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1. Summary

In this deliverable, we outline work which was done for Work Package 2 in the final year of the

project. We made progress in understanding the distributions associated with persistence diagrams,

including tight bounds (up to a constant) on the maximal persistence, where the lifetime is measured

as a ratio of death over birth rather than death minus birth. We descibe a central limit theorem

for persistent Betti numbers, which extends results reported last year on central limit theorems for

Betti numbers. This uses a similar approach but differs greatly in the details.

We next describe convergence results on dynamic Erdos-Renyi graphs, that is, graphs which

change over time with edges appearing and disappearing. The results show that the Betti numbers

of such graphs form a Ornstein-Uhlenbeck process.

Finally, we show illustrate a topological approach to spectral clustering which combines topo-

logical information with the heat kernel operator.

This report is based on the following papers and reports:

• G. Thoppe, D. Yogeshwaran, Robert J. Adler, On the evolution of topology in dynamic

Erds-Rnyi graphs, submitted (http://arxiv.org/abs/1503.01983)

• O. Bobrowski, M. Kahle, P. Skraba, Maximally Persistent Cycles in Random Geometric

Complexes, submitted (http://arxiv.org/abs/1509.04347)

• A. Rieser, A Topological Approach to Spectral Clustering, submitted (http://arxiv.org/abs/1506.02633)

• P. Skraba, D. Yogeshwaran, Central Limit Theorems for Barcodes, in preparation

Not directly presented here, but also of note is the paper “Random knots using Chebyshev billiard

table diagrams” by M. Cohen and S.R. Krishnan (Topology and its Applications 194 (2015) 4–21),

which represents a new combination of probability and topology - using probabilistic techniques for

know theory. While not immediately applicable to complex systems, the importance of knot theory

for biology has been well established, with potential applications and connections to TDA to come.
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2. Maximal Persistence

The study of topological properties of random graphs has a long history, dating back to classical

results on the connectivity, cycles, and largest components in Erdős–Renyi graphs [48, 49]. Gener-

alizations have been developed in several directions. One direction is to consider different models of

random graphs (see, e.g. [34, 62]). Another direction is to consider higher-dimensional topological

properties, resulting in the study of random simplicial complexes rather than random graphs, where

in addition to vertices and edges the structure consists also of triangles, tetrahedra and higher di-

mensional simplexes (see, e.g. [25, 55, 57, 59]). The study of random simplicial complexes focuses

mainly on their homology, which is a natural generalization of the notions of connected components

and cycles in graphs.

In random geometric simplicial complexes, the vertices are generated by a random point process

(e.g. Poisson) in a metric space, and then geometric conditions are applied to determine which of

the simplexes should be included in the complex. The two most studied models are the random Čech

and Vietoris-Rips complexes. Several recent papers have studied various aspects of the topology of

these complexes (see [28, 31, 33, 56, 58, 64, 65] and the survey [30]). These papers contain theorems

which characterize the phase transitions where homology appears and disappears, estimates for the

Betti numbers (the number of k-dimensional cycles), limiting distributions, etc. While this line of

research presents a deep and interesting theory, it is also motivated by data analysis applications.

Topological data analysis (TDA) focuses on extracting topological features from sampled data,

and uses them as an input for various data analytic and statistical algorithms. The main idea behind

it is that topological properties could help us understand the structure underlying the data, and

provide us with a set of features that are robust to various types of deformations (cf. [37, 38, 52]).

Geometric complexes play a key role in computing topological features from a finite set of data

points. The construction of these complexes usually depends on one or more parameters (e.g.

radius of balls drawn around the sample points), and the ability to properly extract topological

features depends on choosing this parameter correctly. One of the most powerful tools in TDA is

a multi-scale version of homology, called persistent homology, which was developed mainly to solve

this problem of sensitive parameter tuning. The underlying philosophy in TDA is that topological

features that survive (or persist) through a long range of parameter values are significant and related

to real topological structures in the data (or the “topological signal”), whereas ones with a shorter

lifespan are artifacts of the finite sampling, and correspond to noise (see [50]). This approach

motivates the following question: How long does a “long range” of parameters (or a long bar in the

barcode) have to be in order to be considered significant? Phrased differently - how long should

we expect this range to be, if the sample points were entirely random, without any underlying

structure or features? This is the main question we try to answer in this paper.

To be more specific, this work studies the case where the data points are generated by a ho-

mogeneous Poisson process in the unit d-dimensional cube [0, 1]d with intensity n, denoted by Pn.
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We consider the persistent homology of both the Čech complex C(Pn, r) and the Rips complex

R(Pn, r), where the scale parameter r is the radius of the balls used to create these complexes (see

Section 2.1). We denote by Πk(n) the maximal persistence of a cycle in the degree k persistent

homology of either the Čech or the Rips complex. Note that Πk(n) is a property of the persistent

homology, where we consider all possible radii, and therefore it does not depend r. Our main result

shows that, with high probability,

Πk(n) ∼
(

log n

log log n

)1/k

,

in the sense that Πk(n) can be bounded from above and below by a matching term up to a con-

stant factor. In addition to proving the theoretical result, in Section 2.3 we also present extensive

numerical experiments confirming the computed bounds and empirically computing the implied

constants. These results also suggest a conjectural law of large numbers.

Earlier work: We first present a brief overview of the state of the art on the topology of random

geometric complexes. Most of the results so far are related to homology rather than persistent

homology (i.e. fixing the parameter value). The study in [33, 56] focuses mainly on the phase

transitions for appearance and vanishing of homology, which can be viewed as higher dimensional

generalizations of the phase transition for connectivity in random graphs. In [28, 31, 58, 65] more

emphasis was given to the distribution of the Betti numbers, namely the number of cycles that

appear. Similar questions for more general point processes have also been considered in [64]. In

[24, 61] simplicial complexes generated by distributions with an unbounded support were studied

from an extreme value theory perspective. The recent survey [30] overviews recent progress in this

area.

The probabilistic study of random persistent homology, on the other hand, is at its very initial

stages. The first study of persistent homology in a random setting was for n points chosen uniformly

i.i.d. on a circle by Bubenik and Kim [36]. In this setting, they used the theory of order statistics

to describe the limiting distribution of the persistence diagram. Another direction of study is

the persistence diagrams of random functions. In [29], the authors study the “persistent Euler

characteristic” of Gaussian random fields.

Another line of research (see e.g. [32, 39, 40, 41, 42, 43, 50]) focuses on statistical inference using

persistent homology, and include results about confidence intervals, consistency and robustness for

topological estimation, subsampling and bootstrapping methods, and more.

Finally, we point out the earlier work in geometric probability [26], measuring the largest convex

hole for a set of random points in a convex planar region R. A convex hole is generated when there

is a subset of points for which the convex hull is empty (i.e. contains no other points from the set).

The size of a convex hole is then measured combinatorially, as the number of vertices generating the

hole. In [26] it is shown that the largest hole has Θ (log n/log log n) vertices, regardless of the shape

5
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of the ambient convex region R. In this paper we are also measuring the size of the largest hole,

but in a very different sense. We are using the algebraic-topology notion of holes (i.e. homology),

and measure their geometric size (rather than count vertices). It is interesting to point out that

even though the objects we are measuring in this paper are quite different, the growth rate of their

size is the same, up to a constant factor (in the case where d = 2 and k = 1), but we do not know

of any other direct connection.

As far as we know, this article presents the first probabilistic analysis of persistent homology for

random geometric complexes.

2.1. Background. In this section we provide a brief introduction to the topological and proba-

bilistic notions.

2.1.1. Homology. We present background which is probably known to the reader, but we include

them to make our definitions precise. Let X be a topological space, and F a field. The homology of

X with coefficients in F is a set of vector spaces {Hk(X)}∞k=0, which are topological invariants of X

(i.e. they are invariant under homeomorphisms). We note that the standard notation is Hk(X,F)

where F denotes the coefficient ring, but we suppress the field and let Hk(X) denote homology with

F coefficients throughout this article.

The dimension of the zeroth homology H0(X) is equal to the number of connected components

of X. For k ≥ 1, the basis elements of the k-th homology Hk(X) correspond to k-dimensional

“holes” or (nontrivial-) “cycles” in X. An intuitive way to think about a k-dimensional cycle is as

the result of taking the boundary of a (k + 1)-dimensional body. For example, if X a circle then

H0(X) ∼= F, and H1(X) ∼= F. If X is a 2-dimensional sphere then H0(X) ∼= F and H2(X) ∼= F,

while H1(X) ∼= {0} (since every loop on the sphere can be shrunk to a point). In general if X is a

n-dimensional sphere, then

Hk(X) ∼=

F k = 0, n

0 otherwise.

2.1.2. The Čech and Vietoris-Rips complexes. As mentioned earlier, the Čech and the Rips com-

plexes are often used to extract topological information from data. These complexes are abstract

simplicial complexes [54] and in our case will be generated by a set of points in Rd. These complexes

are tied together with the union of balls we define as

(2.1) U(P, r) =
⋃
p∈P

Br(p),

where P ⊂ Rd, and Br(p) is a d-dimensional ball of radius r around p. Note that the set P does not

have to be discrete, in which case we can think of U(P, r) as a “tube” around P. The definitions

of the complexes are as follows.

6



TOPOSYS Deliverable 2.3

Definition 2.1 (Čech complex). Let P = {x1, x2, . . . , xn} be a collection of points in Rd, and let

r > 0. The Čech complex C(P, r) is constructed as follows:

(1) The 0-simplices (vertices) are the points in P.

(2) A k-simplex [xi0 , . . . , xik ] is in C(P, r) if
⋂k
j=0Br(xij ) 6= ∅.

Definition 2.2 (Vietoris–Rips complex). Let P = {x1, x2, . . . , xn} be a collection of points in Rd,
and let r > 0. The Vietoris–Rips complex R(P, r) is constructed as follows:

(1) The 0-simplices (vertices) are the points in P.

(2) A k-simplex [xi0 , . . . , xik ] is in R(P, r) if Br(xij ) ∩Br(xil) 6= ∅ for all 0 ≤ j, l ≤ k.

The difference between the Čech and the Rips complexes, is that for the Čech complex we

require all k + 1 balls to intersect in order to include a face, whereas for the Rips complex we

only require pairwise intersections between the balls. Figure 1 shows an example for the Čech and

Rips complexes constructed from the same set of points and the same radius r, and highlights this

difference.

Part of the importance of the Čech complex stems from the following statement known as the

“Nerve Lemma” (see [35]). We note that the original lemma is more general then stated here, but

we will only be using it in the following special case,

Lemma 2.3. Let P ⊂ Rd be a finite set of points. Then C(P, r) is homotopy equivalent to U(P, r),
and in particular

H∗(C(P, r)) ∼= H∗(U(P, r)).

The Rips complex is commonly used in applications, as in some practical cases it requires less

computational resources. In an arbitrary metric space, using the triangle inequality we have the

following inclusions of complexes,

(2.2) C(P, r) ⊂ R(P, r) ⊂ C(P, 2r).

For subsets of Euclidean space, the constant 2 can be improved (see [45]).

2.1.3. Persistent homology. Let P ⊂ Rd, and consider the following indexed sets -

U := {U(P, r)}∞r=0 , C := {C(P, r)}∞r=0 , R := {R(P, r)}∞r=0 .

These three sets are examples of ‘filtrations’ - nested sequences of sets, in the sense that Fr1 ⊂ Fr2
if r1 < r2 (where F is either U , C, or R).

As the parameter r increases, the homology of the spaces Fr may change. The persistent homol-

ogy of F , denoted by PH∗(F), keeps track of this process. Briefly, PHk(F) contains information

about the k-th homology of the individual spaces Fr as well as the mappings between the homology

of Fr1 and Fr2 for every r1 < r2 (induced by the inclusion map). The birth time of an element

(a cycle) in PH∗(F) can be thought of as the value of r where this element appears for the first
7



TOPOSYS Deliverable 2.3

Figure 1. On the left - the Čech complex C(P, r), on the right - the Rips complex
R(P, r) with the same set of vertices and the same radius. We see that the three
left-most balls do not have a common intersection and therefore do not generate a 2-
dimensional face in the Čech complex. However, since all the pairwise intersections
occur, the Rips complex does include the corresponding face.

time. The death time is the value of r where an element vanishes, or merges with another existing

element.

Figure 2. (a) Fr = Ur is a union of balls of radius r around P - a random set
of n = 50 points, uniformly distributed on an annulus in R2. We present five
snapshots of this filtration. (b) The persistent homology of the filtration F . The
x-axis is the radius r, and the bars represent the cycles that born and die. For
H0 we observe that at radius zero the number of components is exactly n and as
the radius increases components merge (or die). The 1-cycles show up later in this
process. There are two bars that are significantly longer than the others (one in
H0 and one in H1). These correspond to the true features of the annulus.

8



TOPOSYS Deliverable 2.3

2.1.4. The Poisson process. The set of points we use to construct either a Čech or a Rips complex

will be generated by a Poisson process Pn, which can be defined as follows. Let X1, X2, . . . be an

infinite sequence of i.i.d. (independent and identically distributed) random variables in Rd. We will

focus on the case where Xi is uniformly distributed on the unit cube Qd = [0, 1]d. We note, however,

that our results hold (with minor adjustments) for any distribution with a compact support and a

bounded density. Next, fix n > 0, take N ∼ Poisson(n), independent of the Xi-s, and define

(2.3) Pn = {X1, X2, . . . , XN} .

Two main properties of the Poisson process Pn are:

(1) For every Borel-measurable set A ⊂ Rd we have that

|Pn ∩A| ∼ Poisson(nVol(A ∩Qd)).

(2) If A,B ⊂ Rd are disjoint sets then |Pn ∩A| and |Pn ∩B| are independent random variables

(this property is known as ‘spatial independence’).

The Poisson process Pn is closely related to the fixed-size set {X1, . . . , Xn}. Note that the expected

number of points in Pn is E {N} = n. In fact, most results known for one of these processes apply

to the other with very minor, or no, changes. This is true for the results presented in this paper as

well. However we choose to focus only on Pn, mainly due to its spatial independence property.

In the following we study asymptotic phenomena, when n→∞. In this context, if En is an event

that depends on n, we say that En occurs with high probability (w.h.p.) if limn→∞ P (En) = 1.

2.2. Maximally persistent cycles. Let Pn be the Poisson process defined above, and define

U(n, r) := U(Pn, r), C(n, r) := C(Pn, r), R(n, r) := R(Pn, r).

Let PHk(n) be the k-th persistent homology of either of the filtrations for U , C, or R (it will be

clear from the context which filtration we are looking at). Note that from the Nerve Lemma (2.3)

we have that U(n, r) ' C(n, r), so we will state the results only for C and R. However, some of the

statements we make are easier to prove for the balls in U rather than the simplexes in C, and we

shall do so.

For every cycle γ ∈ PHk(n) we denote by γbirth, γdeath the birth and death times (radii) of γ,

respectively. Commonly (see [37, 52]), the persistence of a cycle is measured by the length of the

corresponding bar in the barcode, namely by the difference γdeath − γbirth. In this paper, however,

we choose to define the persistence of γ in a multiplicative way as

(2.4) π(γ) :=
γdeath
γbirth

.

There are several reasons for defining the persistence of a cycle this way.
9
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• The analysis of the homology of random geometric complexes [56] suggests that there are

many cycles for which γbirth = o(γdeath). In this case, it is hard to differentiate between

cycles by looking at γdeath − γbirth ≈ γdeath.

• This definition is scale invariant and persistence should be a dimensionless parameter, since

topology is about shape rather than size. We believe that scale should not play an important

role in measuring the significance of cycles.

• Both the Čech and Vietoris–Rips constructions are important in the subject. The natural

relationship between these complexes is a multiplicative one. Because of this relationship,

our results hold for both random Čech and Rips complexes, up to a constant factor.

Our main interest is in the maximal persistence over all k-cycles, defined as

(2.5) Πk(n) := max
γ∈PHk(n)

π(γ).

More specifically, we are interested in the asymptotic behavior of Πk(n) as n→∞. The main result

in this paper is that Πk(n) scales like the function ∆k(n), defined by

(2.6) ∆k(n) :=

(
log n

log log n

)1/k

.

In particular we have the following theorem.

Theorem 2.4. Let Pn be a Poisson process on the unit cube [0, 1]d defined in (2.3), and let PHk(n)

be the k-th persistent homology of either C, or R. Then there exist positive constants Ak, Bk such

that

lim
n→∞

P
(
Ak ≤

Πk(n)

∆k(n)
≤ Bk

)
= 1.

Remarks: The constants Ak and Bk depend on k (the homology degree), d (the ambient

dimension), and on whether we consider the Čech or the Rips complex. We conjecture that a law of

large numbers holds, namely that Πk(n)/∆k(n)→ Ck for some Ak ≤ Ck ≤ Bk. For some evidence

for this conjecture, see the experimental results in Section 2.3. In the following sections we will

prove Theorem 2.4.

2.3. Numerical Experiments. In this section, we present numerical simulations demonstrating

the behavior of Πk(n) for the Čech complex in dimensions d = 2, 3 and 4. The experiments were

run by generating a Poisson process with rate n in the unit cube of the appropriate dimension.

To generate randomness we used the standard implementation of the Mersenne Twister [23]. The

persistence diagram computation was done using the PHAT library [27].

For each sample, the Čech complex is built until the point of coverage (or very near coverage),

since past coverage the complex is contractible and there are no changes in homology. In dimension

2 and 3 , instead of the Čech filrtration, we use the α-shape filtration [46] which is based on the

Delaunay triangulation. To compute the triangulations, we used the CGAL library [63]. The key
10
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Figure 3. Plots of maximum persistence for the Čech filtration, against the proper
scaling term ∆k(n). We tested different dimensions for the homology and for the
ambient space. (A) H1 in R2, (B) H1 in R3, (C) H2 in R3(D) H2 in R4. Each
point is the result of a different trial, and the red line represents the best linear fit.
For (A), (B), and (C) the range of points is n = 102 to 106. For (D), the range
is roughly n = 102 to 104. The reduced range is a consequence of computational
considerations - the number of simplices grows quickly as the dimension increases.

benefit of this construction is that the simplicial complex is of a smaller size, e.g. in 2 dimensions

the size of the Delaunay triangulation is at most quadratic in the number of points. The persistence

diagram are the same since for any parameter r, the α-complex and Čech complex are homotopy

equivalent (see [47]), giving rise to isomorphic homology groups.

The results are shown in Figure 3. The number of points was varied from 100 to 1,000,000 (in

higher dimensions, this was reduced due to computational complexity). We tested the behavior

of Πk(n) for a few values of k, and d (the ambient dimension). For d = 2, the only interesting
11
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case is k = 1, namely H1 (A). The resulting plot shows the maximal persistence Π1(n) against

∆1(n) = log n/log log n. For each value of n, we repeated the experiment several times. Here, we

also plot the best linear fit with the constant 0.88. We also show the results for H1 when d = 3

(B), H2 when d = 3 (C), and H2 when d = 4 (D). We note that we performed a the same tests for

the Rips filtration and the results were the same (but with different slopes).

There are two particularities in these plots - the first is that the spread is large for any one

value of n. While it follows the straight line well it does not seem to converge to a single value.

However, the resulting distributions do seem to converge, albeit slowly, as can be seen in Figure 4

. The histograms (A), (B), and (C) present the resulting ratio for 400, 2000, and 2,000,000 points,

respectively. While there is a deviation, the distribution does become more concentrated around

its peak.
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Figure 4. Histograms of empirical Π1(n) in 2D normalized by logn
log logn for (A)

400 points (B) 2000 points (C) 2× 106 points.

The second issue is is that at smaller n, the maximum value drops off faster than linearly. This

can be seen particularly in of Figure 3 (B). This phenomenon could be explained by saying that n

is simply not large enough for the limiting behavior to apply. Nevertheless, we tried to investigate

this issue further, by considering the Čech complex on the flat torus (T2) by identifying the edges

of the unit square. This part was computed using the periodic triangulations provided in CGAL

[63]. We generated points in the unit square and then computed the maximal persistence using

the Euclidean metric (e.g. the standard case) and using the metric on the flat torus. This was

repeated 100 times for each value of n. We computed the mean and standard deviation for each

value and show the results in Figure 5. The red line shows the mean for the unit square. The red

shaded region showing the interval of the mean +/- the standard deviation. The blue line (and the

blue region) are the mean (and standard deviation) for the maximal persistence on the flat torus.

The purple region is region where the blue and red regions overlap. As can be seen, for most n

the maximal persistence is identical, indicated that the longest lived cycles did not occur near the

boundary. The difference is only visible for small values of n (where there are only a few points).
12
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Figure 5. The effect of boundaries is larger for a small number of points. The plot
shows the mean maximum persistence for H1 as a function of log n/log log n with
the shaded region showing interval corresponding to +/− the standard deviation.
The red line (and the red shaded region) shows the maximum persistence in the
unit square, while the blue line shows the maximum persistence for the same point
set in the flat torus. The purple region shows that for most values of n, the value
of maximal persistence is the same in both cases. This is illustrated by an equal
mean as well as the overlapping shaded regions (shown as purple). In (A), we see
the plot up to several thousand points, while in (B) we show a close-up for small
values of n, where the results differ.

At low values of n, the results on the torus demonstrate a more linear behavior. This provides

strong evidence that the non-linearity is due to boundary effects.

For the case of the flat torus, there are two essential one dimensional homology classes (cycles

with infinite persistence) corresponding to the generators of the torus. For the above results, we

ignore the essential classes.

2.4. Conclusion. We note that while we focused on the Poisson process on the cube for simplicity,

similar results can be proved with minor adjustments for non-homogeneous Poisson processes as well,

and for many compact spaces other than the cube (for example, compact Riemannian manifolds).

The scale of the maximum persistence should be the same (∆k(n)), but the exact constants will be

different. An important observation in this case is that Πk(n) should be defined as the maximum

persistence among all the “small” cycles, i.e. ignoring the cycles that belong to the homology of

the underlying space. Recall, that these small cycles are considered the noise in various TDA

applications. Thus, revealing their distribution would be an important first step in performing

noise filtering or reduction. At this point we would like to offer the following insight related to the

“signal to noise ratio” (SNR), in this kind of topological inference problems.
13
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Suppose that the samples are generated from a distribution on a compact manifold M, and our

interest is in recovering its homology Hk(M). The cycles that belong to the homology of M will

show up in the Čech complex at some radius, and we can denote by ΠMk (n) the minimal persistence

of these cycles (in the Čech filtration). One question we might ask is - how do the signal and the

noise compare? in other words - what can we say about ΠMk (n)/Πk(n)?

The analysis we have so far already offers a preliminary answer to this question. For every cycle

γ that belongs to the homology of M we know two things: (a) γdeath is approximately constant

(depending on the geometry ofM), and (b) γbirth ≤ C
(

logn
n

)1/d

(since there are no more changes

in homology past coverage, see [31]). Therefore, we can conclude that

ΠMk (n) ≥ C ′
(

n

log n

)1/d

.

Combining this bound with our bound for Πk(n) we have for example, that for any ε > 0,

ΠMk (n)

Πk(n)
≥ n1/d−ε.

To get a better estimate for this ratio, we will need to refine our results for Πk(n), as well as to

make more precise statements about the birth times of cycles that belong to M (instead of using

a crude upper bound).

14
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3. Central Limit Theorems for Barcodes

In Deliverable 2.2, we recounted the result of Adler and Yogesherwan on the central limit theorem

for Betti numbers in the thermodynamic regime. In the following, we extend the results using similar

techniques for barcodes - specifically for persistent Betti numbers. We begin with a few definitions:

Definition 3.1. Let X ⊂ Rd, then

Xr = {x ∈ Rd|d(x,X) ≤ r}

Definition 3.2. The (r, s)-persistent k-dimension Betti number is defined as

β
(r,s)
k (X) = rk(Hk(Xr)→ Hk(Xs))

Our main theorem states that:

Theorem 3.3. Given a homogeneous Poisson process P in Rd, for any parameters r ≤ s, the

rank of the (r, s)-persistent k-th Betti number of Pn(:= P ∩Wn) converges to a Gaussian random

variable.

β
(r,s)
k (Pn)− E

{
β

(r,s)
k (Pn)

}
√
n

→ N (0, σ2
r,s),

for some σ2 ∈ [0,∞).

Corollary 3.4. Given a persistence diagram built on the distance function on a Poisson process P,

denote the random measure induced by the persistence diagram as Dgm (P). Then for any rectangle

R = [0, r]× [s,∞) for r ≤ s we have that

Dgm (Pn)(R)− E{Dgm (Pn)(R)}√
n

→ N (0, σ2
r,s),

for σ2
r,s as above.

3.1. Outline of the Proof of Theorem 3.3. We shall apply [69, Theorem 3.1] to prove the

theorem. The result requires us to show the effect that adding a point to the origin has on the

persistent Betti number stabilizes if we move far enough away from the origin.

Consider a homogeneous process on Rd and let X(n) denote a hypercube with edge length n

centered at the origin as seen below. For any one X(n), we consider the Poisson process restricted

to this window. The topologcial space we consider is the union of balls of radius r centered at

points p ∈ P, denoted Br(p).

Remark 3.5. Note that there is a slight subtlety here. We can either first consider the union of

balls centered at the points and intersect it with the window X(n), or intersect the point process

with X(n) (i.e. consider the points from the porcess in the window) then consider the balls centered

at only these points. These two spaces are not equivalent and while the proofs work for either

definition, it is important to stick with one definition.
15
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As we expand the window X(n), we get a sequence of increasing spaces

X(n) ⊆ X(m) n ≤ m

To ease exposition, we introduce the following notation:

• Xr(n) =
⋃
Br(p) ∩X(n)

• X ′r(n) =
⋃
Br(p) ∪Br({0}) ∩X(n)

• Xs(n) =
⋃
Bs(p) ∩X(n)

• X ′s(n) =
⋃
Bs(p) ∪Bs({0}) ∩X(n)

where the X ′ denotes that a point has been added to the origin (i.e. {0}).
We introduce the notation ∆s

r(n) to denote the rank of the image , i.e.

∆s
r(n) = rk(Hk(X ′r(n))→ Hk(Xs(n)))

To prove the the central limit theorem we must show that

∆s
r(n) = C for large enough n

or equivalently

∆s
r(m)−∆s

r(n) = 0 ∀m > n for large enough n

To prove this, we define the window A = X(2s),leading to the following definitions

• Ar =
⋃
Br(p) ∩A

• A′r =
⋃
Br(p) ∪Br({0}) ∩A

• As =
⋃
Bs(p) ∩A

• A′s =
⋃
Bs(p) ∪Bs({0}) ∩A

This window is chosen so that the point which is added at the origin does not intersect anything

outside outside the window A. This immediately implies the following observation

Hk(Xr(n), Ar) ∼= Hk(X ′r(n), A′r) ∀n > s, r ≤ s, k

This observation combined this with the long exact sequence of a pair is at the core of the proof.

Recall that for a subset A ⊂ X, there exists a short exact sequence of chain complexes

0→ Ck(A) ↪→ Ck(X)→ Ck(X,A)→ 0

which gives rise to a long exact sequence at the level of homology:

· · · → Hk(Ar)→ Hk(Xr(n))→ Hk(Xr(n), Ar)→ Hk−1(Ar)→ · · ·

We can add an additional long exact sequence for radius equal to s to obtain the diagram
16
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· · · Hk(Ar) Hk(Xr) Hk(Xr, Ar) · · ·

· · · Hk(As) Hk(Xs) Hk(Xs, As) · · ·

We get a similar diagram if we add the origin:

· · · Hk(Ar) Hk(Xr) Hk(Xr, Ar) · · ·

· · · Hk(A′r) Hk(X ′r) Hk(X ′r, A
′
r) · · ·

These can combined into one large commutative diagram (all maps are induced by commutative

chain maps, so the diagram commutes):

Hk(Ar)

Hk(As)

Hk(A′r)

Hk(A′s)

Hk(Xr(n))

Hk(Xs(n))

Hk(X ′r(n))

Hk(X ′s(n))

Hk(Xr(n), Ar)

Hk(Xs(n), As)

Hk(X ′r(n), A′r)

Hk(X ′s(n), A′s)

· · ·

· · ·

· · ·

· · ·

Note that ∆s
r(n) is represented in the diagram and each of the rows is exact. We will use diagram

chasing to show that ∆s
r(m) − ∆s

r(n) does go to a constant. The complication lies in the fact

that although each row is exact, the images of the maps do not split (i.e. the corresponding long

sequence of images is not an exact sequence).

Outline: Using the above diagram, we first identify the possible contributions to ∆s
r(n), showing

that there are four possible terms which contribute to it. We then show that each of these in-

dividual terms stabilizes with a large enough n. Some of the individual terms can be shown to

be monotonically non-increasing in n, while others require a more subtle argument, showing they

can only increase a constant number of times. Together this is sufficient to prove the stabilization

result.
17



TOPOSYS Deliverable 2.3

Since we are obviously concerned with translation invariant functionals, we shall now show that

moment and growth conditions of ?? are satisfied before spending the rest of the article proving

the weak stabilization condition.

3.1.1. Moment Conditions. The polynomial growth condition is straightforward from the fact that

βr,sk (X) ≤ βr,rk (X) and the polynomial growth for the latter is proven in [70, Theorem 4.7].

For moment conditions, using the following representation of persistent Betti numbers

βr,sk (X) = β(Zk(Xr)/(Bk(Xr) ∩ Zk(Xs))),

we get that

∆s
r(n) = β(Zk(Xr(n))/(Bk(Xs(n)) ∩ Zk(Xr(n))))− β(Zk(X

′

r(n))/(Bk(X
′

s(n)) ∩ Zk(X
′

r(n)))).

Further expanding the above we have that,

∆s
r(n) = β(Zk(Xr(n)))− β(Zk(X

′

r(n)))− [β(Bk(Xs(n)) ∩ Zk(Xr(n)))− β((Bk(X
′

s(n)) ∩ Zk(X
′

r(n))))]

= β(Zk(Xr(n)))− β(Zk(X
′

r(n)))− [β(Bk(Xs(n)) ∩ Zk(Xr(n)))− β((Bk(Xs(n)) ∩ Zk(X
′

r(n))))]

−[β(Bk(Xs(n)) ∩ Zk(X
′

r(n)))− β((Bk(X
′

s(n)) ∩ Zk(X
′

r(n))))].

We shall individually bound each of the three terms above. Since Xr(n) ⊂ X′

r(n), we have that

|β(Zk(Xr(n)))− β(Zk(X
′

r(n)))|≤ DO(Sk(Xr(n))) ≤ Pn(BO(r))k,

where Sk(.) denotes the number of k-simplices in the complex. We will now use the fact that if

V1 ⊂ V2 are vector-spaces and V is another vector-space, then

β(V ∩ V2)− β(V ∩ V1) ≤ β(V2)− β(V1).

As for the second term, again by inclusion property of the underlying spaces,

|β(Bk(Xs(n)) ∩ Zk(Xr(n)))− β((Bk(Xs(n)) ∩ Zk(X
′

r(n))))|≤ |β(Zk(Xr(n)))− β(Zk(X
′

r(n)))|,

and then we can bound as above. The third term is bounded a little differently as follows,

|β(Bk(Xs(n)) ∩ Zk(X
′

r(n)))− β((Bk(X
′

s(n)) ∩ Zk(X
′

r(n))))|≤ |β(Bk(Xs(n)))− β((Bk(X
′

s(n)))|,

and then proceeding as above, we can bound the term by Pn(BO(r))k+1.

3.1.2. Decomposition of ∆s
r(n). We first decompose ∆s

r(n) into several terms which are easier to

analyze. Recall the diagram ∆s
r(n) is based on

Hd(Xr(n)) Hd(Xs(n))

Hd(X
′
r(n)) Hd(X

′
s(n))

α(n)

ψ(n) ψ′(n)

α′(n)

The following lemma gives the decomposition we will use:
18
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Lemma 3.6.

∆s
r(n) = rk(Imα′(n) ∩ Im⊥ ψ′(n)) + rk(Imα′(n) ∩ Imψ′(n) ∩ Im⊥(ψ′(n) ◦ α(n)))

−rk(ker⊥ α(n) ∩ kerψ(n))− rk(ker⊥ α(n) ∩ ker⊥ ψ(n) ∩ ker(ψ′(n) ◦ α(n)))

Proof. To show this decomposition, we consider the following two sub-diagrams

Hd(X
′
r(n)) Hd(Xr(n)) Hd(Xs(n)) Hd(X

′
s(n))

α(n)

ψ(n)

ψ′(n)

Hd(Xr(n)) Hd(X
′
r(n)) Hd(X

′
s(n)) Hd(Xs(n))

ψ(n) α′(n)

ψ′(n)

In each we remove one of the maps to get a zig-zag diagram of vector spaces [66]. By [66, Theorem

2.5] (originally due to Gabriel [67]), both of these subdiagrams have a barcode decomposition. First,

we note that bars which last the entire subdiagram,

k → k → k → k

are the same for both. This follows from commutativity, i.e. since ψ′(n) ◦ α(n) = α′(n) ◦ ψ(n).

Note that commutativity also excludes bars of the following form, in the first diagram

0→ k → k → k

and in the second

k → k → k → 0

Each of the subdiagrams has a bar which describes precisely one of the two terms in the definition

of ∆s
r(n). The bars in the decomposition of the two sub-diagrams which contribute to ∆s

r(n) are

of the following types of bars: in the first diagram

0→ k → k → 0

k → k → k → 0

and in the second

0→ k → k → 0

0→ k → k → k

Lifting these back to the original diagram, we obtain

k k

0 0

α(n)

ψ(n) ψ′(n)

α′(n)

k k

k 0

α(n)

ψ(n) ψ′(n)

α′(n)

0 0

k k

α(n)

ψ(n) ψ′(n)

α′(n)

0 k

k k

α(n)

ψ(n) ψ′(n)

α′(n)
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By the decomposition theorem, we can consider the direct sum of the these diagrams when consid-

ering ∆s
r(n) What remains is to match the terms to the diagrams - the rank described on the left

corresponds to rank of the diagram on the right, which can be directly verified. Here we adopt the

following notation, xr, xs, x
′
r and x′s denote nontrivial elements of Hk(Xr), Hk(Xs), Hk(X ′r) and

Hk(X ′s) respectively. The cases can be enumerated as follows:

xr xs

0 0

ψ(n)

α(n)

α′(n)

ψ′(n)

ker⊥ α(n) ∩ kerψ(n)

Case (a)

0 0

x′r x′s

ψ(n)

α(n)

α′(n)

ψ′(n)

Imα′(n) ∩ Im⊥ ψ′(n)

Case (b)

xr xs

x′r 0

ψ(n)

α(n)

α′(n)

ψ′(n)

ker⊥ α(n) ∩ ker⊥ ψ(n) ∩ ker(ψ′(n) ◦ α(n))

Case (c)

0 xs

x′r x′s

ψ(n)

α(n)

α′(n)

ψ′(n)

Imα′(n) ∩ Imψ′(n) ∩ Im⊥(ψ′(n) ◦ α(n))

Case (d)

Cases (a) and (c) correspond to positive terms while Cases b) and d) correspond to negative

terms. �

Recall our goal is to show that for some large enough n

∆(m)−∆(n) = 0 ∀m > n

Each of the terms decomposes as described in the Lemma 3.6. If each of the individual terms

stabilize for some large enough n, then the above equation follows(i.e. if the difference of each

individual term is 0, then the summation and difference are also).

A priori there is no reason why these terms should stabilize. At the heart of the argument is

that at the chain level, the difference between X(r) and X ′(r) is localized around the origin.

Without loss of generality, we assume that diagrams can change by at most one term at once.

If multiple terms where to appear simultaneously, we can choose an arbitrary order in which to
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consider the changes, provided that the inclusion (chain) maps between the spaces are preserved

(i.e. remain injective chain maps). This means, in the case of simultaneous changes, we consider a

simplex enters X ′s first and then decending according to partial order determined by the transitive

relations: Xr ⊆ X ′r; Xr ⊆ Xs; X
′
r ⊆ X ′s; Xs ⊆ X ′s. The partial order can be extended into an

arbitrary compatible total order.

We omit the full proof here, but outline the general strategy. We make extensive use of commu-

tative diagrams. The idea is to perform case analysis and use the exactness of the rows in order to

reduce the number of cases which must be considered. We use exactness to list the possible configu-

rations which can in occur in the above diagram for each case. Using commutativity and exactness

we enumerate all the posibilities. For each possibility (which we refer to as a configuration), we

characterize its behaviour as a function n.
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4. Dynamic Graphs

Traditionally, changes in network configurations were treated as unnatural faults and were as-

sumed to be either finite in number or finite in duration or both. However, with the advent of

mobile nodes, wireless links, peer-to-peer networks, etc., naturally occurring dynamic networks, in

which links between nodes appear sporadically are now ubiquitous, often under the name of ‘Inter-

mittently Connected Mobile Networks’ (ICMNs) [20, 21]. This has given rise to many interesting

and challenging new questions. While issues such as temporal connectivity [3, 6] and dynamic

community detection [5] have already seen significant developments, there has been little work on

understanding the topological traits of dynamic graphs. We address this in the current paper and,

to the best of our knowledge, we believe this is the first such attempt to do so. The specific case

that we will study is a time varying analogue of the Erdős-Rényi random graph, which we will refer

to as the dynamic Erdős-Rényi graph, and the topological descriptors that we will use are the Betti

numbers of its associated clique complex.

The reasons for working with the dynamic Erdős-Rényi graph over real world dynamic networks is

similar to why many researchers prefer the Erdős-Rényi graph over real world random graphs. Recall

that the Erdős-Rényi graph is a random graph formed by placing edges between vertices, where

each edge appears or not independently of the others. While this model is an oversimplification

of most ‘real’ random graphs (i.e., graphs that appear in subject matter applications), it has the

major advantage of being mathematically tractable, while still exhibiting quite complex behaviour.

As such, it plays much the same role in the theory of random graphs as mean field models do in

Statistical Mechanics, with a rich mathematical theory that points the way to universal phenomena

that also arise in more complex scenarios.

The dynamic Erdős-Rényi graph that we introduce here is similarly simple, but analytically

tractable, and is based on allowing each edge to evolve between ‘on’ and ‘off’ states according to

a simple Markov chain. Hence, it is an example of a continuous time ‘Edge Markovian Evolving

Graph’ (EMEG) — the class of dynamic models that has been found to be a good choice for

approximating some of the real world dynamic networks, including ICMNs [5, 6, 18]. Our main

result will establish convergence to an Ornstein-Uhlenbeck process of a (normalised) random process

determined by the Betti numbers of the dynamic Erdős-Rényi graph. We believe that this result

is archetypical, in the sense that more sophisticated models of random graphs, along with more

complicated dynamics, will most likely exhibit similar limit behaviour, albeit with a wider class of

diffusion limits for the evolving Betti number topology.

We now turn to describing things somewhat more formally.

4.1. On the topology of static Erdős-Rényi graphs. The topological study of static random

graphs, beyond the classical issues of connectivity and degree, has been the subject of much recent

research; see [1, 11, 13, 17, 14, 59, 19] for some of this and [15] for a detailed survey and motivation.
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a
b

Figure 6. Patterns made up of 2 and 3 cliques. As explained below, patterns a
and b are examples of 1 cycle. Pattern a forms a 2−dimensional hole while Pattern
b does not.

We briefly overview the developments pertaining to topology of the clique complex of the static

Erdős-Rényi graph.

Recall that the Erdős-Rényi graph G(n, p) is a random graph on n vertices where each edge

appears with probability p, independently of the others. As the pioneering result in random graphs,

the Erdős-Rényi theorem [8] established a sharp threshold for connectivity of Erdős-Rényi graphs.

Theorem 4.1 (Erdős and Rényi). Let ε > 0 be fixed. If p ≥ (1 + ε) log(n)/n, then

P{G(n, p) is connected} → 1 as n→∞.

On the other hand, if p ≤ (1− ε) log(n)/n, then

P{G(n, p) is disconnected} → 1 as n→∞.

Extending this result, it seems reasonable that if p is chosen significantly larger than log(n)/n,

then, instead of merely containing paths between any two vertices, G(n, p) may contain as sub-

graphs, interesting patterns made up of cliques of different sizes. A k−clique, recall, is a collection

of k vertices with all edges present. Figure 6 shows some examples of patterns that may arise.

A formal study of such patterns typically requires two steps. The first step is to build the

clique complex X (n, p) ≡ X (G(n, p)) over G(n, p). Recall that the clique complex X (G) of an

undirected graph G is the abstract simplicial complex formed by the sets of vertices in the cliques

of G. (Since any subset of a clique is itself a clique, this family of sets meets the requirement of an

abstract simplicial complex that every subset of a set in the family should also be in the family.)

Having defined X (n, p), the second step is to examine its topology, i.e., to look at the various

cycles formed using cliques and study the resulting homology groups with a special attention to Betti

numbers. The k−th Betti number of X (n, p) is denoted βn,k. For a formal definition of these terms,

see [7, 10]. Intuitively (albeit somewhat of an oversimplification) if a (k + 1)−clique is thought of
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as a k−dimensional solid object, then a k−cycle is a sub-graph made up of only (k+1)−cliques the

union of which is topologically equivalent to the k−sphere Sk. A k−cycle that cannot be expressed

as a boundary of any collection of higher dimensional cliques represents a (k+1)−dimensional hole.

The k−th Homology group of X (n, p) is the collection of all ‘independent’ (k + 1)−dimensional

holes in X (n, p) while the k−th Betti number is the number of generators of this group; i.e., the

number of such holes. The zeroth Betti number is separately taken to be one less than the number

of connected components which is as per the convention used in defining ‘reduced’ homology groups.

In the left graph of Figure 6, for example, cycle a represents a 2−dimensional hole while cycle b

and the other 3−cliques do not as they can be expressed as the boundary of the triangle(s) they

bound. Hence, the first Betti number of left graph is only 1. Similarly, its zeroth Betti number is

21 while the second and higher Betti numbers are zero.

Fix k ≥ 1. With small and large temporarily being qualifiers that depend on k, the above

interpretation suggests that both small values as well as large values of p are bad for βn,k. A small

p inhibits the formation of k−cycles, while with a large p, a k−cycle more often than not borders

higher dimensional cliques. For βn,k to be significant, p needs to lie somewhere between small and

large. The following result from [14, Theorem 1.1] (see also the discussion below [16, (1)]) gives a

rigorous version of this intuition.

Theorem 4.2 (Kahle). Fix k ≥ 1. Let p = nα, α ∈
(
− 1
k ,−

1
k+1

)
. Then, for any M > 0,

lim
n→∞

P{βn,k 6= 0, βn,j = 0, ∀j 6= k} = 1− o(n−M ).

Having settled the issue of the non-triviality of Betti numbers, one turns to questions on the

limiting distribution of βn,k. The following result from [17, Theorem 2.4] and [16, Theorem 1.1]

gives a central limit theorem for Betti numbers.

Theorem 4.3 (Kahle and Meckes). Fix k ≥ 1, and let p be as in Theorem 4.2. Then, as n→∞,

βn,k − E[βn,k]√
Var[βn,k]

⇒ N (0, 1),

where N (0, 1) is standard Gaussian and ⇒ denotes convergence in distribution.

With the brief overview of static Erdős-Rényi graphs done, we now turn to the main scenario of

this paper, the dynamic case.

4.2. Dynamic Erdős-Rényi topology. We start with a formal definition of the dynamic Erdős-

Rényi graph.

Definition 4.4. Fix n ∈ N, p ∈ [0, 1], and λ > 0. The dynamic Erdős-Rényi graph {G(n, p, t) : t ≥
0} is a time-varying graph on n vertices with the following properties.
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• For t ≥ 0, each edge independently evolves as a continuous time on/off Markov chain; ‘on’

denotes edge is present while ‘off’ denotes edge is absent. The waiting time in the states

‘off’ and ‘on’ is exponential respectively with parameters λp and λ(1− p).
• The initial configuration of each edge at t = 0 is determined independently by a Bernoulli

random variable which takes the ‘on’ state with probability p and ‘off’ state with probability

1− p.

Consider an arbitrary edge e of the dynamic Erdős-Rényi graph and let e(t) denote its state at

time t. Then, using Definition 4.4, it is straightforward to check that for any non-negative times t1

and t2,

(4.1) P{e(t2) = on | e(t1) = on} = p+ (1− p)e−λ|t2−t1|,

and

(4.2) P{e(t2) = off | e(t1) = off} = (1− p) + pe−λ|t2−t1|.

From this, it follows that, for any t ≥ 0,

(4.3) P{e(t) = on} = p.

Definition 4.4 and the above facts put together show that {G(n, p, t) : t ≥ 0} is a stationary

reversible Markov process and, for each t ≥ 0, it is the usual Erdős-Rényi graph on n vertices with

edge probability p.

For each t ≥ 0, let X (n, p, t) ≡ X (G(n, p, t)) denote the clique complex of G(n, p, t) and let

βn,k(t) be the k−th Betti number of X (n, p, t). Let p be as in Theorem 4.2. Then, it follows from

Theorem 4.3 that the normalized Betti number

(4.4) β̄n,k(t) :=
βn,k(t)− E[βn,k(t)]√

Var[βn,k(t)]

is asymptotically Gaussian for each t. Combining this with stationarity of the dynamic Erdős-Rényi

graph, one might expect that the sequence {{β̄n,k(t) : t ≥ 0} : n ≥ 1} would weakly converge to

some stationary Gaussian process. This turns to be indeed true and is the key contribution of this

paper.

For λ > 0, let {Uλ(t) : t ≥ 0} denote the stationary Ornstein-Uhlenbeck process satisfying

E[Uλ(t)] ≡ 0 and Cov[Uλ(t1),Uλ(t2)] = e−λ|t1−t2|.

Theorem 4.5. Fix k ≥ 1 and let λ be as in Definition 4.4. Let p = nα, α ∈
(
− 1
k ,−

1
k+1

)
. Then,

as n→∞, {
β̄n,k(t) : t ≥ 0

}
⇒ {Uλ(t) : t ≥ 0}.

4.3. Essence of Theorem 4.5. It is well known that {Uλ(t) : t ≥ 0}, in addition to being

stationary and Gaussian, is also Markov. Combining this with Theorem 4.5, it follows that as
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n → ∞ the distribution of the stationary process {βn,k(t) : t ≥ 0} is also approximately Gaussian

and Markov. While the asymptotic Gaussianity is to expected, the Markov property is not obvious

since {βn,k(t) : t ≥ 0}, for finite n, is not Markov. We now provide an example to support this last

claim.

Recall that the dynamic Erdős-Rényi graph {G(n, p, t) : t ≥ 0} is a stationary reversible contin-

uous time Markov chain. Hence {βn,k(t) : t ≥ 0} can be interpreted as a function of the Markov

chain {G(n, p, t) : t ≥ 0}. The following result from [4, Theorem 4] gives the necessary and sufficient

conditions for a function of Markov chain to be Markov.

Theorem 4.6 (Burke and Rosenblatt). Let {X(t) : t ≥ 0} be a Markov chain with a finite number

of states, i = 1, . . . ,m, and stationary transition probability function P (t) = (pij(t)), where

pij(t) = P{X(r + t) = j|X(r) = i}

is continuous in t. Assume that limt→0 P (t) = I, the identity matrix. Let ψ be a given function on

the state space 1, . . . ,m and let Y (t) = ψ(X(t)). The states i of the original process {X(t) : t ≥ 0}
where ψ equals some fixed constant are collapsed into a single state of the new process {Y (t) : t ≥ 0}.
Call these collapsed sets of states Sj, j = 1, . . . , r, r ≤ m. Then {Y (t) : t ≥ 0} is Markovian,

whatever be the initial distribution of {X(t) : t ≥ 0}, if and only if, for each j = 1, . . . , r, either

(1) pi,Sj (t) ≡ 0 for all i /∈ Sj, or

(2) pi,Sj (t) = CSj′ ,Sj (t) for every i ∈ Sj′ for j′ = 1, . . . , r, where CSj′ ,Sj (t) is a constant that

depends only on Sj′ , Sj , and t.

The required example is the following. Consider the dynamic Erdős-Rényi graph with n = 4,

arbitrary p ∈ (0, 1), and arbitrary λ > 0. At any given time t, each of its 6 edges, say e1, . . . , e6, can

be either in ‘on’ or ‘off’ state. Thus, G(4, p, t) has m = 64 possible configurations. On the other

hand, the process {β4,1(t) : t ≥ 0} can only take r = 2 values, i.e., zero or one. Further, β4,1(t) = 1

if and only if G(4, p, t) is in one of the configurations given in Figure 7. Hence, using (4.1) and

(4.2), it follows that

P{β4,1(t+ r) = 1|e1(r) = · · · = e6(r) = off} = 3p4(1− e−λt)4((1− p) + pe−λt)2

while

P{β4,1(t+ r) = 1|e1(r) = · · · = e6(r) = on} = 3(p+ (1− p)e−λt)4(1− p)2(1− e−λt)2.

Clearly, for a generic p and t, the above two equations are unequal. But β4,1(r) = 0 when either

e1(r) = · · · = e6(r) = off, or e1(r) = · · · = e6(r) = on. These facts along with Theorem 4.6 show

that the process {β4,1(t) : t ≥ 0} is not Markov.

4.4. On the proof of Theorem 4.5. Since working directly with Betti numbers is not easy, we

adopt an approach developed in [12, 17]. To describe this, we require some definitions. Let fn,k(t)
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Figure 7. β4,1(t) = 1 if G(4, p, t) is in one of the above configurations. Note that
there is no vertex at the intersection of the cross edges.

denote the number of k−dimensional faces, or, equivalently (k + 1)−cliques in the clique complex

X (n, p, t). Let

(4.5) χn(t) :=

n−1∑
j=0

(−1)jfn,j(t)

denote the Euler-Poincaré characteristic of X (n, p, t). Alternatively, and equivalently, (e.g. [7][p101])

we have that

(4.6) χn(t) :=

n−1∑
j=0

(−1)jβn,j(t).

Analogously to (4.4), let

(4.7) f̄n,k(t) :=
fn,k(t)− E[fn,k(t)]√

Var[fn,k(t)]

and

(4.8) χ̄n(t) :=
χn(t)− E[χn(t)]√

Var[χn(t)]
.

To establish the weak convergence for Betti numbers, we first show that a corresponding result

holds true for the process {f̄n,k(t) : t ≥ 0}. Using (4.5), we then establish weak convergence for

{χ̄n(t) : t ≥ 0}. Finally, Theorem 4.5 is proven using (4.6) and Theorem 4.2.
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5. Laplacian Clustering

We propose a clustering algorithm which, for input, takes data assumed to be sampled from a

uniform distribution supported on a metric space X, and outputs a clustering of the data based

on a topological estimate of the connected components of X. The algorithm works by choosing a

weighted graph on the samples from a natural one-parameter family of graphs using an error based

on the heat operator on the graphs. The estimated connected components of X are identified as the

support of the eigenfunctions of the heat operator with eigenvalue 1, which allows the algorithm to

work without requiring the number of expected clusters as input.

The analysis of complex, high-dimensional data is one of the major research challenges in con-

temporary computer science and statistics. In recent years, geometric and topological approaches

to data analysis have begun to yield important insights into the structure of complex data sets

(see, for instance, [72] for an example of spectral geometry applied to dimension reduction, and

[73], [37] for surveys on homological methods of data analysis and visualization). The common

point of departure of these methods is the assumption that data in high-dimensional spaces is often

concentrated around a low-dimensional manifold or other topological space. In this note, we begin

from the assumption that the data comes from a uniform distribution supported on a topologically

disconnected space, and that clusters in the data reflect this lack of topological connectivity.

Geometric techniques for data analysis have concentrated on approximating the geometry of the

data as a step toward non-linear dimension reduction. Once the dimension is reduced, standard

statistical techniques are then used to analyze the data in the lower-dimensional space. Methods in

this class include ISOMAP [75], Locally Linear Embedding [74], Hessian Eigenmaps [76], Laplacian

Eigenmaps [72], and Diffusion Maps [77]. Most of these techniques build a weighted graph to

approximate the Laplace-Beltrami operator on a manifold, or else a related Markov chain on a graph,

and then in practice use the eigenvalues and eigenvectors of an approximation to the Laplacian to

reduce the dimension of the data and then use a k-means clustering algorithm to classify the data

[78], [79]. In [71], we find a more topologically-oriented approach, in which persistent homology is

used to help identify high-density regions of a distribution function.

We give an algorithm that directly uses the topological information in the Laplacian and heat

operator, and which also demonstrates the utility of considering clustering as a problem of estimat-

ing the number of connected components of a distribution whose support is disconnected. While

the topological aspect of the clustering problem is generally acknowledged in the topological data

analysis community, this is, to the best of our knowledge, the first completely data-driven clus-

tering algorithm that explicitly exploits this point of view. Second, the algorithm produces both

the number of clusters and the clusters themselves, unlike popular algorithms such as k-means

clustering, in which the number of clusters is required as input. The algorithm we present also

gives, we believe, the first use of cross-validation in a non-commutative context. While this appears
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formally like standard cross-validation, we find ourselves outside the standard context of commuta-

tive probability, and the usual proofs of convergence no longer apply. Rigorous justification of this

cross-validation technique is an important topic for future study, but we do not address this here.

Finally, we give the first algorithm for automatically choosing the bandwidth of the kernel function

used in approximations to Laplace-Beltrami operators.

5.1. The Heat Operator on a Family of Graphs. We will see in Section 5.2 that, for data

sampled from a uniform distribution supported on a disconnected manifold, the clustering problem

reduces to identifying the 0-eigenfunctions of a certain graph Laplacian L, or, equivalently, the

1-eigenfunctions of the the heat operator e−tL at some t > 0.

We now describe how to construct the family of graph Laplacians from which we will choose L.

First, let S = {xi}ni=1 ⊂ X be the points sampled from X. Given a subset S′ ⊆ S, We define the

matrix Lr,S′ to be

(Lr,S′)(i,j) =


Kr(xi, xj)

i 6= j,

xi ∈ S′

−
∑
xj∈S′ Kr(xi, xj) i = j,

0 otherwise

where Kr : X ×X → R is a function which satisfies

(1) Kr(x, y) = fr(d(x, y)) for some non-negative function fr

(2) Kr(x, ·)→ δx(·) as a distribution as r → 0.

(3)
∫
X
Kr(x, y) dµ(y) = 1 ∀r ∈ (0,∞), x ∈ S.

In our applications, Kr will also have compact support. We will sometimes use Lr,n to denote Lr,S .

We likewise define the corresponding heat operators by

e−tLr,S′ =

∞∑
k=1

(−tLr,S′)k

k!
.

5.2. Topology and Clustering. We suppose that our data is sampled from a uniform distribution

which is supported on a disconnected subspace X embedded in a topological space Y . Our task is

then to estimate the number of connected components of X from the samples and to decide which

points belong to which connected component. Given the sample points S from X, we generate a

one-parameter family of weighted graphs with vertices at S, with Laplace operator on M , and we

appeal to several basic facts of Hodge theory (see, for instnace, [80], Chapter 3).

First, we recall that the Laplace-Beltrami operator ∆ : L2(M) → L2(M) may be defined by

∆ = −d∗d. We first recall that the dimension of the kernel of the Laplace-Beltrami operator

∆ : L2(M) → L2(M) is equal to the 0-th real Betti number β0 of M , which gives the number of

connected components of M . Also, since ∆ = −d∗d, the functions in the kernel are constant on

each connected component (also Lemma 3.3.5 in [80]). The following proposition now follows easily.
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Proposition 5.1. Let (M, g) be a smooth Riemannian manifold, and let β0 denote the 0-th Betti

number of M . Let {fi}β0(M)
i=1 be a basis of the kernel of the Laplace-Beltrami operator ∆ of M , and

define the map F : M → Rβ0(M) by

F (x) := (f1(x), . . . , fβ0(x)) ∈ Rβ0 .

Then the image of F consists of exactly β0(M) points in Rβ0(M), and the image of each connected

component of M is a single point.

Proof. First, we know from [80], Section 3.3 that each basis function is constant on each connected

component of M , and it follows that each connected component is sent to a single point. It only

remains to show that no two connected components are sent to the same point. Consider the matrix

A defined by aij = fi(Mj). Since the fi are linearly independent, this is a β0(M)× β0(M) matrix

of full rank. Suppose now that there are two connected components, M1 and M2, whose image

under F is the same point x ∈ Rβ0(M). Then two rows of A are the same, and the rankA < β0(M),

a contradiction. Therefore, all of the connected components of M are sent to different points in

Rβ0(M). �

We note, too, that Proposition 5.1 also hold for graphs and the graph Laplacian instead of

manifolds, with a nearly identical proof.

5.3. Cross-Validation and Bandwidth Selection. When working with approximations to the

Laplace-Beltrami operator, the properties of the approximation depend on the particular choice of

kernel Kr and bandwidth r used. In practice, this parameter is generally chosen on an ad hoc basis,

or else based on an asymptotic formula with unknown constants, as, for instance, in [77]. In these

methods, the resulting graphs are connected for any given bandwidth, and the exact dependence

of the clustering on the bandwidth is unclear. In our case, we use a compactly supported kernel

function, so the bandwidth directly dictates the connected components of the graph, and it becomes

critical for us to have a systematic method for choosing this parameter.

In this article, we make this choice using a variant of the so-called “elbow method”, which is

often used to estimate the number of clusters in k-means clustering or the number of eigenvalues

to use in principal component analysis. The idea in this method is the following. When X is a

manifold, would ideally like to choose a bandwidth which minimizes an error functional of the form

E(r) := ‖e−Lr,Si − e−∆‖HS , where ‖A‖HS= (Tr(A∗A))1/2 denotes the Hilbert-Schmidt norm. Let

the operator Lr : L2(X)→ L2(X) be defined by

(Lrf)(x) :=
1

r

(∫
X

Kr(x, y)f(x) dµ(y)−
∫
X

Kr(x, y)f(y) dµ(y)

)
where µ is a uniform measure on the manifold X. Let V (r) := ‖e−Lr,n − e−Lr‖HS , and let B(r) :=

‖e−Lr − e−∆‖HS , and note the B(r) and V (r) are the natural bias and variance terms for this
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problem, respectively. Now, E(r) ≤ B(r) + V (r) by the triangle inequality, and we estimate V (r)

using the cross validation sum

V̂ (r) =
1

N

N∑
i=1

‖e−Lr,Si − e−Lr,n‖HS .

(As mentioned in the introduction, it is actually not obvious that this is an appropriate estimate

for V (r), given the norm and the non-commutativity in the problem. We do not discuss this further

here, however, but we will return to this question in future work.) The bias B(r) is difficult to

estimate, but we may nonetheless attempt to choose the bandwidth r0 such that increasing r beyond

r0 produces diminishing returns with respect to decreasing the variance, i.e. to find r0 such that

dV

dr
(r) <

V (rmax)− V (rmin)

rmax − rmin
for r > r0. We further estimate this to be the value r̂0 which is the largest value of r such that

V̂ (r + 1)− V̂ (r − 1)

2
<
V̂ (rmax)− V̂ (1)

rmax − 1
,

where rmax is the diameter of the data set.

5.4. Compensating for estimation error. The results in Section 5.2 tell us that the points in

each connected component of our graphs should be sent to exactly the same point in Rβ0(X) by

the map F . In practice, however, there are small amounts of estimation error in the algorithms

for computing eigenvalues and eigenvectors, and this must be accounted for when constructing the

final clustering. We do this with a modified version of Gaussian elimination on the matrix formed

by the eigenvectors, which we now describe.

First, note that the j-th entry in the eigenvector fi is the value of the eigenfunction fi evaluated

on the point xj . Let Ψ be the matrix defined by

(Ψ)(i,j) = (fi)j ,

We give a modified Gaussian elimination algorithm in Algorithm 1. For what follows, let n denote

the number of points in our sample.

Algorithm 1 Modified Gaussian elimination on Ψ

1: for i = 1 to β0(X) do
2: Reorder columns i through n of Ψ so that |Ψ(i,i)| is the maximum of |Ψ(i,j)| in row i.
3: Divide row i by Ψ(i,i)

4: Using elementary row operations, make Ψ(k,i) = 0 for k 6= i.
5: end for
6: Let fi := Ψi, and (abusing notation) define the map Φ(x) := (f1, . . . , fβ0(X))

31



TOPOSYS Deliverable 2.3

Note that the algorithm, if there was no estimation error, would send each point in the sample

to one of the vectors ei in the standard basis of Rβ0(X). Now, however, even given some numerical

error, we are able to cluster the sample points according to how close Φ(x) are to each of the vectors

ei.

5.5. Algorithm and Experiments. We now give the complete algorithm and the results of some

numerical experiements.

Algorithm 2 Clustering algorithm

1: Generate N random subsamples Si of S
2: For each r < Diam(S), compute Lr,n, e−Lr,n , Lr,Si

and e−Lr,Si

3: Find the max r̂ of V̂ (r)
4: Compute the 1-eigenvectors of e−Lr̂,n , φi, i ∈ 1 . . . k
5: Using algorithm 1, create the map Φ : x 7→ Φ(x) = (φ1(x), . . . , φk(x)) ∈ Rk
6: Compute the distances di(x) = ‖Φ(x)− ei‖ for each point x in the sample.
7: Put the point x in the i-th cluster if di(x) < dj(x) for all j 6= i.

For our experiments, the functions Kr(x, y) used are

Kr(x, y) =


1∫

B(x,r)
dµ
, if d(x, y) ≤ r

0 otherwise,

where B(x, r) ⊂ X are balls centered at x of radius r, and µ is the standard Lebesgue measure in

the ambient Euclidean space.

The following figures summarize the output of this algorithm on a data set of 500 points sampled

with a small amount of Guassian noise from three circles embedded in R3. The horizontal circle has

radius 1, and the other two have radius 0.5 and are centered on a random point of the horizontal

circle. The standard deviation of the noise was taken to be 0.05. The Figure 8 shows the curve giving

the variance estimate, and figure 9 shows the image of the eigenfunctions, after passing through

the modified Gaussian elimination procedure. Finally, Figure 10 shows the clustering given by the

algorithm, with the different clusters colored in red, green, and blue.
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Figure 8. The Estimate of the Variance
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Figure 9. The image of Φ, centered around the points (1, 0, 0), (0, 1, 0), and (0, 0, 1)

References

[1] Babson, E., Hoffman, C. and Kahle, M. (2011). The fundamental group of random 2-complexes. Journal of

the American Mathematical Society 24, 1–28.
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complexes. Homology, Homotopy and Applications, 16(2):311–344, 2014.

[29] Omer Bobrowski and Matthew Strom Borman. Euler integration of Gaussian random fields and persistent

homology. J. Topol. Anal., 4(1):49–70, 2012.

[30] Omer Bobrowski and Matthew Kahle. Topology of random geometric complexes: a survey. To appear in: Topol-

ogy in Statistical Inference, the Proceedings of Symposia in Applied Mathematics, 2014.

[31] Omer Bobrowski and Sayan Mukherjee. The topology of probability distributions on manifolds. Probability

Theory and Related Fields, 161(3-4):651–686, 2014.

[32] Omer Bobrowski, Sayan Mukherjee, and Jonathan Taylor. Topological consistency via kernel estimation. arXiv

preprint arXiv:1407.5272, 2014.

[33] Omer Bobrowski and Shmuel Weinberger. On the vanishing of homology in random Čech complexes. arXiv
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