j′) of the hierarchical symbol
table (Table 6.1).

One of the possible ways how to design the E-PHXC is to design the codebooks AA
s

and AB
s in such a way that the decoding at the relay would not depend on h, i.e. the

HDF Decoder (HDFD) decision regions are h-invariant. The shape of the HDFD
decision regions is always given directly by some subset of pairwise boundaries,
which we will call the active boundaries subset1 (SAB ⊂ SPB) - see the example

1In general, the active boundaries subset SAB does not have to comprise solely the boundaries
from SCB (SAB * SCB).
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Figure 6.9: HDFD decision regions shape example (real valued 2-dimensional ex-
ample codebook). Note that some boundaries lie inside the decision
region corresponding to one hierarchical symbol (given by the same re-
gion colour). Such boundaries do not affect the final decision region
shape an hence can be considered as “masked”.

in Fig. 6.9. As it is also obvious from this figure, the final shape of the HDFD
decision regions generally does not have to be formed by all boundaries from SCB.
Boundaries for some index pairs could be overlapped by other decision boundaries.
E.g., boundaries between two neighbouring hierarchical symbols (in one column
or row of the hierarchical symbol table) do not have to appear as a true decision
boundaries of the overall hierarchical codebook. However, considering all, even the
“masked” ones, enables simplified parametric codebook construction at the expense
of fulfilling stricter criterion than actually required. Such code design rules are thus
sufficient but not necessary ones.

The pairwise design criterion for the h-invariant pairwise boundary Rkl (i.e. for
the h-invariant hierarchical symbol pair uk(i, j) and ul(i′, j′)) in F2 is (under some
limitations) derived as a pair of required conditions in [43]:

〈
si

A − si′

A; sj
B + sj′

B

〉
= 0, (6.28)

〈
sj

B − sj′

B; sj
B + sj′

B

〉
= 0. (6.29)

The final shape of the HDFD decision regions is given entirely by active boundaries
(Rkl

AB(h) ∈ SAB). Hence it could seem quite reasonable to apply the pairwise design
criteria (6.28), (6.29) just to these boundaries in SAB. Note that in this case the
design criteria would ensure that the constellation space “position” of all boundaries
from SAB will remain fixed, however some other boundaries could potentially “move”
along with the varying channel parameter h.

This “boundary movement” could (for some values of h) change the HDFD deci-
sion regions shape and hence break the requirement of parameter invariant HDFD
decision regions (Fig. 6.10). One way how to potentially avoid this undesirable
behavior is to apply the design criteria on all critical boundaries (Rkl

CB(h) ∈ SCB),
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Figure 6.10: Movement of pairwise boundaries affects the HDFD decision regions
shape (real valued 2-dimensional example codebook).

thus requiring all pairwise boundaries in SCB to be h-invariant. Forcing all critical
pairwise boundaries to be h-invariant could be relatively strict requirement, nev-
ertheless it allows us to express the design criteria in a compact set of required
conditions and it avoids the movement of all critical boundaries (complete set SCB),
which are dominantly responsible for the final shape of the HDFD decision regions.

A code which has all the critical boundaries (Rkl
CB(h) ∈ SCB) invariant to the

channel parameter will be called Extended Parametric Hierarchical eXclusive Code
(E-PHXC). Now we will formally define the E-PHXC codebooks and introduce the
necessary conditions for the codebooks design in Lemma 19 (Proof can be found in
[36]).

Definition 18 (E-PHXC codebooks). The codebooks AA
s = {si

A}i, AB
s = {sj

B}j

are the E-PHXC when all the critical boundaries Rkl
CB(h) ∈ SCB for hierarchical

codebook Au
s (h) at the relay are h-invariant.

Lemma 19 (E-PHXC design criteria). The codebooks AA
s = {si

A}i, AB
s = {sj

B}j

are the E-PHXC if the following conditions hold:

〈
si

A − si′

A; sj
B

〉
= 0 ∀i < i′, (6.30)

〈
sj

B − sj′

B; sj
B + sj′

B

〉
= 0 ∀j < j′, (6.31)

for all i, j, i′, j′ ∈ {1, 2, . . . M}, where M =
∣∣∣AA

s

∣∣∣ =
∣∣∣AB

s

∣∣∣.

The design criteria for complete E-PHXC codebooks are derived in [36]. It is proved
therein, that it is necessary to employ two non-identical codebooks (AA

s 6= AB
s ) at

the sources to fulfill all the required design conditions. Design criteria for E-PHXC
with non-identical codebooks at both sources are derived in the following Theorem.

Corollary 20 (E-PHXC with different codebooks). The codebooks AA
s = {si

A}i,
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AB
s = {sj

B}j are the E-PHXC if the following conditions hold:

∥∥∥sj
B

∥∥∥ =
∥∥∥sj′

B

∥∥∥ ∀j < j′, (6.32)

ℑ
〈
sj

B; sj′

B

〉
= 0 ∀j < j′, (6.33)

〈
si

A − si′

A; sm
B

〉
= 0 ∀iA < i′

A, (6.34)

for all i, i′, j, j′, m ∈ {1, 2, . . . , M}.

Proof. We start with (6.31) from which we get:

〈
sj

B − sj
B; sj

B + sj′

B

〉
= 0,

∥∥∥sj
B

∥∥∥
2 −

∥∥∥sj′

B

∥∥∥
2

+ j2ℑ
{〈

sj
B; sj′

B

〉}
= 0 ∀j < j′, (6.35)

for all j, j′ ∈ {1, 2, . . . , M}, which gives us directly (6.32) and (6.33). From (6.30)
we get immediately the last condition (6.34).

The new challenge in the codebook design arises when we need to design a codebook
with higher cardinality. It can be shown that the strictness of the complete E-
PHXC design criteria ((6.32), (6.33) and (6.34)) disable the codebook design in C2

for higher than binary cardinality. To overcome this inconvenience, we will slightly
“relax” the E-PHXC design criteria and propose a codebook design algorithm which
will provide the tool for the construction of codebooks with generally arbitrary
cardinality. By relaxing the proposed design criteria we lose the parameter invariant
shape of the decision regions at the relay HDF decoder, but nevertheless the overall
system performance does not have to be negatively influenced. As we will show in
this section, the performance analysis of the codebooks constructed according to
the modified design algorithm shows some promising performance (compared to the
traditional linear modulation schemes - e.g. PSK, QAM).

Now we show that the fulfillment of (6.34) from the original E-PHXC design criteria
is sufficient to avoid the eXclusive law failures (d2

min (h) → 0) for arbitrary channel
parametrization. The following Theorem shows that (6.34) is sufficient to avoid the
significant performance degradation of the system by avoiding the eXclusive law
failures (d2

min (h) = 0).

Theorem 21 (Relaxed design criteria). The codebooks AA
s = {si

A}i, AB
s = {sj

B}j

are resistant to the eXclusive law failures (d2
min (h) → 0) for |h| > 0, if the following

condition holds

〈
si

A − si′

A; sj
B

〉
= 0 ∀i < i′, (6.36)

for all i, i′, j ∈ {1, 2, . . . , M}.
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Algorithm 6.1 Higher-order codebook - Example design

1. Choose x, y ∈ C2 such that 〈x; y〉 = 0.

2. AB
s = {qiB · x}M−1

iB=0; qiB ∈ C

3. Pick v ∈ C2.

4. AA
s = {v − qiA · y}M−1

iA=0; qiA ∈ C.

Proof. It is obvious that (6.36) forces the following inner product to be always equal
to zero: 〈(

si
A − si′

A

)
;
(
sj

B − sj′

B

)〉
= 0. (6.37)

Hence the vectors ∆si, i′

A =
(
si

A − si′

A

)
and ∆sj, j′

B =
(
sj

B − sj′

B

)
are mutually or-

thogonal. Now since the pairs of mutually orthogonal vectors are always lin-
early independent (e.g. [45]) and the norm of the vector is equal to zero iff the
vector is a zero vector (‖x‖ = 0 ⇔ x = o), we can conclude that the min-

imum distance
∥∥∥∆si, i′

A + hsj, j′

B

∥∥∥
2

(6.6) will be non-zero for any h 6= 0, because(
si

A − si′

A

)
+ h

(
sj

B − sj′

B

)
is a linear combination of the linearly independent vec-

tors. Hence the eXclusive law failures d2
min (h) = 0 are avoided for any h 6= 0.

The “relaxed” design criteria (6.36) are hence able to avoid the eXclusive law failures
for any permissible value of the channel parametrization (excluding the singular case
h = 0). The Algorithm 6.1 presents an example of a design process for codebooks
with generally arbitrary cardinality.Vector v in this Algorithm defines the mean of
the codebook AA

s . For v = o we obtain a trivial solution with mutually orthogonal

symbols (
〈
si

A; sj
B

〉
= 0 for all si

A, sj
B). For v 6= o we have the codebook with a non-

zero mean, which can be easily adjusted by sequential swapping of the codebooks
AA

s and −AA
s [36]. The coefficients qiA , qiB can be chosen from the classical linear

modulation constellation (e.g. PSK or QAM) and can be generally identical (qiA =
qiB ) for both codebooks.

Now we analyze the hierarchical minimum distance performance of the codebooks
designed according to the Algorithm 6.1. Figures 6.11, 6.12 and 6.13 present the
performance comparison of some example codebooks (with zero mean (v = o)) and
classical linear modulation constellations (for various channel parametrization). Bit-
wise XOR operation of the symbol indices was chosen as the eXclusive hierarchical
mapper (X (�)) for all codebooks and all codebooks were scaled to have identical
mean symbol energy. Note again that the distance shortening at |h| → 0 is generally
inevitable [6].

We conclude this section by observing the influence of the non-zero mean values of
the codebook. In Fig. 6.14, there is the comparison of the min-distance performance
for some examples of non-zero mean 4-ary codebooks with ‖v‖ ∈ {0, 1, 2}. It is
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Figure 6.11: Hierarchical minimum distance performance for QPSK and an example
of 4-ary codebook (zero-mean).
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Figure 6.12: Hierarchical minimum distance performance for 8-PSK and an example
of 8-ary codebook (zero-mean).
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Figure 6.13: Hierarchical minimum distance performance for 16-QAM and an ex-
ample of a 16-ary codebook (zero-mean).
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Figure 6.14: Hierarchical minimum distance for examples of non-zero mean 4-ary
codebooks (‖v‖ ∈ {0, 1, 2}).

obvious from this figure that the increasing value of the mean of the alphabet
degrades the minimum distance performance.

6.3.3 Design of UMP FSK Modulations

In section 6.2.3 we have observed that UMP property is the question of a non-binary
modulation and XOR-like eXclusive mapper X (�). In [40] we have shown that multi-
dimensional orthogonal modulations fulfill the required conditions of UMP. Open
question is whether also some non-orthogonal multi-dimensional modulation can
meet the requirements of UMP.

We choose the simplest non-binary multi-dimensional FSK modulation to consider
this question. There is only one parameter to optimize in FSK, given by the mod-
ulation index κ. We use the following FSK signals

sd(t) = exp(j2πκtd), d ∈ {0, 1, . . . , Md − 1}, (6.38)
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Figure 6.15: QFSK regions where UMP conditions are violated (colored) as a func-
tion of modulation index κ and |h| with the worst case ϕc = ∠h

where t is a temporal variable of one symbol duration, 0 ≤ t ≤ Ts. FSK is orthogonal
for integer modulation index and real orthogonal for half-integer index. We focus
on non-orthogonal cases with κ < 1 and we choose the simplest non-binary QFSK
and bit-wise XOR eXclusive mapper X (�).

We have numerically evaluated (6.22) as a function of κ and |h|. We see regions of κ
and |h| where UMP condition (6.22) is violated (colored) in Fig. 6.15. We conclude
that the minimal κ that meets UMP condition regardless of |h| is roughly κopt ≃ 5/6

and behavior on unit circle |h| = 1 is critical. UMP conditions with |h| = 1 are
depicted in Fig. 6.16 by thin light blue color. In the same figure we plot dominant
minimal UMP condition (thick blue), minimal distance of scalar modulation (thick
green) and a value 2 corresponding to orthogonal modulation. We conclude by

0.2 0.4 0.6 0.8 1.0
Κ

0.5

1.0

1.5

2.0

Euc.distance

QFSK minimal distance

Minimum of UMP conditions

UMP conditions

5 �6 Orthogonal

Figure 6.16: UMP conditions of hierarchical QFSK signals on unit circle |h| = 1
with the worst case ϕc = ∠h
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Figure 6.17: Parametric minimal distance of QPSK (left), real orthogonal QFSK
with κ = 1/2 (center) and 10 NC adaptive QPSK (right) [6]

detailed exploration of Fig. 6.16 that UMP-FSK is only for κ = 1 (blue thick line is
always lower than green thick line). Although they practically merge for κopt ≃ 5/6

and for this modulation index the performance would be similar to UMP orthogonal
modulation. Similar results for octal FSK lead to κopt ≃ 13/14. We have a conjecture
for κopt(Md) ≃ 2Md−3/2Md−2.

Numerical Verification

In this section we numerically evaluate parametric minimal Euclidean distance and
SER in HDF MAC stage. We use bit-wise XOR eXclusive mapper and four different
non-binary modulations with the same minimal Euclidean distance in a scalar case;
linear QPSK, real-orthogonal QFSK κ = 1/2, complex-orthogonal QFSK κ = 1
and optimized QFSK κ = 5/6. In Fig. 6.17 on the left we see several catastrophic
parameter ratios hcat for QPSK modulation. In the center is QFSK κ = 1/2 which
does not have any catastrophic parameter ratio, however it is not uniformly most
powerful. On the right side in Fig. 6.17 is parametric minimal Euclidean distance of
a system with QPSK and ten adaptive eXclusives mappers X (�) [6] which is slightly
lower than that of UMP. In Fig. 6.18 we see UMP orthogonal QFSK κ = 1 and
optimized QFSK κ = 5/6 with practically the same chart.

Now we evaluate the SER performance in HDF MAC stage for the same HXAs
as described above. For simplicity we assume no error correcting codes. SER
in Rayleigh fading and AWGN channel is depicted in Fig. 6.19. An occurrence of
minimal Euclidean distance of orthogonal and real-orthogonal QFSK (72×) is higher
than QPSK (48×) and QFSK κ = 5/6 (12×) resulting in ∼ 0.5 dB shift in SER in
no-fading (hA = hB = 1) AWGN. Differences of UMP and non-UMP modulations
are higher in Rayleigh fading channel (∼ 2 dB shift). Error performance for Rice
fading is in Fig. 6.20. Performance gains of UMP modulations over non-UMP are
∼ 5 dB for Rician factor K = 0 dB and ∼ 2.5 dB for Rician factor K = 10 dB in Rice
fading channel. All error performance numerical evaluations are in accordance with
our expectation favoring QFSK κ = 5/6 over QPSK, QFSK κ = 1/2 and QFSK κ = 1.
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Figure 6.18: Parametric minimal distance of complex orthogonal UMP-QFSK with
κ = 1 (left) and QFSK with optimized κ = 5/6 (right)
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Figure 6.19: Symbol error rate of PNC MAC in 2-WRC with Rayleigh fading and
AWGN channel
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Figure 6.20: Symbol error rate of PNC MAC in 2-WRC with Rice fading and Rician
factor K = 0 dB and K = 10 dB

Summary

In this section, we have considered design of UMP alphabet in wireless 2-way relay
channel with the most promising 2-stage hierarchical decode and forward (HDF)
strategy. In the spirit of most powerful statistical testing, we have defined a new
type of uniformly most powerful network coded alphabet that is robust to the HDF
unique problem: even if the relay node has perfect channel state information, there
may exist such non-zero parameters causing significant performance degradation.
We focus on design of a static non-adaptive HXA. We have shown that bit-wise
XOR eXclusive mapper X (�) fulfills necessary conditions for UMP, i.e. the sym-
metric XC matrix with the same relay output symbol on the main diagonal. We
have analyzed the simplest non-binary multi-dimensional quaternary FSK (QFSK)
modulation where we have optimized modulation index κ. We found such minimal
modulation index that lead to the same performance as UMP orthogonal modula-
tion, surprisingly with lower modulation index (bandwidth) κopt ≃ 5/6. This index
is generally κopt(Md) ≃ 2Md−3/2Md−2. Uncoded UMP orthogonal QFSK κ = 1 and
optimized QFSK κ = 5/6 achieve several dB gain in SER performance (compared to
a simple QPSK) in Rayleigh-Rice fading.
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Figure 6.21: Binary full-response κ = 1/2 CPM trellis. Note, if signal space vectors s0

and s1 are orthonormal, than the resulting alphabet is bi-orthonormal

6.3.4 Design of UMP Full-Response CPM

Non-linear frequency modulations FSK as well as full-response Continuous Phase
Modulation (CPM) naturally comprise multiple complex dimensions needed to obey
UMP condition. We have shown in [27] that multi-dimensional bi-orthonormal
modulations fulfill UMP condition. In this section we propose a frequency pulse
shape of full-response CPM to yield bi-orthonormal alphabets and thus accomplish
UMP condition.

CPM Basic Properties

CPM is a constant envelope modulation (suitable e.g. for satellite communication)
with more compact spectrum in compare to the linear modulations with constant
envelope (with rectangular (REC) modulation pulse). It has a multidimensional
alphabet and better spectral properties than FSK (no Dirac pulses in the spectrum
and faster asymptotic spectrum attenuation due to the continuous phase). CPM in-
cludes memory [46] and its modulator consists of the discrete part including memory
and the non-linear memoryless part [47]. Denominator of CPM modulation index
κ is proportional to the number of modulator states described by its trellis and the
optimal decoder need to perform Viterbi decoding. CPM possess several degrees of
freedom, for simplicity, we restrict on the full-response (i.e. the frequency pulse is
of one symbol length) and minimum shift κ = 1/2 case for which constellation space
alphabet is Ns = Md dimensional.

Design of Full-Response κ = 1/2 UMP-CPM by Pulse Shape
Optimization

Assumed full-response κ = 1/2 CPM has the modulation trellis with only two states
and the non-linear memoryless alphabet consists of 2Mc signals of which the first
half starting from the first state have opposite sign than the other half starting
from the latter state, see e.g. the trellis of binary scheme in Fig 6.21. Utilizing the
above mentioned symmetries, we design a bi-orthonormal UMP modulation simply
keeping orthonormal signals starting from the first state.
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Figure 6.22: Proposed parametric SRC pulse linearly scale its cosine part.

CPM Signals Notation

Let us denote positive-sign alphabet (signals starting from the zero state) A+ and
negative-sign alphabet A− = −A+. The overall alphabet (non-linear memoryless
part) is A = {A+, A−} . Assuming unit energy signals, full-response h = 1/2 CPM
has

A+ = {si(t)}Mc−1
i=0 =

{
ejπ( t

2
(Mc−1)+cβ(t))

}
, (6.39)

where data symbol c ∈ {− (Md − 1) , − (Md − 3) , . . . , (Md − 1)} , t is normalized to
one symbol duration t ∈ [0, 1) and β(t) is a phase pulse.

Proposed Pulse Parametrization

The remaining degree of freedom which we exploit to set the signal correlation
is a phase pulse shape. We introduce a simple shaping form obtained as a linear
parametrization of Raised Cosine (RC) pulse which we denote as a Scaled RC (SRC)
pulse. The proposed parametric SRC phase pulse is

β(t, p) =
1

2

(
t − p

sin 2πt

2π

)
, (6.40)

where p is a real parameter. The phase pulse correspond to REC pulse for p = 0
and to RC pulse for p = 1, see Fig. 6.22. This parametrization has number of
advantages, it does not influence the number of modulator states/signal alphabet
cardinality and it has known analytical formula for bandwidth [48] (roughly the
higher p the wider bandwidth).

Design of Binary UMP-CPM

Lemma 22. Binary full-response CPM with κ = 1/2 and parametric SRC pulse
(6.40) with p ≃ 2.35 is UMP.
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Figure 6.23: Absolute value of correlation coefficient between two signals of binary
full-response CPM with κ = 1/2 and parametric SRC pulse. The pa-
rameter value forming orthonormal alphabet is outlined.

Proof. Let us consider a binary case, the positive-sign alphabet is

A+ = {s0(t), s1(t)} =
{

ejπ( t
2

+β(p,t)), ejπ( t
2

−β(p,t))
}

. (6.41)

The correlation coefficient ρ = 〈s0(t), s1(t)〉 =
´ 1

0
s0(t)s

∗
1(t)dt has an analytic ex-

pression in the case of SRC pulse. The expression consists of generalized hyper-
geometric functions with a zero real part, see |ρ| in Fig. 6.23. We conclude that
p ≃ 2.35 leads to the orthonormal signals and the lemma is true.

Remark 23. The proposed pulse parametrization has an extra advantage that the
squared norm of the signal difference of binary alphabet is always 2 for any p. The
reason is simply given by zero real part of ρ for any p, as has been mentioned in
the proof above, then ||s0(t) − s1(t)||2 = 2 (1 − ℜ{ρ}) = 2. Hence, we can adjust
the among of correlation required for UMP condition without affecting the minimal
distance δ2

min.

We evaluate parametric minimal distance in Fig. 6.27 to confirm the UMP property
of the proposed scheme. We conclude that minimal distance of non-UMP schemes
with REC and RC are close to be UMP. In the last section with numerical results,
we will see that the error performance of these schemes are practically identical.
However, in the case of quaternary/higher order alphabet the differences are more
significant.

Design of Quaternary UMP-CPM

Lemma 24. Quaternary full-response CPM with κ = 1/2 and parametric SRC pulse
(6.40) with p ≃ −7 or p ≃ 10.2 is UMP.
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Figure 6.24: p = 0
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Figure 6.25: p = 1
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Figure 6.26: p ≃ 2.35

Figure 6.27: Parametric minimal distance of binary full-response CPM with κ = 1/2

and REC pulse (a), RC pulse (b) and UMP SRC pulse with p ≃ 2.35
(c).
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Figure 6.28: The trellis of quaternary full-response CPM with modulation index
κ = 1/2. Again, orthonormality of {si}3

i=0 implies bi-orthonormality of
overall alphabet.

-5 5 10
p

0.2

0.4

0.6

0.8

1.0

1.2

SiÈΡi
2

OrthonormalOrthonormal

Figure 6.29: The sum of squared absolute values of individual correlation coeffi-
cients of quaternary full-response CPM with κ = 1/2 and parametric
SRC pulse. The parameter values forming orthonormal alphabet are
marked.

Proof. The above derivation for binary alphabet can be generalized for any alphabet
cardinality, for simplicity we focus on the quaternary case. Let us consider 4-ary
full-response CPM κ = 1/2 and SRC pulse, the modulation trellis has the same
number of states, see Fig. 6.28. The positive sign alphabet is

A+ =
{

ejπ( 3
2

t+cβ(t,p))
}

, (6.42)

where c ∈ {−3, −1, 1, 3} a data symbol. Our target is by variation of parameter
p make set A+ orthonormal. There are 4 signals in the set, thus there are six
different signal pairs that must be mutually orthonormal. Let us assume a sum of
squared absolute values of individual correlation coefficients (of every signal pairs
from A+)

∑
i |ρi|2 as an indication function. This indication function is zero only

for orthogonal alphabet. In Fig. 6.29, we depict the indicating function against
parameter p concluding that orthonormal set is obtained e.g. for p ∈ {−7, 10.2}
which proves the lemma.

To demonstrate the UMP property of the proposed scheme, we evaluate parametric
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minimal distance with REC, RC and proposed SRC pulse, see Fig. 6.33. Contrary to
binary case, the minimal distance of non-UMP schemes with REC and RC are far to
be UMP, scheme with RC pulse has even lower δ2

min = 1 which is in correspondence
with the later presented error simulations.

Error Performance of Full-response CPM

Here, SER in the MAC stage of non-linear full-response CPM κ = 1/2 with opti-
mized modulation pulses are shown. We have seen that the presence of discrete
memory does not influence the UMP property, although it can not be ignored at
the receiver side. We use a joint [d̂A, d̂B] decoding algorithm based on the vector
Viterbi algorithm describing the structure of receiving signals by a super-trellis with
super-states. Each super state is a vector of states which joint together the actual
state at the node A with the state at the node B. Then, the joint estimate of [d̂A, d̂B]
is obtained by the sequence Viterbi algorithm over the super-trellis. Thereafter, the
exclusively coded data symbols are obtained as d̂AB = d̂A ⊕ d̂B.

In Fig. 6.34, it is depicted SER of binary full-response CPM κ = 1/2 with REC, RC
and proposed SRC pulse and also UMP-BPSK modulation as a reference. We de-
scribe binary full-response CPM κ = 1/2 as a Minimum Shift Keying (MSK) modula-
tion to shorten the notation, though MSK strictly use the REC pulse. We conclude
that non-UMP schemes with different pulses have almost the same performance, as
we expected from Fig. 6.27. Therefore choosing a pulse with the narrowest spectra
(REC) is appropriate. In this case, the proposed SRC pulse has only theoretical
value as a performance benchmark.

The proposed SRC pulse is more advantageous for quaternary alphabet, see Fig. 6.35.
We shortly denote quaternary full-response CPM κ = 1/2 as a QMSK modulation.
We observe that performance with REC pulse is close to the UMP alphabet per-
formance, but contra-intuitively the performance with RC pulse is by several dBs
worse even in the AWGN channel. The REC pulse, in this case, is a practical choice
because the proposed SRC pulse requires more bandwidth, see the bandwidth com-
parison in the following section.

Bandwidth Comparison

Bandwidth requirement of the considered modulations is presented in Tab. 6.2. The
first part of the table describes bandwidth of linear memoryless alphabets (denoted
shortly as ’Linear A’) which is solely given by used pulse function [49]. We present
well-known Root Raised Cosine (RRC) pulse parametrized by roll-off factor λ whose
compact and finite bandwidth is W = (1+λ)/2Ts. Due to the finiteness of the band-
width, ideal RRC has infinite time duration. Vice versa, Rectangular (REC) pulse
finite in temporal domain has infinite bandwidth and in this case, we use the frac-
tional power-containment bandwidth definition where W99% is a bandwidth contain-

D3.2b SAPHYRE



6.3 Design of HXA Robust to Parametrization 127

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

ReHΑL

Im
HΑ
L

Quaternary CPM Κ=1�2 REC: dmin
2 HΑ L

0

2

Figure 6.30: p = 0
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Figure 6.31: p = 1
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Figure 6.32: p ≃ −7

Figure 6.33: Parametric minimal distance of quaternary full-response CPM with
κ = 1/2 and REC pulse (a), RC pulse (b) and UMP SRC pulse with
p ≃ −7 (c).

SAPHYRE D3.2b



128 6 HXC in Parametric Channel

0 5 10 15 20 25
10

−4

10
−3

10
−2

10
−1

10
0

MSK: performance in HDF MAC stage in 2−WRC

Mean Eb/N0 [dB]

B
it 

er
ro

r 
ra

te

 

 
UMP−BPSK in AWGN
MSK p=0 (REC) in AWGN
MSK p=1 (RC) in AWGN
UMP−MSK p=2.4 in AWGN
UMP−BPSK in Rayleigh
MSK p=0 (REC) in Rayleigh
MSK p=1 (RC) in Rayleigh
UMP−MSK p=2.4 in Rayleigh
UMP−BPSK in Rice (K=10dB)
MSK p=0 (REC) in Rice (K=10dB)
MSK p=1 (RC) in Rice (K=10dB)
UMP−MSK p=2.4 in Rice (K=10dB)

AWGN

Rice K=10dB

Rayleigh

Figure 6.34: SER in the MAC stage assuming uncoded detection with CSIR in
AWGN, Rayleigh and Rice K = 10dB fading channel of binary full-
response CPM κ = 1/2 (MSK) with REC, RC and proposed SRC pulse.
Additionally we depict UMP-BPSK as a reference.
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Figure 6.35: SER in the MAC stage assuming uncoded detection with CSIR in
AWGN, Rayleigh and Rice K = 10dB fading channel of quaternary
full-response CPM κ = 1/2 (QMSK) with REC, RC and proposed SRC
pulse. Additionally we depict non-UMP QPSK as a reference.
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Figure 6.36: Average power spectral densities of binary and quaternary full-response
CPM κ = 1/2 (MSK and QMSK) for several different values of param-
eter p.

ing 99% of the total signal power. In this section, all linear modulations (with one
complex dimension including BPSK) use the same bandwidth. Note the significant
difference of error performance between BPSK and QPSK in Fig. 6.35 and 6.34.
BPSK is UMP only if it uses a single entire complex dimension (entire bandwidth),
thus it needs one real dimension more than in point-to-point communication to be
UMP.

The other part of the table is dedicated to non-linear modulations. We denote full-
response CPM κ = 1/2 with SRC pulse by acronym ’MSK’. Its fractional bandwidth,
analytically described in [48], shows that bi-orthogonal case require more bandwidth
than e.g. the case with p = 0. The similar trend has also bandwidth of QMSK which
we obtained according to [46], see average power spectral densities in Fig. 6.36.

Summary

In this section, we have found that the considered full-response κ = 1/2 CPM avoid
catastrophic parameters and we have optimized its parameters (phase pulse shape)
to meet UMP. Based on the numerical simulations, we conclude that existence of
catastrophic parameters is much more detrimental to the average performance than
violation of UMP condition. The proposed alphabets are summarized (including
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Table 6.2: Bandwidth comparison

♦ Linear A RRC λ = 0 RRC λ = 1 REC

WTs 0.5 1 10.3

♦ QFSK κ = 1/2 κ = 5/6 κ = 1

W99%Ts 10.9 15 21

♦ MSK p = 0 p = 1 p = 2.35

W99%Ts 0.6 1.1 1.5

♦ QMSK p = 0 p = 1 p = −7

W99%Ts 1.4 1.8 5.9

Table 6.3: Summary of the proposed alphabets

Alphabet UMP relation Notes

BPSK UMP optimal binary alphabet

QFSK κ = 1/2 close to UMP not optimal spectra

QFSK κ = 5/6 UMP more bandwidth than QFSK κ = 1/2

MSK p = 0 close to UMP better spectrum than FSK; include memory

QMSK p = 0 close to UMP better spectrum than FSK; include memory

MSK p ≃ 2.35 UMP more bandwidth than MSK p = 0

QMSK p ≃ −7 UMP more bandwidth than QMSK p = 0

FSK cases optimized in Sec. 6.3.3) in Tab. 6.3; the note ’close to UMP’ means that
despite the alphabet is not UMP, it performs very close to the UMP benchmark.

We have analyzed error and bandwidth performance of the used modulations in
Sec. 6.3.4. However, the optimal modulation choice will depend besides of error-
bandwidth performance also on the other properties such as complexity or hardware
requirements. For instance, BPSK with RRC pulse and MSK p = 0 have comparable
error-bandwidth performance, but MSK possess constant envelope (which allows
more efficient power amplifier) at the price of more complex decoding processing
(includes e.g. Viterbi algorithm). If we insist on constant envelope feature than
MSK p = 0 needs to be compared with BPSK with REC which requires much
more bandwidth. BPSK with REC pulse and two times shorter pulse duration
(to deliver 2 bits per channel use) have similar error performance but two times
wider bandwidth than QFSK κ = 1/2. On the other hand, QFSK receiver consists
of parallel bank of matched filters (number of filters equals to the dimensionality)
while BPSK receiver has only one filter. QMSK p = 0 is more preferable than
QFSK κ = 1/2 since it owns narrower bandwidth, if we can afford slightly more
complex decoding processing (e.g. Viterbi algorithm).
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6.3.5 Design of General UMP Alphabet by Non-Linear Optimization
Tools

This section is based on the content presented in [41]. In the previous sections 6.3.3,
6.3.4, we have investigated design of modulations with UMP performance restricting
on non-linear frequency modulations, where precise required bandwidth was difficult
to set. Here, we formulate UMP alphabet design as a bi-quadratically-constrained
linear-program with given number of degrees of freedom (signal dimensionality pro-
portional to bandwidth) on which non-linear optimization methods are applied.

Optimization Goal

The aim of this section is to design UMP modulations for arbitrary modulation
cardinality Md and dimensionality Ns, which is according to Sec. 6.3.1 required. We
distinguish between two cases (a) both terminals use a common alphabet AA = AB

and (b) the terminals use distinct alphabets AA 6= AB. Based on finding of Sec. 6.2.3,
we consider bit-wise XOR exclusive operation. As an optimization problem, we
consider to maximize minimal distance of primary alphabets δ2

min subject to UMP
condition (6.19). We define minimal distance of primary alphabets δ2

min as

δ2
min = δ2

T,min = min
dT 6=d′

T

||sT
dT

− sT
d′

T
||2, ∀dT , d′

T ∈ ZMd
= {0, 1, . . . , Md − 1}, T ∈ {A, B}

(6.43)

and δ2
min = minT ∈{A,B}

{
δ2

T,min

}
for the case (a) AA = AB and (b) AA 6= AB, re-

spectively. According to [27], we may equivalently describe UMP condition without
usage of parameter h in (6.19) as

||sA
dA

− sA
d′

A
||2 + ||sB

dB
− sB

d′
B

||2 − 2
∣∣∣
〈
sA

dA
− sA

d′
A
, sB

dB
− sB

d′
B

〉∣∣∣ ≥ δ2
min, (6.44)

−
∣∣∣
〈
sA

dA
− sA

d′
A
, sB

dB
− sB

d′
B

〉∣∣∣+ ||sB
dB

− sB
d′

B
||2 ≤ δ2

min (6.45)

which must be valid for all dA 6= d′
A, dB 6= d′

B such that dA ⊕ dB 6= d′
A ⊕ d′

B; symbol
〈⋆, ⋆〉 denotes an inner product and symbol ⊕ denotes a bit-wise XOR. The first
condition (6.44) corresponds to the UMP condition for |h| = 1 and the latter (6.45)
must be satisfied to keep UMP property for |h| < 1.

Energy Conditions

For a fair energy comparison, we add obvious energy conditions, assuming that the
mean symbol energy per dimension is one (resp. two), i.e.

1

MdNs

Md−1∑

d=0

||sd||2 = 1, (6.46)
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1

MdNs

Md−1∑

d=0

(
||sA

d ||2 + ||sB
d ||2

)
= 2 (6.47)

for the case (a) AA = AB and (b) AA 6= AB, respectively. We assume equalities,
since if we find UMP alphabets that have average energy lower than one, than we
could scale the alphabets enlarging δ2

min. Condition (6.47) we interpret as that one
terminal can transmit more power at the expense of the other one. The energy
disbalance could be consequently balanced by periodic switching of the roles which
terminal has higher power.

Optimization Problem

Summarizing previous conditions, the optimization is:

maximize δ2
min (6.48)

s.t.: UMP (6.44, 6.45) and energy (6.46) resp. (6.47) condition.

In the optimization design, we must carefully consider cases when Ns = 1 and
Ns > 1, since according to Sec. 6.3.1 non-binary alphabet never meets the UMP
condition for Ns = 1. In this case, we soften the UMP condition to be satisfied only
for |h| = 1, i.e. instead of (6.44, 6.45) we will require (6.44) only. Such modulations
will be then denoted as Weak UMP. The motivation is that it can be shown [50]
that by increasing Rician factor K, the probability distribution of h concentrates
more around |h| = 1.

Problem Classification

The optimization problem (6.48) is a minimax problem [51] which is conveniently
reformulated denoting δ2

min = t as

maximize t (6.49)

subject to additional minimal distance conditions

t ≤ ||sd − sd′ ||2, ∀d, d′ ∈ ZMd
: d 6= d′. (6.50)

Objective function (6.49) is now linear. Let us examine the form of the con-
straints (6.44, 6.45), (6.46) and (6.50). They are made by squared vector norms,
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squared norms of vector differences and absolute values of inner product of vec-
tor differences. Norm of vectors and vector differences are quadratic, unfortu-
nately, the absolute value term incorporates root of the sum of squares in the

same way as |z| =
√

ℜ2{z} + ℑ2{z}, z ∈ C, thus the overall constraints are not
quadratic. Taking the square of the re-ordered conditions with absolute values,
we obtain equivalent conditions of the fourth order, e.g. equivalent condition to

(6.45) is
(
||sB

dB
− sB

d′
B

||2 − δ2
min

)2 ≤
∣∣∣
〈
sA

dA
− sA

d′
A
, sB

dB
− sB

d′
B

〉∣∣∣
2

which possess e.g. term

||sB
dB

− sB
d′

B
||4. Therefore, our optimization problem is order-4 polynomially (a.k.a.

bi-quadratically) constrained linear program. Apparently, this is at least NP-hard
problem, since it includes NP-hard quadratic problems. Bi-quadratic conditions also
make hard to determine whether the problem is convex which would considerably
simplify choice of solving methods [51].

Problem Settings

We have Md vectors with Ns-complex dimensions to determine. Without loss in gen-
erality we assume the first vector lying in the first coordinate, s0 = (sℜ

00+j0, 0, . . . 0),
sℜ

00 ∈ R. Number of real optimization variables are 2MdNs−Md−1. Number of condi-
tions (6.44, 6.45) is proportional to the number of all dA, dB, d′

A, d′
B ∈ ZMd

, dA 6= d′
A,

dB 6= d′
B such that χ(dA, dB) 6= χ(d′

A, d′
B) which equals to 1/2M2

d (Md − 1)(Md − 2)
and grows proportionally by M4

d . According to the energy constraints (6.46), we
may coarsely restrict all variables to be within |sℜ

kl| ≤ √
MdNs, |sℑ

kl| ≤ √
MdNs,

where sℜ
kl, sℑ

kl are real and imaginary part of the kth vector in lth dimension.

Non-linear Optimization Methods

Since all conditions are twice differentiable, we apply commonly used non-linear
global optimization method based on Nelder-Mead algorithm [52]. This approach
works fine up-to Md = 4, then the large number of conditions, see Sec. 6.3.5, and
apparently large number of local optimums make it unfeasible – unlikely finding
the global optima. To reliably confirm our solutions, we started Nelder-Mead with
several different points of its random number generator utilizing parallel multi-core
computing. For Md > 4, we use local optimization method based on interior points
algorithm [51]. We start it for several number of randomly chosen initial points to
increase the chance that local method find the global optimum. Finally, all solutions
are confirmed by numerical evaluation of parametric hierarchical minimal distance.

Numerical Results

The results are presented in Table 6.4. We show minimal distances of primary alpha-
bets δ2

min (6.43) as a function of alphabet cardinality Md and signal dimensionality
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Table 6.4: Numerically optimized UMP alphabets

Md Ns
log2 Md/Ns (a) δ2

min, AA = AB (b) δ2
min, AA 6= AB (c) δ2

min, not UMP

2 1 1 4 4 4

4 1 2 0.4† 0.68† 2

4 2 1 4 4.35 5.3

4 3 2/3 8 8 8

8 1 3 0.044† 0.088† 0.93

8 2 3/2 1† 1.86 4

8 3 1 4.36 4.83 6.54

8 4 3/4 8 8 9.16
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Figure 6.37: Minimal distance d2
min of 4- and 8-ary 1-D Weak UMP alphabet.

Ns, supplemented by efficiency per dimension log2 Md/Ns. We distinguish three cases,
(a) UMP alphabets assuming AA = AB, (b) UMP alphabets assuming not equal
alphabets AA 6= AB and (c) alphabets constrained by energy condition (6.46) only
(not UMP). Case (c) serves as an upper-bound on δ2

min of case (a) and (b) since it
involves fewer constraints. For brevity, we denote dimensionality as D. According
to discussion in Sec. 6.3.5, 4-ary and 8-ary 1-D alphabets are only Weak UMP (de-
noted by †). Their hierarchical minimal distance d2

min for the case (a) are depicted
in Fig. 6.37. The alphabets are real (lie in one real dimension), though we searched
over a complex dimensional space. They are symmetrically distributed around
zero (anti-podal) and in contrast to ASK, not uniformly distributed, see Fig. 6.38.

Particularly, A =
√

2/5{−2, −1, 1, 2} and A =
√

1/91{−13, −11, −7, −5, 5, 7, 11, 13}
is 4-ary and 8-ary weak UMP alphabet, respectively. Let us consider case (a)
and unit per-symbol-efficiency alphabets. We conclude that BPSK is UMP and
has maximal δ2

min in 2-ary 1-D case and the same δ2
min has 4-ary 2-D alphabet
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Figure 6.38: 4- and 8-ary 1-D Weak UMP alphabets.
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Figure 6.39: Bit error rate of unit per-symbol-efficiency UMP alphabets in Rice
K = 10 dB channel.

A = {(1, 1), (1, −1), (−1, 1), (−1, −1)} which was suggested also in [36]. We obtain
a bit larger δ2

min in 8-ary 3-D case, see its hierarchical minimal distance in Fig. 6.40.
In spite of larger δ2

min, 8-ary 3-D alphabet does not overcome BPSK, see bit error
rate in Fig. 6.39, since it possess larger minimal distance multiplicity and unfeasible
efficient bit-mapping (some pair-wise errors with δ2

min cause more than one bit er-
ror), where the bit-mapping is chosen to minimize bit errors of pair-wise error with
δ2

min.

Considering the case (b), we may increase a bit δ2
min of UMP alphabets in compare to

(a), at the expense of power switching between terminals, see discussion in Sec. 6.3.5.
Remarkable are also 4-ary 1-D alphabets which resemble scaled version of canonical
QPSK alphabets, see Fig. 6.41 which are proposed also in [50]. For completeness, we
depict minimal distance d2

min for the case of 4-ary 2-D UMP alphabets in Fig. 6.42.
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Figure 6.40: Hierarchical minimal distance d2
min of 8-ary 3-D UMP alphabet.
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Figure 6.41: 4-ary 1-D weak UMP alphabets AA 6= AB resembles scaled QPSK.
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Figure 6.42: Minimal distance d2
min of 4-ary 2-D UMP alphabet for a) AA = AB

and b) AA 6= AB, respectively.

In Fig. 6.43, we evaluate symbol error rate of 4-ary and 8-ary 1-D Weak UMP alpha-
bets with traditional PSK and ASK modulations. For high SNR, weak alphabets
have several dB gain in compare to PSK/ASK, however they have identical slope
of the error curves.

Summary

We conclude that numerically optimized non-binary linear alphabets perform several
dB gain over canonical linear alphabets for HDF 2-way relying with CSIR in Rice
fading channel. However, they fulfill only weak UMP condition and thus possess
so called catastrophic parameters which still significantly corrupts the performance.
We found that optimized robust unit per-symbol-efficiency UMP alphabets do not
significantly overcome BPSK.

6.3.6 Non-Uniform 2-Slot Constellations for Bidirectional Relaying in
Fading Channels

Motivation for 2-slot Alphabet Design

In this section we will show how it is possible to improve the performance of the
2-WRC system (in a special case of Rician fading channels) by a design of novel
2-slot source alphabets. The proposed Non-uniform 2-slot (NuT) alphabets are ro-
bust to channel parameterization effects, while avoiding the requirement of phase
pre-rotation (or adaptive processing) but still preserving the C1 (per symbol slot)
dimensionality constraint (to avoid the throughput reduction). Based on the anal-
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Figure 6.43: Symbol error rate of 4-ary and 8-ary Weak UMP alphabets in Rice
K = 10 dB channel.

ysis of the hierarchical (Euclidean) distance [38], we introduce a design algorithm
for NuT alphabets and we compare their Symbol Error Rate (SER) performance to
that of the traditional linear modulation constellations.

As already noted in Lemma 13, the Hierarchical Minimum Distance (HMD) can
be (for the worst case phase ∠h′) lower bounded by a set of parabolas Sp =
{pi,j,i′,j′}X (i,j) 6=X (i′,j′), where each particular parabola is given by

pi,j,i′,j′ (|h|) = min
∠h

d2
ui,j , ui′,j′ (h)

= |h|2 ‖∆sB‖2 − 2 |h| |z| + ‖∆sA‖2 . (6.51)

The lower bound defined by Sp is always achieved for some specific ∠h [38] and
hence

d2
min (|h|) = min

X (i,j) 6=X (i′,j′)
pi,j,i′,j′ (|h|) . (6.52)

The min-distance parabola pi,j,i′,j′ (|h|) is hence defined for all permissible 4-tuples
of indices i, j, i′, j′ such that X (i, j) 6= X (i′, j′) and it virtually describes the min-
distance d2

ui,j , ui′,j′ (|h|) of a pair of compound symbols (ui,j = si
A + hsj

B and ui′,j′
=

si′

A + hsj′

B) for the worst case phase ∠h′ of the channel parameter h ∈ C [38].

This parabolic behaviour of the hierarchical min-distance (see an example in Fig. 6.44)
results necessarily in eXclusive law failures (d2

min (h) → 0), and consequently in des-
tination decoding errors, since the relay cannot unambiguously determine the output
symbol [38]. The analysis of the complete set of these min-distance parabolas (given
by Sp) can help us to identify the eXclusive law failure events (d2

min (h) → 0) i.e.
the values of h, for which the hierarchical min-distance is poor.
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Figure 6.44: Set Sp of min-distance parabolas for the QPSK alphabet (dashed lines)
and NuT (QPSK; 1) alphabet (dotted lines). The hierarchical min-
distance d2

min (|h|) of both alphabets coincides.

As proved in [38], the parabolic behaviour of hierarchical min-distance cannot be
fully avoided for traditional linear modulation constellations in C1 (excepting the
binary alphabets). However, as we will show in the following section, in case of
Rician fading channels it is possible to suppress this harmful behaviour by a suitable
design of 2-source NuT constellation alphabets.

Parabolic Behaviour Analysis

It can be shown that for Rician source-relay channels (|hA| , |hB|), the probabil-
ity distribution of channel parameter |h| = |hB |/|hA| is diminishing as |h| → 0 (see
Fig. 6.45). Considering the hierarchical min-distance d2

min (|h|) of QPSK (Fig. 6.44)
along with the probability distribution of |h| (Fig. 6.45) it is obvious that the per-
formance of HDF/DNF system with QPSK source alphabets will be presumably
poor. Fortunately, it is possible to decrease the negative impact of this parabolic
min-distance behaviour by shifting the min-distance parabolas (6.51) towards the
less probable values of |h|.
A position of each particular min-distance parabola (6.51) vertex (minimum) is
given by

|h′
min| = arg min

|h|
pi,j,i′,j′ (|h|) =

|〈∆sA; ∆sB〉|
‖∆sB‖2 , (6.53)

which can be (in case of the constellation alphabets in C1) further simplified to

|h′
min| =

‖∆sA‖ · ‖∆sB‖
‖∆sB‖2 =

‖∆sA‖
‖∆sB‖ , (6.54)

since any pair of vectors in C1 is always linearly dependent, which gives us the
equality in the general Cauchy-Schwartz inequality (see e.g. [45]).
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Figure 6.45: Probability distribution of channel parameter |h| ≤ 1 (Rician fading
channels |hA| , |hB| with a Rician factor K = 10 dB).
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Figure 6.46: Hierarchical min-distance d2
min (|h|) and the set Sp of min-distance

parabolas for the NuT (QPSK; 0.25) alphabet (compare to Fig. 6.44
and distribution of |h| in Fig. 6.45).

SAPHYRE D3.2b



142 6 HXC in Parametric Channel

Algorithm 6.2 NuT constellation alphabet design.
1. Pick a base alphabet As.

2. Choose a power scaling factor sf ∈(0, 2).

3. Source A alphabet: AA
s = [

√
sfAs,

√
2 − sfAs].

4. Source B alphabet: AB
s = [

√
2 − sfAs,

√
sfAs].

Alphabet Design Algorithm

As it is obvious from (6.54), a position of the minimum of each particular min-

distance parabola pi,j,i′,j′ (|h|) is given by the ratio of
∥∥∥∆si,i′

A

∥∥∥ and
∥∥∥∆sj,j′

B

∥∥∥, i.e.

by the corresponding min-distances of individual source alphabets AA
s , AB

s . Now
it seems quite straightforward that it should be possible to control the positions
of the particular min-distance parabolas directly by a design of source alphabets
AA

s , AB
s . Considering the distribution of the channel parameter |h| for Rician

|hA| , |hB| (Fig. 6.45), the goal is to design AA
s , AB

s in such a way that all the
min-distance parabolas pi,j,i′,j′ (|h|) ∈ Sp will be situated close to |h| → 0. This

could be obviously achieved by increasing
∥∥∥∆si,i′

A

∥∥∥ relatively to
∥∥∥∆sj.j′

B

∥∥∥, i.e. by a
suitable allocation of output power at both sources.

Since the average power constraint must be taken into account, it is not feasible to
purely increase the output power of one source relatively to the other one. However,
if we allow pairing of two subsequent source symbols into a 2-slot super-symbol, we
obtain an additional degree of freedom, since the available power can be arbitrarily
re-distributed among the two slots of the super-symbol. If we denote this power
as P2slot = 2P1slot, it is obvious that the only restriction is that the power scaling
coefficients for both slots in the super-symbol must sum up to 2, which gives us
P2slot = sfP1slot + (2 − sf ) P1slot, where sf ∈ (0, 2) defines the power scaling factor.

Based on this observation we propose a design algorithm for the NuT constellation
alphabets (Algorithm 6.2). The NuT constellation (NuT (As; sf )) is a 2-source al-
phabet (AA

s , AB
s ), where the power is re-allocated non-uniformly among the 2-slots

(according to sf ). Note that NuT (As; 1) constellation is a pure 2-slot extension of a
traditional linear modulation constellation with identical hierarchical min-distance
properties as the "base" alphabet As (see Fig. 6.44).

Numerical Evaluation

In this section we finally evaluate the performance of some example NuT alphabets.
We choose QPSK and 8PSK constellations as the base alphabets As in Algorithm
6.2 and we observe the performance of NuT alphabets for variable values of the
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Figure 6.47: HMD d2
min (h) of NuT (QPSK; 1) and NuT (QPSK; 0.25) alphabets as

a function of channel parameter h ∈ C.
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Figure 6.48: HMD d2
min (h) of NuT (8PSK; 1) and NuT (8PSK; 0.1) alphabets as a

function of channel parameter h ∈ C.

power scaling factor sf . To provide a relevant comparison with the conventional
linear modulation schemes, we always compare the proposed NuT alphabets with
the NuT (As; 1) constellation. Note again that the NuT (As; 1) constellation is a
pure 2-slot extension of a traditional linear modulation constellation with identical
hierarchical min-distance properties as the "base" alphabet As (see Fig. 6.44).

Hierarchical Minimum Distance The hierarchical min-distance d2
min (|h|) (to-

gether with min-distance parabolas set Sp ) of the NuT (QPSK; 0.25) constellation
is depicted in Fig. 6.46. Considering the Figs. 6.44, 6.46 it is obvious that the
hierarchical minimum distance of NuT (QPSK; 1) alphabet is relatively poor for
0.6 ≤ |h| ≤ 1, while the NuT (QPSK; 0.25) alphabet has this poor min-distance
performance “shifted" towards |h| ≤ 0.6, i.e. towards the less probable values of |h|
(compare this with the distribution of |h| in Fig. 6.45). A comparison of the overall
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HMD d2
min (h) properties (i.e. as a function of h ∈ C) for some examples of NuT

alphabets is in Figs. 6.47, 6.48.

Symbol Error Rate Evaluation of the SER of the proposed NuT alphabets (with
variable sf ) is in Figs. 6.49, 6.50. Since the source alphabets AA

s , AB
s are used only

in the MAC phase, we analyze only the SER of Hierarchical (compound) symbols
(H-SER) received by the relay. The decoder of the 2-slot alphabets decodes the
compound symbols on a per-slot basis (for a better comparison with traditional
linear modulation constellations). Rician fading channels hA, hB with a Rician

factor K = 10 dB are assumed. The average SNR is defined as 1
2σ2

w
E
[
|hA|2 + |hB|2

]
.

For simplicity reasons we do not use error-correcting codes at the relay.

Remarkable SNR gains can be observed for the proposed NuT alphabets (∼ 10 −
15 dB in Fig. 6.49, ∼ 5−7 dB in Fig. 6.50) for moderately high SNR. It is important
to note that the overall system throughput is not sacrificed, since the cardinality of
the NuT alphabet is

∣∣∣AA
s

∣∣∣ =
∣∣∣AB

s

∣∣∣ = M2
d for |As| = Md (see Algorithm 6.2). The

promising parametric performance of the proposed 2-slot alphabets is hence not
redeemed by a reduction of the potential throughput (as in [36]).

Summary for Nut Alphabets The NuT constellation alphabet design could be
generally characterized as an alphabet-diversity technique regarding the hierarchi-
cal min-distance. A suitable selection of the scaling factor sf (in Algorithm 6.2)
is evidently critical for alphabet performance, since it allows to trade-off the vul-
nerability to eXclusive law failures with the alphabet distance properties, resulting
in an improved performance in the medium to high SNR region. As it is obvious
from Figs. 6.49, it is not appropriate to purely allocate most of the available source
power to a one slot of the 2-slot alphabet (sf ≪ 0.1 for As = QPSK), since the
H-SER performance of such an alphabet will be poor (even for a reasonably high
SNR).

6.4 Diversity Processing in Fading Channels

In the previous sections, we have proposed alphabets completely avoiding adverse
effects of parametrization (denoted as UMP alphabets), however, UMP alphabets
required additional dimensions which reduces the rate efficiency [27], [41]. Alter-
natively, we have proposed alphabets not decreasing the rate efficiency which par-
tially mitigate effect of channel parametrization but only in Rician type of chan-
nels [41], [50]. In this section, we provide other comparative view on the same
problem considering the adverse parametrization effects as an additional source of
fading which may be effectively suppressed by diversity processing techniques. The
content of this section is based on work [42].
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Figure 6.49: H-SER of the of NuT (QPSK; 1) and NuT (QPSK; sf ) alphabets. It is
obvious that a crucial part of the alphabet design (Algorithm 6.2) is a
choice of the scaling factor sf .
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Figure 6.50: H-SER of the of NuT (8PSK; 1) and NuT (8PSK; sf ) alphabets. It is
again obvious that the choice of the scaling factor sf is a crucial part
of the alphabet design (Algorithm 6.2).
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Figure 6.51: L-branch diversity SIMO bidirectional relaying

6.4.1 Suppressing Relative-Fading by Diversity Reception in WNC
2-Way Relaying

We identify two distinct sources of fading significantly degrading performance of
coherent WNC strategy in a wireless 2-WRC: Absolute-Fading (AF) and Relative-
Fading (RF). AF corresponds to a standard small-scale fading of a wireless point-to-
point channel when absolute values of channel parameters are insufficiently strong.
RF is a unique paradigm of WNC occurring when certain critical data symbols are
transmitted and a ratio of channel parameters is close to certain critical values. In
this section, we will show that diversity reception techniques (essential to restrain
AF) significantly suppresses RF as well. We measure the impact of RF on uncoded
error performance and ergodic Alphabet-Constrained Capacity (ACC) of represen-
tative QPSK alphabet in wireless Rayleigh/Rice channel. To measure the impact
of RF separately from AF, we study behaviour of representative QPSK alphabet in
phase-synchronised scenario and in scenario with random channel phase difference.
QPSK attains the upper-bound on minimal distance (UMP bound (6.19)) and more-
over RF is not present if phase synchronisation is provided. We conclude that RF is
less significant for systems with reasonable level of diversity order which is needed
anyway in order to suppress AF. The major finding of this section is to demonstrate
that the gain of demanding RF suppressing strategies [27, 41, 50, 21, 6] in diversity
systems is not significant especially with modern near capacity-operating channel
codes.

6.4.2 Model Assumptions

We study impact of RF on WNC performance in diversity reception 2-WRC since
it provides an effective way to eliminate fading [53] even if only AF is present.
Although we assume simple Single-Input Multiple-Output (SIMO) scenario shown
in Fig. 6.51, our results hold with other sources of diversity (e.g. temporal or fre-
quency). In contrast to previous sections, the relay is equipped with L antennas
for SIMO diversity reception. We assume a time-synchronised and coherent sce-
nario with perfect channel state information obtained e.g. by preceding tracking
of pilot signals. We avoid adaptive techniques [21], [6] due to the increase of sys-
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tem complexity or insufficiently reliable channel estimations. We assume practical
per-symbol low-latency relaying which can be additionally concatenated with linear
channel codes according to the exclusive-channel coding separation theorem [22].

Signal Space Model and Used Notation

Terminals A and B use common alphabet A which is assumed to be a canonical lin-
ear scheme with the alphabet cardinality Md = |A| to be a power of two. The base-
band signals in the constellation space sdT

∈ C forming the alphabet A = {sdT
}Md−1

dT =0

are normalised to unit mean symbol energy. Let dT ∈ ZMd
= {0, 1, . . . , (Md − 1)}

be a data symbol transmitted by terminal T ∈ {A, B}. We assume memoryless
constellation mapper M : ZMd

→ A such that sdT
= M(dT ).

6.4.3 WNC Bidirectional Relaying in SIMO 2-WRC

Bidirectional relaying based on WNC consists of a MAC stage when both terminals
transmit simultaneously to the relay with exclusively-coded (network coded-like)
data decoding and a Broadcast (BC) stage when the relay broadcasts previously
decoded exclusively-coded data. Final destinations perform successful detection
exploiting knowledge of its own data, similarly as in the network coding approach.

XOR Exclusive Operation

Exclusively-coded data (denoted dAB) incorporate data from multiple sources via
an invertible exclusive operation χ. Throughout this section, we consider a bit-wise
XOR exclusive operation dAB = χ(dA, dB) = dA ⊕ dB since the other exclusive
operations do not fulfill certain symmetries (the same symbols on main diagonal of
symmetric exclusive matrix [27]) implying existence of critical parameters and RF.

MAC Stage

Received signal at the L-antenna relay is

x = hAsdA
+ hBsdB

+ w, (6.55)

where w is a complex AWGN with variance 2N0 per-complex dimension, and
vector of channel parameters hT = (hT,1, . . . , hT,L), T ∈ {A, B} is formed by
frequency-flat complex Gaussian uncorrelated random variables with unit variance
and Rayleigh/Rician distributed envelope. We use Rician factor K defined as a
power ratio between stationary and scattered components. Maximum likelihood
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decoding of dAB at the relay

d̂AB = arg max
dAB

p(x|dAB), (6.56)

uses likelihood function

p(x|dAB) =
1

Md

∑

dA,dB :dA⊕dB=dAB

pw(x − hAsdA
− hBsdB

), (6.57)

where noise Probability Density Function (PDF) equals to

pw(w) =
1

(2πN0)L
e−||w||2/2N0 . (6.58)

BC Stage

R broadcasts exclusively-coded symbol dAB obtained at the preceding MAC stage.
Thereafter, final destination A obtains desired data symbol dB with knowledge of
dAB and its own data dA as dB = dAB ⊕ dA and vice versa for terminal B.

Performance Bottleneck

We focus on challenging MAC stage only, since it apparently dominates the overall
error performance due to the additional multiple access interference.

6.4.4 Minimal Distance Analysis in SIMO 2-WRC

This section concerns with a performance analysis of WNC based on minimal dis-
tance. The minimal distance analysis is attractive due to the simple mathematical
tractability which enables an intuitive description in a simple geometric model, e.g.
in which we define AF and RF and observe several important properties. However,
the analysis sufficiently describes only performance of uncoded systems with high
Signal-to-Noise Ratio (SNR). Performance of systems using modern near-capacity
operating channel codes (e.g. LDPC, turbo-codes) is influenced by the whole code-
word distance spectrum including its multiplicity where the minimal distance de-
scription is insufficient. For that reason, we analyse Alphabet-Constrained Capacity
(ACC) in Sec. 6.4.5.

Minimal Distance of WNC

Exclusively-coded symbol decoding error probability at the WNC MAC stage is
well approximated by sum of weighted pairwise error probabilities. The pairwise
error probability dominating the performance of uncoded system for high SNR is a
function of minimal distance [41].
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Definition 25. Let minimal distance respecting exclusively-coded symbol decoding
is defined as follows

d2
min = min

dA⊕dB 6=d′
A

⊕d′
B

‖∆u‖2 (6.59)

where ∆u = (∆u1, . . . , ∆uL) is a vector of differences of superimposed constellation
space signals ∆ui = hA,i∆sA + hB,i∆sB, at the ith antenna i ∈ ZL and ∆sT =
sdT

− sd′
T
, denotes signal difference of terminal T ∈ {A, B}.

Throughout this section, we use the term minimal distance to denote minimal dis-
tance (6.59). Besides, we use the term primary minimal distance to denote a stan-
dard minimal distance of terminals’ alphabet A defined as

δ2
min = min

i6=j
|si − sj|2 , si, sj ∈ A. (6.60)

Absolute and Relative Fading

Minimal distance (6.59) is parametrised by channel coefficients hA,hB. We define a
fading w.r.t. symbol decoding when minimal distance drops near-to-zero for some
channel realisations as

∆2
min(hA, hB) < ε (6.61)

where ε is sufficiently small. Following order-of-magnitude approximation in [53],
sufficiently small roughly means ε to be inversely proportional to SNR, ε ∼ 1/SNR.
Notation ⋆ < ε denotes ⋆ being near-to-zero w.r.t. SNR and symbol ∼ means
proportionally in order-of-magnitude approximation.

Definition 26. Absolute-Fading (AF) is a fading (6.61) providing that ‖hA‖ < ε′

or ‖hB‖ < ε′. In other words, whenever absolute value of any channel is near-to-zero
(seriously weak), there will be a high probability of error symbol decision regardless
what data symbols were transmitted.

Definition 27. Relative-Fading (RF) is a non-absolute fading. It is a fading when
‖hA‖ > ε′ and ‖hB‖ > ε′. Non-zero norm channel parameters forcing minimal
distance to zero (and so causing RF) which we denoted as critical. Since minimal
distance (6.59) compares all possible data symbols, RF fulfilling (6.61) represents
error symbol detection only for some critical data symbols pairs. In contrast to AF,
RF phenomenon depends on what data symbols are being transmitted.

Example 6.1. RF is clearly visualised in single antenna case L = 1. The minimal
distance is parametrised by scalar values hA,hB. Since we assume coherent detection,
we may introduce a normalised minimal distance

d
′2
min = d2

min/|hA| = min
dA⊕dB 6=d′

A
⊕d′

B

‖∆sA + h∆sB‖2 (6.62)

where channel ratio h = hB/hA. RF is equivalently described by (6.62) as if d
′2
min(α) <

ε for some h and |hA| > ε′, |hB| > ε′. We denote channel parameter ratio hc =
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Figure 6.52: Normalised minimal distance d
′2
min(h) of QPSK. h = |h|ej∆θ ∈ C

hc,B/hc,A forcing d
′2
min(hc) = 0 as critical. For example, QPSK alphabet and XOR

exclusive mapping possess critical parameters hc ∈ {±j, ±1 ± j, ±1/2 ± j/2} as shows
Fig. 6.52.

Minimal Distance Upper-Bound Excluding Relative-Fading

Lemma 28. Minimal distance (6.59) is upper-bounded as

d2
min ≤ δ2

min min
{
‖hA‖2 , ‖hB‖2

}
(6.63)

where δ2
min stands for primary minimal distance (6.60).

Proof. Bound (6.63) is derived simply by evaluating minimum operation in (6.59)
for cases a) dA = d′

A and b) dB = d′
B. Since we do not evaluate minimum for all

data symbols such that dA ⊕ dB 6= d′
A ⊕ d′

B, we obtain the inequality. Assuming
case a) (resp. b)), (6.59) simplifies to

min
dA⊕dB 6=d′

A
⊕d′

B
,dA=d′

A

‖∆u‖2 = min
dB 6=d′

B

‖hB∆sB‖2 = δ2
min ‖hB‖2 , (6.64)

min
dA⊕dB 6=d′

A
⊕d′

B
,dB=d′

B

‖∆u‖2 = min
dA 6=d′

A

‖hA∆sA‖2 = δ2
min ‖hA‖2 , (6.65)

respectively. Taking (6.64), (6.65) together gives the bound (6.63).

Claim 29. Alphabets reaching bound (6.63) for all possible channel realisations
(previously introduced as UMP alphabets) do not possess any critical channel pa-
rameters because r.h.s. of (6.63) is near-to-zero only if one of the channel norm is
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Figure 6.53: Normalised minimal distance d
′2
min(h) of QPSK. Cut over real axis h ∈

R, ∆θ = 0

near-to-zero. Hence, RF is not present (regardless of transmitted data symbols).
As shown in [27], such an alphabet is e.g. BPSK. In contrast, QPSK has several
catastrophic parameters (see Fig. 6.52) and does not reach the bound. Surprisingly,
it reaches the bound for real channel parameter ratio h ∈ R as shown in Fig. 6.53.
This is a key founding which enables us to independently study impact of absolute-
and relative-fading on representative QPSK performance. AF and RF is present
for general complex channel parameters but only AF is present for real channel
parameters (zero channel phase difference ∆θi = arg hB,i − arg hA,i = 0, i ∈ ZL).

6.4.5 Alphabet Constrained Capacity Analysis

ACC is a mutual information between discrete-valued uniformly-distributed in-
put (given by particular modulation alphabet) and unconstrained-output. It is
an information-theoretical tool representing an achievable rate using particular al-
phabet with ideal capacity-achieving channel codes [22].

Parametric ACC

ACC in WNC SIMO bidirectional relaying is expressed by likelihood functions of
exclusive decoding (6.57) as

C∗ = log2 Md +
1

Md

ˆ

x∈CL

Md∑

dAB=1

p(x|dAB) log2

p(x|dAB)
∑Md

d′
AB

=1 p(x|d′
AB)

dx. (6.66)

which is parametrised by channel parameters hA, hB.
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Ergodic ACC

Providing ergodic observation, ACC averaged over channel parameters hA, hB is
expressed as

C∗ =

ˆ

hA∈CL,hB∈CL

C∗p(hA)p(hB)d hAd hB. (6.67)

where p(h) is PDF of particular channel model. As an illustrative example, let us
consider L = 1 for which ergodic C∗ in polar coordinates is

C∗ =
1

(2π)2

˘

[0,2π]2×[0,∞]2
C∗(ρAejθA , ρBejθB )p(ρA)p(ρB)d θAd θBd ρAd ρB (6.68)

where p(ρ) is a relevant Rayleigh/Rice distribution. We may save one phase-
averaging, supposing |ρAejθA∆sA + ρBejθB ∆sB + w| = |ρA∆sA + ρBej∆θ∆sB + w′|,
where channel phase difference is ∆θ = θB − θA and w′ = e−jθAw is circularly
symmetric AWGN with the same statistic as w and so

C∗ =
1

2π

˚

[0,2π]×[0,∞]2
C∗(ρA, ρBej∆θ)p(ρA)p(ρB)d ∆θd ρAd ρB. (6.69)

Similarly, we compute ergodic ACC for L higher than 1.

6.4.6 Numerical Results

Now, we show uncoded symbol error performance and ergodic ACC of coherent
WNC at the MAC stage. We assume Rayleigh/Rice K = 10 dB flat fully-interleaved
fading channel coefficients to be perfectly known at receivers. The message consists
of sequence of Nd = 256 symbols. The antenna array gain of SIMO is removed from
SNR in order to clearly observe effects of diversity on the performance where SNR
equals to γ = 1/2N0L. We assume diversity order L not higher than 2 for ergodic
ACC analysis and occasionally we restrict on most interesting SNR range [0, 15] dB
due to the substantial numerical demands. For the sake of numerical stability, we
use Gaussian approximation of Rician PDF in ACC evaluation (6.69), described
in [54, p.126].

We consider BPSK and QPSK alphabets and two type of channels: A) real channels
with zero phase channel difference ∆θ = 0 and B) realistic uniformly distributed
∆θ. BPSK reaches bound (6.63) for all channel parameter values and therefore it
performs in the same way for A) ∆θ = 0 as well as for B) random ∆θ as confirm
Symbol Error Rate (SER) curves in Fig. 6.54, 6.55 and ACC plots in Fig. 6.58, 6.59.
In contrast to BPSK, QPSK possesses several critical parameters for B) random ∆θ
and no critical parameter for A) ∆θ = 0 (see Fig. 6.52, 6.53). Tables 6.5, 6.6 present
impact of AF and RF on QPSK performance. We observe in Fig. 6.56 that impact
on uncoded performance of RF w.r.t. to AF in Rayleigh channel is negligible. Rician
factor K increases the impact of RF w.r.t. AF as shows Fig. 6.57. The same trend
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Figure 6.54: SER of BPSK in SIMO Rayleigh channel

Table 6.5: Losses of uncoded QPSK error performance caused by relative- and
absolute-fading (in dB at SER10−4)

diversity order L 1 2 3 5

RF loss in Rayleigh 2 0.6 0.15 0.1

AF loss in Rayleigh 30.5 13 7.5 4

RF loss in Rice K = 10dB 22.7 8.6 3.8 0.7

AF loss in Rice K = 10dB 6 2.2 1.5 0.7

is observed at ACC in Fig. 6.60, 6.61. Impact of RF on performance in uncoded
case is much higher than in coded case with modern channel codes (described by
ACC). Diversity L = 5 (resp. L = 2) suppresses the loss of RF under 1 dB for both
considered channels in uncoded (resp. ACC) case.

6.4.7 Summary

We have analysed impact of relative- and absolute-fading of representative QPSK
alphabet in a diversity SIMO 2-way relay channel with coherent WNC. It has been
found that impact of Relative-Fading (RF) in comparison with Absolute-Fading
(AF) is more significant in strong line-of-sight (Rician) channels and less signif-
icant in Rayleigh channels. Minimal distance analysis as well as uncoded error
performance show that relative fading is significantly suppressed if diversity order
is increased. Losses caused by RF drop under 1 dB or are much lower than AF losses
for moderate diversity order L = 5. Alphabet Constrained Capacity (ACC) analy-
sis, representing system performance with modern near capacity-operating channel
codes, show that losses caused by RF are much lower than in uncoded case (below
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Figure 6.55: SER of BPSK in SIMO Rice channel
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Figure 6.56: SER of QPSK in SIMO Rayleigh

Table 6.6: Losses of C∗ of QPSK caused by relative- and absolute-fading (in dB at
rate 1 [bits/channel use])

diversity order L 1 2

RF loss in Rayleigh 1.75 0.5

AF loss in Rayleigh 3.5 1.5

RF loss in Rice K = 10dB 2 0.75

AF loss in Rice K = 10dB 0.75 0
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Figure 6.57: SER of QPSK in SIMO Rice channel
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Figure 6.59: ACC of BPSK in SIMO Rice channel
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Figure 6.61: ACC of QPSK in SIMO Rice channel

1 dB even for only diversity L = 2). We conclude that demanding RF suppressing
approaches [27, 41, 50, 21, 6] do not provide large gains if combined with diversity
reception techniques and modern state-of-the-art channel codes and RF is suffi-
ciently suppressed by systems with a reasonable level of diversity which is typically
assumed if only AF is present.
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7 Distributed Decoding and C-SI-aided Metric

Processing

This section consists of two main topics. First, we will be interested in an improve-
ment of the Sum Product Algorithm on Factor Graph (FG/SPA). The FG/SPA is
a generic tool for a practical implementation of the iterative decoder applicable also
to ditributed networks. Concretely, we propose a methodical way for a reduced-
complexity message representation based on the Karhunen-Loève Transformation
(KLT) in a general FG/SPA. The main advantages of the proposed representation
are

1. optimization (in the Mean Square Error (MSE) sense) of the complexity-
fidelity trade-off of a general continuously-valued message in a FG/SPA,

2. optimality is achieved regardless of the particular FG/SPA implementation.

The second part is associated with a latency reducing compress and forward strategy
in the distributed networks. The idea consists in such a splitting of the Viterbi
Algorithm (VA) into two parts that the first part (forward VA) produces symbol-
wisely a metric (surviving paths) which is sufficient for the optimal decision in the
second part of the decoder (backward VA). Thus if the forward part of the VA is
situated in the relay, there is no latency accumulated there. The method, as it
is presented, is restricted to a single data stream. Nevertheless, there is shown an
example of the proposed compress and forward strategy situated into a multi-source
scenario, where the single data stream is formed by the hierarchical data stream
in relay. The advantages of the proposed compress and forward strategy can be
summarized as

1. latency-free processing in relays as in the Amplify and Forward (AF) strategy,

2. significant compression possibilities of the metric evaluated in the relay (in
contrast with the infinite dimension of the signal space point in the AF strat-
egy)

7.1 Representation of General Messages in FG/SPA

This section aims with the implementation issue of the sum product algorithm on
factor graphs (FG-SPA).

We first propose a methodical way of a canonical message representation obtaining
for a general continuously valued messages in FG-SPA [55]. This method is based on
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Karhunen Loève Transform (KLT) exploiting the stochastic nature of the messages
in the FG-SPA1. The orthogonal canonical kernels serving for the message repre-
sentation are evaluated. As a consequence of the KLT, the mean square error of
the message approximation caused by dropping a given set of kernels can be easily
controlled. This can be used for such a message representation that the complex-
ity/fidelity trade-off can be easily found for a given fidelity goal. We further propose
an update rule design for a general family of linear canonical message representa-
tions with orthogonal kernels. Since the eigenfunctions resulting from the KLT are
orthogonal, a generic FG-SPA implementation framework can be composed from
the KLT-message representation and the generic update rules design.

7.1.1 Introduction

Background

The sum product algorithm on factor graphs (FG-SPA) provides a popular generic
framework usable in a wide spectrum of problems across many fields such as commu-
nications, signal processing, etc. [56, 57]. The aim of the FG-SPA consists mainly
in an efficient evaluation of the decision and estimation problems in Bayesian net-
works.

The FG-SPA serves for an exact efficient inference evaluation algorithm, whenever
the FG underlaying the problem is cycle-free. If the FG-SPA contains loop, it can
still serve as a high-efficient evaluation algorithm (e.g. LDPC decoding), but the
loops cause that the inference evaluation is no longer guaranteed to be the exact one.
The FG-SPA becomes to be an iterative algorithm and its convergence issue arises.
This convergence issue stands for a principal nature problem and its investigation
is out of scope of this work.

Even if a message passing directed by the update rules [57] leads to a correct (not
necessarily exact) marginal evaluation (inference), an efficient FG-SPA implemen-
tation is often not straightforward even if the update rules are clearly defined. The
difficulty consists mainly in an infinite memory requested to store a general contin-
uously valued messages and also in an evaluation often intractable marginalization
integrals required in the update rules evaluation.

A commonly used way of the FG-SPA implementation is to represent (even approx-
imately) the messages by several discrete parameters which are easy to be stored
within the iteration process and to develop the update rules upon these parame-
ters instead of the update rules upon the original messages. A natural goal of the
FG-SPA implementation is to have

• the simplest possible message representation,

1The stochastic process is formed by messages in different realizations and iterations.
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• a low-complex evaluation of the update rules upon the message representation,

• a minimal inaccuracy caused by the use of the message representation and the
corresponding update rules.

Obtaining a proper message representation and the corresponding update rules is a
crucial point in the FG-SPA implementation, because a wrong choice of the message
representation easily leads to a need for a very complex messages and the update
rules required for a given fidelity goal.

Since the message is represented by a pdf or pmf, it is conventional that messages
are properly scaled such that the marginalization of the message is normed to 1.
This normalization is can be easily done for pdf or pmf. The message representation
has to somehow cope this normalization.

Related Work

We can find several message representation - update rules design frameworks in lit-
erature. Some of them will be discussed in greater detail when the reference models
will be presented. An example of the FG-SPA implementation improvement in case
of LDPC decoding over GF(2) consists in the use of single-valued LLR values in-
stead of the binary pmf as the message representation and the corresponding update
rules can be found in [57]. In this case, the LLR-based FG-SPA implementation
gives equal2 results as the direct FG-SPA implementation with better efficiency.

In the previous case, we had still choice to directly implement the FG-SPA, since all
considered messages were discretely valued. If the messages are continuously valued
(represented by a pdf), a message parametrization is unavoidable. Nevertheless,
there exists a straightforward parameterization for a family of continuously-valued
messages (e.g. Gaussian message fully represented by its mean and variance). The
update rule upon the Gaussian messages remains the Gaussian one, whenever the
update is linear (only superposition and addition factor nodes are allowed). In such
a case, it is sufficient to find a relation between means and variances. An exhaustive
overview of the Gaussian messages use in the Linear models can be found in [58].

The easily parameterizable case is, however, a very specific one. Whenever the
FG contains both the discretely and continuously valued messages, an appearance
of a mixed-type message becomes unavoidable (see Fig. 7.1 for an illustration).
The mixed-type message is a continuously valued message arising from the mixed
marginalization, i.e. marginalization over both discrete and continuously valued
messages. The problem is with the arising number of parameters in the iterative
process requested for the mixed-type message parameterization. An example of this
problem is joint data-detection phase-estimation, where a discrete-nature data are
mixed with a continuous-nature phase shift.

2Excepting numerical inaccuracies.

SAPHYRE D3.2b



162 7 Distributed Decoding and C-SI-aided Metric Processing

µy =???

µx = {σx,mx}

p(x) = 1√
2πσ2

x

exp
(

− (mx−x)2

2σ2
x

)

x f

q

y

p(y) = δ(y − f(x, q))p[q] = {qi}M−1
i=0

µq = {qi}M−1
i=0

Figure 7.1: Illustration of the mixed-density message parameterization problem.

The implementation of the FG-SPA containing the mixed type message appears
several time in the literature. The most straightforward method is sampling of
the continuously valued message. The update rules provided upon the discretely
valued sampled messages stand for a numerical integration with rectangular rule
(e.g. [59, 60]). An another approach consists in the representation of the message
by a Kronecker-delta function posed into maximum of the message. The update
rules are (e.g. gradient methods) are proposed in [59, 60]. These update rules are
built on the non-linear optimization basis. We can also mention particle method,
where the message is represented by (weighted) particles (see e.g. [60] for details).

Several works (e.g. [61, 62, 63]) solve the increasing number of parameters required
for the mixed-type message representation by an approximation of the mixed-type
message by a properly selected well parameterizable function. The largest attention
attracts the Gaussian-form pdf because of its implementation simplicity.

A unified framework to the message representation issue can be found in [64]. The
authors propose that a general message may be represented using a set of kernel
functions and some coefficients related to the kernel (canonical) functions. This
framework does, however, not solve a way of the kernel functions obtaining and also
the update rules design is not solved there.

We can found several works deriving the canonical kernels and related update rules
for a particular system model. As an example, the authors in [65] propose Fourier
and Tikhonov message parameterization and corresponding update rules for the
joint data decoding phase estimation problem. This way of the canonical kernels
obtaining is however derived for the concrete model, no methodical way is proposed.
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Summary of Results - Contribution

The additional value of this work can be summarize as follows:

1. We propose a methodical way of the canonical kernels obtaining for an arbi-
trary FG-SPA implementation, where the KLT is defined upon the process
formed by different message realizations.

2. The KLT-based procedure serves as a connection between the message de-
scription complexity and the fidelity criterion in terms of the mean square
error of the message approximation.

3. We design a generic efficient implementation of the update rules design for
linear canonical message representations with orthogonal kernels.

4. The orthogonality of the canonical kernel functions guaranteed by the KLT
allows to state a generic FG-SPA implementation framework, where the mes-
sages are represented by the KLT-message representation3 and the update
rules are given4 by the proposed generic efficient implementation.

5. We numerically verify the proposed design.

Notation and Definitions

We denote a message from a node F to x by µF →x(x). The notation of this message
can be simplified to µF (x), µx(x) or just to µ(x) if the notation remains unam-
biguous. The superscripts are simplified whenever it is possible without lost of
unambiguity or they are not important for that moment. Other parameters of a
message are shown in subscript e.g. µk(t) as the kth iteration of the message µ(t).
The upper-case letters denote the factor nodes and the lower-case letters denote the
variable nodes.

We assume a set of square integrable real-valued functions defined on an interval I ⊆
R to be a domain of the continuously-valued messages. The domain of the discretely-
valued messages is supposed to be a D-tuple, where D denotes dimensionality of
the message.

7.1.2 FG-SPA Implementation Framework

KLT Message Representation

We assume a FG-SPA without any implementation issues with a given schedul-
ing algorithm. The particular shape of each message depends on (1) the iteration

3Other representations (Gaussian, Discrete, ...) can be also considered within the FG-SPA.
4As in case of the message representation, the update rules can be also performed by an arbitrary
other way.
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number k and (2) a random observation input x. The true message5 describing a
variable T in a given iteration and with given observation is denoted by µx,k(t),
where we assume the message to be a real valued function of argument t ∈ I ⊆ R.
This message can be approximated using a canonical kernel set {ξi(t)}i by

µx,k(t) ≈ µ̂x,k(t) =
∑

i

ci(x, k)ξi(t). (7.1)

The expansion coefficients [. . . , ci(x, k), . . . ] fully describing the message µ̂k,x(t) are
random.

The KLT of the process formed by the messages µx,k(t) for random iteration and
observation input uses the second order statistics - the autocorrelation function
rxx(s, t) to create an orthogonal kernel set with uncorrelated expansion coefficients
and the second order moments are directly related with the residual mean square
error.

The autocorrelation is function given by

rxx(s, t) = Ex,k [(µx,k(s) − Ex,k [µx,k(s)])(µx,k(t) − Ex,k [µx,k(t)])] , (7.2)

where Ex[·] denotes expectation over x and (s, t) ∈ I2. The solution of the eigenequa-
tion given by

ˆ

I

rxx(s, t)ξ(s)ds = λξ(t) (7.3)

produces the eigenfunctions {ξi(t)}i serving for the orthogonal canonical kernel set
and the eigenvalues {λi}i serving for the importance weight of the corresponding
message representation component in terms of the mean square error.

The expansion coefficients can be evaluated using the orthogonal property of the
canonical kernel set by

ci(x, k) =

ˆ

I

µx,k(t)ξi(t)dt. (7.4)

These coefficients serve for the approximated message description by (7.1).

The complexity (dimensionality) of the message representation can be further re-
duced by omitting several components {ciξi(t)}. The components with index i > Dε

are dropped to reduce the representation complexity. We denoted Dε the number of
used components (dimensionality of the message) that refers to mean square error
ε. The resulting mean square error of the approximated message

µ̃x,k =
Dε∑

i=0

ci(x, k)ξi(t) (7.5)

5Note that we assume a continuously valued message within this derivation, concretely the mes-
sage from L2 space. When the message is discretely valued, the proposed results can be achieved
by equal steps respecting properly the discrete domain.
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is indeed given by by the term ε =
∑

i>Dε
λi.

Note that, as a result of the KLT-approximation, the message might become nega-
tive at some points, that is, there may exist such a number t0 ∈ I that µ̃x,k(t0) < 0.
It violates assumptions of the FG-SPA and it must be rectified by a proper trans-
formation.

Evaluation of the KLT Approximated Message in Real Applications

We have clearly described the procedure of the KLT message representation obtain-
ing. Nevertheless the evaluation of the autocorrelation function (7.2) can be very
complex. This can be simplified considering the approximation of the continuously
valued message given by a discrete vector resulting from a sufficient sampling of the
message6. The estimated autocorrelation function is given by

Rxx = Ex,k[µx,kµT
x,k] ≈ 1

KM

K∑

k=1

M∑

x=1

µx,kµT
x,k, (7.6)

where K is the number of iteration, M is the number of realizations and µ =
[. . . , µx,k[i], . . . ]T is a discrete vector referring to the sampled message µx,k(t).

The eigenequation (7.3) of the discrete message is given by

Rxxξ = λξ. (7.7)

The vector ξ refers to the sampled kernel functions ξ(t). The expansion coefficients
are given by

ci(x, k) =
∑

j

µx,k[j]ξi[j]. (7.8)

Finally the sampled version of the approximated message is given by

µx,k ≈ µ̂x,k =
∑

i

ci(x, k)ξi. (7.9)

The truncation of the coefficients can be performed equally as in the continuous
case.

Generic Update Rules of the Canonical Message Representation with
Orthogonal Kernels

A linear message representation (7.1) with orthogonal canonical kernels is assumed
for the following update rules derivations. Note that the proposed KLT message
representation satisfies these assumptions (Sec. 7.1.2).

6The complexity issue of the autocorrelation function evaluation is not complication at all, be-
cause it is sufficient to estimate the autocorrelation function just once prior the processing.
The required number of samples enabling a full message recovery from samples is given by the
sampling theorem.
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Figure 7.2: Visualization of the FN-updated message µF →z.

We will assume only three neighboring nodes for simplicity. It means that for a
factor node F update, we consider just three neighboring variable nodes x, y and z
(see Fig. 7.2) and for a variable node x update, we consider just three neighboring
factor nodes F , G and H (see Fig. 7.3). An extension to a general case of an
arbitrary number of neighbors is straightforward.

Factor Node Update Rules We first investigate the update rules related to
factor nodes. We start with a conventional factor node update rule formula [57]

µF →z(z) =

ˆ

p(z|y, x)µx→F (x)µy→F (y)dxdy

≈
∑

i

∑

j

cx
i cy

j

ˆ

p(z|y, x)ξx
i (x)ξy

j (y)dxdy, (7.10)

where we used (7.1) to express the approximated messages. Our target is to obtain
the expansion coefficients cz

k of the approximated message µ̂F →z(z) =
∑

k cz
kξz

k(z).
We exploit the orthogonality of the kernels to evaluate the expansion coefficient by
means of the inner product as

cz
k = 〈µ̂F →z(z), ξz

k(z)〉 (7.11)

=
∑

i

∑

j

cx
i cy

j wF
i,j,k, (7.12)

where wF
i,j,k =

´

p(z|y, x)ξx
i (x)ξy

j (y)ξz
k(z)dxdzdy is a table for given kernel sets and

a given update. This table may be precomputed just once prior the processing. It
can be seen as a weight parameterized by i, j, k.

Variable Node Update Rules The investigation of the variable node update
rules can be conducted similarly. We again start with the definition of the variable
node update rule according to [57]

µx→H(x) = µF →x(x)µG→x(x)

≈
∑

i

cF
i ξF

i (x)
∑

j

cG
j ξG

j (x). (7.13)
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Figure 7.3: Visualization of the VN-updated message µx→H .

The expansion coefficients are evaluated again by means of the inner product by

cH
k = 〈µ̂x→H(x), ξH

k (x)〉 (7.14)

=
∑

i

∑

j

cF
i cG

j wV
i,j,k, (7.15)

where the table wV
i,j,k =

´

ξF
i (x)ξG

j (x)ξH
k (x)dx is again precomputable prior the

processing.

Update with Mixed Discrete Valued and Linearly Represented Messages
We now consider a case of a mixed updating, when a factor node F is neighboring
both discretely and continuously valued messages. Particularly, the variable y is a
discretely valued and the message µy→F (y) is represented by pmf of y. The variables
x and z are continuously valued.

Our goal is to evaluate the linear canonical representation of the message µF →z(z),
from linear canonical representation µx→F (x) and discretely valued message µy→F (y) =
[. . . , py

j , . . . ].

Since the derivation is still very similar, we shortly write the FN-update as (see Fig.
7.2)

µF →z(z) =

ˆ ∑

j

p(z|yj, x)µx→F (x)µy→F (y)dx (7.16)

≈
ˆ ∑

j

p(z|yj, x)
∑

i

cx
i ξx

i (x)py
j dx (7.17)

and the expansion coefficients cz
k of the approximated message µ̂F →z(z) =

∑
k cz

kξz
k(z)

are evaluated as

cz
k = 〈µ̂F →z(z), ξz

k(z)〉 (7.18)

=
∑

i

∑

j

cx
i py

j wF
i,k, (7.19)

where wF
i,k =

´

ξx
i (x)ξz

k(z)dxdz is a precomputed table for given kernel sets and a
given update.
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Interface with Another Representations We have shown a closed update-
relation for linearly represented continuously valued messages and discrete mes-
sages. Nevertheless, it may be still useful to have two different representations of
a continuously valued message. In such a case, we split this variable node to two
variable ones and insert an interface factor node between them. Assume a variable
node x̄ connected to two parts of a FG-SPA. The first part of the FG-SPA operates
with an arbitrary representation of the continuously valued message (e.g. Gaussian)
and the second one is assumed to have the linear representation with orthogonal
kernels. The variable node x̄ is split to variable nodes x and y, where a factor node
F is inserted between them. It is assumed that the VN x is represented by the lin-
ear representation with orthogonal kernels and the VN y by an arbitrary message
representation.

The node F is described by the conditional pdf given by p(y|x) = δ(y − x) and the
expansion coefficients cx

i of the approximated message µ̂F →x(x) =
∑

i cx
i ξx

i (x) are
evaluated as

cx
i = 〈µ̂F →x(x), ξx

i (x)〉 (7.20)

=

ˆ

µy→F (x)ξx
i (x)dx, (7.21)

where µ̂y→F (x) or µy→F (x) is given by the particular parameterization.

Conversely, the corresponding message representation is evaluated from the ap-
proximated message µ̂x→F (x) =

∑
i cx

i ξx
i (x) by means of the particular message

representation. We can mention e.g. Gaussian message representation, where

[my, σy] =
[
Ex[µ̂x(x)], Ex[(µ̂x(x) − Ex[µ̂x(x)])2]

]
. (7.22)

In this case, we need generally to (typically numerically) integrate within the update
rule and therefore this update rule evaluation is not efficient at all.

Norming the Approximated Message Since the original message µ(t) is sup-
posed to represent a probability density function, we may not care about the message
scaling during the update rules. When the message is approximated, we need to be
able to achieve

´

µ̂(t)dt = 1. It means that we should be able to properly scale the
expansion coefficients ck such that

´ ∑
k ckξk(t)dt = 1 for a given canonical kernel

set. This should be done without need of the integral
´ ∑

k ckξk(t)dt = 1 evaluation
during the FG-SPA run to keep the evaluation efficient.

7.1.3 Instances of the FG-SPA Implementation Frameworks

We show some possible FG-SPA message representations that can be found in lit-
erature in greater detail. These representations serve as reference implementation
frameworks for the numerical verification of the proposed design.
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Sample Representation

The discretization of the continuous message is the most straightforward method
of the practically feasible representation as it is discussed in [59, 60]. An arbitrary
precision might be achieved using this representation by increasing the number of
samples (complexity of the approximated message).

The original true message µ(t), t ∈ I = 〈a, b) in the pdf form is represented by a
vector p = [p1, . . . , pD]T = [µ(a), . . . , µ(a + (D − 1)∆)]]T , where ∆ = (b − a)/D.
And the approximated continuous message is then composed as a piecewise function
from the samples

µ̂(t) =
D−1∑

i=0

pi+1ν(t − i∆), (7.23)

where ∆ = (b − a)/D, ν(t) = 1 for t ∈ 〈0; ∆) and ν(t) = 0 otherwise.

A straightforward evaluation of the update rules makes this representation case very
important, because it is principally usable for every case, where we do not care about
the numerical intensity of the FG-SPA. A direct application of the marginalization
upon the message representation (the discrete vector p taking as pmf) leads to an
approximation of the marginalization upon pdf, where the integration is performed
by the numerical integration with rectangular rule (see e.g. [60]).

Fourier Representation

The well known Fourier decomposition enables to parameterize the message by the
Fourier’s series as

µ̂(t) =
α0

2
√

π
+

1√
π

D∑

i=1

αi cos(it) + βi sin(it), (7.24)

where αi = 1/
√

π
´

µ(t) cos(it)dt and βi = 1/
√

π
´

µ(t) sin(it)dt. Dimensionality is
given by D = 2N + 1. In [66], the authors have derived update rules for the Fourier
coefficients in a special case of the random-walk phase model.

Dirac-Delta Representation

The message is represented by a single number situated in the maximum of the
message. The approximated message is given by

µ̂(t) = δ(t − arg max
ť

µ(t̂)). (7.25)

The update rules upon the Dirac-Delta message approximation can be found e.g. in
[59] for the phase estimation problem. The update rules are based on the gradient
methods
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Gaussian Representation

Gaussian representation and its modifications are widely used message representa-
tions (e.g. [61]). This is given by simplicity of the message representation given just
by mean and variance (m, σ) with the interpretation

µ̂(t) =
1√

2πσ2
exp

(
−|t − m|2

2σ2

)
, (7.26)

where m = E [µ(t)] and σ2 = var[µ(t)].

The update rules for linear only factor nodes can be found in [58]. The Gaussian
representation is moreover often used to approximate such a message representation
that is difficult to be parametrized directly (e.g. [61, 67, 63]).

7.1.4 Applications and Numerical Verification

We exemplify the proposed FG-SPA implementation framework on the well-know
case of the joint phase estimation data detection. Various FG-SPA implementation
frameworks suited for this case can be found in literature (e.g. [66, 59, 61, 67,
63]). We stress that while all mentioned frameworks are designed for this particular
scenario, the proposed implementation framework is more generic.

The verification consists from two parts. First, we obtain the canonical kernel func-
tions of the KLT message representation. This evaluation is based on the stochastic
analysis of the messages in the FG-SPA (Sec. 7.1.2). The impact of this approxi-
mation is investigated and compared with other message representations mentioned
in Sec. 7.1.3. The second part investigates behavior of a whole implementation
framework.

System Model

We consider several system model variants to achieve a more complex view into the
system. This is desired mainly for the stochastic analysis of the messages in the
phase model. We consider several linear modulations models in signal space space
and a non-linear minimal shift keying (MSK) modulation in the phase space model.
We also consider two phase models, the constant phase and the random walk (RW).

Signal Space Models We assume a binary i.i.d. data vector d = [d1, . . . , dn]T of
length N as an input. The coded symbols are given by c = C(d). The modulated
signal vector is given by s = M(c) , where M is a signal space mapper. The
channel is selected to be the AWGN channel with phase shift modeled by the random
walk (RW) phase model. The phase as the function of time index is described by
ϕj+1 = mod(ϕj + wϕ)2π, where wϕ is a zero mean real Gaussian random value (RV)
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Figure 7.4: The system models in signal space.
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Figure 7.5: The MSK modulation in phase space.

with variance σ2
ϕ. Thus the received signal is x = s exp(j ϕ) + w, where w stands

for the vector of complex zero mean Gaussian RV with variance σ2
w = 2N0. The

model is depicted in Fig. 7.4.

MSK in Phase Space We again assume the vector d as an input into the
minimum-shift keying (MSK) modulator. The modulator is supposed to be in the
canonical form, i.e. it is modelled by the continuous phase encoder (CPE) and
nonlinear memoryless modulator (NMM) as shown in [47]. The modulator is imple-
mented in the discrete time with two samples per symbol. The phase of the MSK
signal is given by φj = π/2 (ςi + di(j − 2i)/2) mod4, where φj is the jth sample of
the phase function, ςi is the ith state of the CPE and the sampled modulated signal
is given by sj = exp(j φj). The communication channel is selected to be the AWGN
channel with constant phase shift, i.e. x = s exp(j ϕ) + w, where x stands for the
received vector, ϕ is the constant phase shift of the channel and w is the AWGN
vector. The nonlinear Limiter Phase Discriminator (LPD) captures the phase of
the vector x, i.e. θj = ∠(xj). The whole system is shown in Fig. 7.5.

Factor Graph of the joint Phase Estimator Channel Decoder

The FG-SPA is used as a joint synchronizer-decoder (see Fig. 7.6) for all mentioned
models. Note that the FG for the considered models might be found in the literature
(phase space model in [63] and signal space models in [66, 59]).

Prior the description itself, we found a notation to enable a common description of
the models. We define

• αj = sj, γj = αj exp(jϕj) and ζj = xj, where αj, γj, ζj ∈ C for the signal
space models with the RW phase model,

• αj = ∠(sj), γj = (αj + ϕj)mod2π and ζj = θj, where αj, γj, ζj ∈ R for the
phase space model with the constant phase model.
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Figure 7.6: The decoder for the random walk phase model.
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Figure 7.7: Phase shifts models: Random walk model (left) and the constant phase
shift model (right).

One can see, that ϕj, ϕ ∈ R for both models. The FG is depicted in Fig. 7.6. We
shortly describe the presented factor nodes and message types presented in the FG.

Factor Nodes We denote ρσ2(x−y) = exp(−|x−y|2/(2σ2))/
√

2πσ2 and then we
use pΨ(σ2, ξ−κ) as the phase distribution of the RV given by Ψ = exp(j(ξ−κ))+w,
where w stands for the zero mean complex Gaussian RV with variance σ2

w; x, y ∈ C
and ξ,κ ∈ R. The phase models are shown in Fig. 7.7.

• Factor nodes in the signal space models

Phase Shift (PS):

p(γj|ϕj, αj) = δ(γj − (αj exp(jϕj)))

AWGN (W):

p(ζj|γj) = ρσ2
w
(ζj − γj)

• Factor nodes in the phase space model

Phase Shift (PS):

p(γj|ϕ, αj) = δ(γj − (αj + ϕ)mod2π)

AWGN (W):

p(ζj|γj) = pΨ(σ2
W , ζj − γj)
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• Factor nodes common for both signal and phase space random walk (RW):

p(ϕj+1|ϕj) =
∞∑

l=−∞
ρσ2

ϕ
(ϕj+1 − ϕj + 2πl)

Other factor nodes such as the coder, CPE, and signal space mappers FN are
situated in the discrete part of the model and their description is obvious from
the definition of the related components (see e.g. [57] for an example of such
a description).

Message Types Presented in the FG-SPA The FG-SPA contains both dis-
cretely and continuously valued messages. The channel encoder and the signal
space mapper contains only the discretely valued messages. The messages are rep-
resented by their pmf the update rules can be directly implemented according their
definitions.

The AWGN part contains well parameterizable continuously valued messages and
the phase model contains the mixed-type messages. These mixed type messages are
represented by means of the implementation framework (KLT message representa-
tion in our case).

Concrete Scenarios

We specify several concrete scenarios for the analysis purposes. All of the scenarios
may be seen as a special case of the system model described in the section 7.1.4.
The first four configurations are used for the stochastic analysis of the mixed type
message (Sec. 7.1.4) and the fifth one is used for the implementation of the whole
implementation framework including the KLT message representation and the pro-
posed update rules implementation (Sec.7.1.4).

Uncoded QPSK modulation The Uncoded QPSK modulation scheme assumes
the QPSK modulation, which is situated in the AWGN channel with RW phase
model. The length of the frame is N = 24 data symbols, the length of the preamble
is 4 symbols and the preamble is situated at the beginning of the frame. The
variance of the phase noise equals σ2

ϕ = 0.001. This scenario leads to a cycle-free
FG-SPA and thus only inaccuracies caused by the imperfect implementation are
presented. The information needed to resolve the phase ambiguity is contained in
the preamble and, by a proper selection of the analyzed message, we can maximize
the approximation impact to the key metrics such as BER or MSE of the phase
estimation. We thus select the message µRW−→ϕ3 to be analyzed.
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Coded 8PSK modulation The coded 8PSK modulation contains in addition to
the previous scenario the (7, 5, 7)8 convolutional encoder7. The length of the frame
is N = 12 data symbols, the length of the preamble is 2 symbols. The same message
is selected to be analyzed (µRW−→ϕ3).

MSK modulation The MSK modulation with constant-phase model of the phase
shift assumes the length of the frame is N = 20 data symbols. The analyzed message
is µϕ→P S. These messages are nearly equal for all possible PS factor nodes (e.g.
[60]).

BICM 1 The bit-interleaved coded modulation (BICM) model employs the BICM
consisting of (7, 5)8 convolutional encoder and QPSK signal-space mapper. The
phase is modeled by the RW model with σ2

ϕ = 0.005. The length of the frame is
N = 1500 data symbols and 150 of those are pilot symbols. This model slightly
changes our concept. Instead of the investigation of the single message, we analyze
all µP S→ϕ and µϕ→P S messages jointly. It means that all of the analyzed messages
are approximated in the simulations and the stochastic analysis is performed over
all investigated messages.

BICM 2 We assume again the BICM. The model contains (7, 5)8 convolutional
encoder, QPSK signal-space mapper, RW phase model with σ2

ϕ = 0.004, frame
length N = 120 and preamble of length 15 pilot symbols.

Stochastic Analysis of the Mixed-Density Messages in FG-SPA Run

Once the FG-SPA is described, the stochastic analysis described in Sec.7.1.2 can
be applied. We describe the reference model that aims with the collection of the
mixed-type messages for the stochastic analysis.

The FG-SPA Reference Model The empirical stochastic analysis requires a
sample of the message realizations. Thus we ideally need a perfect implementation
of the FG-SPA for each model. We call this perfect or better said almost perfect
FG-SPA implementation 8 as the reference model. Note that the reference model
might suffer (and our models do) from the numerical complexity and it is therefore
unsuitable for a direct implementation.

7We mean by (7, 5, 7)8 a conventional octal definition of the convolutional encoder.
8Note that even if the implementation of the FG-SPA is perfect, the convergence of the FG-SPA
is still not secured in the looped cases. We call the perfect implementation such a model that
does not suffer from the implementation related issues such as an update rules design and a
messages representation. The flood schedule message passing algorithm is assumed.
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Figure 7.8: Shape of canonical kernel functions for different system configuration in
phase space.
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Figure 7.9: Shape of canonical kernel functions for the MSK modulation.
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Figure 7.10: Eigenvalues descending for the MSK modulation.

We classify the messages appearing in the reference FG-SPA model (Fig. 7.6) and
their update rules.

• Discrete messages are all messages on left from the PS FN (see Fig 7.6). It
means all messages in the encoder and mapper part. These discrete messages
are fully represented by their pmf and the evaluation of the update rules is
performed directly according to [57].

• Unimportant messages (µP S→γj , µγj→W , µW →ζj and µζj→δj ) lead to the open
branch and neither an update nor a representation of them is required, because
these messages cannot affect the estimation of the target parameters (data,
phase).

• Parameterizable continuous messages (µδj→ζj and µζj→W ) are representable by
a number x0 meaning µ(x) = δ(x − x0), µW →γj and µγj→P S are representable
by the pair {m, σ2

w} meaning µ(x) = ρσ2
w
(x − m), µ(x) = pΨ(σ2

W , x − m)
respectively. One can easily find the slightly modified update rules derived
from the standard update rules. Examples of those may be seen in [60].

• The mixed-type messages (µP S→ϕj , µϕj→P S, µRW+→ϕj , µϕj→RW+ , µRW−→ϕj

and µϕj→RW+) are9 discretized and the marginalization is performed using
the numerical integration with the rectangle rule [58, 60] in the update rules.

9We have denoted RW+ the factor node RW, which lies between jth and (j+1)th section according
to the Fig. 7.7. Analogously, RW

−
stands for the FN between (j − 1)th and (j)th section.
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The number of samples is chosen sufficiently large so that the impact of the
approximation can be neglected. The mentioned mixture messages are real
valued one-dimensional functions for all considered models.

Eigensystem Analysis We first provide the analysis of the eigensystem. For the
investigated messages, we collect the sample realizations to obtain the second order
statistics (the empirical autocorrelation function) according to (7.6). The eigenfunc-
tions solving the eigenequation (7.7) result in harmonic functions independently of
the parameters of the simulation as one can see in Fig. 7.8 and 7.9.

The related eigenvalues are shown10 in Fig. 7.10. We can see several artefacts. The
eigenvalues provide an important information about the importance of a particular
message approximation component. The MSE resulting by dropping the component
is given directly by the corresponding eigenvalue as discussed in Sec.7.1.2. The floor
in Fig. 7.10 is caused by the finite floating precision. As one can see, the higher
SNR, the slower is the descent of the eigenvalues with the dimension index. The
curves in the plots point out to the fact that the eigenvalues are descending in pairs
e.g. λ1 − λ2 ≫ λ2 − λ3.

Relation of the MSE of the Approximated Message with the Target Cri-
teria Metrics The KLT message representation provides the best approximation
in the MSE sense for a given dimensionality. This is, unfortunately, not the target
metric to be optimized in almost all cases. This relation is moreover not easy to
analytically obtain. We therefore provide a numerical simulation to inspect the
relation between the approximation error and the target metrics (MSE and BER)
at least in several distinct system model configurations.

Few notes are addressed before going over the results. The MSE of the phase
estimation is computed as an average over all MSE of the phase estimates in the
model. The measurement of the MSE is limited by the granularity of the reference
model. The simulations of the stochastic analysis are numerically intensive. We
are limited by the computing resources. The simulations of the BER might suffer
from this, especially for small error rates. The threshold of the detectable error rate
is about P min

be ≈ 10−6 for the Uncoded QPSK model and P min
be ≈ 2 · 10−5 for the

BICM model.

• The results of the uncoded QPSK modulation are shown in Fig. 7.11. The
capabilities of the proposed KLT message representation are equal with the
capabilities of the Fourier representation. This is not any surprise taking into
account the results of the eigenanalysis (Sec.7.1.4), but it means that the
Fourier representation provides the best linear message representation in the
MSE sense. The expected proportional relationship between the MSE of the

10The results in other model seems very similarly and they are therefore not explicitly shown.
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Figure 7.11: MSE and BER for the cycle-free FG-SPA (uncoded QPSK modulation
with RW phase model).
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approximated message and the target criteria does not strictly hold (com-
pare BER of the five-component and six-component approximated message in
Fig. 7.11). The discretization does not work well for small number of sam-
ples, because the higher SNR (15dB) brinks narrower shapes of the messages.
Consequently the messages suffers by a wider spectral bandwidth and a higher
amount of samples is required to satisfy the sampling theorem.

• The results of the BICM model at SNR=8dB are shown in Fig. 7.12 and
7.13. We can see that the KLT message representation lost a little bit against
the Fourier representation. The KLT approximated message converges a little
bit faster than the Fourier representation up to approx. 45th iteration, where
the KLT approximated message achieves the error floor. We suggest two
possible explanations of the error floor appearance (see Fig. 7.13). First, the
eigenvectors constituting the basis system are not evaluated with a sufficient
precision. Second, the evaluated KLT basis is the best linear approximation
in average through all iterations and this basis is not capable to describe
the messages appearing in the higher iterations sufficiently. The relationship
between the MSE of the approximated message and the target criteria is
not again strictly proportional (compare the 3-component and 4-component
messages in Fig. 7.12). One can suggest that the eigenfunctions need to be
in pair to increase a precision to the results.

Implementation of the Proposed Generic Update Rules

Within the implementation of the update rules, we consider the system model de-
scribed in Sec.7.1.4 with the BICM modulation with RW phase model.

Canonical Kernel Functions Assignment The results of eigenanalysis (Sec.
7.1.4 or Fig. 7.9 and Fig. 7.8) suggest to use the harmonic functions as the canonical
kernel basis system for the mixed-type messages. Using the Fourier representation
offers the best message approximation in the MSE sense for a given dimensional-
ity. We therefore choose the Fourier message representation, where the approxi-
mated message is given by (7.24). We can norm easily the Fourier message rep-

resentations, because
´ 2π

0
ξk(t)dt = 0 for all the kernel functions excepting ξ0(t),

where
´ 2π

0
ξ0(t)dt = 1/

√
2π. The scaling of the approximated message to achieve

´ ∑
k ckξk(t)dt = 1 can be easily done by setting ck = ċk/(

√
2πċ0), where ċk denotes

the coefficient related to the non-normed approximated message.

Update Rules Derivation for the Assigned Canonical Kernel Functions
Having the kernel functions, we can evaluate the table of weights needed for the

SAPHYRE D3.2b



182 7 Distributed Decoding and C-SI-aided Metric Processing

1 2 3 4 5 6 7

1 1 0 0 0 0 0 0

2 0 0.9998 0 0 0 0 0

3 0 0 0.9998 0 0 0 0

4 0 0 0 0.9992 0 0 0

5 0 0 0 0 0.9992 0 0

6 0 0 0 0 0 0.9982 0

7 0 0 0 0 0 0 0.9982

Table 7.1: Evaluated weights wi,j for the RW-FN update for σ2
ϕ = 0.0004.

efficient evaluation of the update rules11. We start with the RW update.

1. RW-FN Update
Recalling results from Sec. 7.1.2, we can write

wi,j =

ˆ ˆ

p(ϕi+1|ϕi)ξi(ϕi)ξj(ϕi+1)dϕidϕi+1. (7.27)

We numerically evaluated the table wi,j for several first kernel functions. The
result can be seen in Tab. 7.1. We obtained a diagonal table. This makes the
evaluation of the expansion coefficients very efficient. The update is given by

cRW→ϕi

j = wjjc
ϕi+1→RW
j (7.28)

c
RW→ϕi+1

j = wjjc
ϕi→RW
j (7.29)

2. PS-FN Update
The PS-FN is a hybrid node, because all adjacent variable nodes differ in
their message representation types. We need two updates, concretely µP S→ϕ

and µP S→s for the decoding purposes. The message µP S→u leads to the open
branch and its update is not required within the decoder.

We start with the discrete message µP S→α, which is represented by a discrete
message

ps[i] =

ˆ ˆ

p(γ|α, ϕ)µϕ(ϕ)µγ(γ)dγdϕ (7.30)

≈
∑

k

ck

´

exp
(
− |γ0−α[i] exp(jϕ)|2

2σ2

)
ξk(ϕ)dϕ

2πσ2
, (7.31)

11We can note that the update rules design for the Fourier representation can be found also in
[66] for this model. In contrast with this work, where the authors propose the implementing
framework suited for a concrete scenario, we use this model just to verify the proposed generic
design.
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Figure 7.14: The bit error rate comparison of the KLT approximated message with
the representation by samples.

where we used the sampling property of the Kronecker-delta function, the
conditional probability describing the PS FN and the KLT message represen-
tation. Similarly, one can derive

ck =
∑

i

pα[i]

´

exp
(
− |γ0−α[i] exp(jϕ)|2

2σ2

)
ξk(ϕ)dϕ

2πσ2
. (7.32)

The integrals (7.31) and (7.32) are now unfortunately a function of γ0 and
therefore a (numerical) evaluation of these integrals is unavoidable within the
processing. Nevertheless it is sufficient to evaluate it just once12, because the
observation does not vary with the FG-SPA evolution.

Numerical Verification of the Whole Proposed FG-SPA Implementation
Framework We adopt the model 7.1.4 and implemented the KLT-message repre-
sentation with the proposed update rules. The sample representation with numerical
integration as the update rules is selected as a reference implementation framework.
The results are shown in Fig. 7.14.

Observing Figs. 7.14 and 7.15, we can identify the "waterfall" behavior of the
proposed model and thus the curves confirm the framework functionality. One can
also see that the proposed implementation framework considerably outperforms the
reference sample-based implementation FG-SPA framework in both MSE and BER
cases for a given dimensionality.

12I.e. obtain the update table as a function of γ0.
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Figure 7.16: The mean square error of the phase estimation using the KLT approx-
imated message and the representation by samples.
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The reference sample-based implementation of the FG-SPA suffers by error floors
for small number of samples. A particular reason can be seen in Fig. 7.16, where
one can see a considerably worse phase estimation capabilities comparing to the
proposed framework. The error-floor in the reference case is reasoned by the fact
that a few samples can hardly represent the narrow-shaped high-SNR Gaussian-like
messages and thus the sample-based implementation of the FG-SPA.

The performance is not only one measure of the FG-SPA implementation frame-
work quality. We should also consider the complexity of the implementation. Hav-
ing an equal dimensionality, we should not forget about the numerical integration
required to evaluate (7.32) in the proposed framework. On the other hand, one
can think about further simplifications (e.g. sampling the constellation space and
pre-computation of the integral values for all possible samples).

In summary, the presented FG-SPA implementation framework is very generic as
well as the sample-based framework. The KLT based framework requires a lot of
evaluations (numerically intensive) prior the processing, while the reference model
does not require any pre-computed calculation. The pre-computation effort is, how-
ever, rewarded by a significant gain in both BER and MSE performance metrics for
a given message dimensionality as discussed above.

7.1.5 Conclusions of the KLT Based Implementation Framework

We have proposed a methodical way for the canonical message representation based
on the KLT. The method itself is not restricted for a particular scenario. It is
sufficient to have a stochastic description of the message or at least a satisfactory
number of message realizations and the KLT upon this process must be defined. The
method, as it is presented, is restricted to real-valued one-dimensional messages in
the FG-SPA.

We further derived a generic update rule design suited for an arbitrary linear canon-
ical message representation with orthogonal canonical kernels. This generic update
rule design is combined with the proposed KLT-message representation providing
inherently the linear canonical message representation with orthogonal canonical
kernels to form a generic framework. This linear canonical message representation
is moreover the best one among all linear approximations in the MSE sense for a
given number of representing parameters. Its fidelity can be well controlled by the
sum of eigenvalues referring to the unused components.

We numerically verified the proposed framework in a concrete application - joint
data detection - phase estimation in a conventional point-to-point AWGN channel
with. We shown by simulations that the methodical way of the canonical kernel
functions obtaining leads to the harmonic functions independently to the tested
phase models, the channel encoders and the signal space mappers.

We investigated the capabilities of the KLT approximated message and compared
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them with the conventional message representations appearing in the literature.
Furthermore, we compared the results of the proposed generic FG-SPA implemen-
tation framework including the proposed update rules design with the conventional
sampling method. The reason of the sampled message selection as the reference
case is that it stands also for a generic framework as well as the proposed design.

7.2 Compress and Forward Based Latency Reducing
Processing

There are in fact two sources of latency in a general communication system from
the PHY-layer point of view:

1. the latency caused by time consumed in an iterative decoding procedure,

2. the latency caused by sequence-wise processing (time of receiving a whole
message).

The decode and forward strategy applied in the multi-hop bi-directional communi-
cation (also known as the chain topology - see Fig. 7.17) processing conventionally
employs a capacity achieving code for transmission between all pairs of adjacent
nodes. Consequently an iterative decoder is presented at each relay. The decoder
of a capacity achieving code, however, works with a whole sequence. Moreover, the
decoder is naturally an iterative one. Both sources of the latency are thus presented
in each relay in the chain.

Our goal is to propose a metric (let us denote it γ) enabling a decomposition of the
sequence-wise processing decoder into two parts DR and DD such that the processing
of the first part DR is latency-free. The first part DR produces symbol-wisely the
metric γ for the second part of the decoder DD. The reduction of the latency is
achieved by a transposition of all sequence-wise processing blocks DD into the final
destination (see Fig. 7.18).

A natural question is the price for such a latency reduction. An important difference
between the proposed scheme shown in Fig. 7.18 and the commonly used scheme
(Fig. 7.17) is a need for a transmission of the metric instead of the data between
nodes. An important property of the metric γ is thus its entropy, because it is
related with the signal to noise ratio required for its reliable transmission. The
entropy could not be obviously smaller then entropy of the data itself without a
performance corruption.

We can mention an extreme case of the metric γ. The well know Amplify and
Forward (AF) strategy is also latency-free (in relays). The latency-free part of the
decoder DR is a simple multiplier. In this case, the metric γ is the input into the
decoder DR multiplied by a constant. If the decoder DR is more sophisticated, we
call this strategy as latency-free Compress an Forward (CF) strategy. A natural
goal is to have a latency-free strategy (as AF) and the performance as close as
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Figure 7.17: Standard approach of multi-hop bidirectional communication based
on capacity achieving codes with iterative sequence-wise decoding in
relays.
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Figure 7.18: Proposed latency-reducing scheme, where only symbol-wise processing
is performed in relays.

possible to the decode and forward strategy).

Proposed Method We propose the metric γ formed by a Surviving Pattern
(SuP) which is given by a set of the surviving paths in the forward part of the Viterbi
algorithm (Add-Compare-Select unit). The proposed metric enables the latency-free
transmission using the structure shown in Fig. 7.18 (within this introduction, we
restrict our attention to the chain with one relay). We demonstrate the proposed CF
strategy on a simple example pointing out interesting compression possibilities of
the SuP. We derive some basic bounds of the compression possibilities then. Finally,
we show the extension of the method applied in a multi-source scenario.
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Figure 7.19: Generic system model.

7.2.1 Requirements for the Use of the Proposed Method

The proposed SuP is fixed for the Viterbi algorithm in our approach. We thus define
a general system model enabling the use of the Viterbi algorithm as a decoding
procedure. The proposed metric will by generally and precisely defined then. The
SuP as the proposed metric introduction is situated into Sec. 7.2.2.

Generic Scenario

We need a scenario, where the Viterbi Algorithm might be employed for the data
decoding. This generic scenario is depicted in Fig. 7.19 and might be precisely
described as follows. We consider only one relay with respect to Fig. 7.18 in the
text below.

As an input, we assume an i.i.d. data vector d = [. . . , di, . . . ]T , where di ∈ Ad =
{d(0), d(1), . . . , d(Md−1)} ∀i. The data vector is encoded by a FSM-coder13 C such as
c = [. . . , ci, . . . ]T = C(d), where ci ∈ Ac = {c(0), c(1), . . . , c(Mc−1)}. The cardinality
of the alphabets is given by Mc = |Ac| and Md = |Ad|. The memory-less block P
represents additional manipulations in source and the channel between the source
and the relay. The block P is stochastically described by the conditional probability
p(x|c) =

∏
i p(xi|ci). The demodulator block M is used to obtain the metric for

the Viterbi algorithm as ∆ρi = M(xi, ci).

The decoder of the code C is located partly in relay14 (DR) and partly in the des-
tination (DD) such that the decoder DR provides symbol-wisely the metric γ for
the decoder DD. The per symbol decodable metric sufficient statistic γ is then
transmitted using a channel R into the destination15.

The inversion of the block R is provided in the destination to obtain back the
estimation of the metric γ̂. The destination-part decoder DD is able to sequentially
decode the coded data vector d̂ with knowledge of γ̂. The described model is
depicted in Fig. 7.19.

13We restrict the coder type because of usability of the proposed SuP.
14The decomposition of the decoder is certainly not a condition, but no gain against the standard

VA in a collocated decoder is achieved (see Fig. 7.18).
15We have included also all additional operation including the source and channel coding in relay

into the channel R.
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Per Symbol Decoding Metric Sufficient Statistic

We clarify our requests on the proposed metric. It is reasonable to request the metric
γ to be able fully represent the data and it should be computable symbol-wisely.

Definition 30. The Per-Symbol Decoding Metric Sufficient Statistics (PSyDMSS)
is a metric16 γ satisfying

p(γi|d) = p(γi|d1, . . . , dj) , j ≤ i (7.33)

I(d, d̂) = I(d, γ), (7.34)

where (7.33) refers to the per-symbol computable decoding metric and (7.34) refers
to the sufficient statistic.

7.2.2 Per-Symbol Decoding Metric Sufficient Statistics Forwarding
Strategy

We construct a maximum likelihood sequence decoder, which is located partly in
the relay and partly in the destination. In fact, we split the Viterbi Algorithm
(VA) into the relay and destination parts such that the forward part is performed
in the relay, where the PSyDMSS given by the SuP is symbol-wisely computed
and transmit in the destination. The backward part of the VA is performed in the
destination. The idea is based on the fact that assuming a known final state, only
the trellis composed from the survival paths is sufficient for the optimal decoding -
no accumulated metric is required in the destination.

We assume a generic system model described in Sec. 7.2.1.

Metrics Evaluations in Relay

The metric is evaluated in the block M referring to Fig. 7.19. When we would
like to obtain the sequence ML-detector, an optimal metric must be employed. An
example of such an optimal metric is the likelihood given by

∆ρk = M(x, c(k)) = p
(
x|c = c(k)

)
. (7.35)

Nevertheless, suboptimal metrics are also available. As an example we can mention
such suboptimal metrics as a minimum Euclidean Distance17 (ED) or Hamming
Distance (HD). We have a choice to corrupt the optimality of the decoder to obtain
a certain degree of freedom, which can be exploited, e.g., for maximization of the
compression possibilities. Moreover, the metric might be selected adaptively with
respect to the state of P .

16For simplicity, we assume an error-less chain, i.e. d = d̂ and consequently γ(d) = γ(d̂) = γ.
17Indeed the minimal Euclidean distance as the demodulator metric is suboptimal in 2-WRC with

HDF strategy.
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Forward Viterbi Algorithm

We describe how to obtain the SuP now. The description refers to the block DR in
Fig. 7.19.

We start with the description of the standard VA decoding in relay. The initial and
final states of the trellis might be without loss of generality selected to be the zero
states. Consequently, several last data symbols d do not contain any information.
They are used to secure the zero final state.

The metric evaluation in the each step is given by

ρ
(j)
i+1 = max

{l,m}∈Ψ
(∆ρk ⊕ ρ

(m)
i ), (7.36)

where Ψ denotes the set of all possible surviving paths, i.e. tuples of data d
(l)
i and

the state σ
(m)
i of the trellis in the ith step (d

(l)
i , σ

(m)
i ), allowing the transition into

the jth state, and the operation ⊕ stands for a generic metric update operation.
The searching of a minimum might be simply switched to the maximum searching.
We can consider without loss of generality the maximization of the metric.

The surviving path is unambiguously given by the tuple (d
(l)
i , σ

(m)
i ). We denote the

set given by all surviving paths in one forward (ith) step by γi.

One can see that the vector γ = [. . . , γi, . . . ]T with elements given by18

γi = {SP
(0)
i , SP

(1)
i , . . . , SP

(Mσ−1)
i }

is a sufficient information for the backward part of the VA19. In the other words
it provides a sufficient statistic (7.34). Moreover γi is computable symbol-wisely in
the relay, i.e. (7.33) is also satisfied. We call the vector γi the surviving pattern and
the satisfaction of (7.34) and (7.33) guarantees the PSyDMSS property.

The cardinality of γ is given by the number of all surviving paths used in one
forward step. If Md paths lead into each state, SuP γ has Mσ elements and with
knowledge, that just one survival path must lead into each state, one computes the
cardinality of the SuP γi, that is |Aγ| = MMd

σ .

Symbol-wise Transmission of the SuP into the Destination

The cardinality of the SuP is finite. Therefore, the SuP might be directly symbol-
wisely transmitted into the destination. Nevertheless, the cardinality of the alpha-
bet significantly grows with the complexity of the code.

18We have denoted the survival path leading into the jth state in (i + 1)th step by SP
(j)
i and Mσ

is the number of trellis states Mσ = |Aσ|.
19With assumption of the knowledge of the final state.
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The cardinality can be reduced in an optimal (loss-less) or a suboptimal (lossy)
way. One example of the suboptimal way consists in a simple reduction of the
SuP-alphabet by dropping infrequent patterns. The optimal approach requires a
source coder in relay. The entropy of the SuP gives the basic limits of the loss-less
source-coded alphabet.

Processing in Destination

It is relatively straightforward how to process the data in the destination. First, a
standard decoding of the received symbol is performed (block R−1 in Fig. 7.19),
then the complete trellis with survival paths (but without metrics) is composed in
DD. The data are then decoded using a knowledge about the final state using the
backward VA.

Example

We exemplify the proposed strategy. We use a generic model described in Sec.
7.19. The coder C is specified to be [ 5 7 ]0 convolutional20 code, where o-subscript
means octal numbers in the brackets. The description of the block P is given by
standard per-bit BSC with error transition probability Pe and the relay-destination
channel R is selected to be the perfect one, hence γ = γ̂.

There are two straightforward choices of the metric. The exact LL and the HD.
We denote the HD of x and ck by H. Then the HD-metric is given by ∆ρk =
M(x, ck) = H.

The first several steps of the forward part of the VA are depicted in Fig. 7.20,
where the HD is selected as the metric. The transition probability is (Pe = 0.01) for
the figured example. We can observe only two different patterns in the Fig. 7.20.
In the other words, it is possible to use a binary alphabet in the BC-phase in this
example21. The SuP referring the binary symbols might be seen in Fig. 7.21.

More formally, we have evaluated empirically the distribution of the surviving pat-
tern. The obtained histogram might be seen in Fig. 7.23 for different values of
the transition probabilities Pe, where the patterns are indexed according to Fig.
7.22. The histogram confirms the effect already observed in Fig. 7.20, that is the
considerable non-uniformity of the SuP distribution even for large Pe. An extreme
case, when Pe = 0 results in the SuP cardinality 2 with the uniform distribution.

20We described the convolutional endoder by conventional octal notation.
21Do not be confused with the first transition in the Fig. 7.20. The SuP is ambiguous, because

all initially accumulated metrics in non-zero state equal infinity.
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Figure 7.20: Survival paths with accumulated Hamming metrics for first 9 steps
with BSC and Pe = 0.01.
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Figure 7.21: Used SuPs in the example 7.2.2.
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Figure 7.23: Measured histogram of the surviving patterns for different values of Pe

in the example. 7.2.2.

7.2.3 Reduction of the SuP Cardinality

In this section, we attack the large cardinality of the alphabet in the BC-phase
resulting from the previous section. As it was discussed in Sec. 7.2.2, there are in
fact two possible approaches. First, the entropy of the SuP might be evaluated to
obtain the possibilities for the redundancy elimination (source coder) and the second
option lies in a partly suboptimal decision in relay, which reduce the cardinality of
the alphabet as well.

Source Coding Limits

We have already said that the entropy is the key measure of the loss-less source
coding. We find thus some limits resulting from the information theory. In the
following Theorem, we bound the entropy rate of the SuP. We denote the entropy
rate by H̄(d) = H(d)/N . Now, we state a theorem describing the entropy bounds
of an arbitrary sufficient statistic.

Theorem 31 (Sufficient statistic bounds). We assume a Markov chain22 d → γ →
d̂ and a capacity achieving chain i.e. I(d, d̂) = H(d). Now, if γ is the sufficient

statistic i.e. I(d, d̂) = I(d, γ), the following holds:

• The entropy rate H̄(γ) is bounded by

H̄(d) ≤ H̄(γ) ≤ log2 Mγ . (7.37)

22We assume an error-less chain, i.e. d = d̂ and consequently γ(d) = γ(d̂) = γ.
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• The minimal entropy rate H̄(d) = H̄(γ) is achieved if and only if the vector
γ is independent,

where H̄(γ) is the entropy rate in bits and Mγ stands for the cardinality of γ.

Proof. The inequality H̄(γ) ≤ log2 Mγ is given directly by the cardinality of γ [68].
It is clear from the assumptions, that

NH̄(d) = H(d) = I(d, d̂)

= I(d, γ), (7.38)

where (7.38) is given by the sufficient statistic assumption. Furthermore

I(d, γ) = H(γ) − H(γ|d) ≤ H(γ), (7.39)

where the non-negativity of the term H(γ|d) is used and finally

H(γ) ≤
∑

i

H(γi) = NH̄(γ). (7.40)

The last inequality is proved in [68].

It is obvious that H̄(d) ≤ H̄(γ) and the equality occurs, when the elements of γ are
independent and H(γ|d) = 0 i.e. there is an unambiguous mapping d → γ.

As a corollary, all PSyDMSS are also bounded by (7.37) if I(d, d̂) = H(d) is
satisfied, because they are sufficient statistics.

As an example, when we provide a full decoding23 in relay i.e. γ = d̂, the sufficient
statistics γ achieves the minimal entropy, but the symbol-wise computability (7.33)
is not satisfied. One verifies that the data are independent.

The entropy of the vector d is given by H(d) = (N − E) log2 Md, when we use the
SuP as the PSyDMSS. The last E non-informational bits secure the zero final state.

The entropy-rate H̄(γ) should be as small as possible for the efficiency of the BC-
phase. The optimal entropy-rate is achieved if H̄(d) = H̄(γ). The independence of
the elements of γ might be a hint for the design of the encoder C and the mapper
M with respect to the optimization of the entropy-rate H̄(γ).

7.2.4 Principle Application in a Multi-Source Scenario

We show a little bit more complex example with the proposed SuP application. The
model described in 7.2.4 is used (see Fig. 7.24).
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2-WRC with HDF Strategy

The 2-WRC with HDF strategy provides an elegant multi-source scenario satisfying
the generic requirements (Sec. 7.2.1). The system model is a special case of the
system model presented in [18]. The standard half-duplex is used and the signal
space model is selected for the 2-WRC. The model is depicted in Fig. 7.24.

Although the model contains two sources, we decode a single stream of the hierar-
chical data. In destination, the final data are decoded using the hierarchical data
and a complementary side information by the exclusive law [18]. We are there-
fore interested only in the single hierarchical stream from the relay point of view.
The single hierarchical data stream might be distributively decoded in relays and
destinations exploiting the proposed metric (see Fig. 7.24).

Metric Evaluation in Relay

We start with the metric evaluation in relay. The metric increment is given by the
likelihood function (7.35) and for minimal alphabet [18] equals

∆ρk =
∑

i,j:Xc(i,j)=k

exp


−

∥∥∥x − (s
(i)
A + hs

(j)
B )
∥∥∥

2

2σ2
wMAC


 , (7.41)

where X is an exclusive mapping [18] [6] and ‖ · ‖2 stands for the L2 norm. We
use the bit-wise XOR exclusive operation tabled in the Tab. 7.2 as the exclusive
mapping X .

We can alter the metric given by (7.41) for LL simply by obtain the logarithm of
the expression (7.41). An another metric is the minimal ED given by

∆ρk = min
i,j:Xc(i,j)=k

∥∥∥x − (s
(i)
A + hs

(j)
B )
∥∥∥

2
. (7.42)

23Data are certainly a sufficient statistic.
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cA\cB 0 1 2 3

0 0 1 2 3

1 1 0 3 2

2 2 3 0 1

3 3 2 1 0

Table 7.2: Used exclusive code in relay (bit-wise XOR).
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Figure 7.25: Entropy of SuP as a function of the SNR for different convolutional
codes.

SuP Entropy Evaluation

To complete the system model, we must specify the symbol space mapper As. We
can consider a mapping [39], which has an independent properties w.r.t. to the
phase of the channel parameter h. We assume |h| = 1. The mapping is in fact a
two-dimensional BPSK modulation i.e. sA, sB ∈ {[−1, −1], [−1, 1], [1, −1], [1, 1]}.

The entropy is evaluated empirically using a histogram of the used SuP for a different
steps. The resulting entropy is shown in Fig. 7.26 for different γB/N0, a random
phase of h and for two metrics - ED and LL. One checks the error rate of the
mentioned metrics for [5 7] convolutional code in Fig. 7.25, which shows that the
sub-optimality of the ED in 2-WRC is insignificant for given model.
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7.3 Symbol-wise Processing of Semi-Iterative Turbo
Principle in Multi-Hop Networks

7.3.1 Introduction

The latency reducing principle based on the decoder decomposition was shown in
Sec. 7.2. The survinving pattern is shown as a metric enabling a latency-free
communication in multi-hop relay networks, whenever the FSM-based encoder is
used in sources and relay. In this section, we propose an intuitive optimization task
for the a latency-reduced decoder decomposition when the conventional turbo coder
is assumed to be employed as the channel encoder.

The initial add-hoc approach is to extend the surviving pattern based latency-free
relay processing also to the turbo codes in a single hop (see Fig. 7.27).

Although the idea beyond this paper is presented mainly on a single source multi-hop
relays channel with one relay (see Fig. 7.27), it is designed mainly for a multi-source
scenario with sharing resources of wireless communication systems (wireless network
coding), where the multi-hop relay channel is used to model a virtual hierarchical
data stream [22].

Summary of the Results

1. We propose a novel concept of the distributed turbo-like latency-reduced itera-
tive decoder design, where the outer SISO block (connected to the observation)
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Source Relay Destination

Figure 7.27: Multi-hop relay channel.

is split into two parts, which are not supposed to be collocated. Consequently
a limited possibility of the iterative process is available, because the relay-part
of the decoder is partly or absolutely excluded from the iterative process in
destination.

2. We propose an initial decomposition based on an add-hoc selected relay-part
SISO - forward VA (due to the latency-free request) and we investigate capa-
bilities of some possibly resulting symbol-wise computable metrics.

7.3.2 Concept of the Decoder Decomposition

Motivation

An obvious goal of the design relay wireless networks is to have a decoding strategy
achieving the capacity ideally without latency. Let us suppose a latency caused by
the receiving of the sequence only in the final destination. The iterative decoder
required for the near-capacity achievement can be situated partly in the destination
and partly in relays24. The iterative process is, however, limited then, because the
part of the decoder situated in the relay can interact with the rest of the decoder
only through a wireless link (see Fig. 7.29).

If we want to avoid the iterative loops through the wireless links, the relay-part
of the decoder (block F−1

2 in Fig. 7.29) cannot interact with the iterative process
in the destination (only a metric γ is once sent through a communication chan-
nel). It is thus reasonable to cast minimization requests to the entropy of γ in
order to minimize the required energy in relay. Another reasonable requests to the
relay-part of the decoder are to prepare the best possible convergence behaviour of
the destination-part decoder. It means that the metric γ should contain as much

extrinsic information I
F−1

2
E as possible. Let us describe the mentioned optimization

task more formally.

Optimization Targets of the Iterative Decoder Decomposition

Our ultimate goal is to "appropriately" split the SISO2 block (C2) in the conventional
turbo decoder (see Fig. 7.29) to two parts (B−1

2 ) and (F−1
2 ) jointly with design of

the metric γ with respect to the following optimization criteria:

24Note that the conventional AF strategy has situated the iterative decoder only in the final
destination.
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Π
C−1

1

γ d̂ρ

Figure 7.28: Turbo decoder decomposition - basic concept. Block SISO2 is appro-
priately split into two parts (F−1

2 ) and (B−1
2 ). There is assumed a

restriction (wireless link) on the links B−1
2 → F−1

2 and F−1
2 → B−1

2

(red and blue emphasis).

C−1
2

Relay Destination

F−1
2 B−1

2
Π−1

Π
C−1

1

γ d̂ρ

Figure 7.29: An extreme case of Fig. 7.28, where the link B−1
2 → F−1

2 is omitted
(this case is assumed within this paper). Note that if there is no re-
striction to the links between F−1

2 and B−1
2 , the decoder stands for a

conventional turbo decoder.

1. latency caused by the evaluation of γ minimization,

2. entropy H(γ) minimization,

3. extrinsic information I
F−1

2
E (carried by γ in Fig. 7.29) maximization,

4. convergence process of the concatenated pair (C−1
1 , B−1

2 ) optimization. It
means a minimization of the area between the transfer functions and achieving
[1,1] point in the EXIT chart [69].

Note that within this paper, we assume an empty link B−1
2 → F−1

2 in order to avoid
the iterative loops leading through the channel as discussed in Sec. 7.3.2 (see Fig.
7.29).

7.3.3 System model

We define a system model to enable an investigation of the optimization tasks de-
clared in Sec. 7.3.2 as separately as possible. Also a reference model is defined to
make possible a clarification of the qualities of the proposed SISO decoder decom-
position.
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Investigated System Model

We assume a simplified multi-hop relay channel shown in Fig. 7.27, where the link
from the relay to destination is assumed to be a perfect one. The whole model is
shown in Fig. 7.30. Concrete parts of the model are described below.

Source The source consists from two serially concatenated convolutional codes
with interleaver and a signal space mapper. More formally, we assume an i.i.d. data
vector d inputing the encoder C1 such as the codewords c1 = C1(d). The codewords
c1 input into an interleaver and the interleaved codewords are encoded by an encoder
C2 such as c2 = C2(Π(c1)) = C(d), where we have denoted the whole encoder by C
and Π denotes the interleaver. Finally the codeword vector c2 is modulated by a
signal space mapper M, i.e., s = M(c2).

Source-Relay Channel We assume a standard AWGN channel. The received
vector is given by x = w + s, where x is the received signal space vector into the
relay and w is a complex zero-mean Gaussian vector with var(w) = Iσ. We have
denoted the unit matrix by I.

As it was said, the relay-destination channel is assumed to be the perfect one, i.e.,
x = sR. This simplification enables us to separately investigate points 3 and 4 in
Sec. 7.3.2.

Relay Processing First, a standard Soft Output Demodulator (SODEM) is ap-
plied ρ = D(xR). Then the relay-part of the SISO block F−1

2 is applied to obtain
the metric γ = F−1(ρ).

Destination Processing The decoder is implemented by the Sum Product Al-
gorithm on Factor Graphs (FG-SPA) [70]. Unusual parts of the FG-SPA B−1

2 will
be described later. We assume the conventional forward-backward scheduling algo-
rithm between blocks B−1

2 and C−1.

Reference System Model

In order to measure the properties of the proposed method, we need a reference
model for a comparison. This reference model is equal with the model described in
Sec. 7.3.3, where we do not cast any restriction to the iterative process, so that it
is a conventional turbo decoder.in the destination. The decoder it a conventional
turbo decoder without any decomposition of SISO2 referred to Fig. 7.29.
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Source Relay Destination

C1 Π C2 M D F−1
2 B−1

2
Π−1

Π
C−1

1

d c1 c2 s
w

x ρ
γ

d̂

C−1
2

Figure 7.30: System model for measurement of the information-loss caused by the
use of the proposed method (Sec. 7.3.3). We study an impact of the
corruption caused by the decomposition of the SISO block C2 to F2

and B2 with enabled iterative processing only between blocks B−1
2 and

C−1
1 .

7.3.4 Initial Solution of the Decomposition Task and its Properties

Due to the complexity of the optimization problem mentioned in Sec. 7.3.2, we set
up an initial decoder decomposition and investigate its properties.

Investigated System Model Population - Concrete Blocks Assignment
for the Decoder Decomposition

Based on the results of [71], we add-hoc decide to assign the forward VA to the
block F−1

2 . We further assume a symbol-wise processing in relay. It means that the
metric γ must be computable symbol-wisely (due to the latency-free request to the
design).

The forward VA offers two kinds of metrics, which are computable in a symbol-wise
manner. First the mentioned discrete valued SP and second the optimization metric
underlaying a decision about the surviving paths and consequently about the SP.
Since the SP is a sufficient information for the backward VA, we set (again add-hoc)
the metric γ to be formed by the SP.

The decomposition of the decoder according to Sec. 7.3.3 can be summarized as
follows in our approach:

1. the symbol-wise processing of the block F−1
2 (assumption),

2. the block F−1
2 given by the forward part of the VA (add-hoc choice),

3. metric γ given by the SP (add-hoc choice).

FG-SPA split SISO Block Design and the Decoder Implementation

We have already prepared and described the whole model excepting the decoder.
Now, we describe the structure of the decoder and its implementation using FG-
SPA. We start with the description of the SP (see Fig. 7.31 for an illustration).
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Figure 7.31: Set of all possible SP for a FSM with two states and two input data
symbols.

γb2 = 0

γb2 = 1

γb1 = 0

γb1 = 1

Figure 7.32: Example of the surviving pattern description.

Although this description is referred to the decoder C−1
2 in our system model (Sec.

7.3.3), we utilize the SP implementation for a general Finite State Machine (FSM).

Surviving Pattern Description We denote the state equation of the described
FSM by σn+1 = Σ(σn, dn), where we denoted the matrix Σ defining the state equa-
tion. One surviving path in the forward VA is described unambiguously by a tuple
(σn, dn). The surviving pattern is given by all used surviving paths in one forward
step of the VA (Sec. 7.2.2) and it is described by several tuples (σn, dn), which can
be interpreted as a concrete set of positions in Σ matrix.

We index the set of all possible tuples (σn, dn) resulting into the state Σ(σn, dn) =
σn+1 = i by γbi. Since one surviving path leads into each state σn+1, the SP can be
described unambiguously by a vector γb = [γb1, . . . , γbn]. For example, if the matrix
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di F

γbm

γb1

σi

σi+1

Figure 7.33: The factor node of the destination-part SISO B−1
2 .

Σ and mapping of γb are given by

Σ =

[
0γb1=0 0γb1=1 1γb2=0 1γb2=1

2γb3=0 2γb3=1 3γb4=0 3γb4=1

]
,

the vector γb = [0 0 1 1] refers unambiguously to the pattern described by the tuples
(σn, dn) - (0, 0), (2, 0), (1, 1) and (3, 1) (see Fig. 7.32).

Update Rules of the Factor Node Working with the Surviving Pattern
Each factor node in FG-SPA is described by a conditional probability function. We
describe the conditional probability mass function (pmf) of the factor node referring
to the SP (see Fig. 7.33) by

p(γb, σn+1|dn, σn) = F (dn, σn, σn+1, γb), (7.43)

where F (dn, σn, σn+1, γb) indicates if both the tuple (σn, dn) refers to the index γbi

and Σ(σn, dn) = σn+1 = i. This update rule can be further improved by knowledge
of the distribution p(γb) resulting from the forward VA.

Surviving Pattern Based SISO Functional Block Based on the conditional
pmf (7.43), we are able to design the FG-SPA operating with the SP. The FG-
SPA serves as the SISO block B−1

2 implementation. The designed B−1
2 SISO block

replaces the standard SISO block C2 used in the conventional turbo decoder and
the iterative detection is thus enabled.

FG-SPA Description of the Decoder The factor graph of the decoder can be
seen in Fig. 7.34. It is in fact a conventional FG-SPA implementation of the turbo
decoder [70], where the SISO block C2 is replaced by B−1

2 described in Sec. 7.3.4.

Performance Analysis

We have implemented the model according to Fig. 7.30. We have used the following
concrete parameters.
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di C

σi+1

Cdi+1

σi+2

F

σ́i+1

σ́i+2

F

γb1

γbm

γb1

γbm

C−1
1 B−1

2Π

Figure 7.34: The Factor graph of the decoder used in the proposed method. The
SISO block C1 refers to the convolutional encoder C1, the SISO block
B2 refers to the destination part of the split decoder C2 (described in
Sec. 7.3.4) and Π is the interleaver.

D D

b2

c3

c4

c2

b1 c1

Figure 7.35: The recursive convolutional code composed from two grouped CA

codes.
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Simulation Setup The data sequence contains N = 256 symbols. The encoder C1

is selected to be 1/2-rate [7 5]o convolutional code, where the o-subscript denotes the
octal notation. The interleaver is constructed as the s-interleaver with polynomial
15x + 16x2, where x ∈ Z256. The encoder C2 is

1. the simplest possible 1/2-rate systematic recursive convolutional encoder with
generator G = [1 ; D/(1 + D)] (the encoder is referred as CA).

2. a "super-encoder" composed from two encoders25 CA. The encoder is shown
in Fig. 7.35 and it is denoted by CB.

The mapper M is the well known BPSK mapping. The soft output demodulator is
based on the minimal Euclidean distance.

Results The error-rate performance of the proposed latency-free method based
on the SP as the metric γ with CA encoder as C2 is shown in Fig. 7.36. The
performance is compared with the performance of the conventional turbo decoder
without any restrictions on the iterative process. One can see that the performance
loss caused by the restrictions on iterations is about 5 dB for the SP metric and the
forward VA as the relay-part decoder.

One can offer an idea that a more complex encoder F2 can improve the performance.
Observing Fig. 7.37, we can state that the error-performance gain caused by the
use of the more complex encoder CB instead of the simple encoder CA is about 1
dB. Nevertheless, this gain is paid by a considerable increased entropy rate as one
can see in Fig. 7.38.

It seems that the use of the add-hoc chosen pure SP as γ metric corrupts the
performance (by 4-5 dB in our models). These initial results point us to some
further improvements how to rectify the metric γ (some possibilities are discussed
later). proposed metric offers a latency-free strategy.

7.3.5 Conclusions and Discussions

We have proposed a novel concept of a reduced latency distributive iterative decod-
ing in a wireless network based on a decomposition of one SISO block, where the
iterative process can generally work through wireless links. We have also formulated
some optimization tasks to the proposed iterative decoding (Sec. 7.3.2) resulting
from intuitive requests mentioned in Sec. 7.3.2.

Within this section, we have studied only the simplest possible (but practical) case,
where we have disabled the iterative loops through the wireless channel (Fig. 7.29).
It should be noted that the analysis suffers from an absence of the fundamental
limits related to Sec. 7.3.2 and thus it is difficult to classify the results.

25Note that we slightly violate the latency-free assumption casted in Sec. 7.3.4, because this
encoder in fact works with two data symbols in relay.
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Figure 7.36: The relation of the BER behaviour to iteration for the proposed
latency-free method based on the SP as the metric γ with recursive
encoder CA compared to the standard turbo decoder.
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Figure 7.37: The relation of the BER behaviour to iteration for the proposed method
based on the SP as the metric γ with recursive encoder CB compared
to the encoder CA. There is approx. 1 dB improvement of the perfor-
mance with the encoder CB against CA.
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Figure 7.38: The entropy rate of the SP referred to the recursive encoders CA and
CB recursive encoder.

We have (add-hoc) provided an initial decoder decomposition and investigated its
performance. The obtained error-rate performance is shown in Figs. 7.36 and
7.37 and related entropy of the metric carried through the channel is shown in
Fig. 7.38. One can see that the proposed latency-free semi-iterative turbo-like
decoder converges (the iterative process in destination evolves), but it suffers from
a performance-degradation, which is caused by the restriction on the information
exchange within the split SISO block. A next interesting points can be found in
Fig. 7.38, where the entropy rate of the SP is relatively small for CA. It suggests
to compose a mixture of the SP and a soft metric in the forward VA as the metric
γ carried through the channel instead off the pure SP.

Finally, observing Fig. 7.37 we have slightly improved the error-rate performance by
grouping of two simple FSM to a more complex one, nevertheless the improvement
of the error-rate performance was at the expanse of the increased SP-entropy (Fig.
7.38).

The initial add-hoc choice of γ suffers from considerable performance loss. Despite
the fundamental limits are not available for the optimization task declared in Sec.
7.3.2, the amplify and forward relaying strategy can well serve as the reference case
in wireless networks, because it inherently does not collect any latency in relays.
Through a considerable effort, we were not able to find such a decoder decomposition
that overcomes the performance of the conventional amplify and forward strategy
so far.
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8 Synchronization in WNC Relaying

The perfect channel estimation as well as the perfect time synchronization is as-
sumed throughout this report. In this chapter, we analyze impact of imperfectness
in those two phenomena.

We first introduce a channel estimation error into the parametric 2-WRC channel
model and analyze its impact on the hierarchical MAC channel capacity. We show
that the channel estimation error can be modeled by changes in parameters of
additive Gaussian noise. Its impact is analyzed for various modulations, channel
states and HXCs. Numerical results provide qualitative objectives for the practical
design of the channel estimator.

The second part of the chapter aims with the imperfectness of the time synchro-
nization. We derive a signal space model reflecting the time synchronization errors
and numerically evaluate the bit error rate for different levels of the time synchro-
nization imperfectness. According to this analysis, the HDF sensitivity with respect
to the imperfect time synchronization is determined.

8.1 Impact of Channel Estimation Errors on WNC

8.1.1 2-WRC Model with Channel Estimation Error

The signal space model of the MAC phase of the 2-WRC is given by

x = hAsA + hBsB + w (8.1)

where w is the circularly symmetric complex Gaussian noise (variance σ2
w per com-

plex dimension) and hA, hB ∈ C are true scalar complex channel coefficients constant
during the observation that are not perfectly known at the relay.

Similarly to Chapter 6 we have one-to-one correspondence between the dataword
di, codeword ci and its signal space representation si. Where subscript i ∈ {A, B}
denotes respective source. This correspondence si = s(ci) = s(c(di)) ∈ CN depends
on concrete encoder and symbol mapper. For details see Chapter 6.

The true channel states hi are unknown at the relay. It has available only an
erroneous estimation ĥi. We assume a simple additive estimation error model thus
the true channel state is given by

hi = ĥi + ∆hi ∈ C i ∈ {A, B} (8.2)
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where ∆hi is a channel state estimation error.

By substituting Eq.(8.2) into Eq.(8.1) we obtain a signal space 2-WRC model that
captures imperfect channel estimation. This model is

x = ĥAsA + ĥBsB + ∆hAsA + ∆hBsB + w. (8.3)

To evaluate the hierarchical MAC capacity we need to evaluate a symbol-wise like-
lihood of individual hierarchical symbols p(x|cA, cB). For this channel model we
have

p′(x|cA, cB, ∆hA, ∆hB, w) = δ(x − ĥAsA − ĥBsB − ∆hAsA − ∆hBsB − w) (8.4)

p′(x|cA, cB, ∆hA, ∆hB) =

ˆ

p(x|cA, cB, ∆hA, ∆hB, w)pw(w)dw=

= pw(x − ĥAsA − ĥBsB − ∆hAsA − ∆hBsB) (8.5)

where pw(·) is the noise PDF.

By the marginalization of Eq.(8.5) over estimation errors ∆hA and ∆hBwe obtain

p′(x|cA, cB) =

=

¨

pw(x−ĥAsA−ĥBsB−∆hAsA−∆hBsB)p∆(∆hAsA, ∆hBsB|cA, cB)d∆hAd∆hB =

=

¨

pw(x−ĥAsA−ĥBsB−∆hAsA−∆hBsB)p∆(∆hAsA|cA)p(∆hBsB|cB)d∆hAd∆hB

(8.6)

where independence of channel estimation errors∆hA and ∆hB is assumed (e.g. due
to the independent estimator for each channel). The PDF of the channel estimation
error is conditioned by the concrete code symbol and is given by

p∆(∆hisi|ci) ∼ CN (0, |si|2σ2
∆). (8.7)

By numerical simulations we show that the true likelihood p′(x|cA, cB) can be re-
placed by a simplified likelihood p(x|cA, cB) that is easier to evaluate and is given
by

p(x|cA, cB) = pr(x − ĥAsA − ĥBsB|cA, cB) (8.8)

where pr(·) is the modified noise PDF given by

pr(·) ∼ CN (0, |sA|2σ2
∆ + |sB|2σ2

∆ + σ2
w). (8.9)

Note that the simplified likelihood p(x|cA, cB) is given by the PDF of the orig-
inal AWGN with modified variance by the effects of the channel estimation er-
ror. Figs.8.1 - 8.6 show correspondence between the true and the simplified like-
lihood. Both likelihoods are numerically evaluated for various SNRs and channel
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Figure 8.1: Simplified likelihood p(x, |cA = 1, cB = 2), SNR =10dB, σ2
∆ = 0.01.
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Figure 8.2: Difference between true and simplified likelihood, SNR =10dB, σ2
∆ =

0.01.

estimation errors in the surroundings of concrete superimposed symbol. Note es-
pecially figures on the right hand side that show the difference ∆p(x|cA, cB) =
p′(x|cA, cB) − p(x|cA, cB). Mind the values on the vertical axes. This numerical
evaluation justifies usage of the simplified likelihood in the rest of the section.

Once having likelihood p(x|cA, cB) we are able to determine the probabilities p(x)
and p(x|cAB) simply by the marginalization of p(x|cA, cB) for given HXC (for the
details see 4.3). Those two probabilities are key to determine the hierarchical MAC
capacity as a mutual information between the observation x and the hierarchical
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Figure 8.3: Simplified likelihood p(x, |cA = 1, cB = 2), SNR =10dB, σ2
∆ = 0.1.
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Figure 8.5: Simplified likelihood p(x, |cA = 1, cB = 2), SNR =20dB, σ2
∆ = 0.01.
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symbol cAB.

8.1.2 Numerical Results

The hierarchical MAC capacity is evaluated for two HXCs - bit-wise XOR (BitXOR)
and modulo sum (ModSum). Those two HXCs are depicted for quaternary constel-
lations in Eq.(6.17) and Eq.(6.18), respectively. For binary constellations those two
HXCs are the same. The hierarchical MAC capacity is evaluated as a function of
SNR, curves for different variances of the channel estimation error σ2

∆ are depicted.

Fig.8.7 shows capacity curves for BPSK modulation for estimation of the channel
states ĥA = ĥB = 1. An impact of increasing estimation error variance is obvious.
Although no exclusive law failure happens for this channel parametrization the
alphabet limited capacity (1 bit/symbol for BPSK) cannot be achieved with large
estimation error even in the high SNR region. On the other hand the variances of
the channel estimation error up to σ2

∆ = 0.01 seem to not affect the channel capacity
at all.

Figs. 8.8 and 8.9 show capacity curves for naturally indexed QPSK modulation for
estimation of the channel states ĥA = ĥB = 1 and ĥA = 1, ĥB = j, respectively. Note
that in the first case ModSum HXC and in the second case both HXCs suffer from
the exclusive law failures in those particular channel parametrization. See Chapter
6 for exhaustive explanation of the exclusive law failures issues in the parametric
channel. Similar behavior as in the case of BPSK modulation is observed. The
channel estimation error variance up to σ2

∆ = 0.01 has negligible impact on the
capacity. With increasing σ2

∆ the differences between BitXOR and ModSum HXCs
diminish - both HXCs provide poor results.

8.1.3 Summary

The impact of the channel estimation error on the hierarchical MAC capacity is
described in this Section. True channel likelihood is evaluated and compared with
easily computable simplified likelihood. The impact of the channel estimation error
variance is numerically evaluated for various channel states, modulations and/or
HXCs. The results provide some insight into the implementation constrains of real
channel state estimators. As a rule of thumb we can state that estimators with the
variance of the error lower than σ2

∆ = 0.01 will not affect the hierarchical MAC
capacity.

8.2 Symbol Timing Synchronization

This section aims with the analysis of the HDF robustness with respect to an imper-
fect time synchronization. We describe how to model the imperfect time synchro-
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Figure 8.7: Hierarchical MAC capacity for BPSK ĥA = ĥB = 1.
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Figure 8.8: Hierarchical MAC capacity for QPSK ĥA = ĥB = 1.
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Figure 8.9: Hierarchical MAC capacity for QPSK ĥA = 1, ĥB = j.

nization and classify three levels of the time synchronization imperfectness. Finally,
we numerically measure the robustness of the HDF strategy against the wrong time
synchronization.

We consider a MAC stage with two sources and one relay. The relay time is taken as
a reference. The sources use a linearly modulated signal with a common modulation
pulse g(t), i.e.

sA(t) =
∑

n

sAng(t − nTS) (8.10)

sB(t) =
∑

n

sBng(t − nTS), (8.11)

where TS stands for the symbol period and sA, sB are signal space points.

The relay receives

x(t) = sA(t − ∆tA) + hsB(t − ∆tB) + w(t) (8.12)

from the relay time point of view. We introduced ∆tA, ∆tB as time inaccuracies
between relay clock and source A, source B clock respectively, w(t) is AWGN and
h is a relative fading coefficient.

We assume that the relay does not know the time shifts ∆tA, ∆tB. We investigate,
what happens if the relay ignores the imperfect time synchronization.

In order to decompose the received signal into the constellation space, we use the
basis system given by {ξ(t)}n = g(t − nTS). Assuming square integrable signals,
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the expansion coefficients of the received signal can be written as

xn = 〈x(t), ξn(t)〉 (8.13)

= 〈sA(t − ∆tA), ξn(t)〉 + 〈hsB(t − ∆tB), ξn(t)〉 + wn (8.14)

=
∑

k

sAk〈ξn(t), ξk(t − ∆tA)〉 + hsBk〈ξn(t), ξk(t − ∆tB)〉 + wn, (8.15)

where 〈x(t), y(t)〉 denotes inner product in L2, i.e. 〈x(t), y(t)〉 =
´∞

−∞ x(t)y∗(t)dt.

The clock difference can vary with time. In the first approach, we assume constant
time shifts ∆tA, ∆tB. The goal of this analysis is to express the relation of the target
metric (hierarchical BER) to the fixed imperfectness of the time synchronization.

8.2.1 Imperfect Time Synchronization Types

Basically, we can recognize three different levels of the imperfect time synchroniza-
tion1:

• The source A is time synchronized with the source B but it is not synchronized
with the relay. In this case ∆tA = ∆tB 6= 0.

• Nothing is synchronized and therefore 0 6= ∆tA 6= ∆tB 6= 0.

• The source A is time synchronized with the relay but not with the source B.
It means that ∆tA = 0 and ∆tB 6= 0.

Note that the last case seems to be the most important one, because there is assumed
an empty link between the sources and therefore the time synchronization between
the sources cannot be done purely by the relay.

The imperfect time synchronization results in a corruption of the Nyquist condition
of the pulses and the inter-symbol interference has to be taken into the account.
Moreover, the interference is collected from both sources.

We assume a truncated modulation pulse (given a correlation length L). Denoting
ζAn−k

= 〈ξn(t), ξk(t − ∆tA)〉 and ζBn−k
= 〈ξn(t), ξk(t − ∆tB)〉, we can rewrite (8.15)

to

xn =
L/2∑

k=−L/2

ζAk
sAn−k

+ ζBk
hsBn−k

+ wn (8.16)

The coefficient vectors ζA and ζB depend on a particular pulse shape and also on
the time shifts ∆tA, ∆tB.

We can further simplify (8.16) in the following cases:

1We assume a symmetric case.
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• If the sources are time synchronized, then

xn =
L/2∑

k=−L/2

(sAn−k
+ hsBn−k

)ζk + wn, (8.17)

where ζA = ζB = ζ.

• If the source A is synchronized with the relay, then

xn = sAn
+

L/2∑

k=−L/2

ζBk
hsBn−k

+ wn (8.18)

8.2.2 Numerical Analysis of the Imperfect Time Synchronization
Impact

We implemented the layered design, where the outer code is 1/2 rate LDPC encoder
for both sources. The hierarchical mapping is assumed to be the bit-wise XOR, i.e.
the minimal mapping. The modulation pulse is selected to be the RRC pulse with
roll of factor α = 0.5 and the correlation length L = 4 (i.e. the pulse achieves non-
zero values on an interval (−2TS, 2TS)). We consider two hierarchical modulation
and channel schemes:

• BPSK modulation in both sources and the channel parameterization h = 1.
The signal received in relay is thus x = sA(t − ∆tA) + sB(t − ∆tB) + w(t).
See Fig 8.11 for the visualization of the source and hierarchical constellations
with perfect time synchronization.

• QPSK modulation in both sources and the channel parameterization h = π/4.
See Fig 8.13 for the source and hierarchical constellations with perfect time
synchronization.

We evaluated the bit error rate simulation as a function of ∆tB/TS and ∆tA/TS for
the above-mentioned models. The result for the BPSK modulation can be seen in
Fig. 8.10, the results for the QPSK are shown in Fig. 8.12.

The case, where it is nothing time synchronized gives equal results as the case, where
only the sources are time synchronized in the investigated examples and therefore
only the second case is shown in Figs. 8.10 and 8.12. As we can see, the HDF
strategy is relatively robust against the hierarchical errors up to ∆t ≈ 0.1TS. It
means that the time synchronization inaccuracies less then approximately 0.1TS can
be ignored without a considerable impact on the hierarchical error rate (error less
than 0.5 dB) for the investigated models. On the other hand, the time synchroniza-
tion errors larger than approximately ∆t ≥ 0.3TS make the HDF strategy unusable
without any further correcting steps. The higher order QPSK seems to be a little
bit more sensitive to the time inaccuracies than the BPSK.
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Figure 8.10: Bit error rate simulation of the hierarchical bits for BPSK modulation.
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Figure 8.11: Source and hierarchical constellation of the BPSK modulation with
h = 1 assuming a perfect time synchronization.
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Figure 8.13: Source and hierarchical constellation for the QPSK modulation in
sources and channel parameterization h =π/4 assuming a perfect time
synchronization..

SAPHYRE D3.2b



220 8 Synchronization in WNC Relaying

8.2.3 Conclusions

We analyzed the robustness of the HDF strategy against the imperfect time synchro-
nization. We described the signal space model respecting the time synchronization
errors and provided the BER simulations. The BER simulations reveal that the time
synchronization error should be less than ∆t ≈ 0.1TS in order to protect the HDF
performance against considerable performance lost for the investigated models.
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9 Concluding Remarks

This report presented the results of Task 3.2. Task 3.2 investigates methods of
channel sharing based on WNC relaying strategies. The main achievements are

• a synthesis of the layered NCM codebook design using HDF strategy for both
perfect and imperfect side-information,

• an identification of the design criteria for the parametric NCM codebook de-
sign,

• a synthesis of parametric one and multidimensional NCM and its performance
evaluation in fading channel,

• a generic procedure for designing the message representation in iterative FG
based HXC receiver processing,

• a design of the distributed latency-reducing HDF relay decoding,

• a design of the HDF relay & receiver processing for a real demonstrator (re-
alized within Deliverable [SAPHYRE 6.1a]) .
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