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D1.1.2  
Report on analytical bounds for single parameter estimation in open quantum systems 
 
1. Introduction 
Parameter estimation in closed systems is Heisenberg-limited, a funtamental bound that can 
be viewed as a result of the existence of a constrain in the speed of evolution and therefore the 
time required for states to become optimally distinguishable. When systems are open and in 
contact with an environment, not many general results are known. Here we discuss two 
different aspects that shed new light on the limits of parameter estimation in open quantum 
systems. 
 
2. Concept and Results 
Two approaches have been followed:  
The first [CHP1-11] analyzes optimal bounds for precision spectroscopy in the presence of 
general, non-Markovian phase noise. We demonstrate that the metrological equivalence of 
product and maximally entangled states that holds under Markovian dephasing fails in the 
non-Markovian case. Using an exactly solvable model of a physically realistic finite band-
width dephasing environment, we show that the ensuing non-Markovian dynamics enables 
quantum correlated states to outperform metrological strategies based on uncorrelated states 
but otherwise identical resources. We show that this conclusion is a direct result of the 
coherent dynamics of the global state of the system and environment and, as a result, 
possesses general validity that goes beyond specific models. 
This conclusion holds for both zero and finite temperatures, and is also valid for any other 
noise model arising from an open quantum system structure. This result can be naturally 
understood as resulting from the scaling of the optimal interrogation time for entangled 
particles that is proportional  to n-1/2 in the number of correlated particles, and therefore causes 
the entangled probes to experience a suppressed level of decoherence relative to the 
uncorrelated probes which have to be measured at much longer times. Thus we argue that the 
result that the relative frequency resolution r = n1/4 for rapid measurements is a new 
metrological limit for entangled particles subject to independent decoherence sources. 
 
In the second approach, lower bounds on the estimation uncertainty are derived for quantum 
metrological schemes in the presence of decoherence showing that Heisenberg scaling is 
generically lost even for infinitesimal level of noise [DGK1-12]. Unlike in other methods, 
calculation of the bounds is straightforward and requires only a simple analysis of the 
mathematical structure of the decoherence process. In some models, e.g., atomic clocks 
frequency calibration with dephasing, calculation may be performed using an intuitive 
geometric picture. All that is necessary is a “distance” of a point representing the decoherence 
process from the boundary of the set of all quantum channels. 
From the examples studied, we may conclude that the classical simulation method may 
provide a surprisingly tight bound in some decoherence models. The cases, when it fails, are 
the ones when channels are extremal or -extremal. Notice, however, that those channels will 
in general have a simpler structure – fewer linearly independent Kraus operators — as they 
necessarily lie on the boundary of the set of quantum channels. This gives an opportunity to 
apply other methods based on the channel extension or minimization over purifications.  
 
References: 
[CHP1-11] A. W. Chin, S. F. Huelga, M. B. Plenio, arXiv: 1103.1219 (2011)  
[DGK1-12] R. Demkowicz-Dobrzanski, M. Guta, J. Kołodyński, arXiv:1201.3940 (2012)  
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We analyze optimal bounds for precision spectroscopy in the presence of general, non-Markovian
phase noise. We demonstrate that the metrological equivalence of product and maximally entan-
gled states that holds under Markovian dephasing fails in the non-Markovian case. Using an exactly
solvable model of a physically realistic finite band-width dephasing environment, we show that the
ensuing non-Markovian dynamics enables quantum correlated states to outperform metrological
strategies based on uncorrelated states but otherwise identical resources. We show that this conclu-
sion is a direct result of the coherent dynamics of the global state of the system and environment
and, as a result, possesses general validity that goes beyond specific models.

Correlated quantum states can be used to achieve a
resolution in metrology that surpasses the precision lim-
its achievable with uncorrelated probes, a significant re-
sult of both fundamental and practical relevance first
put forward by C. Caves [1]. The potential usefulness
of entangled states in overcoming the shot noise limit in
precision spectroscopy was proposed in [2], and the first
experimental results concerning precision measurements
using entangled input states have been presented recently
[3]. However, the saturation of the Heisenberg limit by
maximally entangled states assumes a fully coherent evo-
lution, whereas in real experiments there will always be
some degree of decoherence or a limitation on the total
time over which measurements can be performed. Preci-
sion spectroscopy in the presence of Markovian decoher-
ence was first analyzed in [4], where it was shown that
given a fixed number of particles n and a total avail-
able time T for the frequency estimate to be determined,
uncorrelated and maximally entangled preparations of n
particles achieve exactly the same precision when subject
to Markovian dephasing. Hence these two preparations
are metrologically equivalent in those circumstances.

Here, we analyse if this equivalence persists when the
system is subject to non-Markovian noise. Under the
same rules as above, namely given n particles and a to-
tal time T over which measurements can be performed,
we show that in the presence of realistic, finite temper-
ature, finite bandwidth environments, a measurement
strategy can always be found in which the use of n-
particle entangled states leads to a lower frequency un-
certainty when compared to the use of n uncorrelated
input states. Moreover, we demonstrate on very general
grounds that for these strategies the ratio between the
optimal resolution of entangled and uncorrelated probes
obeys a characteristic power law ∝ n1/4. These results
imply that entangled states can be used to gain an ad-
vantage for precision measurements in the presence of
noise, and that entanglement-enhanced metrology could
be practically implemented in wide variety of condensed
matter systems such as realisations of solid-state qubits
and biomolecular systems which are typically subject to
non-Markovian environments characterized by long cor-

relation times and/or structured spectral features [5].
To show this, let us consider a system Hamiltonian

ω0σz which is subject to a system-environment interac-
tion that induces pure dephasing, the form of noise that
tends to manifest at the shortest time scales in most qubit
realizations. In this case, the coupling to the environ-
ment is of the form σz ⊗ B, where B is some operator
only including bath degrees of freedom. Then, denoting
by (|1〉, |0〉) the eigenbasis of σz, quite generically, the
time evolution of the reduced density matrix of the sys-
tem satisfies

ρii(t) = ρii(0) for (i = 0, 1) (1)

ρ01(t) = ρ01(0)e−2γ(t). (2)

Now we consider a typical Ramsey spectroscopy set-up
for n uncorrelated particles [6] to find that the resulting
single particle signal is given by

p0 =
1

2

(
1 + cos(∆t)e−γ(t)

)
, (3)

where ∆ is the detuning between the frequency ω of the
external oscillator and the atomic frequency ω0 to which
we intend to lock it to and t is the time between Ram-
sey pulses [4]. Using the same notation as in [4], the
best resolution in the estimation of ω0 is given by the
expression

δω2
0 =

1

NF (∆)
, (4)

where N is the total number of experimental data (N =
(T/t)n) and F is the so-called Fisher information [7].
This quantity can be easily evaluated in our case as

F (∆) =
∑
i=0,1

1

pi

(
∂pi
∂∆

)2

. (5)

We then find the frequency uncertainty to be

δω2
0 =

1− cos2(∆t)e−2γ(t)

nTt sin2(∆t)e−2γ(t)
. (6)

We wish to determine the best operating point ∆ and
the best interrogation time tu which minimize Eq. (6),

ar
X

iv
:1

10
3.

12
19

v1
  [

qu
an

t-
ph

] 
 7

 M
ar

 2
01

1



2

as these two quantities are under experimental control.
To this end, one computes the derivatives of δω2

0 with
respect to ∆ and t and then equates these derivatives
with 0. Independent of the choice of γ(t), we conclude
from the derivative of δω2

0 with respect to ∆ that

∆tu =
kπ

2
(7)

for odd k or, in other words, the choice that ensures
cos ∆tu = 0 is optimal. Inserting ∆tu = kπ

2 in the ex-
pression for the derivative with respect to tu to eliminate
∆, these expressions simplify considerably and we obtain
the second constraint

2t
dγ

dt
(t)|t=tu = 1. (8)

Using the Eq. (7) in Eq. (6) we have

δω2
0 |tu =

1

nTtu
e2γ(tu), (9)

where the optimal interrogation time tu is determined by
Eq. (8). The Markovian case is recovered from these
equations for γ(t) = γ(0) t and the expressions above
reduce to those presented in [4].

An analogous calculation can be done for an initial
preparation of n particles in a maximally entangled state
|0〉⊗n + |1〉⊗n, leading to the result that the optimal fre-
quency resolution is

δω2
0 |e =

1

n2Tte
e2nγ(te), (10)

where the optimal interrogation time for entangled par-
ticles te is determined by the constraint,

2nte
dγ

dt
(t)|e = 1. (11)

In the Markovian case, the additional factor of n in the
denominator of Eq. (10) is cancelled out due to an ac-
companying decrease in te by a factor of n relative to
tu. The optimal frequency resolution is therefore iden-
tical to that obtained with uncorrelated particles, and
thus maximally entangled and uncorrelated states are
metrologically equivalent in the presence of Markovian
dephasing. Although Markovian dephasing does not al-
low any advantage to be gained from using maximally
entangled states, the conclusions drawn above are very
general, as the expressions above do not depend on the
precise form of the decoherence model. Provided that
it generates Markovian dephasing, the bath operator B
could be highly non-linear, complexly structured, quan-
tum or classical.

We now move beyond the standard Markovian treat-
ment and consider the performance of maximally entan-
gled states in the presence of non-Markovian dephasing.
We shall first study some specific, exactly solvable mod-
els, which demonstrate that entangled and uncorrelated

probes are no longer metrologically equivalent in the
presence of non-Markovian dynamics, and then discuss
why this result is in fact independent of the microscopic
details of the environment for most realistic system-bath
structures.

An exactly solvable model – Let us first consider the ex-
actly solvable model (independent boson model) [8]. Here
the bath operator B is simply a sum of linear couplings
to the coordinates of a continuum of harmonic oscillators
described by a spectral function J(ω) [8–10]. Then we
have

γ(t) =
1

2

∫ ∞
0

dωJ(ω) coth

(
ωβ

2

)
1− cos(ωt)

ω2
. (12)

where β is the inverse temperature.
Power-law spectral densities with exponential cut-offs –
The coupling to a bath of harmonic oscillators is the
most common setting used in the study of open-quantum
systems, and an extremely large number of physical envi-
ronments can be described by a general power-law form
for the spectral density [9, 10]. Following Ref. [8], we
therefore consider J(ω) = αω1−s

c ωse−ω/ωc , where α is a
dimensionless coupling constant and ωc cuts off the spec-
tral density at high frequencies. For zero temperature,
t > 0 and s > 0, we obtain the result

γ(t) =
α

2

(
1− cos[(s− 1) tan−1(ωct)] Γ(s− 1)

(1 + ω2
c t

2)
s−1
2

)
(13)

where Γ(s−1) is the Euler Gamma function. Taking the
limit s→ 1 carefully, one also finds

γ(t, s = 1) =
a

2
ln(1 + ω2

c t
2). (14)

From Eq. (13) one immediately sees that at short
(ωct � 1) and long (ωct � 1) times, γ(t) has a power
law dependence on time, and it is therefore instructive
to analyse a generic γ(t) of the from γ(t) = αtν . We
define the relative frequency resolution of entangled and
uncorrelated probes r = |δω0|u/|δω0|e. We then find

r2 = n

(
te
tu

)
e2γ(tu)−2nγ(te). (15)

In the absence of dephasing noise, r =
√
n (Heisen-

berg limit), while in the Markovian case the metrolog-
ical equivalence of the correlated and entangled probes
is presented by the result r = 1. Using the constraint
equations Eq. (7) and (8), it can be seen that for the
general power law form of γ(t) = αtν , we always obtain
γ(tu) = nγ(tE) and the exponential term in Eq. (15)
always equals unity. Hence r is determined by the ratio
of best interrogation times tu/te. Similarly, from Eqs.
(8) and (11) one can show that the ratio tu/te = n1/ν

and therefore r2 = n
ν−1
ν . From this result we see that

only for ν > 1 is there an advantage to using entangled
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probes, and r approaches the Heisenberg limit from be-
low as ν → ∞. The case of ν = 1 corresponds to the
Markovian case, whilst ν < 1 always favours uncorre-
lated probes.

With this analysis we can use Eq. (13) to assess r
as a function of the bath exponents s. For short times,
expanding Eq. (13) to the leading-order in ωct, it can
be seen that for all spectral densities γ(t) ∝ t2, and one

then obtains r = n
1
4 . The necessary interrogation times

for entangled states scale like te ∝ (ωc
√
n)−1, which is

consistent with the short time approximation of γ(t). In
many cases, and particularly in molecular and magnetic
systems, the conditions on the measurement time may be
met easily with current experimental methods due to the
sluggishness of the dephasing environments. We also note
that in the limit of a static bath which induces Gaussian
inhomogeneous broadening, γ(t) ∝ t2 even for long times
[11].

For times much greater than ω−1c , we find that γ(t) ∝
t1−s for 0 < s < 1. For this case, known as sub-
Ohmic dissipation [9, 10], uncorrelated probes are always
favoured, while for s = 1 we can analytically evaluate the
optimal interrogation times for each initial preparation
without considering the long or short time limits. The
exact result is

r =
√
nf(α, n), (16)

where

f(α, n) =

√[
(2α/(2α− 1))α

(2nα/(2nα− 1))nα

]√
2α− 1/2nα− 1,

(17)
and α > 1/2 [12]. The results are shown in Figure
1, illustrating that maximally entangled states in the
presence of zero temperature Ohmic baths outperform
uncorrelated probes for any n, with r → n

1
4 as n → ∞

and/or α→∞.

Lorentzian spectral density – Now we consider the spec-
tral density

J(ω) =
1

π

ag

g2 + ω2
,

where a regulates the coupling strength. We then find
for T = 0 that

γ(t) =
a

4g
(
1

g
(e−gt − 1) + t) (18)

for g ≥ 0 and t ≥ 0. Now inserting the necessary condi-
tion ∆t = π/2 in the expression for δω2

0 we obtain

δω2
0 |u =

1

nTt
e
a(−1+e−gt+gt)

2g2 .

The second necessary condition for an optimum imposes
that the optimal time satisfies

at(1− e−gt) = 2g.

FIG. 1. Ratio r between the optimal resolution achievable
with uncorrelated and maximally entangled inputs as a func-
tion of the number of particles n. The dashed line shows the
expected behaviour in the absence of noise where r =

√
n

(Heisenberg limit), while r = 1 (pink line) when the noise is
Markovian. In the presence of non-Markovian phase decoher-
ence, product states and maximally entangled initial prepa-
rations are no longer metrologically equivalent. In the case
of a zero temperature bath with an Ohmic spectral density
(s = 1), maximally entangled states allow for a higher reso-

lution for any value of n and r displays a typical n1/4 depen-
dence as shown by the solid line in the figure.

This is a transcendental equation but, if we are interest-
ing in the short time behaviour gt � 1, then we find in
lowest order as an approximate solution

t2 =
2

a

and employing the Newton method on the function

f(t) = at(1 − e−gt) − 2g with starting point t =
√

2
a

we find the improved value

t =

√
2

a

(
1 +

√
g2

8a

)
.

Inserting this into the expression for δω2
0 we find

δω2
opt|u =

1

nT

√
a

2

√
8a√

8a+ g
e
g
3

√
2
a−1

Repeating the calculation for a maximally entangled
state, we obtain in the short time limit gt� 1,

δω2
opt|e =

1

nT

√
a

2n

√
8an√

8an+ g
e
g
3

√
2
an−1.

We find an improved precision for maximally entan-
gled states as δω2

opt is reduced by a factor
√
n when-

ever 8an � g2. If that last condition is not satisfied,
the above approximate expressions fail to hold, as then
g becomes large. A numerical calculation reveals that
for 8an � g2, maximally entangled and product states
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achieve the same precision and the optimal interroga-
tion time becomes large. That entangled and product
states then achieve the same precision can be expected
as memory effects in the bath become negligible for large
interrogation times.

Beyond specific models – The key point illustrated by
the examples above is that maximally entangled states
achieve their optimal interrogation time at shorter time
intervals than uncorrelated states and can hence benefit
more from non-Markovian noise features. This is due
to the characteristic behaviour γ(t) ∝ t2 which governs
short times in the models above, and which leads to a
decrease in the optimal interrogation time for entangled
particles that only scales as n−

1
2 (c.f. te ∝ n−1 for the

Markovian case).

However, the quadratic behaviour of γ(t) is not a spe-
cific feature of our chosen noise model, but rather a gen-
eral consequence of the unitary evolution of the total
system and environment state. The essential observa-
tion is that the function γ(t) appears in the dynamics
of the sub-system as the result of transitions induced
in the bath by the system-bath interaction. At a short
time t after the system-bath interaction is switched on,
the probability for the bath state to make a transition
to any state orthogonal to its initial condition is always
proportional to t2. This universal time dependence for
quantum mechanical transitions is the fundamental ba-
sis of the quantum Zeno effect, and has been extensively
and rigourously investigated [13, 14]. Therefore, for es-
sentially all noise sources treated within the standard
framework of open-quantum system theory, entangled-
state input protocols can always be found which out-
perform uncorrelated probes, whatever the microscopic
details of the bath and the system-bath interaction.

This general result leads to the concept of a new fun-
damental limit for quantum metrology in the presence
of noise, which for simplicity we shall refer as the Zeno
limit. For sufficiently fast interrogation times, we find the
model-independent scaling law for the Zeno limit r = n

1
4 ,

which is below the Heisenberg limit r =
√
n, but always

above the Markov limit r = 1. For the specific noise
models studied above, we also find that te can be simply
related to r through the relation r2ωcte = 1 at T = 0 K.
Again, given the universal scaling law for r, a relation of
this form should also be expected to hold for other noise
models, except that ωc should be replaced by the fastest
dynamical frequency of the environment in these models.

Finite Temperatures – The arguments given above also
naturally apply to the case of finite temperatures, where
again we find that a Zeno-limit emerges. However, the
typical energy scale that determines the optimal inter-
rogation time te now depends explicitly on temperature.
This can be seen explicitly in the high temperature limit
of our exact model, where the factor coth(βωc/2) in

Eq. (13) can be expanded to leading order in βωc over
the entire integration range. For an Ohmic bath this
leads to γ(t) = αβ−1(t tan−1(ωct)− ln(

√
1 + ω2

c t
2)ω−1c ).

Again, a Zeno-limit appears at short times with γ(t) ≈
αβ−1ωct

2/2, which leads to the result tE =
√

β
4αnωc

.

This result, derived in the high temperature limit, is con-
sistent with our notion that it is the fastest time scale of
the bath dynamics that sets the scale for the Zeno-limit
interrogation time. If the system is interrogated slower
than this timescale, we find that entangled and uncorre-
lated probes become equivalent again as γ(t) ≈ αβ−1ωct
at long times and the Markov result is recovered.

Conclusions – Using an exactly soluble model of
non-Markovian dephasing we have shown that entangled
probes can outperform uncorrelated probes provided the
system is interrogated on time scales faster than the char-
acteristic frequencies of the bath dynamics. This conclu-
sion holds for both zero and finite temperatures, and is
also valid for any other noise model arising from an open-
quantum system structure. This result can be naturally
understood as resulting from the scaling te ∝ n−1/2 in
the number of correlated particles, which causes the en-
tangled probes to experience a suppressed level of deco-
herence relative to the uncorrelated probes which have
to be measured at much longer times. Thus we argue
that the result r = n1/4 for rapid measurements is a new
metrological limit for entangled particles subject to inde-
pendent decoherence sources.
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Quantum enhanced metrology and the geometry of quantum channels
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Lower bounds on the estimation uncertainty are derived for quantum metrological schemes in the
presence of decoherence showing that Heisenberg scaling is generically lost even for infinitesimal level
of noise. Unlike in other methods, calculation of the bounds is straightforward and requires only
a simple analysis of the mathematical structure of the decoherence process. In some models, e.g.
atomic clocks frequency calibration with dephasing, calculation may be performed using an intuitive
geometric picture. All that is necessary is a “distance” of a point representing the decoherence process
from the boundary of the set of all quantum channels.
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I. INTRODUCTION

Since the recognition of the fact that entangled
states allow for sensing with precision, which scales
beyond the limits achievable with classically corre-
lated probes, quantum enhanced metrology has been
a field of extensive research both theoretically [1–
4] and experimentally [5–20]. Parameter estimation
with N independent probes, as a consequence of the
central limit theorem, yields the, 1/

√
N , standard

scaling (SS) of precision, in which case the optimal
asymptotic estimation schemes are known [21]. In
optical interferometry, where N is the number of
photons used, the SS is more commonly referred to
as the shot noise scaling. Entangling the probes,
however, can in principle offer a quadratic precision
enhancement, i.e. the, 1/N , Heisenberg scaling (HS)
[22–25]. This potential boost is due to the high sen-
sitivity of entangled states to the variations of the
estimated parameter. Such strategies have been ex-
perimentally realized in optical interferometry [5–10]
with spectacular application in the quest of the first
direct detection of gravitational waves, where, by the
usage of squeezed light, sub-shot noise sensitivity has
already been achieved [11, 12]. Moreover, the same
quantum enhancement principle can be utilized in
atomic spectroscopy [26, 27]. Recent experiments
have proved that an improved frequency standards
in atomic clocks can be established with atoms pre-
pared in special entangled states — the spin squeezed
states [13–18].

Unfortunately, both the theory [28–33] and exper-
iments [20] confirmed the fragility of the above men-
tioned systems to the unavoidable noise - decoher-

ence. Furthermore, in the asymptotic limit of infinite
resources, N → ∞, even infinitesimally small noise
most likely turns HS into SS, so that the quantum

ρN

Λϕ

Λϕ

Λϕ

ϕ̃

Λϕ

Xi

p
ϕ
(X

i)

ΛXi

Figure 1. a) General scheme for quantum enhanced
metrology. N-probe quantum state fed into N paral-
lel channels is sensing an unknown channel parameter ϕ.
An estimator ϕ̃ is inferred from a measurement results on
the output state. b) Classical simulation of a quantum
channel. The channel Λϕ is interpreted as a mixture of
other channels ΛX , where the dependence on ϕ is moved
into the mixing probabilities pϕ(X).

gain amounts then to a constant factor improvement.
This behavior has been shown in the case of optical
interferometry with photonic losses [34, 35], and in
the case of atomic spectroscopy with noise modeled
as dephasing [36], by means of universally valid SS
bounds’ derivations.

In this paper, we show that the SS bounds can be
derived for nearly all types of decoherence models
by analyzing the structure of a single use of the de-
coherence channel, regardless of both the choice of
input states and the measurement strategies of esti-
mation. We make use of the necessary Fujiwara-Imai

condition (FIC) [37] as well as the beautifully simple
concept of classical simulation (CS) [38], in order to
derive SS bounds for important quantum metrolog-
ical models with decoherence. While in [37, 38] it
has been proven that SS bounds can be derived for
full rank channels, i.e. the ones that do not lie at

http://lanl.arxiv.org/abs/1201.3940v1
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the boundary of the set of all physical channels, we
show that the methods may be applied to a more
general class including the ones lying on the bound-
ary of the set. This allows us to calculate SS bounds
in a simple way, sometimes making use solely of the
geometry of quantum channels, for the most impor-
tant decoherence models in quantum metrology such
as: dephasing, depolarization, spontaneous emission
and losses inside an interferometer. Moreover, we
relate the CS to the FIC as well as compare the de-
rived SS bounds with the ones obtained previously
in the literature using systematic, but much more
computationally demanding, methods such as [36].

II. BOUNDS ON PRECISION IN
QUANTUM ENHANCED METROLOGY

The most general evolution of a quantum system
may be described via its purification — a unitary in-
teraction with an environment and subsequent trac-
ing out of the environmental degrees of freedom.
Provided the system is initially in state ρS , decou-
pled from the environment E, the evolution can al-
ways be written as

Λϕ[ρS ] = TrE
{

USE
ϕ (ρS⊗|ζ〉E〈ζ|)USE†

ϕ

}

=
∑

i

Ki(ϕ) ρS K
†
i (ϕ) , (1)

where ϕ is the evolution parameter, Ki(ϕ) =

E〈ξi|USE
ϕ |ζ〉E are the Kraus operators with vectors

{|ξi〉}i chosen to be any that form a complete basis
in the environment’s Hilbert space. Clearly, as this
choice is ambiguous, the dynamics or the quantum
channel can be represented equivalently by different
sets of Kraus operators that are related to one an-
other via

∀i : K̃i(ϕ) =
∑

j

uij(ϕ)Kj(ϕ) (2)

with u(ϕ) being a unitary matrix, which entries
could in principle depend on the evolution param-
eter ϕ. Additionally, for a quantum channel to be
trace preserving, Kraus operators need to satisfy
∑

iK
†
i(ϕ)Ki(ϕ)=11 [39].

In quantum metrology one is concerned with the
task of estimating with highest precision the evolu-
tion parameter, ϕ, of a quantum channel, Λϕ, acting
in parallel on an N -probe system, i.e. Λ⊗N

ϕ [ρN ] (see
Fig. 1a). In order to do so, one has not only to find
the optimal (possibly highly entangled) input state,
ρN , but also the most effective measurement strategy

on the output, which will minimize the estimation’s
uncertainty ∆ϕN . Although the optimal strategy
may be found for the small scale problems, the op-
timization becomes intractable, when the number of
probes increases. In this regime one is forced to look
for efficiently calculable lower bounds on the estima-
tion uncertainty. The bounds reported in this paper
are directly determinable, as they are based only on
the structure of a single use of a quantum channel
Λϕ, disregarding the N -fold tensor product Λ⊗N

ϕ and
the properties of N -probe input states.

The problem of ϕ-estimation may be pursued in
the so called local approach. This is the most opti-
mistic case, when one is searching for a strategy that
offers highest sensitivity to deviations from an a pri-

ori known ϕ0. Then, the ultimate precision can be
quantified without the need of optimization over the
measurement stage, but only the input state, ρN , by
bounding the minimal uncertainty as [24]

∆ϕN ≥ 1√
FN

, FN = max
ρN

FQ

[

Λ⊗N
ϕ

[

ρN
]]

, (3)

where the quantum Fisher information (QFI), FQ,
of a state ̺ϕ is given by FQ[̺ϕ] = Tr

{

̺L2
ϕ

}

. The
operator Lϕ is the symmetric logarithmic deriva-

tive, implicitly defined by the relation ∂ϕ̺ϕ =
1
2 [Lϕ̺ϕ+̺ϕLϕ]. For pure states the formula for FQ

simplifies to

FQ(|ψϕ〉) = 4(〈ψ̇ϕ|ψ̇ϕ〉−|〈ψ̇ϕ|ψϕ〉|2), |ψ̇ϕ〉 = ∂ϕ|ψϕ〉.
(4)

The states that maximize the QFI and yield the HS
for decoherence free unitary channels are highly en-
tangled ones, such as the GHZ state in the case of
the atomic spectroscopy [40], and the N00N state in
the case of the optical interferometry [41]. In the
presence of decoherence, the structure of optimal in-
put states is no more intuitive and the maximiza-
tion of the QFI (with rising N) becomes hard even
numerically [27–29]. In order to study the asymp-
totic behavior, one may be better off employing not
necessarily tight, but analytically calculable, upper
bounds on the QFI.

A. Minimization over channel purifications

A way of constructing such bounds is to derive
and employ other equivalent definitions of the QFI.
It has been shown in [36, 37] that

FQ [Λϕ [ρ]] = min
|Ψϕ〉

FQ(|Ψϕ〉), (5)

where the minimization is performed over all ϕ dif-
ferentiable purifications of the output state, Λϕ[ρ] =
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TrE{|Ψϕ〉〈Ψϕ|}. For pure input, only the channel
must be purified and the purifications then corre-
spond to its different equivalent Kraus representa-
tions, as in Eq. (2).

In this case, by an educated guess of a channel pu-
rification, one can derive excellent analytical bounds,
which with some effort can be made input indepen-
dent and give asymptotic scaling of precisions for
many quantum metrological models [36]. Never-
theless, the method may be cumbersome, when the
channel description involves many Kraus operators,
hence, many possible purifications and additionally
requires some analysis of the properties of the N -
probe input state.

B. Channel extension

A simpler, although not necessarily saturable,
bound can be derived exploiting an intuitive obser-
vation that, allowing the channel to act in a triv-
ial way on an extended space, can only improve
the estimation’s precision, i.e. maxρ FQ [Λϕ [ρ]] ≤
maxρext

FQ [Λϕ ⊗ I [ρext]]. This leads to an upper
bound on FN , which goes around the input state
optimization, yielding [37]:

FN ≤ 4min
K

{

N ‖αK‖+N (N − 1) ‖βK‖2
}

(6)

with αK =
∑

i K̇
†
i(ϕ)K̇i(ϕ), βK = i

∑

i K̇
†
i(ϕ)Ki(ϕ),

K̇i(ϕ) = ∂ϕKi(ϕ), ‖·‖ denoting the operator norm,
and the minimization being performed over all equiv-
alent Kraus representations of Λϕ [see Eq. (2)].

Clearly, from the above inequality we can prove
the SS of precision, if we are able to find a Kraus rep-
resentation of the channel that satisfies βK = 0, since
then the FN will scale asymptotically at most lin-
early with N . Equivalently, this amounts to finding
a Hermitian matrix h, i.e. the generator of the uni-
tary Kraus rotation, u(ϕ) = exp[−ihϕ], of Eq. (2),
that satisfies the Fujiwara-Imai condition (FIC) [37]

∑

i,j

hijK
†
iKj = i

∑

q

K̇†
qKq. (7)

Moreover, if this is possible we can then easily derive
a quantitative SS bound:

FN ≤ 4N min
h

‖αK̃‖ ., (8)

where K̃i =
∑

j [exp(−ihϕ)]ijKj.
The FIC greatly narrows the search for the optimal

Kraus representation and therefore it distinguishes
a class of Kraus rotation matrices, u(ϕ), which can

be also efficiently used in the previously mentioned
method of [36]. Nevertheless, the problem of the
minimization may still be challenging in some cases.
The method presented in the next subsection does
not have this drawback and provides a clear geomet-
rical interpretation of the results.

C. Classical simulation

The overall process of estimation, depicted in
Fig. 1a, can be represented by a Markov chain,

ϕ→ Λ⊗N
ϕ

[

ρN
]

→ ϕ̃, (9)

meaning that the true value ϕ determines the chan-
nel Λϕ that is then used N times in parallel to pro-
duce the output state, on which a measurement is
performed, from which an estimate of the parameter
ϕ̃ is constructed.

Let us consider a classical simulation [38] of the
channel, Λϕ, i.e. a probabilistic mixture of some
other physical channels (see Fig. 1b):

Λϕ[ρ] =

ˆ

dX pϕ(X) ΛX[ρ]. (10)

Crucially, the estimated parameter specifies only the
probability distribution, pϕ, of some random, pos-
sibly multidimensional variable, X , that indicates,
which channel to pick from the ϕ-independent set
{ΛX}. Making use of N independent random vari-
ables Xi distributed according to pϕ(Xi), we can
rewrite the estimation process as

ϕ→ pϕ → {Xi}Ni=1 → ⊗N
i=1ΛXi

[

ρN
]

→ ϕ̃, (11)

which, by the Markov property, must be equivalent
or worse than the estimation process

ϕ→ pϕ → {Xi}Ni=1 → ϕ̃. (12)

This description, however, corresponds just to the
classical estimation using N independent and iden-
tically distributed variables. Hence, using the classi-
cal Cramï¿œr-Rao bound (CRB) we obtain a lower
bound on the uncertainty of the original problem (9)

∆ϕN ≥ 1
√

N Fcl[pϕ]
, Fcl =

ˆ

dX
[∂ϕpϕ(X)]2

pϕ(X)
.

(13)
For an alternative derivation of the above result see
Appendix A.

Provided the Fcl is finite and pϕ(X) satisfies regu-
larity conditions required in the derivation of CRB
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Λφ0+δϕ
Λϕ0

Λϕ0−δϕ

Λ+

Λ
−

ε+

ε
−

Figure 2. Schematic representation of a local classical
simulation of a channel that lies inside the convex set of
quantum channels.

[42], one can immediately infer that only SS of pre-
cision is possible for the problem considered. More-
over, choosing a particular classical simulation one
may derive an explicit SS bound on precision. If a
channel admits many classical simulations, i.e. dif-
ferent pϕ, then we obtain the tightest SS bound for
∆ϕN by choosing the “worst” decomposition yielding
minimal Fcl[pϕ].

HS is possible only when the above mentioned con-
ditions are not satisfied. This is clearly the case in
the decoherence-free situation, when Λϕ is unitary.
Unitary operations are extremal elements of the set
of quantum channels, and therefore the only admis-
sible pϕ is the non-regular Dirac delta distribution
being zero on all channels except Λϕ. For such prob-
ability distribution Fcl = ∞, and therefore the pre-
vious reasoning does not imply the SS of precision.

Recall that QFI at a given value ϕ0 is depen-
dent only on the output state and its first deriva-
tive at ϕ0. This implies that any channel, Λ̃ϕ,
which “locally coincides” with the original one, i.e.

∀ρ : Λ̃ϕ0
[ρ]=Λϕ0

[ρ], ∂ϕΛ̃ϕ[ρ]
∣

∣

∣

ϕ0

= ∂ϕΛϕ[ρ]|ϕ0
, must

also satisfy FQ[Λ
⊗N
ϕ [ρ]]

∣

∣

ϕ0

= FQ[Λ̃
⊗N
ϕ [ρ]]

∣

∣

∣

ϕ0

. It is

therefore enough to consider the local classical sim-

ulations, i.e. any mixtures reproducing the channel
and its first derivative at given ϕ0. As mentioned
earlier, the most “informative” classical simulation
are the ones yielding the smallest Fcl. As proven
in Appendix B, these can be constructed using two
channels {Λ+,Λ−}, that lie on the tangent line to
the “channel trajectory” at the two outermost points
situated on the border of all the physical maps, see
Fig 2. The local classical simulation reads explicitly

Λ̃ϕ[ρ] = p+ϕ Λ+[ρ] + p−ϕ Λ−[ρ], (14)

with Λ±[ρ] = Λϕ0
[ρ] ± ε± ∂ϕΛϕ[ρ]|ϕ0

and p±ϕ =

ε∓±(ϕ−ϕ0)
ε++ε−

chosen, so that Λ̃ϕ “locally coincides” with

Λϕ at ϕ0. Making use of Eq. (13) applied to binary
probability distribution p±ϕ we obtain

∆ϕN ≥
√

ε+ε−
N

. (15)

All that is needed to calculate the above bound are
the “distances” ε± of the channel from the boundary
measured along the tangent line.

The above bound is useless for extremal channels
since then ε± = 0. If a channel is non-extremal,
then the above construction will yield a finite Fcl

provided that ε± > 0, i.e. it can be decomposed into
mixtures of channels lying on the tangent. It could
be that, although the channel is non-extremal, it is
non-extremal “in the wrong direction” and ε± = 0
— we call such channels ϕ-extremal. All channels
that are not ϕ-extremal manifest the SS of precision.
In particular, all full rank channels (i.e. channels
not lying on the boundary of the set of quantum
channels) are limited by the SS of precision [37, 38].

Geometry of the channels and more specifically
the ϕ-extremality are best viewed with the use of
the Choi-Jamiołkowski isomorphism [43, 44]. Given
a quantum channel Λ: L(Hin) 7→L(Hout) acting from
the space of density matrices on Hin to density ma-
trices on Hout, one defines PΛ=Λ⊗ I [|Φ〉〈Φ|], where

|Φ〉=∑dimHin

i=1 |i〉⊗|i〉 is a maximally entangled state
in Hin ⊗Hin. Λ is a physical channel (i.e. trace pre-
serving, completely positive map) iff PΛ is a positive
semi-definite operator, satisfying TrHout

{PΛ}= 11. If
{Ki}i are the Kraus operators of the Λ channel,
we can write explicitly PΛ =

∑

i |Ki〉〈Ki|, where
|Ki〉 = Ki ⊗ 11|Φ〉.

We can now say that, the channel Λϕ is not ϕ-
extremal, if it is possible to find a non-zero ε, for
which PΛϕ

±ε ∂ϕPΛϕ
≥ 0. See Appendix C for an al-

ternative formulation of the ϕ-extremality condition
and its relation to the well known non-extremality
condition due to Choi [44]. In practice, if we want
to make most out of the bound in Eq. (15), we
need to find the maximum values of ε±, for which
PΛϕ

± ε± ∂ϕPΛϕ
are still positive semi-definite op-

erators. This is a simple eigenvalue problem and
therefore the bound can be obtained immediately.

Finally, we note that any channel, which can be
locally simulated, satisfies also the FIC [proof in Ap-
pendix D] which also implies that the CS bound will
never be tighter than the one resulting from finding
the global minimum in Eq. (8). This extends the
space of FIC fulfilling channels from full rank [37],
i.e. lying inside the set of quantum maps, to ones
being ϕ non-extremal. Note, however, that FIC can



5

also be potentially satisfied by some extremal chan-
nels for which CS is not possible, e.g. the qubit am-
plitude damping channel discussed in the next sec-
tion.

III. EXAMPLES AND COMPARISON OF
THE METHODS

All examples of channels presented below are of
the form Λϕ[ρ] = Λ

[

UϕρU
†
ϕ

]

, i.e. a concatenation of
a unitary rotation encoding the estimate parameter
ϕ and an ϕ-independent decoherence process. Con-
sequently, Ki(ϕ) = KiUϕ, where Ki(ϕ), Ki are the
Kraus operators of Λϕ and Λ respectively.

In what follows, we adopt the standard notation
where 11 is the 2× 2 identity matrix and {σi}3i=1 are
the Pauli operators. We focus on two-level probe sys-
tems sensing a phase shift modeled using a unitary
U(ϕ) = exp[(iσ3ϕ)/2]. In the case of atomic clocks’
frequency calibration ϕ = δω · t with δω being the
detuning between the frequency of the atomic tran-
sition and the frequency of driving field, while t the
time of evolution. Even though, in practice, it is the
δω that is the parameter to be estimated, we will still
consider ϕ as the estimation parameter, in order to
have a unified notation for atomic and optical mod-
els. In the case of a two mode optical interferometer,
U(ϕ) is the operator acting on a single photon state,
accounting for the accumulated relative phase shift,
ϕ, between the two arms of the interferometer.

A. Dephasing

Dephasing of a qubit is a typical decoherence
model applied to two level atoms subject to fluctu-
ating external magnetic/laser fields. The canonical
Kraus operators read [39]

K1 =
√

1− p 11, K2 =
√
p σ3, (16)

where 0 ≤ p ≤ 1/2 is the dephasing strength. The
Choi-Jamiołkowski isomorphism of the correspond-
ing Λϕ channel PΛϕ

=
∑2

i=1 |KiUϕ〉〈KiUϕ| has a
simple form:

PΛϕ
=







1 0 0 eiϕ(1 − 2p)
0 0 0 0
0 0 0 0

e−iϕ(1 − 2p) 0 0 1






. (17)

It is easy to check that PΛϕ
+ ε±∂PΛϕ

≥ 0 provided

ǫ± ≤ (2
√

p(1− p))/(1−2p), hence using Eq. (15) we
arrive at the bound given in Table I.

channel
considered

classical
simula-

tion
(15)

channel
exten-
sion
(8)

channel
purifica-

tion
(5)

dephasing 2
√

(1−p)p

1−2p

2
√

(1−p)p

1−2p

depolarisation
√

p(4−3p)

2(1−p)

√
p(4−3p)

2(1−p)

amplitude
damping

N/A 1
2

√

p

1−p

lossy
interferometer

N/A
√

1−η

η

Table I. Precision bounds of the most relevant models in
quantum enhanced metrology derived with three differ-
ent methods. All bounds are of the form ∆ϕN ≥ const√

N
,

where constant factors are given in the table. Classical
simulations do not provide any useful bounds for ampli-
tude damping and lossy interferometer, since these chan-
nels are ϕ-extremal.

The only situation, in which the bound does not
provide any information is when p = 0, what is
not surprising, since then the channel is unitary —
i.e. extremal. Most importantly, the above bound,
is exactly the same as the one derived using the
channel extension method. The global minimum
in Eq. (8) can be found explicitly and corresponds

to h = σ1/[4
√

p(1− p)]. Furthermore, h is exactly
the generator leading to the purification employed in
[36], where, after dealing with the unavoidable opti-
mization over input, same result was derived — see
Table I.

This proves, the usefulness of the CS solution,
which with a minimal effort allows to derive bounds
that are equally tight as the ones derived with much
more advanced methods. Notice that we have de-
rived the bound, even though the channel is not full
rank (lies on the boundary of the set).

B. Depolarization

Qubit depolarization of strength 0 ≤ p ≤ 1 defined
via the Kraus operators

K1 =

√

1− 3p

4
11,

{

Ki =

√

p

4
σi

}

i=1...3

(18)

is an example of a full rank channel (for p > 0),
hence we can automatically infer the SS of precision.
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Analogously to the dephasing case, a bound using
the CS can be simply derived and we include it in
Table I. We were not able to derive a better bound
neither from (Eq. (8)) nor by minimization over pu-
rifications, which is again a hint on the power of the
CS method. It might be that with the more ad-
vanced methods it is possible to improve the bound,
yet it will surely require much more effort.

Next, in order to provide reader with the full pic-
ture, we describe two decoherence models, in which
the CS method is not applicable.

C. Amplitude damping (spontaneous emission)

The well known two-level atom spontaneous emis-
sion model is described by the Kraus operators

K1 =

(

1 0
0

√
1− p

)

, K2 =

(

0
√
p

0 0

)

(19)

with 0 ≤ p ≤ 1. Interestingly, for all p this channel
is extremal [45]. Because of the extremality, the CS
is not helpful to derive bounds on precision. Nev-
ertheless, the channel extension method of Eq. (8),
can be easily employed.

Substituting Ki(ϕ) into Eq.(7) we find that the

FIC fixes the generator to h = 1
2p

(

p 0
0 p− 2

)

. Con-

sequently, there is no need for minimization over the
Kraus decompositions and from Eq. (8) we obtain
an SS bound listed in Table I.

Moreover, using h as the generator of the purifi-
cation’s rotation and optimizing over the input ac-
cording to procedure of [36], we arrive at exactly
same bound. However, taking into account that in
the channel extension method we did not have to
perform any kind of optimization, the first result re-
mains impressive.

D. Lossy interferometer

In order to model loss in an optical interferometer,
a third orthogonal state at the output — vacuum —
resulting from a loss of a photon needs to be intro-
duced. The decoherence channel on a single probe
(single photon) is a map from a two to a three di-

mensional system:

K1=





0 0
0 0
0

√
1− η



, K2=





0 0
0 0√
1− η 0



,

K3=





√
η 0
0

√
η

0 0



,

(20)

where η is the power transmission coefficients for
the light traveling through each of the two arms
[46]. Although the corresponding channel Λϕ is non-
extremal, it is unfortunately ϕ-extremal and again
CS cannot be used. Still, similarly as in the ampli-
tude damping case the FIC condition is satisfied. Re-
stricting ourselves to diagonal generators h the op-
timal bound (see Table I) corresponds to the choice
h11 = 0, h22 = η

1−η
, h33 = − 1

2 . Not surprisingly,

this bound equals the one obtained in [34–36], be-
cause h turned out to be the same generator as the
one used in [36] of the optimal purification.

IV. SUMMARY

From the examples studied, we may conclude that
the CS method may provide a surprisingly tight
bounds in some decoherence models. The cases,
when it fails, are the ones when channels are ex-
tremal or ϕ-extremal. Notice, however, that ex-
tremal or ϕ-extremal channels will in general have a
simpler structure – fewer linearly independent Kraus
operators — as they necessarily lie on the boundary
of the set of quantum channels. This gives an oppor-
tunity to apply other methods based on the channel
extension or minimization over purifications. The
general rule of thumb might be that, the further from
extremal, ϕ-extremal points the channel is, the more
useful is the CS method to derive precision bounds.
From a practical point of view one might say that,
since there are always many sources of noise present,
a typical realistic decoherence model will almost cer-
tainly be described by a quantum channel well inside
the set, hence far from the set’s boundaries. In such
a case, the CS is a perfect tool to get an immediate
lower bound on the achievable precision.
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Appendix A: Proof of the classical simulation
bound, Eq. (13)

In order to simplify the reasoning, let us focus on
the classical simulations that are constructed using
discrete sets of quantum channels, {Λi}. Then, the
considered channel’s action can be rewritten as a ϕ-
independent map acting on a larger input space [38]

Λϕ[ρ] =
∑

i

pϕ,i Λi[ρ] = Φ [ρ⊗ σϕ] , (A1)

where σϕ =
∑

i pϕ,i |ei〉〈ei| represents a diagonal
state in a basis, in which Φ is defined via Φ[̺] =
∑

i Λi⊗Pi [̺] with Pi[σ] = 〈ei|σ |ei〉. In order to
prove (13), we write the QFI for the N parallel use
of the channel and bound it from above, i.e.

FQ

[

Λ⊗N
ϕ [ρ]

]

= FQ

[

Φ⊗N
[

ρ⊗ σ⊗N
ϕ

]]

≤ FQ

[

ρ⊗ σ⊗N
ϕ

]

= FQ

[

σ⊗N
ϕ

]

= N FQ[σϕ] = N Fcl[pϕ], (A2)

exploiting the monotonicity of the QFI under any pa-
rameter independent quantum map, here Φ⊗N , [47].

Appendix B: Optimal Tangent Simulation

We prove that the optimality of CS is reached by
choosing two channels, which are as far as possible
from Λϕ0

on the tangent, but still lie in the set of
physical maps. Consider a CS being a mixture com-
posed of channels that lie on the tangent line to the
channel trajectory. Pick a channel Λ0 situated a po-
sition x0, Λ0 = Λϕ0

+x0 ∂ϕΛϕ|ϕ0
, which contributes

to the mixture with p0ϕ. Let us now remove this chan-
nel from the mixture and replace it by two channels
Λ± at positions x±, x− < x0 < x+, with mixing
probabilities p±ϕ . For the total probability to sum up
to one and the new mixture to be locally equivalent
to the previous one, the following quantities as well
as their first derivatives over ϕ should equalize at ϕ0:

p+ϕ + p−ϕ = p0ϕ, p+ϕ x+ + p−ϕ x− = p0ϕ x0. (B1)

Solving the above set of equations we get

p±ϕ0
= p0ϕ0

x± − x0
x± − x∓

, ∂ϕp
±
ϕ |ϕ0

= ∂ϕp
0
ϕ|ϕ0

x± − x0
x± − x∓

.

(B2)

We now want to show that the described operation
can only decrease the Fisher information Fcl. For a
moment consider a situation in which channels Λ±

were not used in the original mixture and only ap-
peared at the expense of the removed Λ0 channel.
The change of Fcl is given by

δFcl =
[∂ϕp

+
ϕ ]

2

p+ϕ
+

[∂ϕp
−
ϕ ]

2

p−ϕ
−

[∂ϕp
0
ϕ]

2

p0ϕ

∣

∣

∣

∣

∣

ϕ=ϕ0

(B3)

and by Eq. (B2) it must be zero.
If, on the other hand, channels Λ± were already in

use in the original mixture, we can artificially sepa-
rate their initial part from the one originated at the
expense of taking away probability from the point x0.
This formally corresponds to introducing additional
distinguishing symbol that would split the instances
of the classical random variable x± into two groups,
depending on their origin. By the same reasoning as
before, the Fcl must remain constant during proba-
bilities redistribution. Finally, removing the distin-
guishing symbol we can only reduce the Fcl, what
proves that indeed replacing Λ0 with Λ± in a local
classical simulation can only decrease the Fcl.

This reasoning may now be applied to an arbitrary
probability distribution of channels lying on the tan-
gent line. We can only decrease the Fcl by deleting
one of the channels and redistributing its probabil-
ity to the ones lying at the line ends. Repeating this
procedure for all channels on the tangent line we
conclude that the optimal (yielding minimum Fcl)
simulation is the one composed of two channels situ-
ated at the intersection of the tangent line with the
boundary of the set of all quantum channels.

The missing point in the above reasoning is to
prove that it is not possible to decrease Fcl further by
including channels that lie outside the tangent line.
We have proved this fact for the class of channels
Λϕ[ρ] = Λ(UϕρU

†
ϕ) — concatenation of a unitary

parameter encoding and a decoherence map. The
sketch of the proof is the following. Notice that
the values of parameters xi appearing in Eq. (B2)
will now be obtained by performing a projection of
the channel onto the tangent line. The only way, in
which the use of this larger class of channels could
lead to lower Fcl, would be the situation when after
projecting a channel onto the tangent line, we find
ourselves outside the physical region of all quantum
maps. The effective xi lies then further apart than
when considering only channels on the tangent line.
This seems like a possible way to increase the prod-
uct ε+ε−. However, taking one channel, e.g. Λ+, to
the “top” of the tangent line requires taking the com-
plementary channel, i.e. Λ−, to the “bottom”. Since
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the decoherence structure is ϕ-invariant and the set
of channels is convex, the gain in the ε+ will be com-
pensated by at least an equal loss in the distance ε−,
which will not make the product ε+ε− larger, and
therefore will not decrease the Fcl.

Appendix C: ϕ non-extremality

We prove below that the condition on ϕ non-
extremality, which requires the existence of a non-
zero epsilon such that

PΛϕ
± ε ∂ϕPΛϕ

≥ 0, (C1)

is equivalent to the statement that there exist a non
zero Hermitian matrix µij such that

∂ϕPΛϕ
=

∑

ij

µij |Ki〉〈Kj| . (C2)

Assume that (C1) holds and recall that PΛϕ
=

∑

i |Ki〉〈Ki|. Since the operator on the l.h.s. is pos-
itive

〈ψ|
[

∑

i

|Ki〉〈Ki| ± ε
∑

i

|K̇i〉〈Ki|+ |Ki〉〈K̇i|
]

|ψ〉 ≥ 0

(C3)
for any vector |ψ〉. In order to prove (C2), it is

enough to show that |K̇j〉 can be written as lin-
ear combinations of Ki. If this was not the case
for one of vectors, e.g. |K̇ī〉, we would addition-
ally need a vector |Lī〉 that is orthogonal to the
the space spanned by {|Ki〉}i, then taking |ψ〉 =√
p|Kī〉+exp(iξ)

√
1− p|Lī〉 positivity condition (C3)

leads to

p|〈Kī|Kī〉|2 ±
√

p(1− p)ε
(

eiξ〈Lī|K̇ī〉+ c.c
)

≥ 0

(C4)

For any nonzero ε and nonzero 〈Lî|K̇î〉 we can always
find some ξ and p small enough, so that the l.h.s. is
negative. This leads to a contradiction, hence (C2)
must hold.

For the opposite direction, assume (C2) holds and
substitute the formula for ∂PΛϕ

into the l.h.s. of
(C2). We need to show that there exist ε such that

A± =
∑

i

|Ki〉〈Ki| ± ε
∑

ij

µij |Ki〉〈Kj | ≥ 0. (C5)

Defining matrices ν± = 1±εµ, note that, for ε small
enough, they are positive semi-definite. Hence, we

can take their square root and construct |K̃±
i 〉 =

∑

j

[√
ν±

]

ij
|Kj〉. Then, A± =

∑

i |K̃i〉〈K̃i|, which

is clearly positive semi-definite.�
As a last remark, observe that tracing out (C2)

over Hout space yields

0 =
∑

ij

µijK
†
iKj, (C6)

which is the Choi condition for non-extremality [44].
This reflects the trivial fact that if a channel is ϕ
non-extremal, then it must not be extremal.

Appendix D: Classical simulation implies FIC

If a channel can be locally simulated at ϕ0, than
up to the first order in ϕ− ϕ0 we have

Λϕ[ρ] = p+ϕ Λ+[ρ] + p−ϕ Λ−[ρ]

=
∑

i

p+ϕK
+
i ρK

+†
i +

∑

j

p−ϕK
−
j ρK

−†
j

=
∑

k

K̃qρK̃
†
q ,

where
{

K̃q

}

=

{

√

p+ϕK
+
i

}

∪
{

√

p−ϕK
−
j

}

. The con-

structed Kraus operators satisfy FIC, since

βK̃ = i
∑

q

˙̃K†
qK̃q = i

(

∑

i

ṗ+ϕK
+†
i K+

i + (D1)

+
∑

j

ṗ−ϕK
−†
j K−

j

)

= i
(

ṗ+ϕ + ṗ−ϕ
)

11 = 0, (D2)

where we have used ∀ϕ : p+ϕ + p−ϕ = 1.
Moreover, notice that

‖αK̃‖ =

∥

∥

∥

∥

∥

∑

q

˙̃Kq
˙̃Kq

∥

∥

∥

∥

∥

≤
(

∂ϕ

√

p+ϕ

)2
∥

∥

∥

∥

∥

∑

i

K+†
i K+

i

∥

∥

∥

∥

∥

+

(D3)
(

∂ϕ

√

p−ϕ

)2
∥

∥

∥

∥

∥

∑

i

K−†
i K−

i

∥

∥

∥

∥

∥

=
[∂p+ϕ ]

2

4p+ϕ
+

[∂p−ϕ ]
2

4p−ϕ
.

(D4)

Substituting the above inequality to Eq. (8) we see
that FN ≤ NFcl, where Fcl is just the Fisher in-
formation for the local CS. This shows that the
bound derived from CS will never be tighter than
the one derived from the channel extension method
optimized over all Kraus decompositions.
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