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Executive summary

Cloud network processing involves the set of processing steps that are carried out within
the cloud to guarantee that it can be regarded as an independent and self-contained en-
tity. All partners have been involved to act complementarily with regard to demonstra-
tion activities in WP5 and synergically for the node capabilities de�ned in WP4, using
the scenarios de�ned in WP2 for designing and assessing the performance of cloud net-
work processing techniques.

This report is the �nal deliverable focused on advanced scenarios of cloud network pro-
cessing where algorithms have been designed by taking into account the limits, spe-
ci�cations and practical requirements that have been provided as feedback from the
experimental activities undertaken in WP5.

The deliverable includes:

• a comprehensive overview of the cloud network processing methods re�ned after
their successful implementations in HW/SLS demonstrators;

• novel algorithms for cloud network processing that are too complex (or not timely
for the DIWINE timeframe) for demonstration at present, but are promising can-
didate solutions for future cloud networks.
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1 Introduction

WP3 covers the cloud organisation in terms of self-organisation, cooperative processing,
coding and interference mitigation. Deliverable D3.03 summarises the activities carried
out on advanced cloud network processing during the last two years of the DIWINE
project. The report summarises not only some experimenting activity that fed back the
guidelines for further theoretical advances, but also all the cloud processing techniques
that have been designed and experimented for distributed channel/system state identi-
�cation, relay coding and cloud self-organisation. The algorithms were designed taking
into account the speci�cations, practical constraints, limits and pitfalls raised during the
cooperation in demonstration scenario setup of WP5.

Activities of D3.03 are mainly addressing two objectives: (i) optimisation and perform-
ance assessment of the processing algorithms that have been transferred to the HW/SLS
demonstrators for validation and tuning (this activity was in close interaction with WP5);
(ii) investigation of theoretical aspects and advanced methodologies that are of strategic
importance for advancing the know-how in the DIWINE context, though not ready at
this stage of the research for implementation into the DIWINE demonstrator platforms.

1.1 Summary and structure of the report

The report is organised as follows. Chapter 2 presents the distributed algorithms de-
signed for the estimation of the key parameters of the network state that are needed
to set up the cloud functionalities, namely the timing-frequency o�set for network syn-
chronisation, the channel/interference state information and the cloud network topology.
Chapter 3 discusses the techniques for physical network coding operations, and par-
ticularly algorithms for improving the energy e�ciency of Quantise-Map-and-Forward
(QMF) relaying, for relay node selection and physical layer security. Advanced meth-
ods for cloud self-organisation are in Chapter 4, addressing distributed algorithms for
intra-cloud resource management, distributed learning of information needed for phys-
ical network coding and self-selection of coding parameters.

The technical contributions from Deliverable D3.02 have been successfully implemented
and validated into the HW/SLS demonstrators over the last two years providing import-
ant feedbacks for algorithm advances or re�nements. Namely, the distributed consensus-
based algorithm for time-frequency synchronisation of the cloud nodes (Section 2.2) has
been successfully transferred into the USRP-based Smart Meter Network (SMN) demon-
strator (see D5.42 [1] for further practical details), with several cross-feedbacks between
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14 1 Introduction

theoretical developments and practical setup (Section 2.1). The distributed consensus-
based algorithm for interference sensing (Section 2.4) has been implemented and it is part
of the functionalities of the Critical Industrial Monitoring and Control (CIMC) demon-
strator (see D5.52 [2]). The adaptive energy-e�cient scheme for QMF relaying (Sec-
tion 3.1) has been partially implemented by means of the USRP hardware platforms used
for the SMN demonstrator (see D5.42). The advanced distributed learning algorithm
(Section 4.2 [1]) was successfully transferred into the SMN demonstrator (see D5.42 [1]).
Finally, the proposed approach for self-selection of the physical network coding function
has been implemented in the system level simulator (SLS) (see D5.33 [3]).

Technical contents are summarised below for each section, highlighting the contribu-
tions that have been transferred into the HW/SLS demonstrators.

Chapter 2: Distributed channel and system state identi�cation

Section 2.1 Distributed time-frequency synchronisation

The distributed nature of cooperative networks results in both Carrier Frequency
O�set (CFO) and timing o�set (TO) that degrade the performance of collaborative
communication. Thus, a global synchronisation is mandatory to guarantee the
proper communication and coding among multiple uncoordinated nodes in dense
networks. Within DIWINE a novel method has been proposed a novel method
to perform joint time and frequency synchronisation in presence of large TOs
and CFOs by extending the principle of consensus method to synchronisation;
the method has been �nalised to the implementation in SMN demonstrator (WP5)
for practical setting validations. The estimation is based on assigning to all nodes
the same training sequence based on Constant Amplitude Zero AutoCorrelation
(CAZAC) sequences, that is properly arranged to decouple CFO from TO in symbol
and frame synchronisation. The synchronisation is based on weighted consensus
algorithm to reach synchronisation in a connected network by exploiting the un-
coordinated superposition (or collision) of the waveforms from all transmitting
nodes used as an ensemble of reference timing for synchronisation. In the real-
istic scenario of the SMN demonstrator, half duplex constraint represents a limit
in synchronisation as each device can only transmit its synchronisation frames,
or receive (and update) the synchronisation from the other nodes. It is part of the
research to investigate a duplex scheduling as the trade-o� between the time alloc-
ated to transmit or receive in dense cooperative networks. The analytical model
shows that to maximise the convergence of timing and frequency synchronisa-
tion the duplex scheduling can be random and independent on each node, with
probability of transmission ρ < 0.5. Thus, time and frequency synchronisation
is guaranteed in multi-node interference scenario without the need to assign to
every node an independent CAZAC sequence, and thus without any coordination
in a random duplexing with ρ < 0.5.
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Section 2.2 Synchronisation algorithm evaluation

This section presents hardware validation of the proposed distributed synchronisa-
tion algorithm. All transmitting nodes send the same synchronisation frames, and
the synchronisation con�guration is estimated from these superimposed wave-
forms. This method greatly simpli�es the CFO and TO estimation procedure when
implemented in the SMN demonstrator (WP5). A real-time algorithm is imple-
mented on Software De�ned Radios (SDR), and is tested in various con�gurations
to investigate the tracking and accuracy abilities compared to the theoretical de-
velopments (Section 2.1). The hardware tests veri�ed the algorithm as a suitable
candidate for synchronisation in dense networks, with accurate estimation of the
timing and frequency o�sets of the transmitting nodes. Its ability to decouple the
estimations was also demonstrated with experiments.

Section 2.3 Assessment of distributed algorithms for channel estimation and
network localisation

In this section distributed consensus for self-learning of the cloud topology has
been extended to joint node-to-node measurements of the average power gain and
the degree of temporal fading, namely the mean and the variance of the received
signal strength (RSS). These two RSS moments were proved to be (on average) lin-
early related to the log-distance between the cloud nodes, see Deliverable D3.02
[4]. The RSS statistics, modelled according to the stochastic propagation model
developed in WP2, are characterised by some unknown environment-dependent
features, common to all the cloud nodes, which are cooperatively estimated during
a cloud network calibration procedure before proceeding with the self-learning of
the cloud network geographical topology. The extended method has been tested
on real channel data collected by IEEE 802.15.4 devices. Performance analysis was
carried out in terms of convergence speed, error at convergence and communic-
ation overhead for network calibration and localisation using both experimental
and simulated data.

Section 2.4 Distributed interference sensing and coordination for cloud schedul-
ing

The problem of distributed spectrum sensing is analysed in a scenario where mul-
tiple cloud networks, deployed in close proximity, need to self-coordinate their
access to a set of shared time-frequency resources so as to minimise the mutual in-
terference. In a simpli�ed setting with two coexisting networks, the devices of the
sensing cloud (secondary users, SUs) exchange local spectrum estimates to cooper-
atively recognise and track the overall time-varying interference patterns caused
by the devices of the other pre-existing cloud network (primary users, PUs). PUs
are assumed to perform a periodic transmission over prede�ned (but unknown
to the SUs) time-frequency hopped resources. Cooperation between the SUs is
crucial to detect the complete interference pattern of the primary network. The
weighted consensus algorithm developed in D3.02 [4] is here combined with an
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iterative decision-directed procedure for distributed detection of the PU spectrum
occupancy. The distributed approach is shown to provide the estimate of the com-
plete interference pattern to each SU regardless of the incomplete visibility at each
node. The method has been validated by experimental tests on unlicensed 2.4 GHz
spectrum sharing, within the CIMC demonstrator, as detailed in D5.52 [2].

Chapter 3: Relay processing and coding

Section 3.1 Adaptive energy e�cient scheme for QMF relaying

In point-to-point communication systems, physical layer abstraction techniques
can be readily used to quantify the performance and adapt the parameters. Since
such abstraction has not been clearly de�ned for cooperative schemes such as
QMF, we propose a heuristic method based on a combination of adaptive blind
policy and cyclic redundancy check coding. Following the proposed method, we
demonstrate how the QMF relay node can adapt its communication parameters.
It is shown that the proposed technique can considerably improve the energy e�-
ciency of the relay node and at the same time provide good performance gains. The
technique has been partially implemented by means of USRP hardware platform.

Section 3.2 Relay selection in cloud networks

In this section, we present our current research progress on relay selection in cloud
networks. Relay selection is regarded as one of the most promising technologies
for use in future cellular networks, especially super dense cloud networks. There
are two commonly used selection schemes, i.e. bulk selection and per-subcarrier
selection. However, the performance of the former is too poor to satisfy the in-
creasingly high requirements of cloud networks, while the latter strategy normally
requires too many relays in one transmission interval. Therefore, we propose a
joint selection scheme combining the characteristics of both and prove its priority
over both in small-scale networks. Meanwhile, we compare the performance of
these three selection schemes in super dense cloud networks and it is shown that
bulk selection is preferable to the other two, because of the selection contention
phenomenon. Three types of relays, i.e. Decode-and-Forward (DF), Fixed-Gain
(FG) Amplify-and-Forward (AF) and Variable-Gain (VG) AF are employed when
comparing the performance. Also, a variable termed bulk gain factor is de�ned
and used as a powerful tool to analyse di�erent relay selection schemes in super
dense cloud networks.

Section 3.3 Degradedness of fast fadingGaussianmultiple-antennawiretap chan-
nels with statistical CSIT

The characterisation of secrecy capacities of Gaussian wiretap channels depends
on the knowledge of Channel State Information at the Transmitter (CSIT). When
there is only statistical CSIT, the secrecy capacity is unknown in general. In this
section we investigate the relation between the usual multivariate stochastic order
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and the degradedness among the legitimate receiver’s and eavesdropper’s chan-
nels under fast fading with only statistical CSIT. The considered transmitter has
multiple antennas and the legitimate receiver and the eavesdropper both have mul-
tiple antennas. Based on the technique of coupling we derive criteria to check the
degradedness of the fast fading Gaussian wiretap channel including some com-
monly used channel models even there is only statistical CSIT. We illustrate one
example of a Rician 2× 2× 2 channel where the ergodic secrecy capacity can be
derived under di�erent K-factors.

Chapter 4: Cloud self organisation

Section 4.1 Cloud resource scheduling by distributed interference coordination

We consider a cloud scenario where multiple node-to-node links coexist on the
same spectrum and have to coordinate to self-adapt their Time-Frequency (TF) al-
location based on distributed interference detection. This context addresses the
IoT or any Device-to-Device (D2D) communication, and it is crucial to design a
radio resource management system that allocates the TF resources to the links
in a distributed way, i.e. without any centralised coordination, so as to guaran-
tee the Quality of Service (QoS), particularly in heterogeneous tra�c conditions.
Interference-aware resource allocation has the capability to adapt the resource
management to a context where multiple links coexist in the same spectrum. In
this section, a distributed scheduling approach is proposed where each node-to-
node link reacts to the locally sensed interference by self-adapting its own TF al-
location. Each node autonomously trades the QoS request in term of packet service
with the resource availability by in�ating/de�ating the spectrum allocation based
on the sensed interference level. The change of the interference pattern perceived
in turn by other links serves as inter-link signalling of the need/release of TF re-
sources. Each node optimises the allocation by iterated local adjustments, till an
equilibrium with the other links is reached. The section shows that, in perspective,
the proposed scheduling algorithm is able to maximise the total throughput in a
fully distributed way, arranging e�ciently the radio resources over the TF domain
so as to satisfy the QoS requirements for each node.

Section 4.2 Distributed learning process for HNC selection – Advanced scen-
arios

An extension of distributed learning algorithm (DLA) towards more complex net-
works and scenarios is shown. It includes optional additional channel related util-
ity function – based on the symbol error rate – which is used for local decision
making. The advanced DLA was successfully transferred to WP5 for demonstra-
tion. In depth implementation details are provided in D5.42 [1].
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Section 4.3 Non-cooperating relays

This section focuses on relays that do not fully follow the idea of the cloud concept.
A scenario with intentionally malicious relay is analysed �rst. Second, we assume
a scenario where a relay node starts to behave over-sel�sh for example because
of emptying battery. For both of the scenarios we provide a game theoretic ana-
lysis, show equilibria existence and suitable utility function. Both scenarios are
far advanced to be shown by the demonstrator now.

Section 4.4 Self-selection of physical layer network coding parameters

Compute-and-Forward (C&F) is an important relaying technique with good poten-
tial for implementing physical layer network coding in dense relay networks such
as the DIWINE cloud. However it requires the choice of coe�cients at relays. In
this section, C&F relaying in a multi-source multi-relay network is studied. Two
novel algorithms for coe�cient selection are proposed, addressing the complexity
of cloud organisation. The algorithms assume (i) no coordination and (ii) partial
coordination between the relay nodes and prove to be near optimal based on ex-
tensive simulations with large number of relay nodes in a cloud.

Section 4.5 Novel approach for computingnetwork coding function in compute-
and-forward

Coe�cient selection may require very complex integer optimisation, especially in
dense cloud networks with many nodes. In this section, a novel approach is pro-
posed to determine the integer variables for C&F relaying, making it more prac-
tically feasible to increase e�ciency of dense multi-hop wireless networks for the
DIWINE cloud.

Section 4.6 Design for adaptive physical layer network coding over cooperative
relaying

In this section, an approach is described to ensure that each relay can choose a non-
singular Physical layer Network Coding (PNC) function to overcome all the sin-
gular fade states, and that the destination can unambiguously recover the source
messages. The proposed design is divided into an o�-line search algorithm which
could �nd a small number of best e�cient coe�cient matrices, and an on-line
search algorithm which determines the optimal full rank mapping matrix for each
fading state. The o�-line search greatly reduces the computation complexity of
the on-line search algorithm with a small performance loss. The whole system is
suited to conventional modulation schemes whose cardinality is a power of 2, and
in which binary constellation labels can be used, which is preferable from the point
of view of engineering implementation. This approach has been implemented in
the SLS, and is described in D5.33 [3].
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2 Distributed channel and system state identification

2.1 Distributed time-frequency synchronisation

The wireless cloud network (WCN) accounted in DIWINE comprises nodes scattered in
a bounded area. Moreover, nodes are coupled with neighbours within a connectivity
radius that depends on nodes’ transmission power and receiver sensitivity, as well as
propagation settings. To enable the global synchronisation of the network to guarantee
the proper coding and communication with self-coordination, a distributed algorithm for
timing/frequency synchronisation is necessary. Timing o�set (TO) is caused by propaga-
tion delay (here neglected) and timing misalignment due to the initial arbitrary phase
of each node, whilst carrier frequency o�set (CFO) is caused by the oscillator frequency
mismatch, and possibly Doppler e�ect (here neglected).

A preliminary study about the usage of constant amplitude zero autocorrelation (CAZAC)
sequence as synchronisation symbol was developed in D3.02. Here, it is proposed a new
synchronisation frame structure based on two consecutive CAZAC sequences that al-
lows to decouple the coupling e�ect between TO and CFO [5]. Furthermore, a modi�ed
distributed phase locked loop (D-PLL) has been studied to achieve the convergence of
the network by exchanging between nodes the same signature. The proposed distributed
synchronisation algorithm allows scalability of the network and reduces computational
complexity in comparison with conventional synchronisation methods. A realistic half-
duplex constrain scenario has been studied during the project and an optimum solution
that maximise the convergence of the network synchronisation has been developed.

2.1.1 General synchronisation system model

The uncoordinated network considered here is composed of K fully connected nodes
without any time and frequency master clock reference, where each node has local
clock based on carrier oscillator that runs independently before synchronisation. We
consider that the network employs OFDM modulation scheme for communication with
N sub-carriers, sub-carrier spacing fs and sampling rate Fs = Nfs. To enable the global
synchronisation of the network, nodes exchange the same training sequence that, once
synchronised, superimpose and collide one another without any impairment for the
synchronisation. For the k-th node, the local (clock) time tk[n] and carrier (oscillator)
instantaneous phase ψk[n] are modelled by a discrete reference time n as

tk[n] = nTk + τk,

ψk[n] = φk + 2πfkn,
(2.1)
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where Tk is the local period, τk is the timing in samples, fk is the carrier (oscillator)
frequency and φk is its phase. We assume (to simplify) that nodes are frame synchronous,
that is all clocks share the same period T1 = · · · = Tk = · · · = TK . Time is discretised
into synchronisation steps, e.g. super-frame period, within the n-th time each node can
either listen or transmit a packet, but not both (half-duplex constraint).

Let denote T[n] as a set of transmitting nodes and R[n] the set of receiving nodes (also
can be de�ned a set of idle nodes) at time nwith T[n]∩R[n] = ∅ andK = |T[n]∪R[n]|.
The set of transmitting nodes T[n] broadcast the same preamble sequence distributing
their synchronisation state to nodes R[n], these nodes R[n] receive a superimposition of
transmitted signals colliding together and update locally the TO and CFO. Elements of
set T[n] and R[n] change dynamically over synchronisation step n in order to let each
node broadcast its synchronisation state or be able to correct its clock/oscillator. The
parameters regarding TO and CFO associated to local clock/oscillator of i-th transmit-
ting node with respect to the reference clock/oscillator can be expressed as θi = [τi, fi]

T .
The transmitted waveform x[m] by every node contains a preamble for synchronisation
that is followed by data payload.

Each node i belonging to the set T[n] transmits the same pilot impaired with its own
TO and CFO that collide with the others at each receiver nodes that are in the neigh-
bourhood. The superimposition of the pilots at the receiver is also impaired with the
TO and CFO of the receiver node k as depicted in Figure 2.1. Therefore, the relative
TO and CFO normalised by sub-carrier spacing fs between the i-th transmitter and k-th
receiver nodes are ∆τik = τi − τk and ∆fik = fi − fk, respectively. The m-th sample of
the basedband received signal by k-th node, yk[m], can be represented

yk[m] =
∑

i∈T[n]

P∑

p=1

hi,k[p]x[m|θik] + wk[m], (2.2)

where x[m|θik] represents the impaired pilot waveform

x[m|θik] = exp

(
j

2π

N
(∆fik)m

)
x[m−∆τik], (2.3)

hi,k[p] is the amplitude of multi-path fading Rayleigh channel between nodes i and k
and is distributed as hi,k[p] ∼ CN(0, σ2

h[p]). AWGN samples are distributed as w[m] ∼
CN(0, σ2

w), ∀m.

Cross-correlation of the received signal yk[m] with local copy of the training sequence
x[m] at receiver is a statistic su�cient for the estimation of ∆τik and ∆fik that is a
linear combination of all the relative TOs and CFOs errors between receiver node k
and transmitter nodes of T[n]. Distributed synchronisation is the iterative method that
locally corrects the synchronisation state θk = [τk, fk]

T based on the relative error
∆θk = [∆τk,∆fk]

T to reach asymptotically a synchronisation status of the network
θk[n]→ θ∞ for n→∞.
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Figure 2.1: Evolution of the frame structure during synchronisation.

2.1.2 Distributed phase locked loop (D-PLL)

All nodes in the network aim at reaching a consensus via local communication with
other nodes based on the estimation of the synchronisation parameters ∆θk at n-th
synchronisation step. These parameters are the average di�erence of timing and carrier
frequency o�sets between transmitting nodes, acting as a reference, and the k-th receiver
node. Distributed phase locked loop (D-PLL) is based on extraction of synchronisation
parameters from ensemble of signal yk[m] from the transmitting nodes and generation
of common synchronisation state where each node in the network is correcting itself
through the distributed consensus algorithm. The updating of the distributed consensus
algorithm for the synchronisation problem is [6]

fk[n+ 1] = fk[n] + ετ∆fk[n],

τk[n+ 1] = τk[n] + εf∆τk[n],
(2.4)

where ετ and εf are the step sizes that depend of the network topology and convergence
needs. The connectivity of the network changes dynamically over time according to the
duplexing schedule that guarantee the convergence of the network (a proposed random
duplex scheduling is detailed in Subsection 2.1.2). To estimate the synchronisation para-
meters ∆θk = [∆τk,∆fk]

T , it is designed a training sequence that allows to decouple
the coupling e�ect between TO and CFO. The analysis of preamble design is detailed
below.

2.1.3 Super-frame structure

The selection of CAZAC sequence as synchronisation symbol for HW/SW demonstrat-
ors was investigated in D3.02. The CAZAC sequences have special properties that make

DIWINE D3.03



22 2 Distributed channel and system state identi�cation

it possible to perform jointly timing and frequency synchronisation using only one pre-
amble signature for both TO and CFO estimation. To investigate the coupling e�ect
between TO and CFO, we consider the preamble waveform to be made of one CAZAC
sequence. The m-th complex sample of preamble waveform is given by

x[m] = ej
π
N
um2 for 0 ≤ m ≤ N − 1, (2.5)

whereN is even and root index u is relatively prime toN . At the receiver node k, a �lter
for detection of preamble and estimation of synchronisation parameters is matched to
x[m]. Therefore, the estimation is based on the cross-correlation of received signal with
x[m]:

rk[`] =
N−1∑

m=0

yk[m+ `]x∗[m]. (2.6)

The cross-correlation in (2.6) provides a coarse estimation of TO and the coupling e�ect
of TO and single integer CFO [7], so they cannot be separately used for synchronisation.
Namely, the CFO normalised to the sub-carrier spacing can be represented as the sum of
an integer and a fractional part: f = f I + fF . The lag that maximises |rk[`]| depends of
both fractional and integer part of CFO. In presence of integer CFO f I , given a speci�c u,
the lag of cross-correlation peak shifts linearly by s samples with a unit shift in f I , this
term adds up to the TO and causes ambiguity. Since shift s depends on the root index u
and the length of sequence N , as N is �xed, the appropriate choice of u is required to
maximise the f I to be estimated and corrected by synchronisation algorithm. Figure 2.2
shows an example of the coupling e�ect between TO and CFO estimation for u = 3. The
lag of cross-correlation peak shifts s = 21 samples for a relative CFO error of ∆fik = 1.
Thus, the choice u = 1 yields the smallest shift (s = 1) and this is adopted for the
design of the synchronisation frame. The use of the same CAZAC sequence for all nodes
requires only one matched �lter. Therefore, cross-correlation (2.6) includes the e�ect of
multiple TOs and CFOs.

The α-power barycenter of the cross-correlations is the metric for determining the TO
and CFO errors:

dk =

∑
` `× |rk[`]|α∑
` |rk[`]|α

= ∆τk + s×∆f Ik . (2.7)

The metric is the averaging over lags weighted by the α-power of the absolute value of
the cross-correlation as in (2.7), this metric yields an estimation of average TO and CFO
that are coupled together. For a root index equal to −u, the shifts caused by TOs are
the same while the shift induced by integer CFOs are in opposite direction. So the new
metric based on this root index is represented as ∆τk− s×∆f Ik . We can take advantage
of this property and introduce a preamble waveform containing two ZC sequences with
root index u and −u. The additional part of preamble waveform requires the receiver
to have one matched �lter for the �rst part, and another for the second part. A block
diagram of the proposed distributed synchronisation method is depicted in Figure 2.3.
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Figure 2.3: Block diagram of the distributed synchronisation method.

Preamble design

The synchronisation frame structure is composed by two consecutive CAZAC sequences
with the same root index but opposite chirp sweep as this structure guarantees joint TO
and CFO synchronisation. Figure 2.4 depicts the super-frame (considered in DIWINE)
based on the synchronisation frame as preamble, followed by payload. Them-th sample

DIWINE D3.03



24 2 Distributed channel and system state identi�cation

 Super Frame

Sync Frame

Sync Slot Slot

Forward Data Frame

N

ZC ZC*

Slot

PiAcq PiHrc PiCSE

Slot

Backward Data Frame

N

Hdr PL

codeword

Packet
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of this synchronisation frame is

x[m] =

{
ej

π
N
um2

0 ≤ m ≤ N − 1,

e−j
π
N
u(m−N)2

N ≤ m ≤ 2N − 1,
(2.8)

Considering the received waveform in (2.2), two cross-correlation with the local copy
of the CAZAC sequence should be carried out at each receiver node k. The cross-
correlation rk,1[`] and rk,2[`] can be represented as

rk,1[`] =
N−1∑

m=0

yk[m+ `]e−j
π
N
um2

, (2.9a)

rk,2[`] =
N−1∑

m=0

yk[m+ `]ej
π
N
um2

. (2.9b)

The barycenter of both cross-correlation are used as a metric for TO and CFO estimation:

d̂k,1 =

∑
` `× |rk,1[`]|α∑
` |rk,1[`]|α ,

d̂k,2 =

∑
` `× |rk,2[`]|α∑
` |rk,2[`]|α .

(2.10)

The metrics are associated to each cross-correlation in (2.9a) and (2.9b), Figure 2.5 shows
the histograms of d̂k,1 and d̂k,1. The value of the metric change due to the TO and CFO
simultaneously. The estimation of TO and integer CFO relative errors are based on (2.10).

2.1.4 Synchronisation error estimation

Both timing and frequency synchronisation are usually performed in two phases: coarse
and �ne estimation. Coarse TO estimation generates an initial estimate of the starting
point of the frame while �ne timing improves the estimate by eliminating the e�ect of
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synchronisation-steps: n = 1, n = 5 and n = 30 for K = 10 nodes
and N = 64 with uniform initialisation (n = 0).

coupling f I and it gives the true starting point. Similarly, coarse frequency synchronisa-
tion provides a rough CFO estimate while �ne frequency synchronisation estimates the
fractional CFO fF .

Joint TO and integer CFO estimation

The TO can be estimated by using (2.9a) and (2.9b). According to the fact that the re-
ceived signal used to extract the synchronisation information is the superimposition of
multiple waveforms, and it has the TO and CFO contributions of all transmitting nodes,
TO estimation in typical receiver node k is a combination of all the TOs and CFOs contri-
butions. Hence, the two metrics in (2.10) can be paired with synchronisation mismatches
as

d̂k,1 = ∆τk + s×∆f Ik . (2.11a)
d̂k,2 = N + ∆τk − s×∆f Ik . (2.11b)

Thus, both metrics (2.11a) and (2.11b) yield the TO and CFO estimation error. For ∆f I =
0, the di�erence between two metric isN . On the other hand for ∆f I di�erent from zero
the distance between them is d̂k,2 − d̂k,1 = N − 2s ×∆f I (see Figure 2.5), where shift
s associated with speci�c root index u. The joint CFO and TO estimation at k-th node
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with respect to all the transmitter are

∆f Ik =
d̂k,2 − d̂k,1 −N

2s
. (2.12a)

∆τk =
d̂k,2 + d̂k,1 −N

2
. (2.12b)

Both (2.12a) and (2.12b) are individually used for timing and carrier frequency synchron-
isation.

Fractional CFO estimation

The fractional CFO estimate ∆fFk and correction takes place after TO and integer CFO
synchronisation has reached a convergence, or a steady-state behaviour such that ∆τk ∼
0 and ∆f Ik ∼ 0. In this situation, multiple peaks have narrowed down to a single peak
in each of the cross-correlation rk,1[`] and rk,2[`] and ∆fFk estimation can be performed
by linear regression between the residual phase components of two peaks spaced apart
by N samples. Since the two estimates d̂k,1 and d̂k,2 from (2.10) are not integer, the
cross-correlations rk,1[`] and rk,2[`] should be interpolated. A simple and quite accurate
method is the linear interpolation:

r̃k,1 = (1− λ1) · rk,1[bd̂k,1c] + λ1 · rk,1[dd̂k,1e],
r̃k,2 = (1− λ2) · rk,1[bd̂k,2c] + λ2 · rk,2[dd̂k,2e],

(2.13)

where λ1 = d̂k,1 − bd̂k,1c and λ2 = d̂k,2 − bd̂k,2c. The fractional CFO is thus estimated
from these interpolated values:

∆fFk =
1

2π
(∠(r̃k,2)− ∠(r̃k,1)) , (2.14)

where ∠(r̃k,2) and ∠(r̃k,1) are the accumulated residual phase.

The next subsection studies a duplex scheduling strategy based on distributed synchron-
isation algorithm to minimise the convergence time of the synchronisation network.

2.1.5 Duplexing for distributed synchronisation

The aim of duplex scheduling is to guarantee a fast network synchronisation by selecting
the fraction of time each node devotes to transmit or to receive. In a mutually coupled
(MC) scenario, all nodes that are transmitting are acting as an aggregated TO/CFO refer-
ence for the bene�t of the receiving nodes to correct their TO and CFO. We prove below
that there is an optimal duplexing equilibrium that maximises the speed of network syn-
chronisation [8].
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Random duplex

In a cooperative network, the distributed synchronisation algorithm can exchange the
synchronisation status in each node by randomly and independently selecting the du-
plexing state as this avoids any coordination. The probabilistic model for the k-th node
is:

Pr[k ∈ T[n]] = p

Pr[k ∈ R[n]] = 1− p. (2.15)

Convergence analysis needs to consider the ensemble of nodes as in any distributed
method, and it can be evaluated from the trajectory of the vector containing the timing
and frequency o�sets of all nodes de�ned as τ [n] = [τ1[n], · · · , τK [n]T and f [n] =
[f1[n], · · · , fK [n]T . At n-th synchronisation step all the receiving nodes in R[n] update
jointly their local synchronisation state according to

f [n+ 1] = (I− εfL[n])f [n],

τ [n+ 1] = (I− ετL[n]) τ [n],
(2.16)

where L[n] is the Laplacian matrix which encompasses the topological aspects of net-
work and it is dependent on the instantaneous partitioning sets T[n] and R[n], thus, the
Laplacian matrix of the graph at time n is L[n] = diag{|A1[n]|, · · · , |AK [n]|}−A[n], the
elements of the adjacency matrix are [A[n]]i,k = 1 if the link (i, k) ∈ E[n], [A[n]]i,k = 0

otherwise, and |Ai[n]| = ∑K
k=1[A[n]]i,k is the degree of the i-th node at time n, i.e. the

number of transmitting neighbours from which it receives the superimposed synchron-
isation frames. The connectivity changes over time according to the randomly duplexing
independently from one iteration to the other.

Convergence analysis

The TO dominates the time of convergence of the synchronisation, and consequently
the CFO error is a�ected by the variations on the TO. Therefore, the analysis of the con-
ditions that minimise the time of convergence for a random duplexing is based on the
conditions that guarantee the TO synchronisation. Derivation in this subsection is un-
der the approximation that the probability density function (pdf) of TO evolution τk[n]
is Gaussian (for central limit) regardless that at initialisation TO τk[0] is uniform, as this
re�ects the condition of asynchrony when communications are organised in frames (Fig-
ure 2.1). This assumption is validated numerically by the inspections of the histograms
of τk[n] vs. iterations n (Figure 2.6). At the n-th iteration of TO synchronisation, the pdf
of the ensemble of K nodes is Gaussian:

τk[n] ∼ N(τ̄ [n], σ2[n]) for k = 1, 2, . . . , K, (2.17)

purpose is to evaluate analytically the evolution of σ2[n] vs. iteration to infer the conver-
gence property of TO for varying probability p. To simplify, the graph is assumed fully
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Figure 2.6: Histograms of τk[n] vs. iterations n = 0, 3, 8, 15, 20 (for K = 20).

connected (all-to-all connectivity) with degree d = K−1, while orientations depend on
R[n] and T[n] duplex partitioning.

In random duplexing there is a subset of ` = |T[n]| nodes labelled as 1, 2, . . . , ` (node
ordering is arbitrary as duplex choice is statistically independent among nodes) and the
remaining K − ` = |R[n]| nodes are receiving according to the partition:

τT[n|`] = {τ1[n], τ2[n], . . . , τ`[n]},
τR[n|`] = {τ`+1[n], τ`+2[n], . . . , τK [n]},

(2.18)

thus, the probability that ` nodes act as transmitters is binomial

Pr[` = |T[n]|] =

(
K

`

)
p`(1− p)K−`. (2.19)

The synchronisation update formula applies only to R[n] nodes (k > `), these nodes
update their synchronisation status based on the T[n] nodes with ` = |T[n]| (for ` ≥ 1)

τk[n+ 1|`] = τk[n] + ετ (τ
T[n|`]− τk[n]), (2.20)

this depends on the driving term τT[n|`] = 1
`

∑`
k=1 τk[n], that is the mean values of the

set τT[n|`].
After one step-update there will be all the TO values τk[n + 1] ∼ N(τ̄ [n], σ2[n]) for
k = 1, 2, . . . , ` with the same distribution as these are the set T[n], and the TO values
of the remaining set R[n] have been updated according to (2.20), and these have a new
conditional pdf: τk[n + 1|`] ∼ N(τ̄ [n + 1|`], σ2[n + 1|`]) for k = ` + 1, . . . , K with
moments:

τ̄ [n+ 1|`] = (1− ετ )τ̄ [n] + ετE[τT[n|`]] = τ̄ [n],

σ2[n+ 1|`] =

{
(1− ετ )2σ2[n] + ε2τ

`
σ2[n] for ` ≥ 1

σ2[n] for ` = 0.

(2.21)
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Figure 2.7: Decreasing rate vs. p for di�erent K (ετ = 0.2).

Since the mean value of every conditional pdf τ̄ [n + 1|`] is independent on the update
iteration n, the unconditional pdf can be assumed as Gaussian too, τk[n+ 1] ∼ N(τ̄ [n+
1], σ2[n+1]) for k = 1, 2, . . . , K . The variance of the unconditional pdf at iteration n+1
is

σ2[n+ 1] =σ2[n]Pr[` = 0] + σ2[n]Pr[` = K]

+
K−1∑

`=1

(
`

K
σ2[n]Pr[K − ` = |R[n]|]

+
K − `
K

σ2[n+ 1|`]Pr[` = |T[n]|]
)
.

(2.22)

When ` = 0 all nodes are on receiving stage (there is no distribution of synchronisation
signals) with Pr[` = 0] = (1 − p)K . When ` = K all nodes are transmitting (none is
updating) with Pr[` = K] = pK . The total variance decreases at each iteration to reach
convergence state (σ2[n+ 1] < σ2[n]). Therefore, the decreasing rate is

σ2[n+ 1]

σ2[n]
= (1− p)K + pK

+
K−1∑

`=1

(
`

K
+
K − `
K

[
(1− ετ )2 +

ε2
τ

`

])(
K

`

)
p`(1− p)K−`.

(2.23)

For convergence, the time of convergence is minimised (or the convergence rate is max-
imised) when the decreasing rate (2.23) is minimised. Given K and ετ , the convergence
rate can be maximised for a choice of the probability Pr[k ∈ T[n]] = p that minim-
ises the total decreasing rate (2.23). Figure 2.7 shows the decreasing rate (2.23) versus
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p for di�erent number of nodes K . For any network con�guration K the convergence
time is minimised for p < 0.5, and for a large number of nodes (say K = 40, 100) the
convergence rate is maximised when p < 0.1. Analysis shows that compared to the sym-
metric duplex scheduling (p = 0.5), the state of reception with few nodes transmitting
the synchronisation state should be always privileged to guarantee a fast convergence
to network synchronisation.

2.1.6 Numerical results

The numerical analysis is based on a mutually coupled fully connected network. In a
dense network where K ≥ 10, all nodes broadcast the same synchronisation waveform
and transmission is simulated in form of frames, where each frame contains the training
waveform (2.8) followed by OFDM symbols for payload. The synchronisation waveform
is a CAZAC sequence with length N = 64 and root-index u = 1. Here, we consider
α = 8 for metrics (2.10). At step n = 0, TO for each node is uniformly distributed as
τ [0] ∼ U(−τmax,−τmax) and the CFO is normalised by fs as Gaussian f [0] ∼ N(0, f 2

max).
The mean square dispersion errors (MSE), MSETO = 1

K(K−1)

∑
k,i6=k(τk − τi)

2 and
MSECFO = 1

K(K−1)

∑
k,i6=k(fk − fi)

2 are the metric used here to measure the accur-
acy of TO and CFO synchronisation.

The coupling e�ect of TO-CFO is analysed in Figure 2.8 by 2D histogram (gray scale
coding) for 1000 runs of Montecarlo simulation, K = 10 nodes and D-PLL parameters
ετ = 0.4 and εf = 0.3. Since duplexing strategy change the behaviour of the synchron-
isation convergence, here it is assumed that nodes act as full duplex (T[n] = R[n]). A
detailed behaviour of the transition vs. synchronisation step n for one run is shown in
upper-left histogram Figure 2.8 for both TO and CFO synchronisation. The TO-CFO
coupled are analysed on the timing and frequency synchronisation by varying the ini-
tial dispersion τk[0] and fk[0]. The behaviour of TO synchronisation (Figure 2.8.a) is
not a�ected by variations on the CFO. On the other hand, the time of convergence of
CFO synchronisation increases when the dispersion of TO increases as is shown in Fig-
ure 2.8.b due to the coupling e�ect of TO-CFO.

The RMSE of TO and CFO synchronisation vs. signal-to-noise ratio de�ned as σ2
s/σ

2
w

with σ2
s = N is in Figures 2.9 and 2.10. A master-slave (MS) topology with one node

acting as reference agent for TO and CFO synchronisation is shown as reference. Distrib-
uted synchronisation for dense cooperative network (K = 20, fully connected) achieves
a performance comparable with MS strategy except for degradation of 3 dB on ratio
σ2
s/σ

2
w on threshold.

Duplex scheduling is evaluated and Figure 2.11 shows in a double scale both TO and
CFO time of convergence for a fully-connected network (all-to-all connectivity) vs. the
transmitting probability p for di�erent number of nodes K and ετ = εf = 0.2, the
simulated network (dashed lines) and the analytic model (2.23) (solid lines) are analysed.
In spite of the approximations, the decreasing rate (2.23) provides a good prediction of
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Figure 2.8: TO and CFO synchronisation varying initial dispersion τk[0] ∼
U(−τmax, τmax) and fk[0] ∼ N(0, f 2

max) for τmax = {N/2, 4N, 10N}
and fmax = {0.5, 1, 4}, by 2D histogram (gray scale coding. K = 10,
N = 64, step size: ετ = 0.4, εf = 0.3). Detailed behaviour of trans-
ition toward convergence is shown in upper-left histogram (τmax = 0.5,
fmax = 0.5).
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the time of convergence of TO and con�rms that the minimum convergence time is for
duplexing strategy with low transmitting probability p as in Figure 2.7. The CFO reaches

DIWINE D3.03



32 2 Distributed channel and system state identi�cation

0 5 10 15 20 25 30
10

-3

10
-2

10
-1

10
0

10
1

10
2

σ
s
2/σw

2 [dB]

R
M

S
E

 C
FO

Ring
Full connected
Master-Slave

Figure 2.10: Root mean square error of CFO vs. σ2
s/σ

2
w for a master-slave topology (lower

bound), a fully connected (circle) for K = 20 and a ring topology (square)
for K = 40 where the degree of each node is d = 20 nodes.

a synchronisation status after TO convergence as CFO needs �rst to let both TO and
integer CFO to converge, and then the fractional CFO can move last steps to global CFO
convergence. The convergence rate of CFO is maximised for the same probability p that
let TO reach its minimum time of convergence. Thus, if the TO time of convergence is
minimised, the CFO time of convergence is minimised too, not only because CFO and TO
synchronisations are sequential (fractional CFO follows the integer CFO that is paired
with TO) but the synchronisation mechanism for CFO (Subsection 2.1.2) is the same as
TO.

The fastest convergence is when network is full-duplex (lower bound), and this is used
for the comparison in Figure 2.12. The dispersion of TO and CFO for full-duplex are com-
pared with the half-duplex nodes for K = 10 nodes, using a random duplex scheduling
with the optimum probability p = 0.25 to minimise the convergence time. Results in
Figure 2.12 guarantee that optimised duplexing degrades the convergence time of TO
and CFO synchronisation of 30–40% compared to the unrealistic full-duplex.

2.1.7 Conclusions

Joint time and frequency synchronisation scheme for uncoordinated networks with no
reference was designed based on the CAZAC sequences as synchronisation frame that
is the same for all nodes in the network, this makes the algorithm less complex by us-
ing just one correlator �lter in receivers. The preamble decouple the e�ect of CFO on
TO estimation and allow a joint timing and frequency synchronisation with accuracy
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comparable to conventional master-slave synchronisation methods. For a random du-
plex scheduling strategy, it was proved that in a dense network, the minimum time of
convergence can be reached with a lower transmission probability p. The optimum trans-
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mission probability can be estimated by maximising the speed of the timing dispersion
decreasing that depends on the number of nodes or graph connectivity and the conver-
gence parameters ετ and εf . The fact that the network reaches a faster convergence with
a lower transmission probability has the additional favourable advantage of reducing the
power consumption during synchronisation.

2.2 Synchronisation algorithm evaluation

The experimental validation of the distributed synchronisation algorithm had been im-
plemented in hardware on Ettus USRP N210 SDR hardware [9], with XCVR2450 daughter
boards, programmed using GNU Radio, as part of HW demonstrator in WP5. The USRP
hardware provides a �exible test system with signal bandwidths up to 20 MHz and centre
frequencies between 2.4 and 2.5 GHz. As mentioned before, the fact that all nodes are
assigned the same synchronisation signature reduces the number of required matched
�lters making it a suitable candidate for low cost hardware systems. The CFO and TO
estimation and tracking capabilities of the algorithm has been investigated, also by val-
idating whether the decoupled estimation of CFO and TO can be realised in practice
[10].

For the hardware evaluation a centre frequency of 2.48 GHz was used, and the samples
of the preamble were sent out at a rate of 1 MHz. N was set to equal 64 samples, giving
a preamble length of 128 samples (128 µs duration). The experimental setup aims to
investigate the estimation and tracking abilities of the algorithm, and not the consensus
adaption. As such, the pool of transmitting nodes T[n] will remain constant, and one
receiving node will be used to track and record the estimated CFO and TO from the
superimposed waveforms. Up to three transmitting nodes were used in the experiments
to investigate the super-positioning of preamble from the di�erent transmitting nodes.

To implement the algorithm on hardware, it has been imposed slight modi�cations. The
�rst was to interpolate the preamble data, as this eased the sampling of the signals at the
receiver. A linear interpolator was used to increase the sample rate 1 : 4, thus the actual
sample rate of the USRPs was 4 Msample/s. The receiver was set to capture and process
a window of samples ten times the length of the preamble, this size window was chosen
as a trade-o� between processing limitations and reducing the chances of capturing only
part of a transmitted preamble at the receiver. For updating, the carrier frequency and
timing of the receiver node ετ and εf were both set to 10−3.

To estimate a relative TO the receiver node must know the minimum period of the pre-
ambles re-transmissions, this allows the receiver to estimate how much its own timing
needs to be altered within this reference window. For speed of convergence a period
of 64 samples, equivalent to N , was used. Depending on where the peaks of the cor-
relations rk,1[`] and rk,2[`] occur relative to the centre of this window, the timing of the
receiver can be altered.
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The transmitters were set to transmit their preambles followed by a pause equivalent to
9 times the preamble length, this allowed the receiver to capture a preamble from each of
the transmitters within each captured window of data. Figure 2.13 shows the �ow-chart
of the transmitting and receiving nodes, in the setupM was set to 10 andW to 9, the TO
and CFO estimation algorithm is run in the ‘Process Data’ block. The output from the
correlations rk,1[`] and rk,2[`] are used to verify the reception of a valid preamble, before
any estimations are applied to the USRPs. For the tests involving multiple transmitters
the preamble transmissions were synchronised, so that when altering the TO of the
transmissions the delays were relative to one another. The USRP reference clocks were
also run from a common source, this allowed an accurate CFO and TO to be set at each
node, i.e. at each node is set the relative TO and CFO to be estimated.

During tests each USRP was connected to a laptop running GNU Radio. Figure 2.14
shows the test setup. The USRPs provide a �exible SDR platform, however most signal
process is undertaken on the laptops, with the USRPs e�ectively acting as an up and
down-converter for the IQ symbols sent from or to the laptops. Because of this approach
to data processing, the USRPs are unable to bene�t from many of the signal processing
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Figure 2.14: USRP hardware test set-up.

operations that can be e�ciently implementable in hardware, but not in software, such
as FIR �lters.

In an optimised system, capable of e�ciently implementing FIR �lters in hardware, the
matched �lter operations could be o� loaded onto the hardware. This would allow for
cheaper, lower power processors to be used. As the number of matched �lters in the
distributed synchronisation algorithm is �xed at two, this allows the proposed system
to be implemented on much lower complexity hardware while still allowing the size of
the network to scale up according to the size necessary for modern dense networks.

Two experiments were undertaken to test di�erent elements of the estimation algorithm.
Each test was divided into stages where either the TO or CFO of the transmitting nodes
was changed. The receiver would then process the received signals and adapt its time
windowing and centre frequency. The receiver recorded the estimated CFO and TO, the
next stage of the test was run only once the adaption of TO and CFO had converged to
a stable consensus.

2.2.1 Test 1: Estimation and tracking ability, 2 Tx – 1 Rx

Test 1 investigated the estimation and tracking ability of the algorithm, and how it coped
with a second transmitter joining part way through the tracking process. This test used
two transmitting nodes and one receiver. Table 2.1 shows the ten stages of the test. For
stages T1–T8 the second transmitter is switched o�, and Tx1 changes the CFO between
-12.5 kHz, 0 kHz, 25 kHz and 50 kHz with respect to the carrier frequency of the receiver,
and alters the TO of Tx1 between zero and ten sample bins (10 µs). At stage T9 Tx2 is
turned on, initially with di�erent settings to Tx1, then in T10 Tx2 alters it transmission
to match Tx1. On these stages, T9-T10, it is of interest to evaluate the stability of the
algorithm when a node is added to the network.
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Table 2.1: Test 1 sequences, involving Tx1 and Tx2, including approx start time of each
stage.

Time Tx1 Tx2
Approx. CFO TO CFO TO

Stage (s) (kHz) (Bins) (kHz) (Bins)
T1 0 0 0 OFF OFF
T2 9 0 10 OFF OFF
T3 14 25 10 OFF OFF
T4 22 -12.5 10 OFF OFF
T5 32 -12.5 0 OFF OFF
T6 39 50 0 OFF OFF
T7 47 0 0 OFF OFF
T8 63 25 10 OFF OFF
T9 69 25 10 0 0
T10 79 25 10 25 10
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Figure 2.15: Test 1 results, showing the estimated CFO (top) and TO (bottom) at the re-
ceiving node for 2 nodes active on di�erent stage and varying their TO and
CFO parameters.
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Table 2.2: Test 2 sequences, involving Tx1, Tx2 and Tx3, including approx start time of
each stage.

Time Tx1 Tx2 Tx3
Approx. CFO TO CFO TO CFO TO

Stage (s) (kHz) (Bins) (kHz) (Bins) (kHz) (Bins)
T1 0 0 0 0 0 0 0
T2 22 25 10 0 0 0 0
T3 37 25 10 12.5 10 0 0
T4 52 25 10 12.5 10 37.5 10
T5 64 25 10 25 10 25 10

The results for Test 1 are in Figure 2.15. For TO tracking, when only Tx1 is transmitting,
the algorithm is seen to faithfully track the changes in transmitted signal. When Tx2

is turned on, in stage T9, TO is estimated at around 5 µs, the algorithm estimates the
relative TO error from the ensemble of both transmitted signals, which is half the TO
of Tx1 and Tx2. Then in stage T10 when the two nodes transmissions are synchronised,
the estimated TO increases to 10 µs. This test shows reliable tracking of the timing of
the preamble for one and two transmitting nodes.

The algorithm is also shown to be capable of tracking the changes in the transmitter
nodes CFO. At �rst stage, all transmitter nodes are operating at the same frequency,
the CFO is estimated with a maximum error of 180 Hz, which for a 2.48 GHz centre
frequency is an accuracy of 72.58 parts per billion (ppb). When Tx1 and Tx2 are operating
at di�erent frequencies the algorithm takes nearly 5 s to converge to a stable estimate of
15.57 kHz, which is slightly lower than the midpoint.

The two graphs of Figure2.15 validate experimentally the decoupled estimations of CFO
and TO as described in Section 4.1.3, with the estimation of one remaining steady when
the other is changed.

2.2.2 Test 2: Estimation and tracking ability, 3 Tx – 1 Rx

Test 2 evaluates the ability of the synchronisation algorithm to extract the relative TO
and CFO error from the superimpose of the transmitted synchronisation waveform from
three transmitting nodes. All nodes are initially synchronised, then one at a time change
their properties before resynchronising in the �nal stage. Table 2.2 shows the �ve stages
for this test.

The results of Test 2 are shown in Figure 2.16. At �rst and last stage of the test all
transmitting nodes share the same con�guration, so the estimation accuracy can only
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Figure 2.16: Test 2 results, showing the estimated CFO (top) and TO (bottom) at the re-
ceiving node for 3 nodes changing their CFO and TO parameters.

be compared here. However, it does give us insights into the behaviour of the algorithm
when there are multiple transmitters with di�erent con�gurations.

First looking at the TO estimations of the receiver, at stages T1 and T5 the algorithm
correctly estimates a 10 sample bin di�erence. During the other stages the TO is again
estimated somewhere between the TO of all the transmitter nodes. Moving from an
estimated TO of 2 sample bin when two nodes TOs were set to zero and one node was
set to ten. Then, in stage T3 the receiver estimated a TO of between 7 and 8, when there
were two nodes with a TO of ten and one of zero.

The accuracy of the CFO estimation is measurable in stages T1 and T5. The CFO estim-
ation error is between 140 and 250 Hz, which for the carrier frequency of 4.48 GHz is
around 100 ppb. It is interesting to note that the estimated CFO between stages T2 and
T3 actually decreased, even though the average carrier frequency of the transmitters in-
creased, the reduction is only 1.6 kHz, and it was found that the signal received at the
receiver node from Tx2 was slightly weaker than from the other two nodes, this would
account for the estimated CFO being e�ected more by changes in the other two nodes.
It is also seen that the convergence time of the algorithm is signi�cantly increased when
increasing the number of nodes and varying con�gurations, often taking nearly 5 sec to
reach a stable state.

The convergence time can be improved taking account some factors that can signi�c-
antly reduce this time, one is the hardware implementation and processing delay, as an
updated CFO may be applied to the USRPs after the next window of data has already
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been captured, this can cause a small overestimation of the CFO and cause greater oscil-
lations. The transient oscillations may also be reduced by using lower values of ετ and
εf [11] in the iterative adaption, or by changing the frame structure for denser adapta-
tion. In these tests the transmitters may be forced to have di�erent and �xed CFO, and
thus the receiver attempts to minimise an error function for which there may be several
local minimums, in a fully adaptive system these local minimums would converge into
an agreed global minimum.

2.2.3 Conclusions

The distributed synchronisation algorithm was implemented on software de�ned radios
programmed in GNU radio. It was demonstrated the tracking and accuracy capability of
the algorithm under a range of scenarios, including the super-positioning of synchron-
isation frames from multiple transmitters. When all transmitters were operating at the
same carrier frequency and relative timings an estimation accuracy of carrier frequency
was found to be within 100 part per billion, and the timing o�sets were correctly es-
timated. These tests also validate the algorithms ability to decouple the timing and fre-
quency estimates. The convergence time of the algorithm was found to signi�cantly
increase when transmitting nodes had di�erent carrier frequency o�sets. However, all
nodes in a �nal system using the algorithm are likely to adapt their con�gurations, so
would converge on a globally value of carrier frequency and timing.

2.3 Assessment of distributed algorithms for channel estimation
and network localisation

In peer-to-peer cloud networks, self-learning of the network state is fundamental for the
set-up of an e�cient intra-cloud connectivity. In this section we investigate the perform-
ances of core consensus-based algorithms for self-learning of the network state presen-
ted in Deliverables D3.02 [4] and D2.31 [12] in experimental application scenarios. We
analyse two speci�c application scenarios related to the distributed estimation of the
channel parameters and of the geometric topology of the connectivity graph. In the
former case, we are interested in the estimation of some environment-dependent para-
meters that rule the channel quality of all the links within the cloud, see the bivariate
stochastic model presented in D3.02 [4], [13]. In the latter, each node of the cloud is
required to infer the global properties of the whole network from local ranging meas-
urement within the neighbourhood, i.e. the positions of all nodes regardless of link avail-
ability. An iterative Gauss-Newton location estimator is integrated into the consensus
algorithms to handle the non-linearity of the measurement model. Performance limits
are analysed and compared to those of conventional consensus algorithms, in terms of
accuracy and convergence rate, using fundamental performance bounds as benchmarks.
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The amount of signalling involved in consensus iterations is evaluated as being relevant
for practical implementation within WP5 demonstrators.

2.3.1 Review of the bivariate channel model

The instantaneous power at time t, R̃SSij(t) [W], for the link between nodes i and j
with mutually distance Dij can be modelled as [14]:

R̃SSij(t) = R̃SS0

(
D0

Dij

)γP

ñij δ̃ij(t) (2.24)

where R̃SS0 is the received power at reference distance D0, γP the path-loss index, ñij
the log-normal shadowing term and δij(t) the temporal fast fading. By converting the
RSS in dB scale, RSSij(t) = 10 log10 R̃SSij(t), with proper mapping terms, we get:

RSSij(t) = µP,0 − 10γP log10

(
Dij

D0

)
+ nij + δij(t), (2.25)

where µP,0 is the average received power in dBm at the reference distance D0, nij ∼
N(0, σ2

P) is the normal shadowing term with zero mean and standard deviation σP [dB],
δij(t) = 10 log10 δ̃ij(t) ∼ LR(0, Kij) is the temporal fading here assumed as log-Rician
with zero mean and K-factor Kij [dB]. The K factor measures the power ratio between
the static and dynamic channel components, see D3.02 [4].

The model here proposed describes the changes of the RSS statistics, namely the mean
Pij = Et[RSSij(t)] and the variance Vij = Vart[RSSij(t)] = Vart[δij(t)], over the D2D
links (i, j) of the network, and particularly how they relate to the D2D distances Dij

(based on the network topology). In particular, the mean term Pij accounts for the ef-
fects of �xed scattering/absorbing objects that in�uence the static multipath component
[15], whereas the variance Vij is due to moving scatterers/absorbers in the environment.
According to the log-normal shadowing assumption for nij in (2.25), the spatial �uctu-
ations of the RSS mean Pij over link (i, j) are Gaussian:

Pij ∼ N(µP (Dij) , σ
2
P), (2.26)

with spread σP depending on the speci�c environment and mean linearly decaying with
the link log-distance according to the path-loss function:

µP (Dij) = µP,0 − 10γP log10

(
Dij

D0

)
. (2.27)

With regard to the RSS variance, no quantitative model has been proposed in the liter-
ature to represent this channel feature. Some insight can be gain from the experimental
analysis in [15], which shows that the K factorKij is Gaussian distributed over the space,
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and decreasing on average with the link log-distance; furthermore, Kij is proved to be
negatively correlated to Pij . To analyse the RSS variance distribution we investigate the
relationship Kij = K(Vij) between the RSS variance Vij =

´
(r − Pij)2fRSSij(r)dr and

the K factorKij , where fRSSij(r) is the probability density function of the Log-Rice vari-
able RSSij(t). By numerical integration, we get the function Kij = K(Vij), where the
variance ranges from 0 dB in the LOS case, i.e. for Kij −→ +∞ dB, non-fading channel,
to 30 dB in NLOS (for Kij −→ −∞ dB, Rayleigh fading). Typical K-factor observed in
static network scenarios is above 2 dB, while for larger values it linearly scales with the
log-variance Σij = log(Vij). It follows that the RSS log-variance Σij can be e�ectively
modelled as Gaussian:

Σij ∼ N(µΣ (Dij) , σ
2
Σ), (2.28)

with standard deviation σΣ [logdB] and mean µΣ (Dij) linearly increasing with the link
log-distance:

µΣ (Dij) = µΣ,0 − 10γΣ log10

(
Dij

D0

)
, (2.29)

where environment-dependent regressor parameters are µΣ,0 and γΣ ≤ 0, similarly to
(2.27). Note that the parameters {µΣ,0, γΣ, σΣ} depend on the spatial density of the mov-
ing scatterers/absorbers in the space, e.g. σΣ = 0 for static environments without any
moving objects, whereas it is σΣ 6= 0 and γΣ � 0 for high spatial density of moving
objects).

The mean Pij and the log-variance Σij of the RSS of a D2D link (i, j) are thereby jointly
Gaussian distributed,

yij =

[
Pij
Σij

]
∼ N(µ (Dij) ,QPΣ), (2.30)

with mean value and covariance matrix:

µ (Dij) =

[
µP (Dij)

µΣ (Dij)

]
; QPΣ =

[
σ2

P ρσPσΣ

ρσPσΣ σ2
Σ

]
, (2.31)

where ρ < 0 is the negative cross-correlation according to [15].

2.3.2 Distributed estimation of channel model parameters

According to the bivariate stochastic model presented in [4], the parameters that identify
the propagation in the network area are the linear regressors θ = [µP,0, γP, µΣ,0, γΣ]T

of the ensemble mean functions and the covariance matrix QPΣ, see Section 2.3.1 or [4]
for details.

In order to test the distributed algorithm performances, a measurement campaign has
been carried out at the third �oor of the department DEIB of Politecnico di Milano with
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Figure 2.17: Sensor deployment for distributed network calibration and localisation
(DEIB, Politecnico di Milano) over a �oor of approximately 20 m × 50 m
rectangular area.

N = 17 devices deployed as shown in Figure 2.17), in accordance to the cloud architec-
ture of the DIWINE project [16]. RSS measurements have been recorded during day-time
in mixed LOS/NLOS conditions. Radio modules used for the experiments provide di�er-
ent programmable high-power modes with maximum transmit power of 18 dBm, while
the minimum received power is −98 dBm. A PC connected by serial interface to one
of the devices collected all the measurements. For each link (i, j), RSS measurements
are collected with sampling time 300 ms and over 3 pre-de�ned channels with centre fre-
quencies 2.405 GHz, 2.425 GHz and 2.45 GHz, respectively (standard compliant channels
11,15 and 20). Considering all the frequencies, M0 = 15 samples of RSS mean and vari-
ance (macro-parameters) {P (m)

ij ,Σ
(m)
ij }M0

m=1 are estimated for each link from independent
RSS measurements (using RSS data-sets of 2000 samples).

For distributed estimation, we consider all the methods presented in [4][12], and lis-
ted here: 1) Simple Consensus on Local ML Estimates (D-SC) method [17], Weighted
Consensus on ML Estimates (D-MLE) method [18] and Weighted Consensus with Ac-
curacy Exchange (D-MLE-AE) method [19]. The estimate of QPΣ is obtained once the
consensus on θ has been reached, by locally reconstructing the measurement errors and
implementing a consensus algorithm adapted for the sample covariance matrix.

The performances of centralised and distributed algorithms are compared in terms of
root mean square error (RMSE) of the estimate in Figure 2.18. The step size has been
set to ε = 0.99εmax, with εmax = 1/∆ for D-SC and D-MLE methods and εmax =
1 for D-MLE-AE method. The RMSE is shown for all the methods vs. the number of
iterations in Figure 2.18–(a) (for θ) and 2.18–(b) (for QPΣ). As expected, the D-SC method
does not converge to the centralised estimate, as it does not exploit any information
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Figure 2.18: Error performance of distributed (D) consensus-based algorithms compared
to the centralised approach (C-MLE) for parameter estimation θ (a) and
QPΣ(b).

on the accuracy of the estimates exchanged between nodes. On the other hand, the
introduction of weighting in the data fusion allows the D-MLE method to converge to
the centralised estimate, though with a pretty slow rate. The D-MLE-AE method does not
converges exactly to the optimal performance, but it closely approaches it and converges
faster than the other weighted consensus method. Though it requires a slightly higher
communication overheard in the initialisation step to share the estimate covariances
between nodes ((O(p2/2) per link in subsequent iterations the overhead reduces to p
parameters per link, as D-MLE, without any meaningful performance loss.
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To conclude, the D-MLE-AE method is the one that provided the best trade-o� of per-
formances in terms of convergence rate, accuracy of the estimate and communication
overhead. On the other hand, D-MLE guarantees optimal performance at convergence
but with higher number of iterations.

2.3.3 Network localisation

An application that can highly bene�t from the knowledge of the channel model recalled
and estimated in previous section is network localisation, which aims to infer the net-
work topology, i.e. the positions of all nodes, from local RSS observations. In this section
we discuss the application proposing a distributed localisation approach based on the D-
MLE-AE consensus method. The method D-MLE is not suited as it not fast enough (as
proved in the previous subsection) and also it cannot handle under-determined local
settings, see [4],[12].

We assume that the environmental-dependent parameters are now known at the nodes
of the network, e.g. as estimated by a pre-calibration procedure carried out by a subset of
anchor nodes of known positions. Recalling the wireless network structure in Figure 2.17
and denoting the location of node i by the Cartesian coordinates θi = [θxi θyi]

T ∈ R2,
i = 1, . . . , N , we assume that the nodes to be localised are indexed as i = 1, . . . , Nu,
while the remaining Na = N − Nu are anchors with known positions. Distributed
inference is here used for the estimation of the locations θ = [θT

1 · · · θT
Nu

]T ∈ R2Nu

from D2D measurements yij = [Pij Σij]
T of RSS mean and log-variance, see [4], taken

over the active links (i, j) connecting nodes with i ≤ Nu and j ≤ Nu.

Inference problem formulation

The inference problem for localisation is formulated expressing each measurement as a
function of the unknown locations θ as:

yij = hij(θ) + nij (2.32)

with function hij(θ) relating the RSS observations yij to the node locations through the
distancesDij = |θi−θj| according to the stochastic bivariate model proposed in [4], and
nij ∼ N (0,QPΣ). Note that the function hij(θ) is non-linear in the unknowns θ, mak-
ing the estimation problem non linear. The set of measurements available at node i is the
collection yi = [yT

ij1
· · ·yT

ijdi
]T of all the observations taken over the links to the neigh-

bouring nodes Ni = {j1, . . . , jdi}: yi = hi(θ) + ni, with hi(θ) = [hT
ij1

(θ) · · ·hT
ij
di

(θ)]T,
ni = [nT

ij1
· · ·nT

ijdi
]T ∼ N (0,Qi) and Qi = Idi ⊗QPΣ. Below we discuss the extension

of the estimation methods presented in D3.02 [4] to the non-linear localisation problem.
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Estimation methods

The global non-linear ML estimate of the locations θ based on all the available P2P meas-
urements (2.32) is:

θ̂ML = arg min
θ

N∑

i=1

‖yi−hi(θ)‖2
Q−1
i
, (2.33)

with ‖yi−hi(θ)‖2
Q−1
i

= (yi−hi(θ))TQ−1
i (yi−hi(θ)). The solution is not available in

closed form but it can be evaluated numerically by the Gauss-Newton algorithm [20]
with estimate re�nements through iterations k = 0, 1, . . . as:

θ̂(k+1) = θ̂(k)+

(
N∑

j=1

HT
j (k)Q−1

j Hj(k)

)−1 N∑

i=1

HT
j (k)Q−1

i

(
yi − hi(θ̂(k))

)
, (2.34)

and Jacobian matrix Hi(k) = ∂hi(θ)
∂θ

∣∣∣
θ=θ̂i(k)

∈ R2di×2Nu . The elements of Hi(k) are
obtained by evaluating the derivatives of hij(θ) with respect to the nth node location
θn = [θxn θyn]T, according to the stochastic bivariate model proposed in the D3.02 [4].

For distributed implementation of (2.33), we propose to employ the D-MLE-AE consensus-
based method, adapting the processing to handle the non-linear nature of the estima-
tion problem. We apply the consensus update rule to the linearised localisation model
(2.32), at each node and for each consensus step, interleaving the iterations of the Gauss-
Newton algorithm with those for consensus. Information exchange guarantees that
every node can retrieve the positions of all nodes regardless of the connectivity. Spe-
ci�cally, at each iteration k, node i linearises the model hi(θ) around the previous step
estimate θ̂i,D−MLE−AE(k), then it �nds the ML solution to the linear problem and applies
a consensus step based on information provided by neighbours. The iterative implement-
ation can be summarised as follows:

Linearization: Hi(k) = ∂hi(θ)
∂θ
|θ=θ̂iD−MLE−AE

(k); ∆yi(k) = yi − hi(θ̂iD−MLE−AE
(k))

Local estimate: ∆θ̂i(k) =
(
H

T

i (k)Q−1
i Hi(k)

)−1

H
T

i (k)Q−1
i ∆yi(k)

ML update: θ̂i(k) = θ̂iD−MLE−AE
(k) + ∆θ̂i(k)

Consensus: θ̂iD−MLE−AE
(k + 1) = θ̂iD−MLE−AE

(k) + ε
∑

j∈Ni Wj

(
θ̂j(k)− θ̂i(k)

)

(2.35)
with weighting matrix proportional to the inverse of covariance

Wj = Γ
(
H

T

j (k)Q−1
j Hj(k)

)
,
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Figure 2.19: Scatter plot of the location estimates at eachNu nodes (di�erent colours) for
all the network-localisation algorithms: centralised (asterisk), D-SC (square)
and D-MLE-AE estimates, compared to the CRB (black ellipse contour).

where Γ is a scaling factor [4] and initialisation to the local ML estimate at node i, i.e.
θ̂i,D−MLE−AE(0) = arg min

θ
‖yi−hi(θ)‖2

Q−1
i

. Note that in case of under-determined, the
local estimate in (2.35) is replaced by the conventional pseudo-inverse solution for under-
determined systems, but the D-MLE-AE is suitable also in this case. The exchange of
Wj(k) can be limited to early steps and then reduced without any meaningful perform-
ance loss at latest iterations.

Experimental performance assessment

The performance of distributed network localisation is evaluated for the experimental
network in Figure 2.17, with Nu = 9 unknown nodes and Na = 8 anchors. The
environment-dependent parameters have been chosen using the centralised estimates
of the previous subsection in order to make a comparison between all the network-
localisation algorithms. The step size has been set to ε = 0.98/∆ and ε = 0.98 re-
spectively for AC and D-MLE-AE methods. Moreover, we consider the M = 15 inde-
pendent measurements performed at each link for the estimation of the nodes’ positions.
In Figure 2.19, the scatter plot of the 15 location estimates for all the unknown nodes are
evaluated for the network-localisation algorithms, i.e. the centralised approach and the
distributed SC and D-MLE-AE methods, while the Cramer-Rao Bound (CRB) is shown as
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Figure 2.20: Performance in term of localisation error of network-localisation algorithms:
D-SC (blue), D-MLE-AE (light blue), centralised estimate (orange contour)
and CRB (red contour).

Figure 2.21: Scatter plot of the location estimates for D-MLE-AE compared to the CRB
(black contour).

benchmark. It can be observed that the D-MLE-AE algorithm approaches the centralised
ML estimate closer to the true positions of the nodes, while the D-SC method is quite
far from it.

D3.03 DIWINE
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The performances of consensus algorithms are here analysed for a simulated scenario,
designed as the experimental network in Figure 2.17 and with the knowledge of the
environment-dependent parameters, previously estimated. In Figure 2.20, the perform-
ances are evaluated in terms of mean square error (MSE) of the estimate by averaging
over 300 measurements. All the methods are compared by plotting – for each method
and each unknown node – the 1× standard deviation (1σ) error ellipse associated to the
2× 2 MSE matrix E[(θ̂i − θi)(θ̂i − θi)T], which corresponds to 39level (under the Gaus-
sian approximation). The D-MLE-AE method (light blue ellipse) is shown to outperform
the D-SC method (blue ellipse) and to closely approach the centralised ML estimate (or-
ange ellipse contour), while the CRB is shown as a reference (red ellipse contour). The
di�erence between the CRB and the centralised ML is due to the non-linearity of the
model (the bound is attained only asymptotically). The di�erence between the CRB and
the centralised ML is due to the non-linearity of the model (the bound is attained only
asymptotically). Moreover, in Figure 2.21, the scatter plot of the estimated values of
each unknown node is illustrated for the D-MLE-AE method (coloured circle) and it is
compared to the corresponding CRB (black ellypse contour).

2.3.4 Conclusions

In this section we evaluated the performance of di�erent algorithms, introduced in D3.02
[4] and based on consensus approach, for distributed estimation in two application scen-
arios. In particular, we focused on two weighted consensus-based approaches (D-MLE
and D-MLE-AE) for distributed identi�cation of channel model parameters and distrib-
uted cloud network localisation with exchange of position accuracy information between
nodes. To handle the non-linearity of the measurement model, an iterative Gauss-Newton
algorithm has been embedded into the consensus procedure. The D-MLE method has
been shown to reach the same performance of an equivalent centralised estimation.
The D-MLE-AE method has been shown to closely attain the fundamental limit, and
to provide meaningful performance gains in terms of convergence speed with respect
to D-MLE, with moderate increase of information exchange between nodes. Further-
more, it turned out to be suited in critical scenarios with limited connectivity and under-
determined settings. The D-MLE-AE algorithm con�rmed to be as the most suitable
method for demonstration scenarios as implemented in D5.52 [2].

2.4 Distributed interference sensing and coordination for cloud
scheduling

In this section we consider the problem of distributed spectrum sensing in multiple self-
organising cloud networks sharing the same time-frequency resources [21],[22]. Each
of the networks allocates autonomously radio resources so as to minimise mutual inter-
ference. Interference sensing is part of this cognitive framework where sensing devices,
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or secondary users (SUs), exchange local estimates to cooperatively recognise and track
the overall time-varying interference patterns caused by primary users (PUs). PUs are
assumed to perform periodic transmission over pre-de�ned (but unknown to SUs) time-
frequency hopped resources. Detection by the SUs is based on local processing and iter-
ated exchanges of local decision with neighbours, so as to enable global fusion of sensed
data as for an equivalent centralised approach. We propose a weighted-average con-
sensus algorithm nested within a decision-directed procedure for distributed Bayesian
detection of the PU spectrum occupancy. The distributed approach provides the estim-
ate of the complete interference pattern to each SU regardless of the incomplete visibility
at each node. Performance analysis is carried out both on simulated and real scenarios
with mixed coexisting Wi-Fi and ZigBee devices, as a basis for the implementation into
the CIMC demonstrator (WP5).

2.4.1 Introduction

Self-organised biological systems are characterised by individuals that make simple local
decisions, while the exchange of those decisions collectively produces a global consensus
on a complex behaviour. Recently, several studies have begun to apply bio-inspired tech-
niques to wireless networks, focusing on synchronisation, content distribution, security,
spectrum sharing and sensing [23]. The use of spectrum sensing is particularly crucial
when multiple (and possibly heterogeneous) networks deployed in close proximity need
to self-coordinate their access to a shared spectrum so as to avoid collisions.

A simpli�ed but still relevant setting is considered in Figure 2.22 where two coexisting
networks mutually sense their radio-frequency (RF) activity and desynchronise [24] the
RF access to one another in order to avoid interference. The �gure shows a single sens-
ing stage, where, according to the cognitive jargon, the sensing network is referred to as
secondary network while the monitored one is the primary network (roles interchange
over time in the dynamic resource optimisation process). The users of the secondary
network (SUs) act as interconnected sensing devices that cooperatively detect the time-
frequency hopped resources of the primary users (PUs) and allocate their own resources
so as to avoid cross-interference, e.g. accessing the spectrum holes of the primary net-
work. Cooperation is crucial to detect the complete interference pattern of the primary
network, as each SU has a partial visibility due to limited sensing range, mobility or
shadowing/fading problems (as shown in the data sensed by SU1 where RF activities of
PU3 and PU4 are hidden).

In centralised approach to cooperative spectrum sensing [25]-[26], the SUs sense the
spectrum individually, facing di�erent channel conditions, and then transmit their sensed
data to a fusion centre that makes the �nal decision about the spectrum occupancy based
on all the observations. However, this can be very di�cult under practical communica-
tion constraints [25], due to the extensive data to be propagated to the fusion centre over
the dynamic steps of resource allocation. Focus of this section is on consensus algorithms
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Figure 2.22: Cooperative spectrum sensing framework: PU1 and PU2 are sensed by SU1

both in its radio coverage area (violet circle), whereas PU3 (shadowed) and
PU4 (out of range) are hidden to SU1. Below �gure: example of RSS meas-
urements captured by SU1 over the time-frequency grid. Cooperation is pur-
sued over the SU peer-to-peer links (dashed lines), to enable interference
pattern detection, regardless of the limited visibility.

[17] that allow a distributed reconstruction of the time-varying pattern of the primary-
network activity, without any central coordination, by exchange of local information
among neighbouring SUs, i.e. within the coverage range. Energy detection is chosen as
sensing technique, since it requires only received signal strength (RSS) measurements
without any need of a-priori knowledge about the PU activity [27]. Di�erently from
existing distributed algorithms that require local sharing of multiple spectrum measure-
ments and are quite costly in term of communication overhead [28]-[29], we propose
a novel weighted-average consensus algorithm where SUs exchange compact detection
information instead of raw RSS data. Consensus is combined with an iterative decision-
directed (DD) procedure for estimation of key PU interference parameters and for detec-
tion of the time-frequency activity pattern. In this section, weighting is designed so as
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Figure 2.23: Spectrum sensing by 6 IEEE 802.15.4 devices: RSS measurements collected
by each SU. Primary users perform periodic transmission tasks over the
IEEE 802.15.4 channels 20, 22 and 24. Three IEEE 802.11g devices are also
interfering in the same 2.4 GHz band.

to reach the same performance as for the centralised solution in few iterations and with
a reduced amount of information exchange. Convergence is eased in dense networks
thanks to the high degree of connectivity. The method is validated by experimental
tests in a heterogeneous scenario with IEEE 802.15.4 and IEEE 802.11 devices.

The work is organised as follows. Signal modelling and background on Bayesian testing
for spectrum sensing are in Sections 2.4.2 and 2.4.3. The DD method for estimation of
the key interference parameters is proposed in Section IV and employed for cooperat-
ive detection in Section 2.4.5. Performance analysis is in Section 2.4.6, followed by the
validation on real scenario in Section 2.4.7 and the concluding remarks in Section 2.4.8.

2.4.2 Spectrum sensing model (SSM)

We consider the coexistence of a primary and a secondary network, as depicted in Fig-
ure 2.22, see D5.52 [2] for applications to CIMC. The PUs transmit data over a subset
of the available NF frequencies, using a time-slotted transmission with slots repeated
every M time samples, M denoting the frame duration (repetition period). A set of NS

SUs sense their transmission by reading the RSS over L periods, collecting an overall
number of NFNT RSS samples at each device, where NT = M ·L denotes the number
of RSS samples per frequency.
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In Figure 2.23, the occupation of the frequency-time resources by the primary network
is exempli�ed, using experimental RSS data collected by NS = 6 SUs for NF = 16 chan-
nels and L = 4 time periods. In the example, three PUs are transmitting and hopping
over three di�erent frequencies. As illustrated in Figure 2.22, due to the limited sensing
range of each SU device and dynamic fading/shadowing caused by mobility, each PU
transmission is overheard by a subset of the SUs fragmented in time, leading to the in-
complete observation of the transmission pattern as shown in Figure 2.23. The NS SUs
must engage in a cooperative decision process to detect the complete time-frequency
mask and schedule their resources over the unused portion of the spectrum. Crucial is
that every SU should converge to the same pattern of used resources.

Let xi (t, f) be the RSS, in logarithmic scale, of the signal sensed by SU i at time t on
frequency f, with t = 1, . . . , NT , f = 1, . . . , NF and i = 1, . . . , NS . The signal includes
the interference of an active PU with probability P . This probability can be written as P
= PaPv, where Pa is the probability that a PU is active in the considered time-frequency
resource and Pv is the probability that it is visible to the SU, i.e. in the coverage area
of the SU. According to the widely adopted lognormal power model, the RSS sample
xi (t, f) can be approximated by a Gaussian random variable whose parameters depend
on the absence or presence of the PU signal. These two disjoint hypotheses are denoted
as H0 and H1, respectively. Note that, even if a PU is active, its signal can be observed by
the SU in some periods and be hidden in others due to time-varying fading/shadowing
conditions. The RSS sample x = xi (t, f) is:

x ∼
{

N (µ1, σ
2
1) , hypothesis H1, with prob. P

N (µ0, σ
2
0) , hypothesis H0, with prob. 1− P . (2.36)

Under the hypothesisH0, xmodels the power of the background noise at the SU receiver,
Gaussian distributed with mean µ0 and variance σ2

0, with randomness due to measure-
ment errors at the receiver equipment. On the other hand, under the hypothesis H1, x is
the power of the PU signal measured at the SU, modelled as Gaussian with larger mean
µ1 > µ0 (due to the interference) and variance σ2

1 > σ2
0 (due to shadowing).

The aim of this work is to detect the time-frequency resources (t, f) that are used by any
user of the primary network and provide the related time-frequency transmission mask.

2.4.3 MAP testing for PU detection

Bayesian detection of the PU signal in the generic RSS sample x based on the maximum
a posteriori (MAP) criterion is known to yield the likelihood ratio test (LRT) [30]:

L(x) =
p(x|H1)

p(x|H0)
=
G(x;µ1, σ

2
1)

G(x;µ0, σ2
0)

H1

≷
H0

1− P
P

. (2.37)

For the speci�c spectrum sensing problem, using the model (2.36) with parameters θ =
[µ1, µ0, σ

2
1, σ

2
0, P ]T, the probability density function (pdf) of x is p(x|H0) = G(x;µ0, σ

2
0)
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under the hypothesis H0, and p(x|H1) = G(x;µ1, σ
2
1) under the hypothesis H1, where

G(x;µ, σ2) = 1√
2πσ2

exp(−(x−µ)2/2σ2). The LRT can be implemented by the threshold
detection:

x
H1

≷
H0

S(θ), (2.38)

with threshold S = S(θ) obtained as solution of:

G(S;µ1, σ
2
1)

G(S;µ0, σ2
0)

=
1− P
P

. (2.39)

This leads to the quadratic equation aS2 + 2bS + c = 0, with parameters a = σ2
1 − σ2

0 ,
b = µ1σ

2
0 − µ0σ

2
1, c = µ2

0σ
2
1 − µ2

1σ
2
0 − 2σ2

1σ
2
0ln(σ1

σ0
· 1−P

P
), whose solution provides the

threshold S.

Threshold based detection (2.38) can be easily applied once the model parameters θ are
known. In the following, we propose a cooperative approach for inferring θ based on the
sensed RSS data (Section 2.4.4) and estimating the interference pattern (Section 2.4.5).

2.4.4 Estimation of SSM parameters

In this subsection, an iterative DD method is proposed for estimation of the interference
parameters θ. First, a single-node method is introduced as building block of the pro-
posed methodology: the DD procedure is used separately by each SU i to obtain a local
estimate θ̂i from the local RSS dataset Xi = {xi (t, f) : t = 1, . . . , NT , f = 1, . . . , NF},
see examples of datasets in Figure 2.23. The method is then extended to a cooperative
framework: the centralised solution provides a global estimate θ̂ based on the complete
dataset X ≡ ∪NSi=1{Xi}, while the new method in Section 2.4.4-C allows to achieve the
same result distributively by combining single-node DD processing with consensus iter-
ations.

Non-cooperative (single-node) estimation

The parameters θ can be estimated iteratively at the ith SU based on the local data-
set Xi according to the DD method [31] here tailored to the model (2.36). Assume
that Ŝ(k)

i = S(θ̂
(k)
i ) is the threshold obtained from the parameters’ estimate θ̂(k)

i =

[µ̂
(k)
1,i , µ̂

(k)
0,i , σ̂

2(k)
1,i , σ̂

2(k)
0,i , P̂

(k)
i ]T at kth iteration. Using the LRT (2.38) with S = Ŝ

(k)
i , the

RSS samples in the ith user dataset Xi can be partitioned into two subsets associated
to the hypotheses H1 and H0, X(k)

H1,i
= {x ∈ Xi : x ≥ Ŝ

(k)
i } and X

(k)
H0,i

= Xi \ X(k)
H1,i

,
respectively. The new parameters for the iteration k+1 are then obtained by computing
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the sample means, variances and frequencies for the subsets X(k)
H1,i

,X(k)
H0,i

as:

µ̂
(k+1)
1,i = 1

N
(k)
1

∑
x∈X(k)

H1,i

x

µ̂
(k+1)
0,i = 1

N
(k)
0

∑
x∈X(k)

H0,i

x

σ̂
2(k+1)
1,i = 1

N
(k)
1

∑
x∈X(k)

H1,i

(
x− µ̂(k)

1,i

)2

σ̂
2(k+1)
0,i = 1

N
(k)
0

∑
x∈X(k)

H0,i

(
x− µ̂(k)

0,i

)2

P̂
(k+1)
i =

N
(k)
1

N
(k)
0 +N

(k)
1

(2.40)

where N (k)
1 = |X(k)

H1,i
| and N (k)

0 = |X(k)
H0,i
| are the cardinalities of the two subsets. In

compact form, we rewrite (2.40) as:

θ̂
(k+1)
i = g(Xi, Ŝ

(k)
i , θ̂

(k)
i ), (2.41)

with functions g( · ) = [g1( · ), · · · , g5( · )]T de�ned according to the entries of (2.40). A
new threshold Ŝ(k+1)

i = S(θ̂
(k+1)
i ) is calculated from (2.39) based on the new parameters

and the process is repeated. The algorithm converges to an estimate θ̂(k)
i = θ̂i when

P̂
(k)
i = P̂

(k+1)
i = P̂

(∞)
i .

Centralised cooperative estimation

In a centralised cooperative approach, each SU is required to transmit the RSS observa-
tions to a fusion centre that can apply the iterative DD procedure (2.41) to the complete
dataset X instead of the local one Xi, so that:

θ̂(k+1) = g(X, Ŝ(k), θ̂(k)). (2.42)

The elements of the vectorial function g( · ) are de�ned as in Section 2.4.4 with X divided
into the two subsets X

(k)
H1

= {x ∈ X : x ≥ Ŝ(k)} and X
(k)
H0

= X \ X(k)
H1

according to
the global threshold Ŝ(k) = S(θ̂(k)) computed from the parameter estimate θ̂(k) of the
previous iteration. The method is expected to provide a more accurate estimate of the
SSM model as it combines all data from the NS SUs.

Distributed cooperative estimation

In distributed spectrum sensing, data fusion is carried out in a fully decentralised way
sharing information through the bidirectional peer-to-peer links of the SU network. This
is modelled as an undirected graph, G =(V,E), with vertices V = {1, . . . , NS} repres-
enting the SUs and edges E ⊆ V× V representing the links. The set of neighbours for
SU i is denoted as Ni = {j|(j, i) ∈ E}, the related node degree as di = |Ni| and the
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maximum degree as ∆ = maxi di. We denote as A = [aij] the NS × NS symmetric
adjacency matrix that models the SU network connectivity, with aij = 1 if (i, j) ∈ E

(i.e. if node j communicates with node i) and aij = 0 for any (i, j) /∈ E. The Laplacian
matrix of the graph is L = D − A, D = diag(d1, . . . , dNS) being the degree matrix of
G.

Recalling the de�nition of g( · ) in (2.40)–(2.41), we observe that the centralised estimate
g(X, Ŝ(k), θ̂(k)) of the parameters in (2.42) can be seen as a weighted average of the NS

local estimates θ̂(k+1)
i = g(Xi, Ŝ

(k), θ̂(k)) computed at the SU i = 1, . . . , NS by averaging
the RSS samples of the local dataset partitioned as Xi = X

(k)
H1,i
∪ X

(k)
H0,i

according to the
global threshold Ŝ(k). Namely, let θ be the generic element of the vector θ, the centralised
estimate (2.42) can be expressed as:

θ̂(k+1) =
1

∑NS
i=1W

(k)
i

∑NS

i=1
W

(k)
i θ̂

(k+1)
i , (2.43)

with weights accounting for the di�erent sample size at each SU, i.e. W (k)
i = P̂

(k)
i =

|X(k)
H1,i
|/ |Xi| for θ representing any of the moments {µ1, µ0, σ

2
1, σ

2
0} andW (k)

i = 1 for θ =
P . This highlights that the global SSM estimate (2.42) can be computed in a distributed
way through a weighted-average consensus approach [18], which is known to converge
to the weighted average of the initial local estimates.

We thus propose to implement the DD procedure for threshold computation distributively,
performing at each iteration the local computations (2.41) and then sharing information
with neighbours through consensus. Remarkably, iterations for LRT are interleaved with
those for consensus to favour the convergence. Namely, let θ̂(k+1)

i (0) = θ̂
(k+1)
i collect

the parameter estimates obtained by node i from (2.41) at iteration k + 1, a number
of consensus iterations indexed as q = 1, 2, . . . , Q are performed before the next LRT
iteration, according to the weighted average-consensus algorithm [18]:

θ̂
(k+1)
i (q + 1)= θ̂

(k+1)
i (q)+ εW

(k)−1

i

∑

j∈Ni

(θ̂
(k+1)
j (q)− θ̂(k+1)

i (q)), (2.44)

with step size ε and 5 × 5 weighting matrix W
(k)
i . As proved in [18], for 0 < ε <

2/λmax(W(k)−1
L̃), with W(k) = blockdiag(W

(k)
1 , . . . ,W

(k)
NS

) and L̃ = L⊗ I5, the al-
gorithm converges to the weighted average of the local estimates:

θ̂
(k+1)
i (∞) =

(∑NS

j=1
W

(k)
j

)−1∑NS

i=1
W

(k)
i θ̂i (0) . (2.45)

Taking into account (2.43), we set the weighting as W
(k)
i = diag(W

(k)
i ,W

(k)
i ,W

(k)
i ,W

(k)
i , 1)

so that (2.45) equals (2.42) and the distributed algorithm converges to the centralised es-
timate.

After Q consensus iterations, the �ve parameters θ̂(k+1)
i (Q) are used to compute the

new threshold Ŝ(k+1), update the subsets X(k+1)
H1,i

and X
(k+1)
H0,i

, and repeat (2.41) and (2.44)
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till convergence when P̂ (k)
i = P̂

(k+1)
i = P̂

(∞)
i . The parameter estimates at convergence

will be denoted as θ̂ =
[
µ̂1, µ̂0, σ̂

2
1, σ̂

2
0, P̂

]T
and the threshold as Ŝ.

2.4.5 Cooperative detection of interference

Aim of cooperative detection is the estimation of theM×NF binary mask of the primary
network, B = [b(m, f)], with elements de�ned as b(m, f) = 1 if any PU is transmitting
on the time-frequency resource (m, f), and b(m, f) = 0 if no PU is allocated on that
resource, m = 1, . . . ,M , f = 1, . . . , NF .

In both the centralised and distributed approaches, the iterative procedure in the pre-
vious subsection provides a threshold Ŝ and the related classi�cation of the L-period
dataset Xi, for each user i, into the two classes H0 and H1. The result is a LM × NF

mask estimate Ci = [ci (t, f)] with elements ci (t, f) = decŜ(xi (t, f)) and binary de-
cision function de�ned as: decŜ(x) = 1 for x ≥ Ŝ and decŜ(x) = 0 otherwise. However,
detection performed on the dataset Xi, even though based on the global threshold estim-
ate, allows to sense only the PUs that are active in the area of SU i. For detection of the
overall spectrum mask, we propose to proceed as follows.

In the centralised approach (Section IV-B), where the NS masks Ci for i = 1, . . . , NS are
jointly available at the fusion center, cooperative decision on each time-frequency re-
source (m, f) is taken by evaluating the number of detected transmissions over the total
numberNSL (NS users andL periods). The result is the soft-valued mask Z = [z(m, f)] ∈
RM×NF with elements z(m, f) ∈ [0, 1] given by:

z(m, f) =
1

NSL

∑NS

i=1

∑L

`=1
ci ((`− 1)M +m, f) . (2.46)

Asymptotically, we should have z(m, f) → 0 if the time-frequency resource (m, f) is
free and z(m, f)→ Pv if it is occupied by a PU, where Pv is the fraction of the observa-
tions belonging to H1. The �nal decision is thus obtained by comparing z(m, f) with a
threshold λ, as b̂(m, f) = decλ(z(m, f)), with λ selected based on the value of Pv. The
estimated mask is B̂ = [b̂(m, f)]. If no a-priori information is available, we set λ = 0.5.

In the distributed method (Section IV-C), since each SU i can only access the local mask
Ci, it �rst computes the average of the local samples ci (t, f) over the periods; then it
exchanges the average mask with neighbours and updates it iteratively by an average-
consensus procedure similar to (2.44), with θ̂ replaced by the mask estimates Zi and
identity matrices as weights, till convergence to the global average (2.46) is reached.

2.4.6 Performance analysis

In this subsection, the performance of the proposed distributed detection method is com-
pared to those of the centralised cooperative method and the non-cooperative (single-
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Figure 2.24: RMSE of the estimate for the interference parameters σ1 (top) and µ1 (bot-
tom) vs. σ1. RSS data is simulated usingµ1 = 6 dB (solid line) andµ1 = 12 dB
(dashed line), µ0 = 0 dB and σ0 = 1.5 dB.

node) method considered as benchmarks. We analyse a scenario with a strongly connec-
ted network of NS = 10 SUs that cooperatively sense the transmission of 3 PUs. The
PUs transmit data over 3 of the NF = 15 available carrier frequencies (Pa = 0.2). Each
frame is composed ofM = 1 sample repeated for L = 20 periods, for an overall number
of NT = ML = 20 samples. The SUs are assumed to have synchronised clocks during
the sensing process and probabilityPv = 0.3 of visibility of any transmitting PU. TheNT

RSS samples collected by each SU are modelled as in (2.36) with parameters: µ0 = 0 dB
and σ0 = 1.5 dB for the background noise; µ1 = {6, 8, 12} dB and σ1 ranging in the
interval [1, 5.5] dB for the interference. For spectrum detection, the LRT algorithm is
initialised using P (0) = 0.5, µ(0)

1 = µ
(0)
0 equal to the sample mean of the available data-

set (X for the centralised approach and Xi for the distributed one), σ(0)
1 equal to the

sample standard deviation of the same dataset, and σ(0)
0 randomly distributed in the in-

terval [0.5, 2.5] dB. The interference binary mask is estimated as in Section 2.4.5 with
threshold λ = 0.5Pv.

D3.03 DIWINE



2.4 Distributed interference sensing and coordination for cloud scheduling 59

Figure 2.25: Probability of mis-classi�cation Pε vs. σ1 for µ1 = 6 dB (solid line) and µ1 =
8 dB (dashed line).

Performances are evaluated in Figure 2.24 in terms of root mean square error (RMSE)
of the SSM parameter estimates for the interference parameters σ1 and µ1. The RMSE
for the noise parameters σ0 and µ0 is negligible. Convergence rate of the distributed
algorithm depends on the connectivity graph. Performances in terms of the probability
of mis-classi�cation Pε are in Figure 2.25. This probability can be expressed as a function
of the probabilities of detection (Pd) and false alarm (Pfa) as Pε = Pa(1 − Pd) + (1 −
Pa)Pfa, which in the considered scenarios reduces to Pε ≈ Pa(1 − Pd) since Pfa ≈
0. Performances are evaluated by averaging over 1000 measurements. In both �gures
the consensus-based distributed method is shown to outperform the non-cooperative
one and to closely approach the centralised cooperative performance. For all methods,
performance degrades for increasing σ1 and/or decreasing µ1, as the interference level
by the PUs tends to be comparable with the background noise.

2.4.7 Experimental case study

In this section, we validate the cooperative spectrum detection on experimental data col-
lected during an indoor measurement campaign at the third �oor of the department DEIB
of Politecnico di Milano. Experimental tests considered the coexistence of SU devices
with both IEEE 802.15.4 (ZigBee) and IEEE 802.11g (Wi-Fi) compliant PU devices. The
set-up consists of three ZigBee PU devices transmitting full data frames towards a co-
ordinator device and three Wi-Fi PUs acting as infrastructure access points. The ZigBee
PU transmitters are programmable devices con�gured to implement automatic power
and gain adjustments based on the channel quality indication (CQI) and send acknow-
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Figure 2.26: Time-frequency spectrum detection. Cooperative approaches (left box):
centralised (top-left) and distributed (bottom-left) algorithms. Non-
cooperative approach (right box): single node processing at node SUi, i =
1, . . . , 6. Yellow boxes highlight the mis-classi�cation due to the e�ects of
partial visibility for SU3 and SU5. The probability of mis-classi�cation is
shown in the top-right corner of each sub-�gure.

ledged data frames with application-dependent duty cycle. They exchange data over pre-
de�ned (but unknown to SUs) channels with centre frequencies {2.45, 2.46, 2.47}GHz
(standard compliant channels {20, 22, 24}). For each channel the occupied bandwidth is
3 MHz with nominal duty cycle of 30implementing cooperative spectrum sensing consist
of PCs equipped with a portable spectrum analyser operating in the 2.4 GHz band. Power
spectral measurements are taken with frequency steps of ∆f ' 333 kHz (to cover the un-
licensed 2.4÷2.495 GHz band), resolution of 187.5 kHz and sampling time ∆t ' 536 ms
(dwell time of 1 ms). Measurements are then processed to extract the RSS information
from which the relevant interference patterns can be tracked.

Time-frequency interference detection is implemented as in Section 2.4.5 with threshold
λ = 0.5 (a-priori information is not available). Figure 2.26 shows the resulting M ×
NF binary masks providing information about the time-frequency interference patterns
caused by the PU primary networks. Binary masks are evaluated for all the considered
algorithms: each sub�gure highlights the most critical interference signals from the
IEEE 802.15.4 devices. For all methods, we evaluate the probability of mis-classi�cation
Pε de�ned as the percentage of the error with respect to the centralised approach (here
considered as reference). Non cooperative detection is highly a�ected by errors due to
partial visibility. The weighted-consensus method outperforms the non-cooperative one
reaching the centralised detection. In addition, since the Wi-Fi interfering signals act
as non-critical disturbances, they are considered as irrelevant by the detection process.
Therefore, throughout cooperation between nodes, the critical PU spectrum occupancy
is well reconstructed, even if some SUs are a�ected by limited sensing range and time-
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varying fading/shadowing conditions.

2.4.8 Concluding remarks

In this section we proposed the use of weighted-average consensus for distributed de-
tection of time-varying interference patterns. The consensus based algorithm is shown
to reach the performance of centralised estimation strategy with reduced amount of
information, since it is based on local computation and iterated sensing information ex-
change with neighbours. Interference pattern detection is validated based on an ad-hoc
experimental measurement campaign to highlight a practical case study of unlicensed
2.4 GHz spectrum sharing for the implementation in CIMC demonstrator (WP5). The
implementation in the demonstrator is detailed in D5.52 [2]
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3 Relay processing and coding

3.1 Adaptive energy e�icient scheme for QMF relaying

3.1.1 Introduction

In this work, the issues of energy consumption and adaptivity are considered for wireless
cooperative relaying networks. We choose a speci�c relaying scheme called quantise-
map-and-forward (QMF). The QMF relaying scheme, which is a version of compress-
and-forward (CF), has been shown to be within a constant gap of the channel capacity
[32] for certain unicast and multicast scenarios. From the point of view of the diversity-
multiplexing tradeo� (DMT), QMF achieves the optimal DMT in full-duplex additive
white gaussian noise (AWGN) wireless networks [33]. The DMT for half-duplex regimes
is studied in [34] and [35]. In [35] several DMT regimes are identi�ed as well as strategies
to achieve the optimal tradeo�s.

The performance of QMF relaying is improved when the relays are equipped with mul-
tiple antennas [34]. However, the multiple antennas require multiple radio frequency
(RF) chains at the transmitter and receiver sides of the relay resulting in increased en-
ergy consumption. The power consumption of the receive RF chains is dominated by the
analog-to-digital converter (ADC) component, while at the transmit side it is dominated
by the power ampli�er (PA) and digital-to-analog converter (DAC). For QMF, multiple
receive antennas can improve the performance of the relay which quantises the signal
received from the source before forwarding it to the destination. However, as pointed
out in [36], the ADC is the main bottleneck of the receiver, since it is costly and power-
hungry. Therefore, it would be advantageous if a communication scheme could reduce
the number of active ADCs and at the same time maintain its communication perform-
ance.

This work proposes an adaptive scheme wherein the number of active RF chains at the
relay can be changed according to the channel conditions. Similar techniques are known,
for example in the IEEE 802.11n standard [37]. While such approaches have been well
investigated for point-to-point systems [38] [39], their extensions and application to
more complex networks, such as cooperative networks are scarce [40].

In our case, the di�culty in enabling adaptivity for QMF relaying comes from joint de-
coding and successive interference cancellation (SIC) at the decoder. For this reason, we
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Figure 3.1: Relay channel.

choose to address the adaptivity problem by a combination of blind adaptation and cyc-
lic redundancy check (CRC) codes. The main contributions of the work can be summar-
ised as follows: 1) The adaptive cooperative communication scheme is de�ned within a
control theoretic framework when the dynamics of frame error rate (FER) is unknown,
where the control policy represents the number of active RF chains, 2) A heuristic method
for blind adaptive policy construction is proposed, 3) The scheme is tested for the so-
called asymmetric relay, i.e. when the number of receive and transmit RF chains are
not the same, and 4) The scheme is simulated for �nite-state as well as for block-fading
Rayleigh channels.

3.1.2 Model of adaptive asymmetric cooperative relaying

We consider a simple cooperative network model consisting of three nodes, a source S,
destination D and relay R [41] as shown in Figure 3.1. The destination D receives two
versions of the source message, one directly fromS, and the other fromR. The role of the
relay R is to help the destination D to decode the message coming from S by listening
to the message transmitted by the source S and passing its version of the message to
D. To improve its performance, the relay R can use more than one antenna as in [34].
However, this would lead to a larger energy consumption. In order to reduce the energy
consumption of the relay circuitry, the number of receive and transmit RF chains can
be di�erent at R, implying an asymmetric architecture. Here, the number of receive
RF chains is larger than the number of transmit chains. To further reduce the energy
consumption of R, an adaptive scheme is proposed which takes into account the time
varying nature of communication channels between nodes by choosing the appropriate
number of active receive RF chains at the relay R.

To de�ne the problem under consideration, it is important to look at the QMF scheme in
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more detail [42]. When low-density parity-check (LDPC) codes are employed at S and
R, a source message mb is encoded by an LDPC code CS at a time block b containing a
codeword ofN symbols, and transmitted so thatD is able to receive allN symbols, while
R receives fN symbols only, 0 < f < 1. The relay R quantises and maps the received
signal yR[b], where the mapping is another LDPC code CR. The quantised version of
the signal is denoted by qb. During a given time block b, the relay R does not send the
quantised message qb to D, but the quantised message qb−1 which it received during
the previous time block b − 1. The idea can be understood by analysing the following
equations, where SIC is used in addition to joint LDPC decoding of CS and CR

ỹ[b− 1] = hSD[b− 1]xS(mb−1) + z̃[b− 1] (3.1)
y[b] = hSD[b]xS(mb) + hRD[b]xR(qb−1) + z[b]. (3.2)

The expression (3.1) relates to time block b − 1, and it is a product of SIC as will be
explained shortly. The expression (3.2) comes from the time block b, and it is a signal
received at D when both S and R transmit at the same time. Here, hSD[b], hSR[b] and
hRD[b] are the channel coe�cients for three channels in Figure 3.1. These two equations
are the inputs to the parallel LDPC decoder that decodes the codeword xS(mb−1), i.e.
mb−1, and the codeword xR(qb−1), i.e. an index qb−1 in the terminology of CF, which
is side information for the decoding of the message mb−1. Once xR(qb−1) is decoded,
which produces an estimate x̂R(qb−1), this estimate is subtracted from (3.2) giving ỹ[b] =
hSD[b]xS(mb)+ z̃[b] which is a version of (3.1), but for a time block b. The second output
of the LDPC decoder is an estimate x̂S(mb−1), producing the estimate ofmb−1. Therefore,
the message is decoded with a delay of one time block. A pictorial description of the
decoding is shown in Figure 3.2 which illustrates the decoding dependence between
di�erent time blocks, i.e. codewords. From Figure 3.2, it is obvious that the decoding of a
given codeword of block b will have an e�ect on the performance of subsequent blocks.

Remark 1. The previous observation – illustrated by Figure 3.2 – means that an adaptive
policy for cooperative networks has to be aware of the dependence in the decoding of di�erent
time blocks. In contrast, for the case when the decoding of the codewords is independent, the
adaptation can be done independently for each time block.

3.1.3 Adaptive policies for cooperative relaying and slow fading

The adaptive scheme proposed in this work can be seen as a control optimisation prob-
lem, more speci�cally, a tracking problem. The scheme adapts to channel conditions by
maintaining the FER below a target FER, FERT . This means that the achievable FER
under given channel conditions has to be estimated. One possible way to estimate the
FER is to introduce a CRC [43]. Then, the adaptive scheme operation can be illustrated
as in Figure 3.3.

At the beginning of each fading block of length LFB codewords, the initial number of
active RF chains u[0] is chosen. After the transmission, joint LDPC decoding and CRC
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Figure 3.2: Joint decoding illustration for QMF relaying.

detection atD, the FER is estimated. If the FER is below FERT , the number of active RF
chains for the moment b+1 remains the same (u[b+1] = u[b]); if it is above, this number
is changed to u[b+1] 6= u[b]. Following Remark 1, the choices of u[b], b = 0, . . . , LFB−1,
are not independent. Therefore, we de�ne a vector or policy ubk = (u[k] u[k+1] . . . u[b])T

where (.)T denotes vector transpose. We also de�ne channel state information (CSI) for
the time block b as a vector h[b] = (hSD[b] hSR[b] hRD[b])T and denote FER by f [b].

The proposed adaptive cooperative relaying scheme is further de�ned, using a control
theoretic framework. From this point of view, the policy ubk is a control policy, and f [b]
and h[b] are state variables.

De�nition 1. Consider a discrete-time system described by f [b] representing the FER, h[b]
the CSI, y[b] the received signal, u[b] a control for the time block b and the corresponding
dynamics

f [b+ 1] = Fb(f
b
0 , u

b
0, h

b
0) (3.3)

h[b+ 1] = Hb(h[b]) (3.4)
y[b] = hSD[b]xS(m[b]) + hRD[b]xR(q[b− 1], u[b]) + z[b] (3.5)

such that the functions Fb andHb are bounded and continuous. It is assumed that the state
variable f [b] can be estimated from the system output y[b], f̃ [b] = CCRC(y[b], h[b]) by
using appropriate CRC, CCRC . Further, we de�ne an asymptotic cost function in terms of a
distance between the target FERT , fT , and current FER, f [b], d(f [b], fT )

JuNc0
= lim

Nc→∞

1

Nc

E

{
Nc−1∑

b=0

d(f [b], fT ) + ε(u[b])

}
(3.6)
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Figure 3.3: Block diagram of adaptive policy.

whereNc is the number of codewords or equivalently the time blocks during a transmission,
and ε(u[b]) determines the cost of using u[b] RF chains. The communication problem can
be de�ned as an optimisation control problem

Ju∗ = min
uNc0 ∈U

JuNc0
(3.7)

where U is the set of all admissible policies.

Remark 2. (De�nition 1): 1) For known dynamics Fb andHb, the problem given in De�n-
ition 1 can be solved using dynamic programming methods, 2) For point-to-point networks,
the communication systems do not need to use CRC codes to estimate FER; the known heur-
istic approach of channel abstraction can be employed to predict FER before the transmission
and the appropriate communication scheme for the given CSI. This improves the through-
put for the point-to-point case, 3) For cooperative communications, the abstraction heuristics
are still under investigation, 4) From Figure 3.3 and (3.6), one should note that d(f [b], fT )
is de�ned such that it will imply FER < FERT condition with high probability.

For cooperative communications, as brie�y discussed in [44], the main obstacle is that
one deals with multiple channels which makes the channel abstraction much more com-

DIWINE D3.03



68 3 Relay processing and coding

plex. We leave for future research the investigation of channel abstraction for cooperat-
ive communications which may follow the approaches considered in [38].

Policy construction

As previously stated, this work follows another approach of estimating FER by means
of a CRC code. However, although the estimation of f [b] is possible after decoding
each codeword, the dynamic programming will be di�cult when the dynamics Fb is
not known or is di�cult to compute. Therefore, the so-called blind adaptive approach
is proposed – when the function Fb is unknown – which needs to take into account the
decoding dependence condition presented in Remark 1. For each fading block (h[b] h[b+
1] . . . h[b + LFB − 1])T a vector policy ub+LFB−1

b is constructed. Because of the slow
fading assumption within one fading block of length LFB codewords, it is true that
h[b] = h[b+ 1] = . . . = h[b+ LFB − 1].

Hence, one possible way to construct the policy ub+LFB−1
b is the following: the relay can

utilise one RF chain u[0] = 1 at the start of the fading block, and then keeps increasing
the number of RF chains for subsequent codewords within the fading block if the FER
criterion is not met. However, because of the decoding dependence, the initial small
number of antennas might adversely a�ect the decoding of the subsequent codewords
leading to inadequate FER performance of the policy ub+LFB−1

b as will be demonstrated
later in Subsection 3.1.4. Therefore, depending on the network geometry, one should
identify policies which will provide good FER performance and at the same time have
satisfactory energy consumption proportional to

∑b+LFB−1
i=b u[i]. To make this procedure

clear, three types of policies are introduced.

De�nition 2. (Policy types): 1) Type 1 policy keeps the number of antennas at the relay
constant u[b] = u[b + 1] . . . = u[b + LFB − 1], e.g. u2

0 = (1, 1, 1)T , 2) Type 2 policy does
not keep the number of antennas at the relay constant, e.g. u2

0 = (1, 2, 3)T , 3) Type 3 policy
is an adaptive policy as illustrated in the �owchart in Figure 3.3.

Remark 3. (Policy ordering and lower bound on FER)

Type 1 and Type 2 policies are �xed policies in the sense that the number of used antennas
within one fading block will not adapt to channel conditions, i.e. for u1

0 = (1, 4)T , u[b]
for b = 0, 1, are �xed regardless of channel conditions and current FER where LFB = 2.
However, u1

0 = (1, 4)T provides a lower bound in terms of FER for all policies which are of
lower order comparing to u1

0 = (1, 4)T such as Q = {(1, 1), (1, 2), (1, 3)}, see Figure 3.4.
Two policies ub,10 and ub,20 are partially ordered in ≤p sense, denoted by

(u1[0], . . . , u1[k], . . . , u1[b]) ≤p (u2[0], . . . , u2[k], . . . , u2[b]),

if and only if u1[k] ≤ u2[k] for every k. Higher order policies have intuitively better FER
performance, because then the relay provides more reliable side information to the destina-
tion.
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Figure 3.4: Policy graph.

A Type 3 policy is described by a set of policies which can be generated from a �owchart
such as the one shown in Figure 3.3. The block ‘Choose u[k+ 1]’ in a speci�c realisation
can be replaced, e.g. u[k+1] = u[k]+1. For instance, forLFB = 3 start with u[0] = 2 and
then keep increasing the number of antennas by 1 until FERT is reached, resulting in
a set of di�erent possible policies P ={(2, 2, 2), (2, 2, 3), (2, 3, 3), (2, 3, 4)} (one of these
policies is possible and will appear for corresponding channel conditions). We say that
the Type 3 policy represented by P is derived from a Type 2 policy u2

0 if u2
0 is of a higher

order compared to all policies belonging to P, e.g. for u2
0 = (2, 3, 4)T .

The policy construction is then performed in the following manner: (i) Construct one
or more Type 2 policies ub+LFB−1

b which will serve as a lower bound in terms of FER
for Type 3 adaptive policy, (ii) Check whether the Type 2 policies have acceptable FER
performance and energy consumption as compared to Type 1 policies, (iii) Derive Type 3
adaptive policy from the chosen acceptable Type 2 ones.

One way to check the condition in step 2) of the policy construction is through simula-
tions.

3.1.4 Case study for finite state and fading channels

To illustrate the bene�ts of the proposed scheme, several examples are presented where
the scheme supports QMF relaying for three nodes and up to four receive RF chains at
the relay receiver. The multiple antenna processing technique used at the receiver side
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of the relay is maximum ratio combining (MRC). The source S and destination D are
equipped with only one antenna.

It is assumed that CS and CR are Gallager error-correction LDPC codes (20000,10000)
and (15000,5000), respectively. The notation (n, k) is used to describe the code, where
n represents the codeword length and k is a sourceword length. The codes have similar
performances in an AWGN channel as the codes used in [42]. At the destination D,
joint message passing decoding is performed to decode both codes simultaneously. For
this particular example, the joint iterative decoder applies 20 iterations. It is assumed
that the average SNRs among the three nodes are such that SNRSD = SNRRD, while
the SNR between the transmit antenna at S and one receive antenna at R, SNRSR is
equal to SNRSD. In this situation multiple receive antennas at R help to overcome an
unfavourable level of SNRSR. However, this improvement comes at the cost of using
multiple RF chains all the time which can be costly when the relay is battery powered.

As described in Figure 3.3, the adaptation of the transmission can be achieved with the
goal of targeting a given FER. To track the change in FER, a sourceword at S is split
into 50 frames, where each frame is encoded by a CRC code with 16 parity bits. After
this, frames are collected and encoded into one CS codeword. At the destination D, the
messages coming from R and D are decoded jointly. This is followed by a CRC decoder
used to estimate the FER. Throughout the transmission, the number of RF chains used
at R is determined by the policy ub+LFB−1

b . In general the adaptation may use the FER
of: 1) both messages, the main message sent by S and of the side information sent by R,
or 2) the main message only. In this speci�c example, the latter approached is used.

Further, it is shown how to construct adaptive policies by using the approach explained
in Subsection 3.1.3 to reduce the energy consumption of relay nodes.

Finite state channels

To gain insights into the proposed method, its performance for FSCs and binary phase
shift keying (BPSK) modulation is �rst examined. The simulations under the FSC as-
sumption should save simulation time – compared to fading channels – keeping in mind
that the three node network can support six di�erent channel conditions simultaneously.
A two-state FSC model for all channels in the network is used as a �rst approximation
[44], [45].

It is assumed that all six channels are slowly time-varying channels (six codewords per
a fading block, LFB = 6) where the six channel coe�cients – due to four antennas at
the relay – hSR,1, hSR,2, hSR,3, hSR,4, hSD and hRD- are chosen independently for each
fading block. A ‘good’ state G of the two-state FSC model corresponds to a coe�cient
of unit power, while a ‘bad’ state B has a power 1/1.5. Thus, the channel coe�cients
take values from the set {1, 1/

√
1.5}. In addition to fading, the transmitted signals are

subject to AWGN.
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Figure 3.5: Performances of di�erent Type 1 and Type 2 policies for QMF relaying with
multiple antennas at the relay for BPSK modulation and FSC.

Figure 3.5 shows the FER performance for di�erent Type 2 (1–4, 2–4) and Type 1 (1, 2, 3
and 4) relay receive RF chain policies. The Type 1 policies correspond to (1, 1, 1, 1, 1, 1),
(2, 2, 2, 2, 2, 2), (3, 3, 3, 3, 3, 3) and (4, 4, 4, 4, 4, 4), while the Type 2 policies correspond
to (1, 2, 3, 4, 4, 4) and (2, 3, 4, 4, 4, 4), respectively. The length of ub+LFB−1

b is LFB = 6,
and corresponds to the length of the fading block in terms of codewords.

The policy (4, 4, 4, 4, 4, 4) is the best Type 1 policy. It has a similar performance to
(3, 3, 3, 3, 3, 3), is slightly better than (2, 2, 2, 2, 2, 2) and outperforms (1, 1, 1, 1, 1, 1) by
0.5 dB. Overall, it is by 1.5 dB better than non-cooperative transmission.

Out of the tested Type 2 policies, the best performance is shown by (2, 3, 4, 4, 4, 4). Its
performance is close to the FERs of the Type 1 (3, 3, 3, 3, 3, 3) and (4, 4, 4, 4, 4, 4) as seen
from Figure 3.5. On the other hand, for larger SNRs the performance of the second policy
(1, 2, 3, 4, 4, 4) becomes close to the Type 1 policy (1, 1, 1, 1, 1, 1) showing a decreasing
gain in spite of using the maximum number of RF chains for three time blocks. One
di�erence between (1, 2, 3, 4, 4, 4) and (2, 3, 4, 4, 4, 4) is a starting point u[0]. Intuitively,
this starting point a�ects the joint decoder at the destination D, since it determines the
quality of side information coming from the relayR at the very start of the transmission.
This is important since the �rst transmission a�ects the rest of transmissions due to the
use of SIC and joint decoding. The price paid is that more energy is consumed by the
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relay R with the policy (2, 3, 4, 4, 4, 4) compared to (1, 2, 3, 4, 4, 4).

As previously mentioned, the FER of (2, 3, 4, 4, 4, 4) serves as a lower bound for the de-
rived algorithmic adaptive Type 3 policies described in Figure 3.3, where u[0] = 2 and the
block ’Choose u[k+1]’ is represented by u[k+1] = u[k]+1. For example, (2, 3, 4, 4, 4, 4)
gives a FER lower bound for (2, 2, 2, 3, 4, 4) or (2, 2, 2, 2, 3, 4) policies. Denote a Type 3
policy derived from (2, 3, 4, 4, 4, 4) by ua. Table 3.1 shows ua performance in terms of
the average number of used antennas at R for di�erent �xed target FERs, FERT (10−2,
10−3 and 10−4) and corresponding SNRs. It can be seen that ua is a compromise, since
on average, it uses a larger number of RF chains for smaller SNRs to provide a good
performance, but for larger SNRs it can reduce the number of RF chains to 2.

Table 3.1: Average number of antennas vs. SNR for Type 3 policy and �xed FERT

FERT 10−2; SNR(dB) 1.15 1.2 1.25
av. num. of ant. 3.23 2.4 2

FERT 10−3; SNR(dB) 1.25 1.35
av. num. of ant. 3.49 2

FERT 10−4; SNR(dB) 1.37 1.4
av. num. of ant. 2.99 2

Block-fading channels

In this subsection, the simulations are extended for Rayleigh block-fading channels.
Again, a slow block-fading scenario is considered where the six channel coe�cients –
including coe�cients for four receive antennas at R – are independently chosen from
a Rayleigh distribution at the beginning of a fading block and kept constant within the
block. The length of the fading block is LFB = 6 codewords. The modulation at S and
R is quadrature phase shift keying (QPSK).

Here, the same policies are tested as for FSCs. The results are shown in Figure 3.6. The
Type 1 policy (4, 4, 4, 4, 4, 4) is the best out of all tested Type 1 policies; it outperforms
(2, 2, 2, 2, 2, 2) by 0.8 dB, (1, 1, 1, 1, 1, 1) by 2 dB, and non-cooperative transmission by
4 dB for an FER of 2×10−2. The (3, 3, 3, 3, 3, 3) policy shows slightly worse performance
than (4, 4, 4, 4, 4, 4) so it was not shown in the �gure.

The performance of the Type 2 policies for the Rayleigh block-fading channels are sim-
ilar to their performances for FSCs. The policy (2, 3, 4, 4, 4, 4) is the best and again
matches (4, 4, 4, 4, 4, 4) for most SNRs, however (1, 2, 3, 4, 4, 4) shows better perform-
ance for the Rayleigh fading, and it matches (2, 2, 2, 2, 2, 2) in contrast to the FSC case
when it matches (1, 1, 1, 1, 1, 1). In addition, another policy (1, 2, 2, 2, 2, 2) (denoted by
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Figure 3.6: Performance of di�erent Type 1 and Type 2 policies for QMF relaying
with multiple antennas at the relay for QPSK modulation and block-fading
Rayleigh channels.

Type 2 (1–2) in the �gure) is tested, which has worse performance than (2, 2, 2, 2, 2, 2)
but by a small margin.

Therefore, one can choose from a variety of policies depending on the number of avail-
able RF chains and the performance requirements. For example, if the goal is to achieve
the best performance and some reduction in energy consumption, then (2, 3, 4, 4, 4, 4) is
a possible choice. In the worst case scenario, a Type 3 policy derived from (2, 3, 4, 4, 4, 4)
will have 13% smaller energy consumption in the receiver chain than (4, 4, 4, 4, 4, 4). On
the other hand, if the energy consumption is more important then (1, 2, 3, 4, 4, 4) or
(1, 2, 2, 2, 2, 2) could be more suitable. Similarly, in the worst case scenario, a Type 3
policy derived from (1, 2, 2, 2, 2, 2) will require 9% less energy than (2, 2, 2, 2, 2, 2). In
more favourable scenarios for higher SNRs, the reduction can be up to 50%, this depends
on channel conditions.

In the end, another question can be asked, which is: how will the performance change
if the number of transmit antennas of the relay is increased. Figure 3.7, which compares
the one and two relay transmit antennas cases, suggests that there could be a gain worth
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Figure 3.7: Performance of di�erent Type 1 policies for QMF relaying with one vs.
two transmit antennas at the relay for QPSK modulation and block-fading
Rayleigh channels.

mentioning for one receive antenna at the relay, but the gain diminishes as the number
of receive antennas increases. However, this additional RF chain will increase the energy
consumption of the relay.

3.1.5 Conclusion

Problems of energy e�ciency and adaptiveness are important issues that need to be
addressed for cooperative wireless communication networks. In this work, an adaptive
cooperative communication scheme is proposed to improve the energy e�ciency of QMF
by adapting the number of active RF chains at the relay to channel conditions; the goal
is to keep the FER close to its target. However, cooperative communications often rely
on complicated algorithms – such as QMF – so that physical layer channel abstraction
is complex, making the adaptation di�cult. Therefore, the proposed scheme is de�ned
in a control theoretical framework, and a heuristic approach is proposed that combines
a blind policy design and CRC codes. It is shown by simulation that considerable energy
consumption reduction is possible for higher SNRs, while at the same time maintaining
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good performance, using multiple antennas at relays, for lower SNRs. The scheme is
tested for unequal RF chain numbers at the receive and transmit side of the relay. The
results show that the asymmetric scheme can still deliver a very good performance gain.

Future research can address issues such as: 1) Whether a learning algorithm can be
employed to capture FER dynamics and under which channel conditions, 2) Generalisa-
tion to multiple relays and other communication schemes such as CF and compute-and-
forward.

3.2 Relay selection in cloud networks

3.2.1 Introduction

A technology regarded as the most promising for use in future cellular systems is phys-
ical layer relaying, in which an intermediate communication node termed relay node
conveys a message from source to destination. A variety of relay techniques have been
proposed and developed, ranging from simple amplify-and-forward (AF) techniques and
analogue network coding methods to more complicated approaches of exploiting spatial
diversity, including cooperative communication and so-called relay selection, the latter
of which entails one or more relays being chosen out of a large group of nodes to retrans-
mit a message from source to destination based on some desired performance criteria. It
is of great interest to understand the implications of employing multicarrier signalling
schemes such as orthogonal frequency-division multiplexing (OFDM) and related block-
based single carrier schemes in advanced relay networks, particularly with reference to
crucial properties that multi-carrier techniques exhibit in simpler point-to-point systems.
The emphasis of the research project is to investigate and design new relay techniques
that exploit the additional degrees of freedom provided by OFDM and related modula-
tion schemes. Essentially, this project aims at how to enhance the reliability of wireless
signals and meanwhile reduce the system complexity. Speci�cally, two aspects of the re-
lay technology are investigated and analysed in details in the �rst year. They are related
to an innovative selection scheme termed combined bulk/per-subcarrier selection (also
known as combined bulk/per-tone selection, combined selection and joint selection etc.)
[46–49].

Since the proposal of the cooperative network, the theoretical and implementation issues
of relay networks have become important research topics in both industry and academia
[50, 51]. As an e�ective way to exploit spatial and frequency diversity, relay selection
has been touted as one of the most promising techniques in the next generation of co-
operative networking [52]. For OFDM systems, bulk selection (a single relay is selected
for transmission on all subcarriers) and per-subcarrier selection (selection is treated in-
dependently for each subcarrier, thus leading to transmission via multiple relays) have
been proposed [53].
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Figure 3.8: Illustration of (a) bulk, (b) per-subcarrier and (c) combined bulk/per-
subcarrier relay selection strategies.

Obviously, bulk selection is simpler but has a poorer performance than per-subcarrier
selection [54]. On the other hand, per-subcarrier selection has the optimal performance,
but the system complexity is higher and thus a series of problems regarding synchron-
isation, implementation and channel state information (CSI) transmission are inevitable
[48]. Combined selection can be regarded as a compromise scheme between bulk and
per-subcarrier selections. To be speci�c, combined selection selects two relays �rst and
then performs the per-subcarrier selection over these two relays [53]. Pictorial examples
of the bulk, per-subcarrier and combined bulk/per-subcarrier selection strategies are il-
lustrated in Figure 3.8.

In transmit antenna selection (TAS) scenarios, the OFDM system selecting only two out
of the total available antennas can achieve the same outage and symbol-error probabilit-
ies as systems employing a per-subcarrier selection strategy in the high signal-to-noise
ratio (SNR) regime [46]. In this report, we refer to this asymptotic behaviour as the
equivalence principle.

It is natural to ask whether the combined selection strategy can be extended to relay se-
lection. Clearly, the answer is “yes” to a certain degree. What is not obvious is whether
the equivalence principle holds in relay selection systems, particularly for di�erent for-
warding schemes. Here, we prove that it does indeed hold for cooperative networks
employing the three fundamental forwarding schemes: decode-and-forward (DF), �xed-
gain (FG) AF, and variable-gain (VG) AF.

By the results presented in Section 3.2.2, the asymptotic outage performance of com-
bined selection is identical to the performance of per-subcarrier selection at high SNR
[55]. Hence, combined selection is regarded as the most appropriate selection scheme
for cooperative networks containing a single user pair [55]. Meanwhile, we also pro-
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Figure 3.9: Illustration of combined bulk/per-subcarrier relay selection and transmission
in the super dense cloud network equipped with multiple user pairs: (a)
without contention, (b) with contention.

pose a methodology for the analysis the outage performance of combined selection over
spatially correlated channels and carry out a series of preliminary investigations in Sec-
tion 3.2.2.

However, in super dense cloud networks with multiple users, it would not necessarily be
the case because another detrimental phenomenon called selection contention should be
taken into consideration for such a multiuser scenario [56]. Therefore, in Section 3.2.3,
we analyse the e�ects of outage and contention together by using a de�ned performance
parameter termed the bulk gain factor. The main contribution of this work is to show that
although the bulk selection scheme yields a worse outage performance, it would still be
preferable in super dense cloud networks as long as a su�ciently large transmit power
is provided, since it only demands one relay and has a smaller contention probability.
Besides, the outage performance of AF relay in super dense cloud networks is analysed in
particular in this section as well. All these results can be used as a design benchmark for
physical layer applications/protocols used in super dense cloud networks. With these, it
is possible to design a theory to further optimise super dense cloud networks by reducing
contention probability. We �nally conclude this report in Section 3.2.4.

3.2.2 Combined bulk/per-subcarrier relay selection in two-hop OFDM systems

In this section, we apply the concept of combined bulk/per-subcarrier selection to two-
hop relay selection systems employing OFDM. The outage probability of the proposed
strategy is analysed in the high SNR regime when DF, FG AF and VG AF are employed
at the relays. We prove that the combined selection strategy achieves an outage probab-
ility equivalent to conventional per-subcarrier selection in the high SNR regime without
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using the full set of available relays for selection. Moreover, we demonstrate through
numerical simulations that this performance advantage holds when channels are spa-
tially correlated. Besides, we also propose a methodology for the outage performance
analysis of combined selection over spatially correlated channels and carry out a series
of preliminary investigations.

Fundamentals

Relays and channels. For a typical OFDM system with a single source and destina-
tion, M relays and K subcarriers, if the combined selection strategy �rst chooses L = 2
out of M relays, the bulk selection, per-subcarrier selection and combined selection
strategies can be illustrated in Figure 3.8. It is clear that for M relays and K subcarriers,
2MK channels exist in the space-frequency grid. For brevity, we tentatively assume that
the 2MK channel coe�cients are statistically independent, zero-mean, complex Gaus-
sian (ZMCG) random variables with total variance µi, where i ∈ {1, 2} corresponds
to the �rst and second hop, respectively. The frequency-domain channel coe�cients
between the source and the mth relay for the kth subcarrier, ∀m ∈M = {1, 2, . . . ,M}
and ∀ k ∈ K = {1, 2, . . . , K}, are denoted as h(m, k), and similarly the channel coe�-
cients between the mth relay and the destination for the kth subcarrier are denoted as
g(m, k). Meanwhile, without loss of generality, if we assume h(m, k) ∼ CN(0, µ1) and
g(m, k) ∼ CN(0, µ2), it is well-known that |h(m, k)|2 and |g(m, k)|2 are distributed as
Γ(1, µ1) and Γ(1, µ2)1.

We further assume that the CSI is perfectly estimated and shared among all commu-
nication nodes, and the relay network operates in a half-duplex protocol so that two
orthogonal time slots are required for one complete transmission from source to destin-
ation. The noise statistics at themth relay and at the destination are denoted by n(m, k)
and η(k), respectively, and allMK+K statistics are independent, identically distributed
(i.i.d.) ZMCG random variables with variance N0/2 per dimension.

Assuming equal bit and power allocation schemes are applied, the average transmit
power per subcarrier at the source and at each utilised relay is denoted by Pt. Hence,
the equivalent instantaneous end-to-end SNR2 corresponding to the kth subcarrier and
the mth relay using a DF protocol can be expressed as

SNR(m, k) =
Pt
N0

min
(
|h(m, k)|2, |g(m, k)|2

)
. (3.8)

1CN( · , · ) and Γ( · , · ) represent the Gaussian and the Gamma distributions, respectively.
2In fact, an outage in DF relaying networks depends on the minimum channel coe�cient among the
source-relay and the relay-destination links. Hence, we can employ the minimum channel coe�cient
as the equivalent channel quality indicator here.
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It is also well known that for FG AF relaying, the instantaneous end-to-end SNR can be
expressed as

SNR(m, k) =
G2
F |h(m, k)|2|g(m, k)|2Pt
(G2

F |g(m, k)|2 + 1)N0

, (3.9)

where GF =
√
Pt/(Ptµ1 +N0) is the per-subcarrier relay gain. Finally, for VG AF

relaying with per-subcarrier relay gain factor GV =
√
Pt/(Pt|h(m, k)|2 +N0), the in-

stantaneous end-to-end SNR can be expressed as

SNR(m, k) =
|h(m, k)|2|g(m, k)|2P 2

t

(|g(m, k)|2Pt + |h(m, k)|2Pt +N0)N0

. (3.10)

Combined relay selection: An introduction. Now let us consider the selection pro-
cess of the combined selection. It has been veri�ed that the outage probability mainly
depends on the worst channel over all subcarriers at high SNR and thus we should max-
imise the minimum channel coe�cient over all subcarriers in order to minimise the out-
age probability [46]. Following this logic, the bulk selection criterion can be expressed
as [56]

L̂bulk = arg max
L⊆M

min
k∈K

max
l∈L

SNR(m, k) (3.11)

where L identi�es a pair of relays that can be used to carry out per-subcarrier selection.
Clearly, |L| = 2. Note that we could consider |L| > 2, but this is not required to prove
our main result, namely that the equivalence principle applies to relay selection systems.

For a given set of relays chosen according to (3.11), the optimal per-subcarrier selection
criterion for subcarrier k ∈ K is given by [56]

l̂pt(k) = arg max
l∈L̂bulk

SNR(m, k). (3.12)

A note on the practicality of these selection processes is in order. In fact, it is straight-
forward to see that selection of this nature is practically achievable by adopting a well-
designed timer-based scheme [48]. In this section, we consider the time interval within
which two or more timers expire to be in�nitesimal. Hence, we do not need to worry
about the timer contention problem here. This is equivalent to assuming that the selec-
tion process is perfect, which is justi�ed since we are concerned with theoretical per-
formance limits.

Performance analysis

We adopt outage probability as a metric to measure the performance of OFDM systems
employing combined relay selection. In what follows, we de�ne the outage probability
in the usual way:

F (s) = P(SNR(m, k) < s) (3.13)
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where s is an end-to-end SNR threshold. Our goal is to show that as Pt/N0 → ∞,
the outage probability for cooperative networks employing combined selection (with
|L| = 2) tends to the outage probability for networks that use per-subcarrier selection
over the relay set L = M. We consider each selection strategy in turn.

Combined selection. Denote the probability density function (PDF) corresponding
to F (s) as f(s). Using Lemma 1 in [46], we obtain the PDF of the outage probability
of an OFDM relaying system employing combined bulk/per-subcarrier selection at high
SNR:

fcomb(s) = MK[F (s)]M−1[1− F (s)]MK−Mf(s). (3.14)

The corresponding CDF Fcomb(s) of fcomb(s) can be used to quantify the asymptotic
outage performance for the selection system.

DF relay

Now, let us focus on the DF relay case. Because |h(m, k)|2 ∼ Γ(1, µ1) and |g(m, k)|2 ∼
Γ(1, µ2), the PDF and CDF of |h(m, k)|2 and |g(m, k)|2, ∀m ∈M, ∀k ∈ K are

f(s) = e−s/µi/µi ⇔ F (s) = 1− e−s/µi (3.15)

for i = 1, 2. De�ne the normalised SNR to be γ = Pt/N0. By applying the theory of
order statistics [57], F (s) in DF relaying networks with selection de�ned according to
(3.8) is given by

F (s) = 1− e−s(1/µ1+1/µ2)/γ. (3.16)

Consequently, the PDF f(s) corresponding to F (s) in DF relaying networks is

f(s) =
dF (s)

ds
=

1

γ

(
1

µ1

+
1

µ2

)
e
−s

(
1
µ1

+ 1
µ2

)
/γ
. (3.17)

According to (3.14), (3.16) and (3.17), the PDF of the worst channel at high SNR with the
combined bulk/per-subcarrier selection is

fcomb(s) =
MK

γ

(
1

µ1

+
1

µ2

)[
1− e−s

(
1
µ1

+ 1
µ2

)
/γ

]M−1 [
e
−s

(
1
µ1

+ 1
µ2

)
/γ

]MK−M+1

.

(3.18)

Meanwhile, the system outage probability Fcomb(s) =
´ s

0
fcomb(t)dt can be expressed by

an asymptotic approximation at high SNR (γ →∞, or equivalently s→ 0). Employing
a Taylor series expansion yields the asymptotic expression

Fcomb(s) '
[
K

1
M s(µ1 + µ2)

µ1µ2γ

]M
. (3.19)
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FG AF relay

As for the FG AF relay case, using (3.9), it can be shown that [58]

F (s) = 1− 2e
− s
µ1γ

√
s(µ1 + 1

γ
)

µ1µ2γ
K1


2

√
s(µ1 + 1

γ
)

µ1µ2γ


 (3.20)

where K1( · ) is the �rst order modi�ed Bessel function of the second kind. This is the
standard outage result for FG AF networks. Applying (3.14) and using the Puiseux series
expansion of the Bessel function along with binomial and Taylor expansions of the al-
gebraic and exponential terms in (3.20) yields the asymptotic outage expression

Fcomb(s) '
[
K

1
M s ln(γ)

µ2γ

]M
. (3.21)

VG AF relay

For VG AF relaying, the CDF of (3.10) has been proved to be [59]

F (s) = 1− 2e
− s
γ

(
1
µ1

+ 1
µ2

)
√

s

µ1γ
2

(
1

µ2

+ s

)
K1

(
2

√
s

µ1γ
2

(
1

µ2

+ s

))
. (3.22)

Using a similar approach to the FG AF case, we �nd that

Fcomb(s) '
[
K

1
M s(µ1 + µ2)

µ1µ2γ

]M
(3.23)

for large γ̄ (equivalently, small s). Note that the expression given in (3.23) is exactly
the same as that given in (3.19), which indicates the performance of VG AF relaying
is identical to DF relaying network at high SNR. A related result was explored in [60].
However, the equivalence of DF and VG AF relay performance in the present context
has not been reported in the literature until now.

Per-subcarrier selection. Considering the PDF of the worst subcarrier when apply-
ing per-subcarrier selection, we have that the PDF of the instantaneous end-to-end SNR
is given by

fps(s) = MK [F (s)]M−1 {1− [F (s)]M}K−1f(s). (3.24)

By repeating the derivations outlined in the previous subsection, the asymptotic expres-
sion (leading order term) for the CDF of the system employing per-subcarrier selection,
denoted as Fps(s), can be easily calculated for all three kinds of relays. By carrying out
these calculations, we �nd that the asymptotic expressions of Fps(s) with per-subcarrier
selection for all three relaying protocols agree with the combined selection results given
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in (3.19), (3.21), and (3.23). To see this result without going into the details of the spe-
ci�c calculations, one can observe (3.14) and (3.24) carefully, noting that both PDFs are
dominated by the terms MK , [F (s)]M−1 and f(s) for the three relay protocols. Indeed,
the di�erences in the expressions, notably [1− F (s)]MK−M and {1− [F (s)]M}K−1, are
incorporated into higher order terms in the asymptotic expansion of the outage prob-
ability, and hence do not contribute at high SNR. Note, however, that these corrections
will in�uence the rate of convergence of the combined selection performance to that of
per-subcarrier selection. More strict and generalised mathematical proof is given in the
next subsection.

Generalised theorem of equivalence principle. As we have proved the equival-
ence principle for three types of relays, one might wonder whether this equivalence
principle can be further extended to other applications. To answer this question, a gen-
eralised equivalence principle can be stated as follows.

Proposition 1. If the CDF of the i.i.d. end-to-end SNR, F (s), can be expanded in the vari-
able γ̄ as

F (s) =
∞∑

i=i0

ci(s)

(
1

γ̄

) i
θ

[ln (γ̄)]r (3.25)

where i0 is an integer given by i0 = arg minn∈N {cn(s) 6= 0}; θ is a nonzero natural num-
ber; {ci(s)} represents a series of functions of s; r ∈ N, then combined selection is able
to achieve an outage probability equivalent to conventional per-subcarrier selection in the
high SNR regime.

It can be proved as follows. From (3.25), we can determine f(s) by

f(s) =
dF (s)

ds
=
∞∑

i=i0

(
1

γ̄

) i
θ

[ln (γ̄)]r
dci(s)

ds
. (3.26)

Therefore, according to (3.14), the asymptotic expression (leading order term) at γ̄ →∞
for the PDF fcomb(s) can be determined by

fcomb(s) = MK

{
∞∑

i=i0

ci(s)

(
1

γ̄

) i
θ

[ln (γ̄)]r
}M−1{

1−
∞∑

i=i0

ci(s)

(
1

γ̄

) i
θ

[ln (γ̄)]r
}MK−M

×
{
∞∑

i=i0

dci(s)

ds

(
1

γ̄

) i
θ

[ln (γ̄)]r
}
∼MK[ci0(s)]M−1

(
1

γ̄

) i0
θ
M

[ln (γ̄)]rM
dci0(s)

ds
.

(3.27)

Note, it is obvious that ci0(0) must be zero in this case, since the asymptotic expression
for F (s) must be zero when s = 0. Otherwise, F (0) ∼ ci0(0) (1/γ̄)i0/θ [ln (γ̄)]r 6= 0,
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∀γ̄ > 0, which is against our de�nition of outage as given in (3.13). Hence, the asymp-
totic expression for Fcomb(s) is

Fcomb(s) =

ˆ s

0

fcomb(x)dx ∼
{
K

1
M ci0(s)

(
1

γ̄

) i0
θ

[ln (γ̄)]r
}M

. (3.28)

According to (3.24), we can employ the same method to obtain the asymptotic expression
for Fps(s) corresponding to fps(s) at high SNR. It can be easily derived that Fps(s) ∼
Fcomb(s) and has exactly the same asymptotic expression as given in (3.28). As a con-
sequence, we have proved that the asymptotic outage performances at high SNR pro-
duced by combined and per-subcarrier selections are the same, as long as their CDFs of
the i.i.d. end-to-end SNR, F (s), can be expanded as the form given in (3.25).

Numerical results

To verify our analysis in the last section, we employ Monte Carlo simulation methods
to numerically study the outage performances of the worst subcarrier of OFDM systems
employing per-subcarrier and combined bulk/per-subcarrier selection strategies respect-
ively. Meanwhile, the asymptotic outage performance at high SNR is also taken into
account in our simulations. In particular, we let K = 8, s = 1, µ1 = µ2 = 2, N0 = 1 for
all simulations and M ∈ {3, 5} to observe the e�ect of M on the outage performance.

In addition, all details that have been given in previous sections are under the assumption
of i.i.d. channels. However, this might not be the case in practice owing to the insu�cient
physical separations among relays [61]. Therefore, in order to examine the robustness
and practicality of the combined selection strategy, we simulated its performance over
spatially equally correlated channels as well3. To model the correlation phenomenon,
we can construct the equally correlated Rayleigh fading channel by [62]

w(m, k) = [
√

1− ρixi(m, k) +
√
ρixi0(k)]

+ j[
√

1− ρiyi(m, k) +
√
ρiyi0(k)] (3.29)

where {w(m, k), µi} = {h(m, k), µ1} or {w(m, k), µi} = {g(m, k), µ2} corresponding
to the �rst and the second hops; i ∈ {1, 2}; j =

√
−1; xi(m, k), yi(m, k) ∼ N(0, µi/2)

are i.i.d.; xi0(k), yi0(k) ∼ N(0, µi/2) are i.i.d. and serve as a bridge to correlate all chan-
nels. Hence, ∀m 6= nwe haveE{w(m, k)w∗(n, k)}/

√
E{|w(m, k)|2}E{|w(n, k)|2} = ρ,

which is the common cross-correlation coe�cient over all channels. In simulations, we
let ρ ∈ {0, 0.8}.

3We maintain independence in frequency as it mimics a block fading scenario, a common model in OFDM
systems that utilise a resource block structure, e.g. LTE.
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Figure 3.10: DF relay case: outage probability vs. SNR for per-subcarrier and combined
bulk/per-subcarrier selection systems; (a) solid line: combined selection res-
ults, (b) dotted line: per-subcarrier selection results, (c) dashed line: asymp-
totic results.

The simulation results corresponding to the three relay protocols are presented in Fig-
ures 3.10, 3.11 and 3.12, respectively4. From these three �gures, we can summarise some
key points with respect to the combined selection strategy. First, for all three types of
relays, it is clear that for the cases when M = 3 and M = 5, the outage probability
of the system employing combined selection adheres to the equivalence principle over
uncorrelated channels. Moreover, increasing the number of relays M will yield a better
outage performance, again as expected. Note, however, that an increase in M does not
mean that the number of utilised relays increases for the combined selection system since
|L| = 2. We also note from the �gures that the equivalence principle appears to hold in
correlated channels as well, thus suggesting that combined selection is a robust, practical
solution for a broad range of applications. Finally, the asymptotic outage probability of
the VG relaying scenario shown in Figure 3.12 is quite close to the performance of the
DF relaying scenario as given in Figure 3.10, which agrees with our analysis (cf. (3.19)
and (3.23)).

Outage performance analysis over spatially correlated channels

As the equivalence principle shown for spatially correlated channels, it is worth investig-
ating further. As detailed in [62], we take a similar approach to transform a set of equally
correlated random variables to a set of conditionally independent random variables, so
that conventional analytical tools, e.g. order statistics can be applied to analyse them

4Here, more higher order terms for FG AF case are kept in order to illustrate the convergence between
numerical and asymptotic results within a reasonable SNR range.
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Figure 3.11: FG AF relay case: outage probability vs. SNR for per-subcarrier and com-
bined bulk/per-subcarrier selection systems; (a) solid line: combined selec-
tion results, (b) dotted line: per-subcarrier selection results, (c) dashed line:
asymptotic results.
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Figure 3.12: VG AF relay case: outage probability vs. SNR for per-subcarrier and com-
bined bulk/per-subcarrier selection systems; (a) solid line: combined selec-
tion results, (b) dotted line: per-subcarrier selection results, (c) dashed line:
asymptotic results.

e�ectively. To do so, we �rst assume that two references for each subcarrier xi0(k) and
yi0(k) are �xed and have xi0(k) = Xi0(k) and yi0(k) = Yi0(k). Therefore, the condi-
tional distribution of w(m, k) is CN(

√
ρi[Xi0(k) + jYi0(k)], µi(1 − ρi)). Consequently,

givenxi0(k) = Xi0(k) and yi0(k) = Yi0(k), |w(m, k)|2 ∼ χ2(
√
ρi[X2

i0(k) + Y 2
i0(k)], µi(1−

ρi)). If we denote Ti(k) = X2
i0(k)+Y 2

i0(k), the conditional PDF and the conditional CDF
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of |w(m, k)|2 are given by [63]

fw(s|Ti(k)) =
1

µi(1− ρi)
e
− s+ρiTi(k)

µi(1−ρi) I0

(
2
√
ρiTi(k)s

µi(1− ρi)

)
(3.30)

and

Fw(s|Ti(k)) = 1−Q
(√

2ρiTi(k)

µi(1− ρi)
,

√
2s

µi(1− ρi)

)
, (3.31)

where I0( · ) is the zero order modi�ed Bessel function of the �rst kind; Q( · , · ) is the
�rst order Marcum Q function.

Meanwhile, the PDF and CDF of Ti(k) can be obtained as:

fTi(Ti(k)) =
1

µi
e
−Ti
µi ⇔ FTi(k)(Ti(k)) = 1− e−

Ti(k)

µi . (3.32)

Denote T1 = {T1(1), T1(2), . . . , T1(K)} and T2 = {T2(1), T2(2), . . . , T2(K)}. Because
∀i ∈ {1, 2} and k ∈ K, Ti(k) are mutually independent, we thereby can derive the joint
PDF corresponding to T1 and T2 by

fT(T1,T2) =

(
1

µ1µ2

)K K∏

k=1

(
e
−T1(k)

µ1 e
−T2(k)

µ2

)
. (3.33)

Accordingly, we can denote the conditional a priori outage probability asF (s|T1(k), T2(k)).
We can also denote the conditional a posteriori outage probabilities for combined selec-
tion and per-subcarrier selection as Fcomb(s|T1,T2) and Fps(s|T1,T2) respectively.

We present the all-important contribution here. A generalised equivalence principle can
be stated as follows.

Proposition 2. If the conditional CDF of the end-to-end SNR, F (s|T1(k), T2(k)), can be
expanded in the variable γ̄ = Pt/N0 as

F (s|T1(k), T2(k)) =
∞∑

i=i0

ci(s|T1(k), T2(k))

(
1

γ̄

) i
θ

[ln (γ̄)]r

∼ ci0(s|T1(k), T2(k))

(
1

γ̄

) i0
θ

[ln (γ̄)]r , (3.34)

where i0 is an integer given by i0 = arg minn∈N {cn(s|T1(k), T2(k)) 6= 0}; θ is a nonzero
natural number; {ci(s|T1(k), T2(k))} represents a series of functions of s, givenT1(k), T2(k);
r ∈ N, then combined selection is able to achieve an outage probability equivalent to con-
ventional per-subcarrier selection as γ̄ →∞.
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This proposition can be similarly proved as the one proposed for uncorrelated channels.
Then, by integrating the correlated terms, we can have the form of the asymptotic ex-
pression of outage probability given by combined and per-subcarrier selection below:

{Fcomb(s), Fps(s)}

∼ K

(
1

µ1µ2

){(
1

γ̄

) i0
θ

[ln (γ̄)]r
}M ˆ ∞

0

ˆ ∞
0

{ci0(s|T1, T2)}M
(
e
−T1
µ1 e
−T2
µ2

)
dT1dT2.

(3.35)

We apply (3.35) to DF, FG AF and VG AF relay over spatially correlated channels and
obtain the following asymptotic expressions for outage probability:

{Fcomb(s), Fps(s)}

∼ K(1− ρ1)(1− ρ2)

(
s

2γ̄

)M M∑

m=0

(
M

m

) (
1
ψ1

)M−m (
1
ψ2

)m

[1 + ρ1(M −m− 1)][1 + ρ2(m− 1)]
,

(3.36)

{Fcomb(s), Fps(s)} ∼
K(1− ρ1)(1− ρ2)

[1 + ρ1(M − 1)][1 + ρ2(M − 1)]

[
µ1s

4ψ1ψ2γ̄
ln (γ̄)

]M
, (3.37)

and

{Fcomb(s), Fps(s)}

∼ K(1− ρ1)(1− ρ2)

(
s

2γ̄

)M M∑

m=0

(
M

m

) (
1
ψ1

)M−m (
1
ψ2

)m

[1 + ρ1(M −m− 1)][1 + ρ2(m− 1)]
.

(3.38)

Note, the unconditional outage probability of VG AF relay systems (c.f. (3.38)) is exactly
the same as that given in DF relay systems (c.f. (3.36)), which aligns with the numerical
results presented in [60]. Numerical results are also shown in Figure 3.13, 3.14 and 3.15
to very out analysis and the e�ectiveness of this methodology.
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Figure 3.13: Two-hop DF relay selection case: outage probability vs. SNR for per-
subcarrier and combined bulk/per-subcarrier selection systems.
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Figure 3.14: Two-hop FG AF relay selection case: outage probability vs. SNR for per-
subcarrier and combined bulk/per-subcarrier selection systems.

Summary

In this section, we considered the strategy of combined bulk/per-subcarrier relay selec-
tion for DF, FG AF, and VG AF cooperative relay networks. Through analysing the out-
age probability at high SNR, we have shown that combined relay selection satis�es the
equivalence principle, i.e. it achieves the same performance at high SNR as per-subcarrier
selection, but where only two out ofM relays are active rather than the full set. Further-
more, a generalised situation without specifying the relaying protocol is also analysed
in this section, and we proved that the equivalence principle is generally valid as long as
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Figure 3.15: Two-hop VG AF relay selection case: outage probability vs. SNR for per-
subcarrier and combined bulk/per-subcarrier selection systems.

the CDF of the i.i.d. end-to-end SNR, F (s), can be expanded as the form given in (3.34).
Hence, it is possible to achieve very good performance at a reduced system complexity.
Numerical results validated our analysis and furthermore demonstrated that the equi-
valence principle appears to hold in spatially correlated channels as well. Moreover, we
also proposed a systematic methodology to analyse the outage performance of combined
selection over spatially correlated channels and prove its e�ectiveness.

3.2.3 Comparison of multicarrier relay selection schemes in super dense cloud
networks

In this section, we critically compare the performances of bulk, per-subcarrier and com-
bined selection schemes in super dense cloud networks. Speci�cally, their outage and
contention probabilities are critically appraised. To analyse the e�ects of outage and
contention together, a performance parameter termed the bulk gain factor is de�ned
and employed. Finally, we �nd that although the bulk selection scheme yields a worse
outage performance, it would still be preferable in super dense cloud networks as long
as a su�ciently large transmit power is employed, since it only demands one relay and
has a lower contention probability. Note, this conclusion is constructed based on the fact
that when the bulk selection scheme is applied, the contention probability is still much
higher than the outage probability in super dense cloud networks. Our results serve as
a design benchmark for physical layer applications/protocols used in super dense cloud
networks. Also, with these results, we provide a theoretical basis to further optimise
super dense cloud networks by reducing contention probability. Besides, the outage per-
formance of AF relay in super dense cloud networks is analysed in particular in this
section as well.
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Fundamentals

Two-hop OFDM relay system. In this section, we consider a multiuser OFDM-based
two-hop relay system in which the set of U user pairs (source-destination pairs) is de-
noted by U; the set of M relays is denoted by M; the set of N subcarriers is denoted
by N. Meanwhile, the channel coe�cient between the uth source and the mth relay for
the nth subcarrier is denoted by h(u,m, n). Similarly, the channel coe�cient between
the mth relay and the uth destination for the nth subcarrier is denoted by g(u,m, n),
∀u ∈ U, m ∈ M, n ∈ N. Furthermore, we assume that ∀u ∈ U, m ∈ M, n ∈ N,
both h(u,m, n) and g(u,m, n) are i.i.d. as CN(0, µ1) and CN(0, µ2), respectively. The
additive noise at themth relay and the uth destination on the nth subcarrier are denoted
by v(m,n) and η(u, n), which are i.i.d. as CN(0, N0). Finally the end-to-end instantan-
eous SNR on the nth subcarrier, for the uth user pair and forwarded by the mth relay is
denoted by SNR(u,m, n).

Also, we assume all communication nodes in this multiuser two-hop OFDM relay system
are perfectly synchronised in both time and frequency domains. The transmit power per
subcarrier at all nodes is identical and denoted by Pt. The entire network operates in a
half duplex manner and thus two orthogonal time slots are required for each complete
transmission.

Relay selection in super dense cloud networks. Bulk selection For the uth source,
bulk selection scheme only selects one out of M relays in the relay network according
to the selection criterion [48]

Lbulk
u = arg max

m∈M
min
n∈N

SNR(u,m, n) (3.39)

where Lbulk
u is the set (of cardinality one) denoting the selected relay for the uth source.

Per-subcarrier selection For the uth source, per-subcarrier selection scheme selects L re-
lays from M relays in a per-subcarrier manner and 1 ≤ L ≤ N . Therefore, for the uth
source, the relay corresponding to the nth subcarrier is individually selected by [48]

lpsu (n) = arg max
m∈M

SNR(u,m, n) (3.40)

where lpsu (n) is the index of the selected relay for the uth source corresponding to the
nth subcarrier. Then, this selection process will be repeatedly applied for all subcarriers
and �nally L relays are selected. The set of all L selected relays is denoted by Lps

u .

Combined selection For the uth user, the combined selection scheme �rst selects two out
of M relays according to the criterion [56]

Lcomb
u = arg max

L2⊆M
min
n∈N

max
l∈L2

SNR(u, l, n) (3.41)
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where Lcomb
u is the set consisting of two optimally selected relays and |Lcomb

u | = 2; L2

identi�es a pair of relays that can be employed to carry out per-subcarrier selection and
|L2| = 2. Obviously, we have M(M − 1)/2 available options of L2.

Then, per-subcarrier selection is performed over the two selected relays in Lcomb
u for

each subcarrier by
lcombu (n) = arg max

∈Lcombu

SNR(u, l, n) (3.42)

where lcombu (n) is the index of the selected relay corresponding to the nth subcarrier.

In order to facilitate the following analysis, we use Lu to denote the set of selected
relays for the uth user pair when discussing a general case of relay selection. Also, we
use L = |Lu| to denote the magnitude of the subset Lu.

Outage. We de�ne the a priori outage probability, without conditioning on the selec-
tion process, for the uth user’s nth subcarrier forwarded via the mth relay as

F (s) = P(SNR(u,m, n) < s), (3.43)

where s is an end-to-end SNR threshold. The probability density function (PDF) corres-
ponding to F (s) is denoted as f(s). We consider outage at a network level and de�ne
the total network outage event of a multiuser OFDM relay system after selection in the
following manner.

De�nition 3. A total network outage event will occur when

min
u∈U

min
n∈N

max
l∈Lu

SNR(u, l, n) < s. (3.44)

Furthermore, we also de�ne the system outage probability by

Po(s) = P
(

min
u∈U

min
n∈N

max
l∈Lu

SNR(u, l, n) < s

)
. (3.45)

Contention. In the multiuser scenario, multiple source-destination pairs wish to com-
municate simultaneously via the relay cluster in a frequency-division multiple access
(FDMA) manner. In this extension, it is assumed that a relay is only able to aid the trans-
mission of a single user pair. An immediate consequence of this is that if multiple users
contend for the same relay, the selection mechanism will fail, as illustrated in Figure 3.9.
We can de�ne the selection contention event in the following way [56]

De�nition 4. Selection contention is said to have occurred if

U⋂

u=1

Lu 6= ∅. (3.46)
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In other words, in order to prevent selection contention, all U bulk selection subsets Lu

produced by (3.39), (3.40) or (3.41), ∀u ∈ U should be disjoint. The contention probability
is thereby de�ned as

Pc = P

(
U⋂

u=1

Lu 6= ∅
)
. (3.47)

System failure. As introduced previously, there exist two mechanisms that could col-
lapse a multiuser OFDM relay system: outage events or contention events. To consider
both e�ects together, we de�ne the event of system failure as the union of the conten-
tion and outage events as de�ned in De�nitions 3 and 4. Therefore, the system failure
probability is given by

Pf = Po(s) + Pc − Po(s)Pc. (3.48)

Super dense cloud network. Following the de�nition of a super dense cloud network
given in [56], we propose a more robust de�nition of a super dense cloud network here.

De�nition 5. A network is said to be super dense when

M � 2U2 (3.49)

and
M � N2/2. (3.50)

We adopt these two relations throughout this section. The motivation for (3.50) will
become clear below.

Performance analysis

Outage performance. In this subsection, we temporarily omit the e�ect of selection
contention and only analyse the outage performance of these three selection schemes.

Bulk selection By the theory of order statistics [57], it is straightforward to derive the
outage probability of an OFDM relay system equipped with bulk selection to be

P bulk
o (s) = 1−

{
1−

[
1− (1− F (s))N

]M}U
. (3.51)

Per-subcarrier selection Similarly, we can obtain the system outage probability produced
by per-subcarrier selection by

P ps
o (s) = 1−

[
1− (F (s))M

]NU
. (3.52)
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Combined selection According to Lemma 1 in [46], for the uth user, the PDF of the outage
probability at high SNR is

fu(s) = MN(F (s))M−1(1− F (s))MN−Mf(s). (3.53)

The corresponding cumulative distribution function (CDF) is thus

Fu(s) =

ˆ s

0

fu(t)dt = MNBF (s) (M, 1 +M(N − 1)) (3.54)

where Bx (a, b) is the incomplete beta function and can be expressed as

BF (s) (M, 1 +M(N − 1)) =

ˆ F (s)

0

tM−1(1− t)M(N−1)dt. (3.55)

Therefore, using order statistics, we can obtain the CDF of the system outage event at
high SNR by

P comb
o (s) = 1− [1− Fu(s)]U = 1− [1−MNBF (s) (M, 1 +M(N − 1))]U . (3.56)

Asymptotic outage performance In order to study the quantitative relation among Pf ,
Po(s) and Pc, we need to specify a relaying protocol so that a certain F (s) can be given.
In this section, we choose the DF relaying protocol as an example to examine the quant-
itative relation among Pf , Po(s) and Pc. The reason for choosing DF relaying is because
of its simplicity and good outage performance compared to other types of relaying. The
outage probability F (s) in the DF relay network is given by

F (s) = 1− e−s(1/µ1+1/µ2)/γ, (3.57)

where γ = Pt/N0 is the normalised SNR.

Therefore, by the Taylor series expansion, we can expand the system outage probability
produced by bulk selection given in (3.51) at high SNR (γ →∞) as

P bulk
o (s) < P̃ bulk

o (s) ∼
[
U

1
MN(µ1 + µ2)s

µ1µ2γ

]M
(3.58)

where P̃o(s) represents the asymptotic expression pertaining to Po(s) for a large γ.

Similarly, employing the Taylor series expansion yields the asymptotic expression of
(3.52)

P ps
o (s) < P̃ ps

o (s) ∼
[
U

1
MN

1
M (µ1 + µ2)s

µ1µ2γ

]M
. (3.59)
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Also, it is straightforward to obtain the asymptotic expression of (3.56) by the same
method

P comb
o (s) < P̃ comb

o (s) ∼
[
U

1
MN

1
M (µ1 + µ2)s

µ1µ2γ

]M
. (3.60)

The same asymptotic expressions obtained by using per-subcarrier selection and com-
bined selection (cf. (3.59) and (3.60)) prove that the outage performances of per-subcarrier
selection and combined selection are identical at high SNR, even for such a multiuser
scenario in super dense cloud networks. Therefore, assuming the same network con�g-
uration, we have

P pt
o (s) < P comb

o (s) < P bulk
o (s). (3.61)

Contention performance. For each user,L relays will be selected and thusUL relays
will be selected in total if selection contention does not occur. Therefore, the relation
M ≥ UL should always be satis�ed. Otherwise, it is impossible to circumvent selection
contention. According to our de�nition of a super dense cloud network (cf. (3.49) and
(3.50)), M ≥ UL can always be met in super dense cloud networks.

For bulk selection, L = 1 and the contention probability is thereby

P bulk
c = 1−

U∏

u=1

M − u+ 1

M
=
U(U − 1)

2M
+O

(
1

M2

)
. (3.62)

For combined selection, L = 2 and the contention probability is thereby [56]

P comb
c = 1−

U∏

u=1

(M − 2u+ 1)(M − 2u+ 2)

M(M − 1)
=

2U(U − 1)

M
+O

(
1

M2

)
. (3.63)

However, the number of selected relays L by per-subcarrier selection is not so obvious,
since L is a variable varying between 1 and N in this scenario [64]. To facilitate our
analysis pertaining to contention probability when per-subcarrier selection is applied,
we have the following lemma.

Lemma 1. According to De�nition 5, we have L ≈ N for the per-subcarrier selection
scheme.

This lemma can be proved as follows. The probability that the number of selected relays
is equal to the number of subcarriers is

P(L = N) =

(
M
N

)
N !

MN
= 1− N2 −N

2M
+O

(
1

M2

)
. (3.64)
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Therefore, assuming M � N2/2 (cf. (3.50)), we have

P(L = N) ≈ 1. (3.65)

As a consequence, the approximation of L is given by

L ≈ N. (3.66)

From Lemma 1, the contention probability of per-subcarrier selection can be approxim-
ated to

P ps
c ≈ 1−

U∏

u=1

N∏

l=1

M −Nu+ l

M + 1− l =
N2U(U − 1)

2M
+O

(
1

M2

)
. (3.67)

Compared to the asymptotic expressions given in (3.62), 3.63 and (3.67), it is obvious that
∀N > 2, we have

P bulk
c < P comb

c < P pt
c (3.68)

Simulations

Simulation configurations. To verify the analysis in the previous section for both
outage and contention, we mainly employ analytical plots to study the quantitative rela-
tions amongPo(s), γ andM 5. One should note that because the correctness and accuracy
of the models that were used in the analysis have been numerically veri�ed in [55, 56],
we can directly employ them to examine the quantitative relations without performing
numerical simulations.

Three simulations are carried out to examine:

1. the quantitative relation among outage probability Po(s), normalised SNR γ and
the number of relays M for bulk and per-subcarrier selections;

2. the relation among contention probability Pc, the number of relays M and the
number of users U for bulk and combined selections;

3. the priority of bulk selection in terms of the number of relays M and the normal-
ised SNR γ.

As for the con�gurations of constant parameters, we set N = 8, µ1 = µ2 = 1, N0 = 1
and s = 1.

5Most �gures in this section are generated by theoretical expressions, rather than numerical results.
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Figure 3.16: Analytical outage performances of per-subcarrier and bulk selections. The
di�erent curves correspond toM ∈ {100, 200, · · · , 1000} running from top
to bottom.

Simulation of outage. As we analyse above in (3.61), the optimal outage performance
is given by per-subcarrier selection. Therefore, to observe the outage performance of
bulk selection, it is only necessary to compare it with the outage performance given by
per-subcarrier selection.

ForM ∈ [100, 1000]∩Z and U = 5, the expressions of bulk and per-subcarrier selection
schemes are presented in Figure 3.16. From this �gure, it is clear that as long as the
normalised SNR γ can be larger than approximate 6 dB6, the outage probability P bulk

o (s)
produced by bulk selection is su�ciently small. These analytical plotted results indicate
that although per-subcarrier selection has a much better outage performance than bulk
selection, the outage performance produced by bulk selection is still satisfactory in the
super dense cloud network where M is su�ciently large, provided γ ' 6 dB. Therefore,
these results provide an approach to further reduce the OFDM relay system’s complexity
by decreasing the number of demanded relays from two to one.

Simulation of contention. Now, we should examine the order of magnitude of con-
tention probability in the super dense cloud network. As we analysed above in (3.68),
the contention performance of per-subcarrier selection is much worse than the conten-
tion performance of combined selection so that we can simply compare the conten-
tion performances between bulk and combined selection. Let U ∈ {5, 10} and vary

6This value depends on U , N , M , s, µ1 and µ2 as well as the required satisfactory outage probability.
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Figure 3.17: Analytical and numerical contention performance, given U = 5, 10.

M ∈ {101, 102, · · · , 105} for numerical simulations. The simulation results are illus-
trated in Figure 3.17. From this �gure, two key points can be summarised. First, quantit-
atively, Pc � Po(s) is valid for bulk selection in super dense cloud networks, provided
γ ' 6 dB. Second, the advantage of bulk selection over combined selection on conten-
tion performance is obvious. Therefore, considering the outage performance provided
by bulk selection is still good enough, it is the most appropriate selection scheme in
super dense cloud networks as long as a su�cient transmit power is provided.

Simulation of system failure. To provide a more reliable result to verify the advant-
age of bulk selection over per-subcarrier and combined selections in super dense cloud
networks, we compare the system failure performances provided by these three selec-
tion schemes in this subsection. To critically compare the system failure performance,
we need to de�ne a variable α termed bulk gain factor by

α := 10 log10

(
P ps
o (s) + P comb

c − P ps
o (s)P comb

c

P bulk
f

)
. (3.69)

From the de�nition of bulk gain factor, we can see that the system failure probability
produced by bulk selection is compared to the combination of the outage probability
produced by per-subcarrier selection and the contention probability produced by com-
bined selection. This is an original way to compare three selection schemes jointly, by
which the priority of bulk selection over the other two selection schemes in super dense
cloud networks can be critically analysed. Speci�cally, according to (3.61) and (3.68),
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Figure 3.18: Analytical relation among α, γ andM , given U = 10. 1) Brown region: bulk
selection is preferable; 2) blue region: bulk selection is not preferable; 3) red
region: no much di�erence among all three selection schemes

10 log10(P ps
f /P

bulk
f ) > α and 10 log10(P comb

f /P bulk
f ) > α are always valid in the super

dense cloud network. Hence, when α > 0, it is clear that bulk selection is preferable
to both combined and per-subcarrier selections, since 10 log10(P ps

f /P
bulk
f ) > α > 0 and

10 log10(P comb
f /P bulk

f ) > α > 0. The relation among α, γ andM is simulated and shown
in Figure 3.18, given U = 10. To be clear, the projection of α in the γ −M plane is illus-
trated in Figure 3.19 as well. From these �gures, we can see that above γ ≈ 6 dB, bulk
selection scheme will have an evident advantage over other two selection schemes in
terms of system failure performance. However, with the increase of γ, this advantage
will not be enhanced accordingly, while it will maintain at a certain level for a given M .
Meanwhile, decreasing M will lead α being increased by an insigni�cant amount.

Outage performance analysis of AF relays in super dense cloud networks

As the case of DF relay has been analysed above, we now analyse the case of FG AF relay
in super dense cloud networks in terms of outage performance. As long as its outage
performance is obtained, the failure performance can be obtained by exactly the same
way, and we will not detail it in this section.

Again, an outage on a particular tone is considered to have occurred if the corresponding
end-to-end SNR is lower than s. Thus, for any given subcarrier, the a priori outage
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Figure 3.19: Projection of α in x-y plane (analytical relation), given U = 10. 1) Brown re-
gion: bulk selection is preferable; 2) blue region: bulk selection is not prefer-
able; 3) red region: no much di�erence among all three selection schemes

probability, i.e. the outage probability not conditioned on any form of relay selection
having taken place, can be alternatively expressed as

F (ξ) = P
(
SNR(u,m, n) < ξ

)
(3.70)

where
ξ = s/γ̄ (3.71)

and SNR(u,m, n) = SNR(u,m, n)/γ̄ is the end-to-end SNR normalised by the average
end-to-end SNR γ̄. Thus, the functionF ( · ) is now de�ned as the cumulative distribution
function for the normalised end-to-end SNR.

To study the performance of bulk/per-subcarrier relay selection in super dense cloud
networks, we consider the worst-case outage probability of a user. It is known that in
bulk/per-subcarrier selection schemes, the worst possible SNR is the M th worst out of
theMN space-frequency channels available, see Lemma1 of [46]. Let E denote the event
that the subcarrier in question corresponds to the M th worst. We require the density
function of the M th worst normalised end-to-end SNR conditioned on E. Using the
theory of order statistics [46, 57], this density can be written as

fmin(x|E) = M

(
MN

M

)
F (x)M−1(1− F (x))M(N−1)f(x) (3.72)

where f(x) is the unconditional probability density function for the normalised end-to-
end SNR on any given subcarrier. Clearly, the functions f andF depend on the particular
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relaying scheme in question, e.g. �xed-gain AF or variable-gain AF. For now, we refrain
from de�ning these functions for the sake of generality. In any case, we will see that our
results are universal, i.e. they apply to all relay schemes.

Focusing on the nth single subcarrier, where n can be arbitrarily chosen, we note that
the a posteriori7 outage probability Po(n) satis�es the inequality

Po(n) ≤ P o(ξ) =

ˆ ξ

0

fmin(x|E) dx. (3.73)

Substituting (3.72) into this equation and making the change of variable y = F (x) leads
to

P o(ξ) = M

(
MN

M

)M(N−1)∑

k=0

(
M(N − 1)

k

)
(−1)−k

M + k
F (ξ)M+k (3.74)

which can be written succinctly as

P o(ξ) =

(
MN

M

)
F (ξ)M 2F1(M,−M(N − 1);M + 1;F (ξ)) (3.75)

where 2F1(a, b; c; z) is the Gauss hypergeometric function.

For a super dense cloud network, M is large. The inherent diversity in the network ef-
fectively pushes this bound very low for certain parameterisations of N and F (ξ), thus
implying the actual outage probability of a system with no contention is negligible. To
visualise this situation, consider the case where M = 100. A graph depicting the bound
for this case is illustrated in Figure 3.20. The shaded regions in this graph indicate the
magnitude of the outage bound P o(ξ), with darker regions corresponding to lower prob-
abilities. This �gure suggests that, for a given N , there is a critical probability, call it
FN(ξ), above which the bound is no longer tight, which further implies the outage prob-
ability of the system could be poor. The critical value of the average SNR corresponding
to FN(ξ) is given by

γ̄ =
s

F−1(FN(ξ))
. (3.76)

Progress can be made towards characterising the critical probability FN(ξ) by consid-
ering the leading order of (3.75). Letting M grow large, we can expand the gamma
functions and retain the leading order of each term in the hypergeometric series to ob-
tain

P o(ξ) = e−E(M,N,ξ)(1 +O(1/M)) (3.77)

7The term a posteriori refers to the fact that we now focus on the outage probability on a selected re-
lay/subcarrier pair, i.e. after combined bulk/per-subcarrier relay selection has taken place.
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Figure 3.20: Outage probability bound P o(ξ) given in (3.75) as a function of the num-
ber of subcarriers N and the independent subcarrier outage probability
F (ξ) with M = 100. The dark areas indicate regions where the outage is
small/negligible, while the light regions show where the bound approaches
one. The yellow line denotes the asymptotic (in M ) phase transition de-
scribed by (3.80) where the bound switches from decaying exponentially
with M to increasing rapidly to one.

where

E(M,N, ξ) =
1

2
logM −M

(
logN − (N − 1)F (ξ)

+ logF (ξ)− (N − 1) log

(
1− 1

N

))

+ 1 +
1

2
log

(
1− 1

N

)
+

1

2
log 2π. (3.78)

For the outage bound to decrease with M , we must have E(M,N, ξ) > 0. In the limit
of large M , this condition becomes

logN − (N − 1)F (ξ) + logF (ξ)− (N − 1) log

(
1− 1

N

)
< 0. (3.79)
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Figure 3.21: Relationship between P o(ξ) and M for N = 8. The di�erent curves corres-
pond to F (ξ) ∈ {0.01, 0.03, 0.05, 0.07} running from bottom to top.

Focusing on the critical point where this inequality is just satis�ed, i.e. it is an equality,
will yield a relation between F (ξ) and N . In this case, solving for F (ξ) gives the critical
probability

FN(ξ) = − 1

N − 1
W

(
−
(

1− 1

N

)N)
(3.80)

where W (z) is the solution to WeW = z (Lambert’s function). Eq. (3.80) is plotted in
Figure 3.20, where it can be seen that it provides an excellent approximation to the phase
transition mentioned above. Trivially, this expression combined with (3.76) gives a lower
bound on the average end-to-end SNR, above which an increase in M will result in an
arbitrarily small outage probability for the system.

To illustrate the behaviour ofP o(ξ), as de�ned by (3.75), whenM varies, we have plotted
the outage bound against M for various values of F (ξ) in Figure 3.21. From this �gure,
the increase in the slope of the bound as F (ξ) increases is apparent. Additionally, the
very low values of P o(ξ) that can be attained are also clear.

As a �nal point of discussion, we will provide a feeling for what values the critical aver-
age end-to-end SNR might take for a practical system. Consider the case where N = 8
and FG AF relaying is used for each selected relay-subcarrier pair. Assume s = 1 and
Pr = Pt for this example, so that ξ = 1/γ̄. We can invoke (3.80) to obtain:

F8(ξ) = 0.0964. (3.81)

Furthermore, the closed-form expression of F (ξ) for FG AF relaying given the paramet-
ers above is [58]

F (ξ) = 1− 2e−
s
γ̄

√
C s

γ̄2
K1

(
2

√
C s

γ̄2

)
(3.82)
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where C = γ̄/G2. Using (3.80), we �nd that the critical average SNR value is

γ̄ ≈ 17 dB. (3.83)

Consequently, we can be sure that for systems where γ̄ > 17 dB, the outage probability
can be made arbitrarily small by choosing M to be large enough.

Summary

In this section, we critically compared the performances of bulk, per-subcarrier and
combined selection schemes in super dense cloud networks. The main contribution
of the work in this section is that we found that although the bulk selection scheme
yields a worse outage performance, it would still be preferable in super dense cloud net-
works, since it only demands one relay and has a smaller contention probability which
dominates the system failure probability as long as a su�ciently large transmit power
can be provided. This result provides an approach to further optimise the system fail-
ure performances and simultaneously reduce the system complexities of the applica-
tions/protocols used in super dense cloud networks. Besides, the outage performance of
AF relay in super dense cloud networks was analysed in particular in this section as well,
and we obtained a tight upper bound on the outage probability produced by combined
selection for AF relay in super dense cloud networks.

3.2.4 Conclusions

In this report, we presented the work which has been done during the DIWINE funding
period. The completed work presented in Sections 3.2.2 and 3.2.3 can be summarised as
follows. We extended the concept of combined selection scheme from transmit antenna
selection to relay selection. In particular, we mathematically proved the equivalence
principle of combined selection for DF, FG AF and VG AF relay networks when chan-
nels are i.i.d. and we illustrated that the equivalence principle can be held for correlated
channels by numerical simulations. We proposed a systematic methodology to analyse
the outage performance of combined relay selection over spatially correlated channels.
We applied combined relay selection in super dense cloud networks and de�ned the se-
lection contention problem. We deduced the closed-form expression of contention prob-
ability of combined selection. We proposed a new and speci�c de�nition of the super
dense cloud network. Furthermore, we de�ned the system failure probability to analyse
the reliability and performance of a communication system when selection contention
exists. In this context, we found out that outage is not a problem for the communication
system in super dense cloud networks, compared to contention problem. We also found
out that bulk selection may be the most appropriate selection scheme being used in su-
per dense cloud networks, since the it only demands a single relay. Furthermore, we
derived upper and lower bounds on outage probability produced by combined selection
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and proved its tightness in super dense cloud networks. We de�ned the bulk gain factor
and used it as a powerful tool to compare the failure performance of bulk, per-subcarrier
and combined selection schemes. We outlined the essential method to solve the selection
contention problem and we analysed the outage performance of combined selection of
FG AF relay in super dense cloud networks.

A detailed presentation of the results of these activities can be found in [56, 65]. In partic-
ular, in [56] we extend this strategy to the case in which a set of user pairs communicate
via a cluster of intermediary AF relaying nodes. We obtain an upper bound on the outage
probability of the network, and a closed-form expression for the multiuser contention
probability (the probability that distinct user pairs select the same relay). Consequently,
we are able to construct an upper bound on the failure probability of the network, i.e. the
probability that either an outage or contention occurs. We show that there exists a crit-
ical average end-to-end SNR, above which the outage probability decays exponentially
with the number of available relays. In this case, the network failure probability is dom-
inated by the contention probability. In [66], we critically compare the performances
of bulk, per-subcarrier and combined selection schemes in super dense cloud networks.
Speci�cally, their outage and contention probabilities are critically appraised. Finally,
we �nd that although the bulk selection scheme yields a worse outage performance, it
would still be preferable in super dense cloud networks as long as a su�ciently large
transmit power is employed, since it only demands one relay and has a lower conten-
tion probability. In [67], we mathematically prove that the combined selection strategy is
able to achieve an optimal outage probability equivalent to conventional per-subcarrier
selection in the high SNR regime without using the full set of available relays for selec-
tion. This proof is valid for DF, FG AF and VG AF relays over i.i.d. channels. Moreover, in
[65], we further prove the validity of this equivalence principle over spatially correlated
channels.

3.3 Degradedness of fast fading Gaussian multiple-antenna
wiretap channels with statistical CSIT

3.3.1 Introduction

The key-based enciphering is traditionally used to ensure the security of data transmis-
sion. However the key distributions and managements may be challenging tasks [68] for
secure wireless communication systems due to the additional control signalling and feed-
back channel management. On the other hand, the physical-layer security introduced
in [69][70] is appealing due to its keyless nature. One of the fundamental problems for
physical-layer security is characterising the secrecy capacity for wiretap channels. The
secrecy capacity is the maximum achievable secrecy rate between a transmitter and a
legitimate receiver, with a secrecy constraint imposed to avoid information leakage to
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an eavesdropper8[69][70]. Further enhancements are attainable by employing multiple
antennas at each node, e.g. in [71–73]. In the wireless environments where each node
has a single antenna, the time-varying characteristics of fading channels can also be
exploited to enhance the secrecy capacity[74]. However, to show the secrecy capacity
results of the above works [71–74], at least perfect knowledge of the Bob’s channel state
information at the transmitter (CSIT) is required. Due to the limited feedback band-
width and the delay caused by the channel estimation, Alice may not be able to track
the channel coe�cients if they vary rapidly. Thus, for fast fading channels, it is more
practical to consider the case with only partial CSIT of Bob’s channel [75–80]. In this
case, when Alice has multiple antennas, only the special case that when both Bob’s and
Eve’s channels are Rayleigh distributed (but with di�erent statistics) and the entries of
each channel vector are i.i.d., respectively, the ergodic secrecy capacity is known [78].
This result is further extended to the cases in which Bob and Eve have multiple antennas
with total and per-antenna power constraints [81]. For an extreme case that the channel
gains are unknown for all parties with fast Rayleigh faded Bob’s and Eve’s channels, ca-
pacity can be achieved by discrete channel input [82]. But for more general settings, e.g.
Bob’s and Eve’s channels do not belong to the same type of distribution, only some lower
and upper bounds of the secrecy capacity are known [76][79][83][84]. More speci�cally,
although the general secrecy capacity formula was shown in [70], the optimal selection
of the auxiliary random variable and channel pre�xing in this formula are still unknown
for the partial CSIT cases in general.

The existing characterisations of secrecy capacities of Gaussian wiretap channels highly
depend on the knowledge of CSIT, even though the secrecy capacities can be solved
for some rare cases that there is only partial or no CSIT [78][81][82]. However, when
there is only statistical CSIT under fast fading, the ergodic secrecy capacity is unknown
in general. In this work we investigate this problem from the channel orders point of
view. More speci�cally, even if the instantaneous CSIT is not available, we may still
be able to derive the positive secrecy capacity according to the channel orders, which
are measured stochastically. In this work we characterise the ergodic secrecy capacity of
the fast fading wiretap channel with multiple antennas at Alice and multiple antennas at
both Bob and Eve. We assume that there is only statistical CSIT of both channels at Alice.
The main contribution of this work is as follows. We characterise the relation between
the existence of the equivalent degraded wiretap channel and the usual multivariate
stochastic order. Several commonly considered types of wiretap channels with practical
channel distributions are investigated and the conditions to attain the degradedness are
derived. These characterisations of ergodic secrecy capacities of fast fading multiple
antennas wiretap channels with statistical CSIT are missing in the literature. But they
are important since �rst, in practice there is no reason for Alice to have perfect CSI
of Eve’s channel. Second, the proposed scheme provides a simple way to determine the
ergodic secrecy capacity even if only statistical CSIT is available, which highly simpli�es

8In the following to simplify the expression we denote the transmitter, the legitimate receiver and eaves-
dropper by Alice, Bob and Eve, respectively.
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the practical system design, e.g. the optimisation over pre�xing can be avoided.

Notation: In this work, upper case normal letter denotes random variables, upper case
bold letters are either random vectors or matrices, which will be de�ned when they
are �rst mentioned; lower case bold letters denote vectors. The mutual information
between two random variables is denoted by I(.; .). The complementary cumulative
density function (CCDF) is denoted by F̄X(x) = 1− FX(x), where FX(x) is the CDF of
X . And we denote the probability mass function (PMF) and probability density function
(PDF) by P and f , respectively. E[.] denotes the expectation; H(.) and h(.) denote the
entropy and di�erential entropy, respectively. X ∼ F denotes that the random variable
X follows the distribution F . vec(X) concatenates the column vectors ofX as a super
vector. In is the identity matrix with dimension n. The logarithm used in the work is
with base 2.

The rest of the work is organised as follows. In Subsection 3.3.2 we introduce the pre-
liminaries. In Subsection 3.3.3 we discuss our main results, i.e. the conditions to have de-
graded wiretap channel when channel enhancement is not used. Finally, Subsection 3.3.4
concludes this work.

3.3.2 Preliminaries

In this section we �rst introduce the underlying background knowledge for this work.
Then we introduce the known results.

Basic definitions and properties

We �rst introduce the following de�nitions, which are important to derive the main
results in this work.

De�nition 6. [85, (1.A.2)] For random variables X and Y , X ≥st Y , if F̄X(x) ≥ F̄Y (x),
for all x.

Lemma 2. [86, Lemma 9.2.1] Let F and G be continuous distribution functions. If X has
distribution F then the random variable G−1(F (X)) has distribution G.

Proposition 3. [86, Proposition 9.2.2] If X ≥st Y , then there exist random variables X ′

and Y ′ having the same distributions asX and Y , respectively, such thatP (X ′ ≥ Y ′) = 1.9

9The proof of this result is restated as follows. LetU ∼ Unif(0, 1) andF be a distribution function. From
Lemma 2 we know that F−1(U) ∼ F , where F−1 is the inverse mapping. Furthermore, if X ≥st Y ,
X ∼ F and Y ∼ G, we can form X ′ and Y ′ having the same distributions as X and Y , respectively,
by X ′ = F−1(U) and Y ′ = G−1(U) as shown in Figure 3.22. In addition to the assumption X ≥st Y ,
i.e. F (x) ≤ G(x), ∀x, it is clear that P (X ′ ≥ Y ′) = 1.
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Figure 3.22: The explicit generation of X ′ ∼ F , Y ′ ∼ G, and P (X ′ > Y ′) = 1, where
U ∼ Unif(0, 1).

The way to �nd X ′ and Y ′ in Proposition 3 is coined as coupling [86]. The importance
of the technique of coupling is that, in the original model, even we know X ≥st Y ,
the order of x and y may be di�erent in each realisation, which makes the justi�cation
of degradedness not easy. However, by the same marginal property of wiretap chan-
nels, as long as we can �nd the random variables X ′ and Y ′ which follow the same
distributions of X and Y , respectively, and for each realisation x′ > y′, we attain the
degradedness. Proposition 3 can be directly extended to vector case [85, Theorem 6.B.1]
coined as the usual multivariate stochastic order, where in the corresponding expressions
P (X ′ ≥ Y ′) = 1, the inequalities are element-wise.

In addition, since the capacities of wiretap channels only depend on the marginal distri-
butions, in the following discussions and derivations, the degraded means the stochastic-
ally degraded [68]. Now we introduce the usual stochastic ordering followed by the
technique of coupling.

Single antenna case

In this section we review the relation between the existence of the equivalent degraded
wiretap channel and the usual stochastic order between Bob’s and Eve’s channels. This
relation is helpful to check the existence of the ergodic secrecy capacity. The considered
fast fading wiretap channel with single antenna at all nodes can be specialised from [70]
as

Yr =
√
HrX + Zr, (3.84)

Ye =
√
HeX + Ze, (3.85)

where Hr and He are real-valued non-negative independent random variables denoting
the square of Bob’s and Eve’s fading channels with complementary cumulative density
functions (CCDF) F̄Hr and F̄He , respectively. X is the channel input. Without loss of
generality, we consider the channel input power constraint as E[X2] ≤ PT . Due to the
assumption of full CSI at the receivers, cases with negative Yr and Ye can be de-rotated
at the receiver. Since this phase rotation is independent to other variables, we can form
the equivalent channel model as (3.84) and (3.85) without changing the capacity. The
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noises Zr and Ze at Bob and Eve, respectively, are independent additive white Gaussian
noises (AWGN) with zero mean and unit variance. We assume that Alice only knows the
distributions but not the instantaneous realisations of Hr and He.

From the proof of Lemma 1 in [87], we can �nd that with proper selection of the joint
distribution, we attain the result that even without perfect CSIT, the comparison of the
CCDFs of the fading channels may re�ect on the order of the channel magnitudes in
probability. More speci�cally, we can summarise that if Hr ≥st He, there exists an
equivalent (in the sense of having the same ergodic secrecy capacity) wiretap channel
formed by H ′r and H ′e, such that P (H ′r ≥ H ′e) = 1.

Remark 4. The above discussion can be easily extended from real to complex cases. As-
sume the noises at Bob and Eve now are circularly symmetric complex Gaussian noises
with zero means and unit variances. Since both Bob and Eve know their CSI, the phase
rotation due to the complex channel can be compensated at Bob and Eve without changing
the secrecy capacity. After this compensation we can form an equivalent complex wiretap
channel as

Y ′r,I + iY ′r,Q =
√
HrXI + Z ′r,I + i(

√
HrXQ + Z ′r,Q)

Y ′e,I + iY ′e,Q =
√
HeXI + Z ′e,I + i(

√
HeXQ + Z ′e,Q), (3.86)

whereX = XI + iXQ, Z ′r = Z ′r,I + iZ ′r,Q and Z ′e = Z ′e,I + iZ ′e,Q are the rotated version of
Zr and Ze. Since Zr and Ze are circularly symmetric complex Gaussian noises, Z ′r and Z

′
e

have the same distributions of Zr and Ze, respectively. Then it can be seen that the in-phase
and quadrature channels form a pair of identical parallel real wiretap channels as shown
in (3.84) and (3.85).

3.3.3 Multiple antennas without channel enhancement

Based on the observation from single antenna cases, we aim to extend the descrip-
tion of this relation to cases in which Bob and Eve have multiple antennas, i.e. the
case with multiple-input multiple-output multiple-antenna eavesdropper (MIMOME).
Without loss of generality, we assume all nodes are equipped with the same number
of antennas nT . The received signals at Bob and Eve can then be respectively expressed
as

Yr =HrX +Zr, (3.87)
Ye =HeX +Ze, (3.88)

where Zr ∼ CN(0, InT ) and Ze ∼ CN(0, InT ), Hr and He ∈ CnT×nT with entries
varying for each code symbol. For the MIMOME case, we apply the vector version of
Proposition 3 to the eigenvalues ofH−1

r H
−H
r andH−1

e H
−H
e , which are real.
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From random matrix theory we know that the probability of the random matrix to be
full rank approaches 1 when the dimension of the matrix increases10. This implies that
the probability of H−1H−H having �nite eigenvalues approaches 1. On the other hand,
we can also construct an alternative channel with full rank which does not change the
capacity [72]. Thus, we may assume the channel matrices are invertible when nT is large
enough but not in�nity. In addition with the assumption of full channel state information
at receiver (CSIR), we can normalise (3.87) and (3.88) equivalently as

Y ′r =X +Z ′r, (3.89)
Y ′e =X +Z ′e, (3.90)

where Z ′r ∼ CN(0, A) and Z ′e ∼ CN(0, B), A , H−1
r H

−H
r , B , H−1

e H
−H
e . For

full CSIT and full CSIR cases, to make the Markov chain X → Y ′r → Y ′e valid, i.e. it
is a (stochastically) degraded wiretap channel, the constraint B −A < 0 is su�cient11.
In the considered scenario we have full CSIR but only statistical CSIT, so we aim to
construct an equivalent degraded channel such that P (B′ −A′ < 0) = 1 according to
the coupling. In the following we aim to �nd the relation of the degradedness and the
stochastic order among the eigenvalues of A and B. Note that in [85, Theorem 6.B.1]
the usual stochastic order in vector (but not matrix) version is considered, where in the
expression of vec(B) ≤st vec(A), the inequality is element-wise, i.e. b′i ≤ a′i, ∀ i, for
P (vec(B′) ≤ vec(A′)) = 1. However, we can not directly apply the multivariate usual
stochastic order to our scenario since it does not guarantee the positive de�niteness of
B′−A′. Instead, it is su�cient to check the stochastic order of the eigenvalues ofA−B,
i.e. ΛB ≥st ΛA, to attain the existence ofA′ andB′ such that P (B′−A′ < 0) = 1 after
using coupling.

We �rst transformB′ −A′ < 0 into the form such that we can simply connect it to the
eigenvalues by the following Lemmas.

Lemma 3. ([89, 10.50(b)]) Let Y � 0 and Hermitian, andX < 0 and Hermitian. Y −
X < 0 if and only if the eigenvalues ofXY −1 all satisfy λi ≤ 1.

We then use the following Lemma to connect the eigenvalues of XY −1 to those of X
and Y .

Lemma 4. ([90, Theorem 9H.1]) If X and Y are n × n positive semide�nite Hermitian
matrices, then

λmax(XY ) ≤ λmax(X)λmax(Y ). (3.91)

10From [88, Theorem 1.3] we know that P (nσn(H)2 ≤ t) = 1− e−t2/2−t +O(n−c), whereH is n× n
with i.i.d. entries with zero mean and unit variance, σn denotes the least singular value of H , c > 0.
Therefore, when t is small, the RHS approaches zero, which gives us the desired property.

11The reason that it is not necessary is, we may be able to use the channel enhancement scheme to obtain
a degraded channel withB � A.
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Then from Lemma 3 and Lemma 4 we can derive the following theorem, which stochastic-
ally compares the minimum and maximum eigenvalues of the covariance matrices of
Bob’s and Eve’s channels.

Theorem 1. A su�cient condition to have a degraded MIMOME wiretap channel is

λmin(HrH
H
r ) ≥st λmax(HeH

H
e ). (3.92)

Remark 5. To have a degraded wiretap channel, (3.92) is a stringent condition to satisfy.
The reasons are: 1)A 4 B may not be necessary for the existence of the degraded wiretap
channel. More speci�cally, for the full CSIT case, for arbitrary covariance matrices A and
B, [72] proves that such channel can be transformed into a degraded one by the channel en-
hancement technique; 2) the usual stochastic ordering is su�cient but not necessary, which
can be seen from the SISOSE case [87].

Example 1: Consider a 2×2×2 Gaussian wiretap channel. A Rician fading channel with
factor K can be described by

H =

√
K√

1 +K
H̄ +

1√
1 +K

Hw, (3.93)

with mean
√
K/
√

1 +KH̄ and covariance matrix IN/(1 + K), where Hw is a 2 × 2
random matrix with i.i.d. CN(0, 1) entries. From [91, Theorem 1, Theorem 2] we know
that the CDFs of the minimum and maximum eigenvalues of a noncentral Wishart matrix
HHH are respectively as

Fmin(x) = 1− det(Ψ(x))

det(Ψ(0))
, Fmax(x) =

det(Ξ(x))

det(Ψ(0))
, (3.94)

where

{Ψ(x)}i,j =





2(2i−s−t)/2Qs+t−2i+1,t−s(
√

2λj,
√

2x),

j = 1, . . . , L

Γ(t+ s− i− j + 1, x), j = L+ 1, . . . , s,

{Ξ(x)}i,j =





2(2i−s−t)/2 [Qs+t−2i+1,t−s(
√

2λj, 0)−
Qs+t−2i+1,t−s(

√
2λj,
√

2x)
]
,

j = 1, . . . , L

γ(t+ s− i− j + 1, x), j = L+ 1, . . . , s,

where L is the number of nonzero eigenvalues {λj} of KH̄H̄H , s = min(nT , nR), t =
max(nT , nR), nT and nR are the numbers of transmit and receive antennas, respectively;
Qp,q(a, b) is the Nuttall Q-function, Γ and γ are the upper and lower incomplete gamma
functions, respectively. We set (λ1, λ2) = (2.1K, 1.9K), whereK is the RicianK-factor.
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From numerical results we can �nd that if we set the K-factor of Bob’s channel as 15,
then that value of Eve’s channel shall not be larger than 6.9 to satisfy (3.92). We then
show the ergodic secrecy capacity versus di�erentK-factors in Figure 3.23 for cases with
Bob’s K-factor larger or equal to 15 such that (3.92) is satis�ed under di�erent transmit
power PT . Since there is no analytical solution of the input covariance matrix for such
channel, we exhaustively search the 2×2 optimal input covariance matrix. The number
of random channel realisations is 104. From this �gure we can �nd that the ergodic
secrecy capacity increases with increasing Bob’s K-factor, which means under �xed
Eve’s channel, the reduction of the uncertainty of Bob’s CSI at Alice indeed improves the
ergodic secrecy capacity. In addition, we can also observe that due to imperfect CSIT,
the e�ciency of increasing transmit power to increase the ergodic secrecy capacity is
low. Moreover, we can see that the ergodic secrecy capacity of PT = 500 is quite close to
that with in�nite PT . Note that when Bob’s K-factor approaches in�nity, Alice knows
Bob’s CSI perfectly.
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Figure 3.23: The ergodic secrecy capacities versusK-factors of Bob’s channel when that
of Eve’s channel is set as 6.9 under di�erent transmit power (linear).

Remark 6. Note that when the fast fading wiretap channel with only statistical CSIT is
veri�ed as a degraded one, i.e. there existsA′ andB′ such thatA′ < B′ for each channel
realisation, whereA′ andB′ are the covariance matrices of the equivalent noises at Bob and
Eve. Then by [92, Proposition 1] we know that it is a convex problem. For full CSIT cases we
can use convex optimisation tools to solve it numerically or some partial analytical results
can be seen in [92, Theorem 2][93] [94], etc.

In the following we show another su�cient condition to have a degraded channel.
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Theorem 2. LetUrDrV
H
r andUeDeV

H
e be the singular value decompositions (SVD) of

Hr andHe, respectively. Assume Vr is independent toDr andUr, and Ve is independent
toDe and Ue. Also assume that V H

r and V H
e have the same distribution. IfDr ≥st De,

then there exists an equivalent degraded wiretap channel.

Remark 7. The requirement of Vr being independent toDr and Ur in the proof of The-
orem 2 is valid for the case that if the channel matrix is with i.i.d. Gaussian entries, then
we can use the LQ decomposition (LQD) to get the right singular vector Vr and Ve which
are the Q of the LQD and are independent of the L [95, Theorem 2.3.18]. And the random
matrixQ follows the isotropic distribution (i.d.) with pdf [96]

f(Q) =
ΠnT
k=1Γ(k)

π
nT (nT+1)

2

δ(QHQ− InT ), (3.95)

where Γ is the gamma function and δ is the delta function. Thus, ifHr andHe are random
matrices with i.i.d. Gaussian entries, Qr and Qe after LQD are both i.d. having the same
distribution. Then the requirements of Theorem 2 are automatically satis�ed.

In the following we consider another condition on the structure of the random matrix.
We prove that if the channels can be decomposed into i.d. unitary matrices, the MIMOME
wiretap channel is equivalent to a degraded one.

Theorem 3. LetHr = Σ
1/2
r H1,He = Σ

1/2
e H2. IfH1 andH2 are i.d. and Σr � Σe �

0, then it is equivalent to a degraded wiretap channel.

Remark 8. For all Theorems 1, 2, and 3, we transform the original channels to an equival-
ent one, such that for all code symbols (channel realisations) the channels are degraded.

Remark 9. The constraint Σr � Σe in Theorem 3 may be relaxed to Σr � Σe by de-
terministic channel enhancement.

The channel enhancement argument [72], which is originally designed for channels with
full CSIT, may be applied to the considered model where the transmitter only has stat-
istical CSIT and the channels are fast faded. In the following we illustrate one example.

Example 2: For the wiretap channel

Yr =HΣ1/2
r X +Zr, (3.96)

Ye =HΣ1/2
e X +Ze, (3.97)

assume that the fading channel H has realisations {H0, {AH0} : A ∈ U(n2
r)}, where

U(n) is the unitary group with degree n. The distribution of H can be more general
than that in Example 2. Then it can be easily seen that we can apply the channel en-
hancement to the pair of channel realisations (H0Σ

1/2
r , H0Σ

1/2
e ) to achieve the secrecy

capacity. A simple way to see it is that the receivers knowA and multiplying Yr and Ye
by unitaryA does not change the capacity.
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3.3.4 Conclusion

In this work we characterise the relation between the usual multivariate stochastic order
and the degradedness among the legitimate receiver’s and eavesdropper’s channels. We
consider the transmitter is with multiple antennas and the legitimate receiver and the
eavesdropper are both with multiple antennas under fast fading with statistical CSIT.
More speci�cally, based on the technique of coupling we derive criteria to check the de-
gradedness of several commonly considered wiretap channels. One example of a Rician
MIMOME 2 × 2 × 2 channel is illustrated where the secrecy capacity can be derived
under di�erent K-factors.
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4 Cloud self organisation

4.1 Cloud resource scheduling by distributed interference
coordination

4.1.1 Introduction

In the last years, new generation wireless communication systems, such as 3GPP Long
Term Evolution (LTE) [97], have been developed to face the increasing demand for high
data rate and to support heterogeneous tra�c with di�erent quality of service (QoS) re-
quirements. With the rapid growth of smart mobile devices, improving the spectrum
usage has become crucial to overcome the limited bandwidth resources of cellular net-
works. In this context, D2D communications enabled by self-organised cloud network
can be considered as a promising technology for enhancing the spectral e�ciency and
thus increasing the system capacity.

One fundamental issue is the spectrum sharing strategy. Proposed schemes in the lit-
erature can be divided into two categories: (i) underlay, where D2D users share the
time/frequency resources occupied by cellular users [98]; (ii) overlay, based on the use
of orthogonal time/frequency resources between cellular and D2D users. In D2D commu-
nication underlaying cellular network, the spectrum e�ciency is improved by sharing
the resources of cellular user equipments (UE) with D2D users; the interference has to be
properly controlled by the BS so that the D2D transmission does not interfere with the
UEs decreasing the capacity of the cellular network [99]. On the other hand, in overlay-
ing cellular network, the D2D users can communicate bi-directionally with each other
while assisting the two-way communication between the BS and the UE [100]. This is
the approach considered in this section as a potential application of the DIWINE concept
for self-organising cloud network. In this context, spectrum sharing resembles on the
same concept of cognitive radio networks where secondary users may access the spec-
trum if primary users are not active or they do not cause unacceptable interference [21],
except that none of the users has privileges.

Most of the works in this areas [98]–[100] do not cover multi-class service require-
ments and assume that one D2D user can only share resources with one UE limiting
the throughput demands of high-rate services. However minimal QoS for D2D services
also needs to be guaranteed. In [101], D2D users reuse the uplink resources of multiple
UEs to improve the spectrum utilisation and to achieve the requested data rate based on
power control of D2D transmitters. The authors in [102] propose a resource allocation
method based on the maximisation of the transmission capacity by scheduling D2D users
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to di�erent frequency bands. The resource allocation of UEs and D2D users is usually
coordinated by the BS, where information exchange and signalling between BS-D2D is
needed for channel quality information (CQI) and/or positioning of the devices. D2D
resource scheduling has been widely investigated assuming a centralised coordinator,
while a distributed resource management system which guarantees multi-class service
requirements is the open issue addressed here.

In this section, we focus on resource allocation for D2D communications based on LTE-
Advanced networks, which enable �exible allocation of the physical resource blocks
(PRBs) in the time-frequency (TF) domain [103]. In LTE systems, the radio resources are
usually allocated by a base station (BS), such as an evolved Node B, and the basic require-
ment is to provide the TF resources, i.e. the PRBs, without spectrum collisions. However,
for high density of D2D users, as in emerging 5G cellular networks [104], spectrum al-
location with limited control by the BS is crucial to manage resources according to the
tra�c load intensity of D2D links. Aim of this work is to provide a new distributed
resource management scheme, where the D2D links iteratively re�ne their allocation
over a shared spectrum, making it increase/decrease based on the sensed intra-cluster
interference and the QoS requirements of di�erent class of services, till a steady state of
the network is reached. In the proposed algorithm, each D2D scheduler �rst senses the
link quality to drop strongly interfered RBs and mitigate the mutual interference with
other D2D users. Then, it extends or reduces the set of allocated RBs to meet the QoS
requirements. The selection of the resources to be added or released in the allocation
is performed by minimising the boundary extension of the TF spectrum region. This
criterion is selected to avoid too much indented or fragmented region allocations with
large boundary areas that are likely to be a�ected by cross-interference due to TF jitter
[5]. The proposed algorithm is able to maximise the D2D cluster throughput without any
centralised coordination and for heterogeneous tra�c with di�erent kinds of service.

The work is organised as follow: Subsection 4.1.2 introduces the network scenario, as
well as the tra�c and interference models. The resource allocation algorithm is described
in Subsection 4.1.3. Numerical results are in Subsection 4.1.4 for two network scenarios
with homogeneous and heterogeneous tra�cs and for di�erent QoS requirements. Con-
cluding remarks are in Subsection 4.1.5.

4.1.2 Problem se�ing

Network scenario

We consider the single-cell scenario in Figure 4.1 consisting of one BS, a number of UEs
and several D2D users that are grouped into clusters (or sub-networks). The system
employs orthogonal multi-carrier transmission, such as orthogonal frequency division
multiplexing (OFDM), to support multiple access for both cellular and D2D communica-
tions. We assume that the BS can allocate the UEs and the D2D clusters onto orthogonal
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Figure 4.1: Network and interference scenario for D2D communications overlaying a cel-
lular network. The tra�c model consists of a set of L independent queues
(one per D2D link), with tra�c arrival rates {λ`}L`=1 and time-varying ser-
vice rates {µ`(t)}L`=1.

spectrum resources with no mutual interference [99]. On the other hand, each cluster
is assigned a TF region that is shared among all the D2D links in the cluster resulting
in possible intra-cluster interference. Inter-cell interference, i.e. originated from di�er-
ent cells, is assumed to be negligible as mitigated by means of frequency reuse, power
control or resource allocation strategies for cellular systems [105].

This work is focused on resource management within a single cluster of L D2D links
sharing a TF region R. Following the LTE air protocol, the region is assumed to be
composed by a number of PRBs, each occupying 1 slot of 0.5 ms in the time domain
and a bandwidth of 180 kHz in the frequency domain. The minimum allocation to a
single user is a sub-frame of 1 ms composed by 2 PRBs. We thus consider the set of two
consecutive PRBs as the unitary resource block (RB) for allocation. The D2D links have
to self coordinate their allocation over R so as to minimise the cross interference. The
interference depends on the distance between the D2D users, thereby spatial reuse of
some TF resources may be tolerated if needed to satisfy QoS requirements.
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Figure 4.2: Flow diagram of the proposed scheduling algorithm.

Tra�ic and interference modelling

Consider a packet tra�c-heterogeneous network where each of the D2D users needs to
manage a speci�c tra�c with a related QoS requirement. Tra�c can range from VoIP,
characterised by low-speed, e.g. 16 kbps, and strict latency (< 50 ms), to HTTP service
with higher bit-rate, or FTP which is a best-e�ort service with high bit-rate and low
delay requirement [106].

A distributed scheduling approach is considered where L schedulers, one per each D2D
link in the cluster (see Figure 4.1), act independently trading between the incoming
packet arrivals and the service capability to comply with the QoS constraints. Each
local scheduler has to self-adapt the allocation without explicit signalling with the other
D2D users. The tra�c model consists of a set of L independent queues, one per each
D2D link (as detailed in Figure 4.1), with tra�c arrivals modelled as Poisson distributed
with rate λ` for link `, ` = 1, . . . , L, and an in�nite bu�er (queue) with �rst-in-�rst-out
(FIFO) serving policy. The service data rate at scheduler ` is characterised by a time-
varying o�ered throughput µ`(t), which dynamically changes to guarantee the reques-
ted throughput λ` that satis�es the QoS. Tra�c and service rates are measured in term
of bps to simplify the reasoning.

Each scheduler iteratively allocates the TF resources to reach a stability condition that
complies with the QoS of its own tra�c class, according to the throughput requirement
and the interference generated from the other D2D links. The scheduling algorithm
– same for all links – is designed so as to react to the mutual interference by redu-
cing/augmenting the resources, as shown in Figure 4.2. The metric used for the ad-

D3.03 DIWINE



4.1 Cloud resource scheduling by distributed interference coordination 119

aptation to the interference level at each time-step t = 1, 2, . . . is the signal to interfer-
ence plus noise ratio (SINR) observed over the di�erent RBs. Assuming the transmission
power to be equal for all the D2D users, the power Pi,j of the signal transmitted by D2D
user i and received by D2D user j is modelled as:

Pi,j = Pref

(
dref
di,j

)γ
Yi,j, (4.1)

where Pref is the received power at a reference distance dref , di,j the distance between
the two users, γ the path loss exponent and Yi,j a random scaling term accounting for
Rayleigh fading, assumed to be constant within one time frame and varying over dif-
ferent time frames. Let p be any generic RB in R, R`(t) the region allocated by the `th
scheduler at iteration t (see Figure 4.1), and I`(t) the set of D2D transmitters interfering
with the D2D link ` at iteration t. The SINR measured over the D2D link ` on resource
p at time t can be de�ned as:

SINRp`(t) =
Ptx`,rx`

Pn +
∑

i∈I`(t)
Pi,rx`

, (4.2)

where Ptx`,rx` is the received signal power for the link ` between the transmitting node
tx` and the receiving node rx`, Pn is the power of the additive white Gaussian noise
(AWGN), while the second term in the denominator represents the overall interference
power. The throughput o�ered by the pth RB, µp`(t), is computed as a function of the
instantaneous SINR [107]:

µp`(t) = Blog2(1 + SINRp`(t)), (4.3)

where B is the RB bandwidth. The total throughput o�ered to link ` is then computed
as:

µR`(t) =
∑

p∈R`

µp`(t), (4.4)

accounting for all the resources in the region R`(t).

4.1.3 Self-adaptive resource allocation algorithm

A distributed scheduling algorithm is proposed in this subsection where all the link
schedulers act independently mutually sensing one another. Each link scheduler iter-
atively re�nes the allocation based on the locally sensed intra-cloud interference, real-
locating the collided TF resources towards the non-interfered spectrum regions, till the
QoS is ful�lled and an equilibrium with the other links is reached. At iteration t, the
`th scheduler updates its own allocation R`(t) as described in the following, making it
grow/reduce in order to (i) minimise the cross interference with other D2D links (Sub-
section 4.1.3) and (ii) select the resources to be included/released so as to guarantee the
QoS and minimise the loss of e�ciency due to TF jitter (Subsection 4.1.3).
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Figure 4.3: Resource allocation procedure at iteration t: a–b) Sensing of the link quality
and drop of strongly interfered RBs; c–d) Identi�cation of candidate resources
for possible region growing and region increase/decrease based on through-
put requirement.
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Spectrum sensing and cross-interference minimisation

Consider the scheduling process for the D2D link ` at iteration t. As illustrated in Fig-
ure 4.3-(a), since the scheduling is not centrally coordinated some TF resources p ∈
R`(t) might have been simultaneously allocated by di�erent links which, if spatially co-
located, give rise to a strong interference in the overlapped spectrum region. To mitigate
this mutual interference, the scheduler ` senses the link quality in the area of the previ-
ous allocation R`(t), searching for the strongly interfered RBs. Any RB p ∈ R`(t) with
SINR value lower than a certain threshold SINRth, i.e. SINRp`(t) ≤ SINRth, is dropped by
the scheduler, see Figure 4.3-(b). The updated set for link ` is then R̃` = {p ∈ R`(t) :
SINRp`(t) ≥ SINRth} with boundary denoted as ∂R̃`.

QoS-based self-adjustment of the TF resources

Once the allocation has been adjusted to avoid mutual interference, the set of RBs al-
located to link `, R̃`, has to be extended or reduced to meet the QoS requirement. The
throughput variation that is needed to satisfy the request λ` is determined as:

∆µ`(t) = λ` − µR̃`
(t), (4.5)

where µR̃`
(t) is the total throughput o�ered to link ` by the current allocation R̃` com-

puted as in (4.4). For ∆µ`(t) > 0 (region in�ation), the local scheduler has to incorpor-
ate new resources X in the link allocation, see Figure 4.3-(c). These are selected in the
neighbourhood of the current region boundary, excluding the interfered regions, i.e. in
the spectrum area V(∂R̃`) = {v : v ∈ {N(p) \ R̃`} ∧ p ∈ ∂R̃` ∧ SINRv` (t) ≥ SINRth},
N(p) denoting the set of the 4-nearest neighbours of the RB p. On the other hand, for
∆µ`(t) < 0 (region de�ation), the region has to be reduced by releasing some RBs X

from the region boundary ∂R̃`. The updated region is, as in Figure 4.3-(d),

R`(t+ 1) =

{
R̃`(t) ∪ X if ∆µ`(t) > 0

R̃`(t) \ X if ∆µ`(t) < 0
. (4.6)

The selection of the resource set X to be incorporated (X ⊆ V(∂R̃`)) or released (X ⊆
∂R̃`) is performed so as to minimise the boundary extension. This criterion is selec-
ted to avoid too much indented or fragmented region allocations with large bound-
ary areas that are likely to be a�ected by cross-interference due to TF jitter; guard
bands/intervals are typically prescribed to avoid such interference but this is known to
reduce the spectrum e�ciency. The length of the boundary ∂R`(t + 1) can be conveni-
ently computed as the cardinality, i.e. the number of RBs, of the set F(∂R`(t+1)) = {f :
f ∈ {N(p)\R`(t+ 1)}∧ p ∈ ∂R`(t+ 1)}, which is the set of external neighbours of the
boundary of the new region R`(t+ 1). Thereby, optimal selection of the resource set is
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Table 4.1: Simulation system parameters.
Parameter Value
RB structure 12 sub-carriers and 1 sub-frame
RB frequency bandwidth 180 kHz
Time frame 10 ms
Total number of available RBs 100
Number of D2D links 10, 15, 20, 30, 50
Reference distance 10 m
Max. D2D distance 300 m
Path-loss exponent 2
Pref/Pn 20 dB
SINR threshold, SINRth 10 dB

Table 4.2: Simulation tra�c parameters.
Average data rate (QoS) Value
HTTP tra�c 512 kbps
FTP tra�c 360 kbps
VoIP tra�c 64 kbps

obtained by minimising the ratio between the number of RBs in the boundary ∂R`(t+1)
and the number of RBs in the region R`(t+ 1) evaluated as:

X̂ = arg min
X

|F(∂R`(t+ 1))|
|R`(t+ 1)| , (4.7)

subject to the constraint of throughput ful�llment:
∑

p∈R`(t+1)

µp`(t) ≥ µR̃`
(t) + ε∆µ`(t), (4.8)

where 0 < ε < 1 is a step size parameter. Iterations of the proposed algorithm are
repeated till |∆µ`(t)−∆µ`(t− 1)| < δ. A summary of the scheduling steps is shown in
Figure 4.3.

4.1.4 Numerical results

The performance analysis is carried out in a LTE framework, by simulating a dense
D2D cluster with parameters as in Table 4.1. The performance is evaluated through
Monte Carlo simulations using Matlab software. The proposed scheduling strategy is
analysed for two di�erent network scenarios: (i) homogeneous tra�c, where all D2D
users manage FTP service, and (ii) heterogeneous tra�c, where 50
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DIWINE WP3, Mannheim, 25/11/15

2

(a) (b) (c)

Figure 4.4: Self-adaptive resource allocation of L = 10 D2D schedulers (indicated by col-
ours): a) random network state initialisation; b) D2D self-adjusting resource
allocation at iteration t = 4; c) convergence after compliance of QoS require-
ments (t = 10).

In Figure 4.4, an example of successive re�nements of the resource allocation by the dis-
tributed scheduling algorithm is illustrated for L = 10 D2D links. The D2D mutual in-
terference is simulated according to a disc model with maximum distance dmax = 300 m.
As initial state, the D2D users randomly allocate a �xed amount of resources, i.e. 2 RBs,
in frequency and time (Figure 4.4-(a)). Then, the local schedulers dynamically adapt their
allocations as illustrated in Subsection 4.1.3 (Figure 4.4-(b)) till they reach a steady state
that satis�es the QoS requirements (Figure 4.4-(c)). The algorithm implements spectrum
reuse, if requested, based on the sensed-interference level between the D2D links.

The metric used for evaluation is the total normalised requested throughput (QoS need)
for the D2D cluster de�ned as ξ(t) =

∑
` µR`(t)/

∑
` λ`, as the ratio between the total

o�ered throughput (for all the D2D links) and the total requested throughput. Figure 4.5
compares the total normalised throughput ξ(t) of the distributed and centralised schedul-
ing approaches over the iterations t, forL = {10, 50}D2D links and for both single (FTP
tra�c) and multi-class (Table 4.2) services. In the centralised scheduling the allocation
of the D2D cluster resources over the available spectrum region is performed centrally
by the BS, which assigns to each D2D link the amount of resource that satis�es the QoS
requirements, reusing the spectrum if needed.

From the results in Figure 4.5, it can be noticed that the distributed algorithm converges
to the centralised performance in few iterations. As expected, the normalised through-
put ξ(t) at convergence is lower for increasing number of D2D links and the convergence
time increases with the number of links. Notice that the distributed algorithm converges
faster in homogeneous tra�c conditions than in heterogeneous ones due to the manage-
ment of di�erent service classes (QoS requirements).

Figure 4.6 shows the total normalised throughput versus the loading factor η, which
evaluates the overall fraction of occupied TF region. Clearly, the loading factor increases
for increasing number of users. The performance is evaluated for both homogeneous
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Figure 4.5: Normalised system throughput ξ(t) vs. iterations (t) for L = 10, 50 D2D
links. Performance of the distributed algorithm is evaluated for both homo-
geneous and heterogeneous tra�c networks and it is compared to the cent-
ralised approach.

and heterogeneous tra�c and the centralised approach is shown as reference. It can be
observed that for small number of links (L = 10, 15, 20), η is less or close to 1 as the
D2D users are able to self-allocate their resources and reach the QoS targets without
any spectrum overlap, as the total required throughput is below the one o�ered by the
spectrum region R. On the other hand, for larger D2D clusters (L = 30), the loading
factor at convergence is η > 1, as the D2D users have to spatially reuse the resource
blocks to reach their QoS targets. It can be noticed that the total o�ered throughput
decreases with respect to the requested one as the number of D2D links increases.

Figure 4.7 shows the normalised system throughput versus the loading factor η, for dif-
ferent values of the maximum distance of the interferers to the D2D receiver dmax =
100, 300 m. Decreasing dmax is equivalent to enlarge the spatial density of the D2D links
in the cluster. In fact, if dmax is reduced from 300 m to 100 m, assuming a �xed number
of links, i.e. for a �xed η value, this corresponds to an increase 9 times the spatial density
for dmax = 300 m. Performance is evaluated for homogeneous and heterogeneous tra�c
networks and the centralised approach is shown as reference. It can be notice that the
normalised system throughput for dmax = 100 m has a decay rate higher than the one
for dmax = 300 m, due to the increased spatial density of the D2D links in the cluster.
The proposed method reaches a performance close to the centralised approach.

The D2D cluster service satisfaction is investigated in Figure 4.8 vs. the number of D2D
links L for both homogeneous and heterogeneous tra�c-network. The QoS satisfaction
is measured as the ratio between the number of D2D pairs meeting the QoS requirements
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Figure 4.6: Normalised system throughput at convergence ξ(t → ∞) vs. loading factor
η =

∑
` |R`(∞)|/|R| for varying number of D2D links, for both homo-

geneous and heterogeneous tra�c network, compared to the centralised
approach.

and the total number of D2D pairs in the network. The numerical results show that
the proposed distributed algorithm allows the D2D cluster to reach a high level of QoS
satisfaction even when the number of D2D links increases (L = 30), as the allocation of
TF resources is based on QoS constraints.

4.1.5 Conclusion

In this section we proposed a new distributed scheduling algorithm where multiple D2D
links, sharing the same spectrum, self-adapt their resource allocation by dynamically in-
�ating/de�ating their time-frequency region based on the sensed interference level and
the QoS requirements, without any central coordination. The method was shown to
closely reach the performance of the centralised approach, both for single and multiple
service classes, i.e. for homogeneous and heterogeneous tra�c scenarios, managing the
mutual interference and satisfying the QoS requirements of all D2D links in a fully dis-
tributed way. Moreover, numerical analysis shows that the distributed resource schedul-
ing method can achieve the same performances of centralised optimisations when eval-
uated in term of system capacity, even in case of spectrum reuse.
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4.2 Distributed learning process for HNC selection – Advanced
scenarios

A Distributed Learning Algorithm (DLA) – a protocol for selection of Wireless Physical
Layer Network Code (WPLNC) in DIWINE cloud scenarios – was described and its prop-
erties discussed in deliverable D3.02 [4]. The algorithm was successfully transferred for
demonstration in real world scenario to WP5, see D5.41 [108]. This deliverable extents
discussion about utility functions related to actual channel conditions and summarises
changes in necessary information exchange among nearest neighbours. Advanced scen-
arios, that goes beyond the capability of HW demonstration, assuming unfriendly and/or
malicious relays are also presented, analysed and discussed.

4.2.1 Utility function related to instantaneous channel conditions

The DLA originally uses relay output cardinality as a target for optimisation while guar-
anteeing invertibility of WPLNCs at all �nal destinations. This utility function relates to
energy e�ciency (UT1), since minimal cardinality WPLNCs maximally conserve energy,
it also multiplies network throughput (UT1) due to WPLNC gains. The algorithm with
cardinality utility works in distributed network model (UT4). On the other hand the over-
all performance can be signi�cantly a�ected by a wireless channel. Particular channel
conditions (attenuation and/or phase rotation) may have destructive impact on particu-
lar WPLNCs due to ambiguous signal overlaps, for details see D4.02 [109] or [110]. It is
possible to cope with instantaneous channel conditions by modi�cation of DLA utility
function.

First of all it is important to note that randomly selected values of the utility function –
which is the case for utility function directly related to random wireless channel – will
with high probability violate potential property of underlying game [111]. It is the po-
tential property that guarantees nice behaviour of DLA – existence of Nash equilibria,
convergence of the process etc. Thus, any criterion that is related to random channel
can be used only as an additional measure for WPLNC selection. In D3.02 a hierarch-
ical minimal distance was discussed as a candidate additional criterion for selection of
WPLNCs. It was shown that minimal hierarchical distance variations are zero or almost
negligible for many WPLNCs and channel conditions, see Figures 4.9 and 4.11, thus it
can be hardly used as a WPLNC selection metric.

To correctly cope with wireless channels the metric must reasonably describe perform-
ance behaviour. A possible choice is a complete hierarchical spectrum, however, due to
its complexity this is barely tractable solution. In [112] a Symbol Error Rate (SER) is used
to distinguish among the minimal WPLNCs. A WPLNC with the minimal SER in actual
channel conditions is used. Whenever a minimal WPLNC is going to be selected by the
DLA a WPLNC minimising actual SER is chosen. A newly added SER-based criterion is

MINnew = min{ŜER}, (4.9)
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Figure 4.9: Minimal hierarchical distance – a minimal WPLNC.
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Figure 4.10: Minimal hierarchical distance – an extended WPLNC.

D3.03 DIWINE



4.3 Non-cooperating relays 129

ℜ  {h}

ℑ
 {

h}

d
min
2 (h)

 

 

−1 −0.5 0 0.5 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 4.11: Minimal hierarchical distance – a full WPLNC.

where MINnew is newly selected minimal WPLNCs, ŜER is actual SER estimate and min-
imisation is done over all available invertible minimal WPLNCs.

The instantaneous SER computation is based on known channel estimates provided by
the pilot signals. Again, since SER performance di�erences are negligible for many
WPLNCs, especially in the case of full and extended WPLNCs, the SER is used as the addi-
tional criterion only when the minimal WPLNCs are achieved by DLA. From a measure-
ment campaign carried within WP5 we have preselected WPLNCs with typically good
SER performance across various channel realisations. These WPLNCs made a list of
available actions for DLA.

Figure 4.12 shows an uncoded SER in 2 source 1 relay network which is a natural WPLNC
building block of more complex networks. SER is measured at the relay, since any error
in WPLNC mapping can be hardly corrected by the rest of the network especially when
no or weak error correction coding is used. A system with newly proposed SER-based
additional criterion is compared to the former DLA solution. Both numerical as well as
USRP based results are shown. USRP results were obtained within WP5 testing.

4.3 Non-cooperating relays

In this section we focus on relays that do not fully follow the idea of the cloud concept.
Particularly, we are interested in two cases – intentionally malicious relays, that wish
to cause harm to the communication and intentionally over-sel�sh relays, that do not
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follow altruistic cooperation and wish to seize maximum in emergency states such as
emptying battery.

It is important to highlight that this section goes beyond the capabilities of demon-
stration platform, so the content presented here is mainly theoretical, not veri�ed in
real-world scenarios. Di�erent network models as well as di�erent utility functions and
information knowledge are assumed compared to the DLA. Also a protocolised form
suitable for real implementation is missing yet.

4.3.1 Intentionally malicious relay

The most of current research work optimistically assumes that all the relays altruistically
cooperate on their task of source to destination communication. We have introduced a
relay node with aims to make a disorder among the other relays. However, the type
– either friendly or malicious – of relay behaviour is only its private information un-
known to the other relays nor the destinations. By selecting its own WPLNC mapping
the malicious node attacks the friendly behaving relays as well as the destinations. All
the relays – both friendly and malicious – are rewarded/penalised according to how well
their perform their appropriate tasks.

We describe the scenario as a static (single shot) incomplete information game among the
relays and study it from the game theoretic perspectives. We mostly focus on conditions
for existence of particular equilibrium points given the probability of malicious node
existence and the valuation of the utility functions.

Since the WPLNC is quite sensitive to the selection of mapping functions the maliciously
behaving node may cause signi�cant damage to the network simply by selecting im-
proper WPLNC mapping (obviously also by transmitting random data, etc.). Coexistence
with the evil node is especially important for security critical applications.

The presence of maliciously behaving node among the fair players is widely analysed in
the area of sensor networks. Game theoretical approach to coexistence in point to point
scenario is presented in [113]. Relay networks (with single or multiple relay) with mali-
cious nodes are in [114, 115] however both are single source cases. Our work presented
here and originally in [116] extends the issues of malicious relays to multi-node cloud
networks.

System model

A network of interest consists of two independent sources S1, S2, two relays RR,RC ,
where subscript R stands for row and C for column which is a very classical way to
distinguish the players, and a destinations D, see Figure 4.13. This is a multi-relay and
wireless extension of the well-known butter�y network [117]. It is also the simplest
network that can illustrate the issues studied here. The networks with more nodes are
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Figure 4.13: Two relay network – network of interest for malicious scenarios.

obviously possible but their analysis is impractical however the results shown can be
straightforwardly extended.

The most important aspect is that we assume that the relay RC is always “friendly" – its
aim is always to support source to destination communication and it is rewarded for this
task. However the relay RR is not always friendly, with some probability it can behave
maliciously. When this relay is malicious its aim is to cause harm to both RC and the
destinations by using such a processing that preventsD from recovery of the source data.
Also the malicious relay is rewarded for the harm caused. Rewards and utility functions
will be presented later. The relay RC does not know the type of the RR while RR itself
knows it.

Note that the transmissions of the source nodes are not orthogonally separated, i.e. relay
Ri, i ∈ {R,C} receives superposition of both sources. For R to D communication it
is assumed for the sake of simplicity that the individual transmissions can be obtained
separately at the D. The half-duplex assumption forces S to R and R to D transmissions
to occur in two consecutive time slots.

Since WPLNC is assumed, each relay observes a superposition of incoming signals from
both sources. Those observations may di�er due to di�erent parameters of the wireless
links. Instead of distinguishing both individual sources the relay works with the over-
lapped signal as a whole. Relay processing – a decode and forward type – is generally
given by a mapping

fi : c1 × c2 → ci, (4.10)

where i ∈ {R,C} denotes the relay, c1, c2 and ci are symbols transmitted by S1, S2 and
Ri respectively. Notice that for simplicity we assume mapping over individual symbols
not over whole codewords, which is also possible. The mapping is allowed to be many-
to-one. In fact to utilise the gain of WPLNC it must be the many-to-one mapping.

When the WPLNC mapping fi given by Eq.(4.10) is a linear one then the WPLNC oper-
ation of the relay can be described by matrix multiplication

c̄i = Xi
[
c̄1

c̄2

]
, (4.11)
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where i ∈ {R,C} denotes the relay, c̄1, c̄2 and c̄i are binary representations of symbols
transmitted by S1, S2 and Ri, respectively and Xi is binary representation of WPLNC
mapping, particular examples will follow later.

As an example we show the matrix description of the following WPLNC mappings. No-
tice that we assume the source symbol cardinality |c| = 4, i.e. 2 bits representation.

X1
i =

[
1 0 1 0

0 1 0 1

]
, X2

i =

[
0 1 1 1

1 1 1 0

]
,

X3
i =




1 0 0 0

0 1 1 0

1 0 0 1


 , X4

i =




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


 , (4.12)

whereX1
i andX2

i are the minimal WPLNC mappings (the �rst one is the well known XOR
mapping),X3

i is the extended andX4
i is the full mapping. Notice that cardinality category

(MIN, EXT, FULL) directly corresponds with the number of (linear independent) rows of
Xi since it de�nes the number of bits of the output symbols.

According to the assumptions every destination node observes cR and cC symbols sep-
arately and wants to recover original source symbols c1, c2 from them. This is possible
if and only if it is allowed by the properties of both relay mappings fR and fC , i.e. if and
only if an inverse mapping exits at the destination Dj :

f−1
j : cR × cC → c1 × c2. (4.13)

If this inverse mapping exists for fR, fC we call the pair of them an invertible pair, oth-
erwise it is a non-invertible pair.

In terms of presented matrix description (for linear WPLNC mappings only) the pair of
mapping is invertible at Dj if and only if there exist a matrix X−1

j such that
[
c̄1

c̄2

]
= X−1

j

[
c̄R
c̄C

]
, (4.14)

where c̄i is the bit representation of appropriate symbol.

Invertibility of the pair of mappings XR,XC can be easily checked by row rank (in GF(2)
sense) of a matrix that is formed by a vertical concatenation of XR and XC . Notice that
any FULL mapping forms invertible pair with arbitrary WPLNC mapping. Any FULL
mapping, such as X4

i in Eq.(4.12), is full rank on its own.

In a centralised network the relay mappings fi can be tailored to �t the situation properly,
but this is not the case in distributed control scenarios. When the relays perform sel�sh
selection of fi, with lack of knowledge of the other relay actions, the invertibility of the
source data may be violated since the inverse mapping in Eq.(4.13) may not exist. The
situation is even more complicated when the relay does not perfectly know the type of
the opponent – whether it is friendly or malicious.
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Incomplete information game

To analyse and study the problem of distributed selection of WPLNC mapping by the
relays in scenarios with potential presence of malicious relays we describe the situation
as an incomplete information non-cooperative game G of two players RR,RC . The
game is the incomplete information game since the relays do not know the behaviour
(friendly/malicious) of the other relay. Thus, the players do not know all the information
relevant for their decision, a part of the information is private, revealed only to one of
the nodes. A complete information game corresponds to the DLA algorithm.

By Harsanyi transform [118] the incomplete information game can be transformed into a
Bayesian game which is solvable by standard game theoretic tools. All the nodes’ uncer-
tainties about the game (behaviour type of the other relay in our case) are transformed
into the payo� uncertainties. In Static Bayesian games the �rst move is played by an "ar-
ti�cial" player – nature. The nature selects and assigns a type to each player. The type
ti of player i is revealed only to the player i, it is its private information. The nature’s
turn is a lottery but its prior probability is a common knowledge available to all players.
After the type of each relay is revealed by the nature, the relays simultaneously choose
their action. We assume static, i.e. single shot, version of the game. Based on the actions
played and also on the players’ types the payo�s are received by the players.

More formally the game of interest G is de�ned as follows. The set of players consist of
RR andRC . The set of actions of each player consist of several various WPLNC mappings
fi. To describe the problem generally we do not exactly specify the functions fi now.
Although the players’ action sets can be much wider, the minimal action subset is as
follows: two di�erent minimal mappings MIN1,2, two di�erent extended ones EXT1,2

and one full mapping. This set is capable of describing all the situations that can occur
in speci�c instances of G – such as two minimal mappings that form an invertible pair,
i.e. f−1

j exists, a non-invertible pair of the minimal and the extended mapping, i.e. f−1
j

does not exist, etc. For the sake of simplicity we assume the minimal action set to be
common to both players. We also assume that channel conditions are such that they
allow the relays to use any mapping from their action set. For some channel conditions
the performance (minimal distance, BER, etc.) of various mapping may di�er, exhaustive
discussion about the parametric channel performance of WPLNC can be found in [119,
120] and a possible solution for complete information game can be found in Section 4.2.

The set of players’ types is tR ∈ {F,M} and tC ∈ {F}, where F stands for friendly and
M for malicious. The type of RR in particular realisation of the game G depends on the
nature’s turn – friendly version is chosen with Pr{tR = F} = p and malicious with
Pr{tR = M} = 1− p. Notice that for the sake of simplicity we assume that only RR has
two possible incarnations, RC is always friendly, i.e. Pr{tC = F} = 1.

The players have beliefs about the opponent types, such as pR(tC |tR). In the analysed
game it is assumed that player’s belief is independent of the player’s own type, e.g.
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Table 4.3: Payo� matrix of two relay game G – Friendly vs. friendly.
F vs. f MIN1 MIN2 EXT1 EXT2 FULL

MIN1 P, P A,A A,B P, P A,C

MIN2 A,A P, P P, P A,B A,C

EXT1 B,A P, P B,B P, P B,C

EXT2 P, P B,A P, P B,B B,C

FULL C,A C,A C,B C,B C,C

pR(F|F) = pR(F|M) = 1. Finally there is a payo� function πi of each player that as-
signs a reward to the player i. In contrast to complete information game the payo�
function of the player i depends not only on the actions played by all the players but
also on their types, i.e. πi(aR, aC ; tR, tC) where aR, aC are actions of RR,RC and tR, tC
are their appropriate types.

In complete information games the terms action and strategy more or less coincide.
The situation in Bayesian games is quite di�erent. A strategy is a function that for
every player type assigns an action from the set of actions. Thus, the strategy for
player RR, with two possible types, is a doublet sR = (aR(tR = F), aR(tR = M)),
e.g. sR = (MIN1,MIN2) means that the relay RR uses MIN1 when it is the friendly relay
while its malicious version uses MIN2. Since there is only one type of RC its strategy
coincides with its action, e.g. sC = EXT2. We will use notation si(ti) to denote particular
action used by player i of type ti.

Since there are two types of the player RR we can construct two payo� matrices describ-
ing the two game incarnations. The �rst one, when both relays are friendly, is shown
in Tab.4.3. The second one, when the RR is malicious is in Tab.4.4. In both matrices
the column is determined by the action played by RC and the row by the action of RR.
The entries of the matrices have a form πR(aR, aC ; tR, tC), πC(aR, aC ; tR, tC), the �rst
number is a reward of RR of type tR when a pair of actions aR, aC is played. The second
number gives a reward of RC of type tC . Notice that those two games are complete in-
formation games, it is the nature who selects which one of those games will be played
by selecting the players’ types.

For friendly players, see Tab.4.3, a payo� function is assumed, such that the payo� is
determined only by the cardinality of the mapping (MIN, EXT, FULL) and their invert-
ibility. The friendly relay (RC always, RR if its type tR is friendly) is rewarded by A for
using minimal mapping, B for the extended one and C for the full mapping. However
when the friendly relays select a non-invertible pair of mappings, that do not allow the
destinations to recover the source data, both relays have to pay a non-positive penalty
P as a punishment. This situation is expressed in Tab.4.3 by (P, P ) entries. We illustrate
this on simple example when both relays select XOR mapping then the destination fails
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Table 4.4: Payo� matrix of two relay game G – Malicious vs. friendly.
M vs. f MIN1 MIN2 EXT1 EXT2 FULL

MIN1 W,P P,A P,B W,P P,C

MIN2 P,A W,P W,P P,B P,C

EXT1 P,A W,P P,B W,P P,C

EXT2 W,P P,A W,P P,B P,C

FULL P,A P,A P,B P,B P,C

to recover cA and cB from its observations because it has received cA⊕cB twice, both re-
lays are therefore penalised by P since they waste their energy and fail to make reliable
S to D communication.

The payo� preference for friendly relays is given by

A > B > C > 0 ≥ P, (4.15)

thus the friendly relay always tries to minimise its output cardinality while the invert-
ibility of WPLNC at the destination must be always guaranteed. This utility function is
related to energy e�ciency of the nodes. Given the �xed energy for transmission the
lower the cardinality the lower the resulting BER. Moreover, any waste of energy due to
non-invertible WPLNC mappings is punished and penalised.

The malicious relay (RC never, RR if its type tR is malicious) is rewarded for the caused
disorder, see Tab.4.4. It obtains a payo� W whenever it selects a WPLNC mapping that
forms a non-invertible pair with the friendly relay. Under this condition the destina-
tion is unable to decode the source data and thus the friendly relay is transmitting and
spending its resources in vain. When the malicious relay node selects a mapping that
forms invertible pair with the friendly node it has failed in its task to cause harm to the
network. In this case the malicious relay is in fact supporting the friendly relay and thus
spends in vain its resources and it is penalised by P .

The payo� preference of the malicious relays is given by

W > 0 ≥ P, (4.16)

thus the malicious relay thus prefers to create the non-invertible pair. It can be easily
seen that the full mapping is never optimal for such a relay since it is always invertible.

Nash equilibria analysis and discussion

In incomplete information games the solution concept of Nash equilibria is extended to
so called Bayesian Nash equilibria (BNE) [118]. A strategy pro�le s∗ = (s∗R, s

∗
C) is a pure
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strategy Bayesian Nash equilibrium if for each player i and each of its type ti holds

s∗i (ti) = arg max
ai

∑

t−i

pi(t−i|ti)πi(ai, s∗−i(t−i); ti, t−i), (4.17)

where subscript −i denotes the player other than i [121]. BNE strategy maximises the
expected payo� of the player given the player’s type and belief about the opponent.
Similarly to the Nash equilibria (NE) in complete information games the BNE represents
the point where no player has any incentive to alter its strategy. In contrast to NE the
BNE depends not only on the strategies but also on players’ types and their beliefs.

It can be easily shown that friendly vs. friendly incarnation of the game has multiple
(two for assumed action set of the players) pure strategy NE, highlighted by bold font in
Tab.4.3. Both equilibria use MIN WPLNC mappings and give optimal (in Pareto sense)
outcomes to both players. This friendly relay game was exhaustively studied in [122] and
led to DLA described in Deliverable D3.02 and implemented in WP5. In contrast it can
be shown that malicious vs. friendly game incarnation has no pure strategy equilibria.
Notice that for both versions of game some mixed strategies also exist.

Since friendly version of the game has NE that provides optimistic results from global
network point of view – the information from the sources is successfully delivered to
the destination while the relays’ utilities are maximised – we focus on those particu-
lar equilibria and test if they are also BNE of incomplete information game where the
maliciously behaving relay is possible.

Particularly we search for the conditions under which the strategies containing some
MIN WPLNC mappings are BNE.

Proposition 4. A pair of strategies sR = (MIN2,MIN1), sC = MIN1 is the BNE of the
presented game under some constrains on the probability p of RR being friendly and valu-
ation of the utility functions πi.

Proof. To prove the proposition we have to simply show that sR and sC are mutual best
responses and �nd out the conditions for them to be the BNE.

According to Eq.(4.17) the best response sBR
C (tC) of RC on sR = (MIN2,MIN1) is

sBR
C (tC) = arg max

aC

∑

tR

pC(tR|tC)πC(sR(tR), aC ; tR, tC)

= arg max
aC

{pπC(MIN2, aC ; F,F)+

+(1− p)πC(MIN1, aC ; M,F)}
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This gives the following expected payo�s for various actions aC of RC :

aC = MIN1 : pA+ P − pP (4.18)
aC = MIN2 : pP + A− pA (4.19)
aC = EXT1 : pP +B − pB (4.20)
aC = EXT2 : pB + P − pP (4.21)
aC = FULL : C (4.22)

For MIN1 to be the best response to sR(tR) the expected payo� in Eq.(4.18) must be higher
than expected payo� from any other action aC in Eq.(4.19 – 4.22). It can be shown that
this is true for

p >
1

2
and p >

C − P
A− P . (4.23)

Conversely, sBR
R (tR) of RR of type tR on sC = MIN1 is

sBR
R (tR) = arg max

aR

∑

tC

pR(tC |tR)πR(aR, sC(tC); tR, tC),

which is for friendly type of RR

sBR
R (F ) = arg max

aR

πR(aR,MIN1; F,F) = MIN2,

since the preference relation A > B > C > 0 ≥ P .

Similarly, for the malicious type of RR it is

sBR
R (M) = arg max

aR

πR(aR,MIN1; M,F) = MIN1 or EXT2,

since the preference relation W > 0 ≥ P .

Thus, we have shown that sR = (MIN2,MIN1), sC = MIN1 are mutual best responses
and thus form BNE of the presented incomplete information game.

By similar reasoning and the game symmetry the following strategy pair can be also
shown to be BNE under the same conditions

sR = (MIN1,MIN2) sC = MIN2

Under slightly varied conditions (details omitted here) also

sR = (MIN1,EXT1) sC = MIN2

sR = (MIN2,EXT2) sC = MIN1,
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Figure 4.14: Regions where sR = (MIN2,MIN1), sC = MIN1 is BNE based on p and
utility valuation.

are the pure BNE. It is also possible that some other pure BNE, including both MIN and
EXT WPLNC mappings, exist for completely di�erent utility valuations. Also from the
well-known game theoretic results a mixed strategy BNE is guaranteed to exist for any
incomplete information game. Those results are not analysed here.

On the Figure 4.14 the region, de�ned by parameters in Eq.(4.23), where the strategy pair
from Proposition 1 is the BNE is shown. The utility function valuations are expressed
relatively to the value of A. The �gure shows that given the probability p the lower the
di�erence between the MIN and FULL mapping payo� A and C the lower penalty P
must be paid by the nodes to have that particular BNE strategy. When the nodes are
over-penalised and/or malicious relays are highly probable then there exits no studied
strategy pair that is BNE.

4.3.2 Intentionally over-selfish relay

Here we focus on an example of relay network where a sequential selection of the
WPLNC mappings takes place. We assume that the �rst relay may su�er from low bat-
tery level which may a�ect its selection of WPLNC mappings and that the second relay
can deduce the battery state from observed actions and alter its behaviour to cope with
the situation. For this scenario we discuss and evaluate an existence of game equilibria.

As highlighted in the previous part the WPLNC is quite sensitive to the selection of map-
ping functions and thus the maliciously behaving node may cause signi�cant damage to
the network simply by selecting improper WPLNC mapping. The malicious behaviour
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S1

S2
RC

RR

D

Figure 4.15: Two relay network with RC to RR signalling.

can be either intentional when evil node attacks the network (see above) or uninten-
tional when the node running out of battery selects unexpected mappings to grab its
last chance to deliver data. Our focus now will be laid on the latter case – unintentional
malicious behaviour caused by emptying battery that forces the relay to be over-sel�sh
and use the most energy saving WPLNC mappings.

It is also important to note that since we are focused on sensor networks, where the
node are mostly simple battery powered devices that are not capable of any advanced
channel coding technique, we investigate uncoded communication.

System model

A network of interest consists of two independent sources S1, S2, two relays RR,RC ,
where subscriptR stands for row andC for column to distinguish the game players, and
a destinations D, see Figure 4.15. The important fact is that we assume that the relay
RC can su�er from low battery situation with probability p. When it is depleting its
resources its main intent is to deliver as much as possible information to the destination
in the most energy saving way. The other relay RR has available observation of RC ’s
actions (shown in red in Figure 4.15) and can deduce his battery state and consequently
support it. Since the RC knows about its battery state we will call it a informed relay
(player). The uninformed one – RR – has only a chance to learn about RC state from the
received signal.

Signal processing related to the WPLNC is similar as in the malicious relay study please
refer the system model described in Section 4.3.1 for details.

Sequential game

We describe the situation of di�erently informed relays, that sequentially select their
WPLNC mappings, as a sequential incomplete information game. Our game of interest
is de�ned as follows: A set of players is RC and RR. Relay node RC has two possible
incarnations – types – it has either high or low battery level. Type of the relay RC is
tC ∈ {H,L}, where H denotes high battery level and L low level. Relay RR has only
one type, it always has full battery. The type tC is a private information of RC and is
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Table 4.5: Payo� matrix for high battery vs. high battery game.
MIN1 MIN2 FULL

MIN1 P,P 2A,A 2A,B
MIN2 A,2A P,P A,B
FULL B,2A B,A B,B

unknown to RR. A battery level is selected by nature prior to the beginning of the game.
Low battery level is selected with probability p, this a priori probability is available to
RR too, but the actual battery level of RC is not.

Each relay has a set of available actions, both sets contains various WPLNC mappings.
To make the situation a bit easier we reduce the action set of RR to two di�erent minimal
mappings MIN1 and MIN2 and a full mapping FULL. The action set of RC depends on its
type, high battery level type has the same action set as RR since they are in fact the same.
But low battery type uses minimal mappings only, i.e. its action set contains MIN1 and
MIN2, this is because the minimal WPLNC mapping delivers data in the most energy
saving way. For the sake of simplicity we do not assume EXT mappings in our example.

The relays are rewarded for the WPLNC mappings used. The payo� function is related to
energy e�ciency, since the MIN mappings compress the information more and thus save
more energy. We de�ne the payo� function as follows: At high battery level each node
is more or less sel�sh, it tries to use the best (from its own point of view) possible map.
Such a relay is awarded by 2A for using MIN1 mapping, byA for MIN2 and byB for full
mapping, where A > B > 0. We assume without loss of generality that there are some
minimal mappings that perform better (in terms of SER, etc.) in given channel conditions,
that is why the rewards for various minimal mappings di�er. We also assume that a
minimal mapping is always better than a full mapping (from energy savings point of
view). At low battery mode the relay RC tries to deliver as much as possible information
before its battery is depleted (ignoring any other performance measure, only energy
e�ciency matters). It is rewarded by 4A for any minimal mappings it uses, because of
important energy savings. The relay RR, when facing low battery node, tries to help it
and is rewarded by 4A for usage of full mapping since it helps most to RC and by A for
any invertible minimal mapping.

Whenever both relays select a pair of mapping that is non-invertible then the nodes
waste their resources in vain and are penalised by P ≤ 0 since they do not ful�l their
task to enable S to D communication. Because wasting of resources is critical especially
in low battery mode the relays are penalised by 2P when RC is in low battery state. The
payo� matrices of both game incarnations are given in Tabs. 4.5 and 4.6.

The uniformed player can form beliefs about the informed one based on observed actions
and a priori type probability, e.g. after observing MIN1 mapping the RR can create a
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Table 4.6: Payo� matrix for high battery vs. low battery game.
MIN1 MIN2

MIN1 2P,2P 2A,4A
MIN2 A,4A 2P,2P
FULL 4A,4A 4A,4A

N

H L

1− p p

FULL

B

2A

B

A

B

B

P

P

2A

A

2A
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Figure 4.16: Game tree of sequential game.

belief µ(H|MIN1) of RC being type H. The belief system is important when evaluating
expected utilities and when searching for the game equilibria.

The game sequence and rules are depicted in Figure 4.16. The dashed regions show
common information sets, e.g. the relay RR is unsure about the type of RC when it
observes MIN1 mapping, it has only beliefs about the type, so both paths leading to
MIN1 dashed region belong to the same information set. It can be also seen that FULL
mapping is a singleton information set since it automatically means that tC = H . Edges
that represent relays’ actions are from left to right MIN1, MIN2 and FULL. Rewards are
shown at the leaves of the game tree, RC ’s upper and RR’s lower.

Equilibria analysis and discussion

The proposed game is called a sequential incomplete information game. Also, due to
presence of signalisation link, a signalling game. Widely accepted solution for this type
of games is Perfect Bayesian Equilibrium (PBE) [121]. A PBE is a strategy pro�le s∗ =
(a∗C , a

∗
R) and a belief system µ∗ such that the strategies are sequentially rational given the
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belief system and the belief system is consistent given the strategy pro�le. Sequential
rationality means that the action taken in given information set is optimal given the
belief and actions of the other players. Consistent belief systems means that the beliefs
at least in the information sets on-the-equilibrium-path are given by Bayes’ rule.

Since the relay RC has two possible types its strategy is a doublet assigning an action to
both types, e.g. aC = (aC(H), aC(L)) = (MIN1,MIN2) means that RC of type tC = H
uses MIN1 while type tC = L plays MIN2. When the action played by di�erent types is
the same we call this a pooling strategy, otherwise it is a separating strategy.

In the proposed game there four separating:

aC = (aC(H), aC(L)) = (MIN1,MIN2)

aC = (aC(H), aC(L)) = (MIN2,MIN1)

aC = (aC(H), aC(L)) = (MIN1, FULL)

aC = (aC(H), aC(L)) = (MIN2, FULL),

and two pooling strategies of RC :

aC = (aC(H), aC(L)) = (MIN1,MIN1)

aC = (aC(H), aC(L)) = (MIN2,MIN2)

Since RR has only one type its strategy is a singleton action aR such as aR = MIN1.

Proposition 5. The only PBEs of the proposed games are connectedwith the pooling strategy
a∗C = (a∗C(H), a∗C(L)) = (MIN1,MIN1). Otherwise there is no PBE.

Proof. To prove the Proposition 5 we have to show that there is a consistent belief system
and sequentially rational strategies for both players. First of all de�ne belief system: on
the equilibrium path RR’s belief about RC having high battery level after observing
MIN1 is µ(H|MIN1) = 1−pwhich follows from Bayesian rule. O� the equilibrium path
beliefs should be unde�ned such as µ(H|MIN2) but due to singleton information set of
FULL mapping the belief µ(H|FULL) is simply 1. Thus, the belief system is consistent
given a∗C .

Having the consistent belief system we show the sequential rationality of the strategy.
We �rst seek the best responses of RR on observed signals from RC having RR’s beliefs.
The expected payo� of RR obtained in response to aC = MIN1 for all three actions of
RR is:

MIN1: (1− p)P + p2P = P − pP
MIN2: (1− p)A+ pA = A

FULL: (1− p)B + p4A = B − pB + p4A
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Thus, the RR’s best response on action aC = MIN1 is aR = MIN2 if p < A−B
4A−B or

aR = FULL elsewhere, of course p ∈ [0, 1].

The RR’s best response on action aC = MIN2 is unde�ned since the belief µ(H|MIN2)
is not de�ned. Later we will refer to this potential best response as aR(MIN2).

The RR’s best response on action aC = FULL is aR = MIN1 simply because 2A > A >
B, see Figure 4.16.

Knowing the best response of RR, the strategy of RC and belief system the assumed
strategy is PBE if and only if RC has no incentive to change its strategy, i.e. its expected
payo� should be the highest among all possible alternative strategies. Let us start with
the situation when the best response on aC = MIN1 is aR = MIN2. Then the expected
payo� of RC must be:

πC(H,MIN1,MIN2) ≥ πC(H, FULL,MIN1) (4.24)
πC(H,MIN1,MIN2) ≥ πC(H,MIN2, aR(MIN2)) (4.25)
πC(L,MIN1,MIN2) ≥ πC(L,MIN2, aR(MIN2)), (4.26)

where πC(tC , aC , aR) is payo� of RC of type tC playing action aC while RR plays aR. All
equations are true since (4.24) is 2A ≥ B, (4.25) is 2A ≥ A since A is maximal possible
payo� of RC given that strategy and (4.26) is 4A ≥ 4A since 4A is maximal possible
payo� of RC given that strategy.

Secondly, assume that the best response on aC = MIN1 is aR = FULL. Then the expected
payo� of RC must be:

πC(H,MIN1, FULL) ≥ πC(H, FULL,MIN1) (4.27)
πC(H,MIN1, FULL) ≥ πC(H,MIN2, aR(MIN2)) (4.28)
πC(L,MIN1, FULL) ≥ πC(L,MIN2, aR(MIN2)). (4.29)

All equations are true since (4.27) is 2A ≥ C , (4.28) is 2A ≥ A since A is maximal
possible payo� of RC given that strategy and (4.29) is 4A ≥ 4A since 4A is maximal
possible payo� of RC given that strategy.

This holds true for arbitrary belief µ(H|MIN2) ∈ [0, 1]. We have shown that there are
two PBEs based on mutual relation between A,B and p – s∗1 = (a∗C(H), a∗C(L), a∗R) =
(MIN1,MIN1,MIN2) and s∗2 = (a∗C(H), a∗C(L), a∗R) = (MIN1,MIN1, FULL) with belief
system µ∗(H|MIN1) = 1 − p, µ∗(H|MIN2) ∈ [0, 1] and µ∗(H|FULL) = 1. s∗1 is PBE if
p < A−B

4A−B otherwise it is s∗2.

By similar reasoning it can be shown that aforementioned pooling strategy of RC is the
only PBE of the proposed game.

Figure 4.17 shows a surface that divides regions of existence of both PBE. Below this
surface s∗1 is the PBE of the game, above it is s∗2. The surface is given by probability of
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p

Figure 4.17: Regions of existence of individual PBEs.

low battery state p = A−B
4A−B as a function of rewards A,B. It can be concluded that the

higher the probability of depleted battery and the higher the rewardB the relay RR will
prefer action FULL since it supports RC and provides the higher payo�.

4.4 Self-selection of physical layer network coding parameters

4.4.1 Introduction

Compute-and-Forward (C&F) [123] is a relatively new relaying technique that relies on
lattice codes through the linearity property of lattices. In the context of C&F relaying
in fading channels, one challenging task is to �nd corresponding integer vectors in the
relay nodes which is referred to as a network coding vector or an a vector in the liter-
ature, e.g. [123, 124]. There is intensive ongoing research on �nding the best network
coding vector (a vector), however, so far, most of the focus of the literature, including
our works, is on obtaining an integer vector a that maximises the computation rate in
the relay regardless of the corresponding a vectors computed in other relay nodes, i.e.
local maximisation. Moreover, one necessary condition under which a destination node
is capable of unambiguously decoding transmitted information by the source nodes is
that the matrix (say A matrix1) obtained using the a vectors computed in the relay nodes
must be non-singular. Using conventional methods for computing network coding vec-
tors in the relays, although the rate is maximised locally, the overall computation rate
of the network is zero if A matrix is singular, i.e. if |A| = 0.

1The notions of a and A are introduced in [123] as integer vectors and matrices, respectively, and widely
adopted in literature. We use the same notions in this chapter, too.
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Fig. 5. System diagram of the nested lattice encoding and decoding operations employed as part of the compute-and-forward framework (for real-valued
channel models). Each message wℓ is mapped to a lattice codeword tℓ, dithered, and transmitted as xℓ. Each relay observes ym which it scales by αm.
It then removes the dithers, quantizes the result onto the fine lattice using Qm, and maps it onto the fundamental Voronoi region of the coarse lattice using
mod Λ. Finally, the relay maps its estimate v̂m of the lattice equation vm = [

∑
amℓtℓ]mod Λ back to the finite field using φ−1 to get an estimate ûm

of a linear equation of the messages um =
⊕

qmℓwℓ where qmℓ = g−1([amℓ]mod p) are the finite field representations of the coefficients.

computes

sm = αmym +

L∑

ℓ=1

amℓdℓ . (67)

To get an estimate of the lattice equation vm, this vector is
quantized onto ΛℓMAX(m) modulo the coarse lattice Λ:

v̂m =
[
Qm(sm)

]
mod Λ . (68)

Using (35), we get that
[
Qm(sm)

]
mod Λ =

[
Qm([sm] mod Λ)

]
mod Λ . (69)

We now show that [sm] mod Λ is equivalent to vm plus some
noise terms. Let θmℓ = αmhmℓ − amℓ.

[sm] mod Λ (70)

=

[
L∑

ℓ=1

(
αmhmℓxℓ + amℓdℓ

)
+ αmzm

]
mod Λ (71)

=

[
L∑

ℓ=1

(
amℓ(xℓ + dℓ) + θmℓxℓ

)
+ αmzm

]
mod Λ (72)

=

[
L∑

ℓ=1

amℓ

(
[tℓ − dℓ] mod Λ + dℓ

)

+

L∑

ℓ=1

θmℓxℓ + αmzm

]
mod Λ (73)

=

[
L∑

ℓ=1

amℓtℓ +
L∑

ℓ=1

θmℓxℓ + αmzm

]
mod Λ (74)

=

[
vm +

L∑

ℓ=1

θmℓxℓ + αmzm

]
mod Λ (75)

where the last two steps are due to (34). From Lemma 7,
the pair of random variables (vm, v̂m) has the same joint
distribution as the pair (vm, ṽm) defined by the following:

ṽm =
[
Qm(vm + zeq,m)

]
mod Λ (76)

zeq,m = αmzm +

L∑

ℓ=1

θmℓd̃ℓ (77)

where each d̃ℓ is drawn independently according to a uniform
distribution over V . See Figure 6 for a block diagram of
the equivalent channel. The probability of error Pr(v̂m ̸=
vm) is thus equal to the probability that the equivalent
noise leaves the Voronoi region surrounding the codeword,
Pr
(
zm,eq /∈ VℓMAX(m)

)
.

w1 φ
t1

w2 φ
t2

...

wL φ
tL

A

zeq,1

Q1 mod Λ
ṽ1

φ−1 û1

zeq,2

Q2 mod Λ
ṽ2

φ−1 û2

...
...

zeq,M

QM mod Λ
ṽM

φ−1 ûM

Fig. 6. Equivalent channel induced by the modulo-Λ transformation. In this
“virtual” channel model, each encoder maps its message wℓ to a lattice point
tℓ. Each relay observes an integer combination

∑
amℓtℓ of the lattice points

corrupted by effective noise zeq,m . It then quantizes onto the fine lattice using
Qm and takes mod Λ to get an estimate ṽm of the lattice equation vm =
[
∑

amℓtℓ]mod Λ. Finally, the relay maps the recovered lattice equation to an
estimate ûm of its desired linear equation of the messages um =

⊕
qmℓwℓ

where qmℓ = g−1([amℓ] mod p) are the finite field representations of the
coefficients.

Using Lemma 8 from Appendix A, the density of zeq,m can
be upper bounded (times a constant) by the density of an i.i.d.
zero-mean Gaussian vector z∗

m whose variance σ2
m approaches

Neq,m = α2
m + P

L∑

ℓ=1

θ2
mℓ (78)

= α2
m + P∥αmhm − am∥2 (79)

as n → ∞. We also show in Appendix B that Λ1, Λ2, . . . , ΛL

are good for AWGN. From Definition 23, this means that
ϵm = Pr(z∗

m /∈ VℓMAX(m)) goes to zero exponentially in n so
long as the volume-to-noise ratio satisfies µ(ΛℓMAX(m), ϵm) >

di modΛ

modΛ
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Figure 4.18: System model.

There are few chapter that directly address the problem of �nding a proper A matrix
that is not singular; in particular, [125–127] study a similar problem to the one that we
address in this chapter, however, despite the ingenious methods proposed in [125] and
[126], the problem is tackled assuming full coordination between the nodes that indeed
imposes signi�cant overhead signalling in practice. [127] proposes an algorithm that
can be applied for a particular type of network with two source and two relay nodes;
therefore, although it proposes a blind C&F relaying with no overhead signalling, the
network topology is limited and cannot be applied to a network with an arbitrary number
of source and relay nodes such as is of interest in this chapter.

Contribution In this chapter we study a multi-source multi-relay network and aim
to compute network coding vector a in the relay nodes that tries to avoid singular A.
Based on two di�erent assumptions, we propose two new algorithms in this chapter:

• Non-coordinated (blind) C&F where the relay nodes compute network coding vec-
tors blindly, without knowledge of the network coding vectors used in the other
relay nodes.

• Partially coordinated C&F where the relay nodes partially communicate to specify
the order of transmission and use a network coding function that does not reduce
the rank of the A matrix.

The chapter is organised as follows: In Subsection 4.4.2 system model is introduced and
the rate description of C&F relaying is provided. In Subsection 4.4.3 two novel relay-
ing strategies are proposed. In Subsection 4.4.4 numerical simulations are provided to
validate the usefulness of the proposed methods and the chapter is �nalised by some
concluding remarks in Subsection 4.4.5.

4.4.2 System model

As shown by Figure 4.18, a cooperative network consisting of K source nodes, K relay
nodes and one destination node is studied. The entire transmission from sources to the
destination is divided into K + 1 time slots: in the �rst time slot all the source nodes
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4.4 Self-selection of physical layer network coding parameters 147

transmit their data to the destination using a shared interference channel (IC) that is
referred to as the Multiple Access Channel (MAC) in the literature. In a second phase,
that consists ofK time slots, the relay nodes each compute an equation from the received
superimposed signal and forward it to the destination node. The relay nodes exploit
C&F and so in the second phase, relay nodes use orthogonal channels for transmission
because the source node requires at least K equations to be capable of decoding all the
messages transmitted from the source nodes. The transmissions from the source and
relay nodes are summarised in the following:

Source Each source node selects a message wl that is drawn from a set ofM messages
with equal probability. Every message is then mapped to a nested lattice codeword xl
and sent to the relay nodes in the �rst time slot.

Relay Since the relay nodes exploit C&F relying, each relay exploits lattice decoding
and attempts to �nd a set of equations and the rates corresponding to each particular
equation. Let us de�ne the set Ar as a set of integer vectors de�ning possible network
coding functions at relay r as follows

Ar = {ar,1, ar,2, · · · , ar,n} . (4.30)

Each integer vector ar,i results in a computation rate that is stored in set Rr as follows

Rr = {Rr,1,Rr,2, · · · ,Rr,n} . (4.31)

It is assumed that Rr,1 ≥ Rr,2 ≥ · · · ≥ Rr,n. The relay function will be discussed in
further detail in the next subsections, however, note that it is proved in [123] that the
computation rate in relay node r is obtained using following expression:

Rr(h, a) = log+
2

( γ

γ ‖ αr,lhr − ar,l ‖2 +α2
r,l

)
(4.32)

which depends on in�ation coe�cient αr,l, channel realisation hr and choice of the in-
teger vector ar,l, see [123] for detailed description of the parameters.

It is clear that choosing ar,1 is the best option if the intention is to maximise the compu-
tation rate locally in the relay nodes; this is indeed the main optimisation criterion in the
original C&F chapter in [123]. However, in this chapter, we are interested in optimising
the overall transmission rate of the network, de�ned as follows

R(H,A) =

{
min (R1, · · · ,RK) , if |A| 6= 0

0, if |A| = 0
(4.33)

where H is the channel realisation between the source and the relay nodes and A is the
matrix whose columns are the ar vectors exploited in the relay nodes as the network
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coding vectors. We assume that each relay appends its chosen integer vector to the
equation and transmits it to the destination; also we assume that the relays can overhear
one another’s transmissions.

4.4.3 Relay strategy

Upon reception of the source transmissions, each relay node r needs to choose an integer
coe�cient ar and perform lattice decoding before forwarding an equation towards the
destination. One can assume di�erent criteria for computing ar vectors as described
below.

Non-coordinated (blind) compute-and-forward

Once the destination collects the relay transmissions, it will be capable of decoding the
messages from the source nodes if the matrix A is a full rank matrix. In an attempt
to reduce the occasions which result in non full rank A, a blind C&F relay strategy is
proposed in the following:

Proposition Instead of computing an equation that corresponds to the highest com-
putation rate in the relay r, i.e. locally optimising rate, each relay computes a set of
equations corresponding to di�erent computation rates as described in (4.30) and (4.31).
Moreover, a new parameter is de�ned as

κr = {kr,1, kr,2, · · · , kr,n} (4.34)

which speci�es the number of non-zero entries in ar vectors. As an example, an integer
vector ar,j = [1, 0, 0] consists of information only from source 1, however an integer vec-
tor ar,j = [1, 0, 1] consists of information from two source nodes, source 1 and source 3.
We de�ne kr,j as the number of non-zero entries in the ar,j vector, i.e. nnz(ar,j) = kr,j .
As a relaying strategy, instead of forwarding ar,1, we propose to transmit a function that
includes information from, at least, m sources, i.e. ar = ar,j where

Rr,j = max{Rr}T given kr,j ≥ m. (4.35)

This strategy is helpful, especially at low SNR where the integer vectors ar,j usually
have only one non-zero entry. Therefore, once the integer vector from other relays has
a non-zero entry at the same position of ar,j , |A| becomes equal to zero, and hence
setting the overall transmission rate of the network to zero. Whereas ensuring that at
leastm entries of the integer vectors ar,j are non-zero, the probability of non-full rank A
matrix decreases, and hence avoiding R(H,A) = 0 due to |A| = 0. In Subsection 4.4.4
computer simulations are provided to validate the bene�ts of the proposed algorithm.
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Partially coordinated compute-and-forward

In Blind C&F algorithms, the relay nodes are indexed arbitrarily and so there is no rule
to decide the order with which the relays transmit their equations. In other words, it is
implicitly assumed that relayR1 transmits �rst, and then the relayR2 and etc. However,
for a partially coordinated C&F algorithm as proposed in this subsection we de�ne a
parameter referred to as rate-di�erence as follows

dr = Rr,1 − Rr,2, (4.36)

that is the rate di�erence between two largest rates in each relay. In the following, it
will be proposed to give the priority for transmission to the relay nodes with larger dr;
for instance, in a two relay scenario, if d2 > d1, the relay R2 transmits its computed
equation �rst and then the relay R1 transmits an equation.

Proposition Partially coordinated C&F protocol proposed in this subsection consists
of two parts: (i) sorting relays and specifying the priority of the transmission and (ii)
choosing the best equation in the relays, i.e. choosing proper integer vector a, which sim-
ultaneously guarantees local optimisation of the computation rate as well as preserving
the rank of the A matrix. The algorithm is described in the following:

• Upon reception, every relay computes a set of best equations, leading to largest
rates and corresponding rates with which the relays calculate the rate di�erence
and broadcast it. Since we assume the relays can overhear each other, each re-
lay receives the rate di�erence of other relays and based on the rate di�erences,
the relays are ordered for transmission as described earlier, i.e. the relays with
larger rate-di�erence dr get priority for transmission. At the end, a motivation
for this is explained in Remark. For simplicity of notation, let us assume that the
relay indices specify the order of transmission. In other words, we assume that
d1 > d2 > · · · > dn and so, R1 is the �rst relay to transmit an equation, R2 is the
second relay and similarly, Rn is the last relay that transmits.

• Each relay appends the exploited integer vector to the frame and sends it to the
destination. For instance, R1 sends its integer vector a1 along with the equation;
the R2 overhears the a1 and exploits an integer vector a2 that does not reduce the
rank of [a1; a2] matrix. RelayR3 overhears and decodes a1 and a2 fromR1 andR2

transmissions and exploits a proper a3 that does not reduce the rank of [a1; a2; a3].
The transmission continues until all the relays transmit their corresponding data
while ensuring that choosing an integer vector ar does not lead to a non full-rank
A matrix.

In order to better understand the algorithm, an example is provided in the following.

DIWINE D3.03



150 4 Cloud self organisation

Example Assume a network with three source and three relay nodes, operating at
SNR = 10 dB, with channel realisations between the source and the relay nodes as follows

h1 = [0.85, 3.63, 1.91]T

h2 = [0.14, 13.7, 7.52]T (4.37)
h3 = [2.37, 0.92, 4.51]T .

For each relay, one can compute a set of integer vectors Ar = {ar,1, ar,2, ar,3, · · · } with
which the rates of Rr = {Rr,1,Rr,2,Rr,3, · · · } can be achieved (note that we assume
the entries of Rr are ordered in descending order). For instance for relay R1, we have
computed A1 and R1, with three entries, as follows

A1 = {a1,1, a1,2, a1,3} and R1 = {R1,1,R1,2,R1,3}
where

a1,1 = [0, 0, 1], a1,2 = [1, 2, 5], a1,3 = [0, 1, 2] (4.38)
R1,1 = 0.971, R1,2 = 0.943, R1,3 = 0.234. (4.39)

Likewise, one can compute the entries of A2 and A3 as follows

a2,1 = [0, 0, 1], a2,2 = [2,−5, 5], a2,3 = [1,−3, 3] (4.40)
a3,1 = [1, 0, 0], a3,2 = [0, 0, 1], a3,3 = [2, 1, 0] (4.41)

and R2 and R3 as follows

R2 = {3.15, 1.77, 0.02} and R3 = {1.15, 1.01, 0.02.} .
Consequently, the rate-di�erence dr de�ned in (4.36) for the three relays can be de�ned
as

d1 = 0.028, d2 = 1.38 and d3 = 0.14. (4.42)

Since d2 > d3 > d1 in (4.42), we propose to order relay transmission based on the rate
loss. In this example, second relayR2 transmits as the �rst relay because the largest rate
loss occurs in R2; therefore, it selects the best a vector corresponding to largest rate,
i.e. the second relay chooses a2 = [0, 0, 1] that corresponds to R2 = 3.15. Along with
the transmission of the equation based on a2, the relays transmit a vector, too. Upon
reception of the a vector by the other relays, they decode it and store for future use.
Now there are two more relays to transmit their equations, however, since d3 > d1, the
third relay transmits �rst. The best option for third relay is to choose a3 = [1, 0, 0] and
note that this choice does not reduce the rank of A matrix. Relay R3 sends its equation
along with the chosen a3 that is overheard and decoded by relay R1. The �rst relay
is the last relay to send its equation, however, although the best option for relay R1 is
a1 = [0, 0, 1], this choice reduces the rank of A matrix and sets |A| = 0; therefore as
it selects second integer vector from set A1, i.e. a1 = [1, 2, 5]. Note that although the
�rst relay selects its second best a vector, it leads to insigni�cant rate loss because the
corresponding rate-di�erence is low (d1 = 0.028).
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Figure 4.19: Computation rate: 3 users (K = 3).

Remark It was proposed, without a motivation, to sort relays based on rate-di�erence
in descending order, i.e. the relay with larger rate-di�erence dr gets priority for trans-
mission. Note that in order to avoid singular A, every relay decodes the integer vectors
transmitted by the previous relay nodes and based on previous integer vectors, chooses
an integer vector that does not reduce the rank of the A matrix. Hence, if an integer
vector corresponding to the best rate in a relay lead to a singular A, the relay selects
another integer vector with lower rate but full rank A. Therefore, if a relay with larger
dr is forced to choose its second integer vector, this will lead to large rate loss in the
relay nodes locally, and so we propose to give priority for transmission for the relays
with larger dr.

Fully coordinated compute-and-forward

In fully coordinated C&F relaying, all the nodes know the parameters required for optim-
isation of the whole network, see [125]. This algorithm can result in signi�cant overhead
signalling, however, this is exploited in next subsection as a benchmark which validates
the usefulness of the algorithms proposed in this chapter.

4.4.4 Numerical results

In this subsection numerical results for two relay networks with three and �ve source/
relay nodes are provided, i.e. K = 3 and K = 5 in Figure 4.18. In Figure 4.18 we as-
sume that the distance between any two neighbouring nodes is one meter and the path
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Figure 4.20: Outage rate: 3 users (K = 3) and threshold rate Rth = 1.
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Figure 4.21: Computation rate: 5 users (K = 5).

loss coe�cient is α = 3. We assume block Rayleigh fading channels that are obtained
through hij = (

dij
d0

)−αh̃ij where h̃ij represent fading realisation between Si and Rj . d0

is the largest distance between a source node and a relay node, e.g. S1 and RK .

Figure 4.19 illustrates the computation rate (de�ned in (4.33)) using the proposed blind
C&F algorithm; each relay makes sure that network coding function includes data from
at least two transmitters, i.e. kr,j ≥ 2 in (4.35). For comparison, the computation rate of
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Figure 4.22: Outage rate: 5 users (K = 5) and threshold rate Rth = 1.5.

the conventional blind C&F algorithm is also provided; it is clear that the proposed blind
C&F achieves higher rates. Figure 4.20 illustrates the outage rate assuming threshold
rate Rth = 1.5. Clearly, the outage rate of the proposed blind algorithm is lower than
that of the conventional blind algorithm; this validates the usefulness of the blind C&F
algorithm proposed in this chapter. In Figures 4.19 and 4.20, the computation rate and
outage are also shown for the partially coordinated C&F algorithm. It is clear that the
proposed algorithm that is developed by exchanging a few parameters among the re-
lays, i.e. rate di�erence and integer coe�cients, approaches the fully coordinated C&F
that requires signi�cant signalling. Figures 4.21 and 4.22 illustrate computation rate and
outage for a system with �ve source and relay nodes. The superior performance of the
proposed algorithms is evident.

4.4.5 Conclusion

Compute-and-Forward (C&F) relaying in a multi-source multi-relay network is stud-
ied in this chapter and two novel algorithms are proposed. Assuming no coordination
between the nodes, a blind C&F technique is developed. Another algorithm is proposed
that requires the exchange of a few parameters between the nodes. This algorithm is
called partially coordinated C&F and it is demonstrated to perform nearly as well as a
fully coordinated C&F system.
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4.5 Novel approach for computing network coding function in
compute-and-forward

4.5.1 Introduction

Since it was proved that it is possible to achieve Shannon capacity using lattice codes
[128–130] and lattice decoding [131] on a point-to-point communication system over
a Gaussian channel, lattice encoding/decoding has received signi�cant attention in re-
search community as another class of capacity achieving codes in communication sys-
tems. In addition, a new relaying protocol referred to as Compute-and-Forward (C&F)
was introduced based on the ideas developed in [123]. This relaying protocol exploits
lattice codes in a scenario where multiple users transmit data in an interference chan-
nel, and thus extends its application to multihop wireless networks such as occur in
Wireless Sensor Networks (WSN) and the “Internet of Things”. Since it is able to handle
signals from multiple sources in an optimum way without treating them as deleterious
interference, it has the potential to greatly increase energy and spectrum e�ciency in
such networks. C&F is in fact a Physical Layer Network Coding2 (PLNC) scheme that
performs two main functions:

• Forward Error Correcting (FEC) encoding/decoding using lattice codes,

• Network coding using mod-lattice operation,

where for the FEC decoding using lattice decoder, the receiver aims at �nding a “su-
perimposed” lattice point that is corrupted by thermal noise and self-noise. Then, the
network coding function uses the mod-lattice function. Note that the idea of PLNC has
been investigated in the literature in the past, e.g. the XOR function is a very common
network coding function [119]. However, exploiting the mod-lattice operation as the
network coding function was �rst proposed in [123].

In the context of fading channels, one challenging task in C&F relaying, which might
in practice limit the applicability of the scheme, is to �nd an integer vector which is re-
ferred to as the a vector, e.g. [123, 132]. There is intensive ongoing research on �nding
the best a vector. Note that �nding a vector is in fact a well known problem referred to
as a Shortest Vector Problem (SVP) in discrete mathematics and it is known to be anNP -
hard problem. Owing to the complexity of solving this, there are several schemes with
lower complexity to tackle the problem: e.g. the Fincke–Phost method was proposed in
[125] as one of the methods to �nd the integer vector a; however, since it is of exponen-
tial complexity, in higher dimensions the algorithm will be prohibitively complex and so
not appealing from a practical point of view. A branch-and-bound algorithm for convex
quadratic integer programming was proposed in [133] which is suitable for estimating
the a vector and it was exploited in [134] as another method for calculating a, however,
the performance of the algorithm decreases as the number of users increases and also in

2In the literature, it is also called Wireless Network Coding (WNC).
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the high SNR regime. One well-known approach to this problem is using lattice reduc-
tion, e.g. [135, 136], and notably the LLL (Lenstra–Lenstra–Lovasz) algorithm[137, 138].
This algorithm is widely adopted in C&F systems, however, it becomes also computa-
tionally very expensive at high SNR and when the number of the users increases due to
its polynomial complexity. In order to manage the complexity of the LLL, a complexity-
performance trade-o� parameter referred to as δ has been o�ered in [137] where the
performance of the algorithm is sacri�ced in favour of providing manageable complex-
ity. Therefore, the LLL algorithm in practice provides an estimate for the “optimal” a
vector and does not guarantee to provide the optimum a with a�ordable complexity.
Indeed, it will be observed in this chapter that for a large number of users the computa-
tion rate obtained using the LLL algorithm is outperformed by our proposed algorithm,
depending on the SNR and the number of users, when the LLL algorithm is set to oper-
ate in an a�ordable complexity region. A Quadratic Programming (QP) approach was
proposed in [139] with low complexity and giving computation rates close to the LLL
algorithm. However our proposed algorithm outperforms this QP approach as well as
the LLL algorithm. An exhaustive search approach was also introduced in [140], which
provides an upper bound on the performance of these algorithms, but is more complex:
our algorithm is extremely close in performance to this bound, except at very low SNR.
Apart from the works cited here, there is a large body of work on the problem of �nd-
ing the a vector and so for a complete survey, the interested reader is recommended to
read [125, 133–140] and references therein.

Contribution

In this chapter, we propose a new approach to solve the problem of �nding the integer
vector a. In this scheme, by relaxing a to be non-integer (say ā ∈ R ), we �rst study the
noise function and decompose it into two additive terms where one of which is a sym-
metric function around zero, almost3 independent of the channel as well as the transmit
power and the other is a convex function which has its minimum on a line. Therefore,
in this chapter we look for an integer vector a in the proximity of this minimising line.

It will be revealed that the proposed algorithm on the one hand reduces the complexity of
the system compared to existing algorithms because it only performs a set of rounding
operations and on the other hand outperforms the other well known algorithms, e.g.
LLL for δ ≤ 0.95, in terms of computation rate. This enables the practical C&F protocol
to achieve higher computation rates using the proposed algorithm. The complexity-
performance trade-o� of the proposed algorithm is de�ned and compared with that of
the existing algorithms through numerical simulations, where the superior performance
of the proposed scheme is demonstrated.

3The symmetric part of noise depends only on the channel norm and so its symmetric property is main-
tained.
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Fig. 5. System diagram of the nested lattice encoding and decoding operations employed as part of the compute-and-forward framework (for real-valued
channel models). Each message wℓ is mapped to a lattice codeword tℓ, dithered, and transmitted as xℓ. Each relay observes ym which it scales by αm.
It then removes the dithers, quantizes the result onto the fine lattice using Qm, and maps it onto the fundamental Voronoi region of the coarse lattice using
mod Λ. Finally, the relay maps its estimate v̂m of the lattice equation vm = [

∑
amℓtℓ]mod Λ back to the finite field using φ−1 to get an estimate ûm

of a linear equation of the messages um =
⊕

qmℓwℓ where qmℓ = g−1([amℓ]mod p) are the finite field representations of the coefficients.

computes

sm = αmym +

L∑

ℓ=1

amℓdℓ . (67)

To get an estimate of the lattice equation vm, this vector is
quantized onto ΛℓMAX(m) modulo the coarse lattice Λ:

v̂m =
[
Qm(sm)

]
mod Λ . (68)

Using (35), we get that
[
Qm(sm)

]
mod Λ =

[
Qm([sm] mod Λ)

]
mod Λ . (69)

We now show that [sm] mod Λ is equivalent to vm plus some
noise terms. Let θmℓ = αmhmℓ − amℓ.

[sm] mod Λ (70)

=

[
L∑

ℓ=1

(
αmhmℓxℓ + amℓdℓ

)
+ αmzm

]
mod Λ (71)

=
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L∑

ℓ=1

(
amℓ(xℓ + dℓ) + θmℓxℓ

)
+ αmzm

]
mod Λ (72)

=
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ℓ=1

amℓ

(
[tℓ − dℓ] mod Λ + dℓ
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L∑

ℓ=1
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]
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L∑

ℓ=1

θmℓxℓ + αmzm

]
mod Λ (75)

where the last two steps are due to (34). From Lemma 7,
the pair of random variables (vm, v̂m) has the same joint
distribution as the pair (vm, ṽm) defined by the following:

ṽm =
[
Qm(vm + zeq,m)

]
mod Λ (76)

zeq,m = αmzm +

L∑

ℓ=1

θmℓd̃ℓ (77)

where each d̃ℓ is drawn independently according to a uniform
distribution over V . See Figure 6 for a block diagram of
the equivalent channel. The probability of error Pr(v̂m ̸=
vm) is thus equal to the probability that the equivalent
noise leaves the Voronoi region surrounding the codeword,
Pr
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corrupted by effective noise zeq,m . It then quantizes onto the fine lattice using
Qm and takes mod Λ to get an estimate ṽm of the lattice equation vm =
[
∑

amℓtℓ]mod Λ. Finally, the relay maps the recovered lattice equation to an
estimate ûm of its desired linear equation of the messages um =

⊕
qmℓwℓ

where qmℓ = g−1([amℓ] mod p) are the finite field representations of the
coefficients.

Using Lemma 8 from Appendix A, the density of zeq,m can
be upper bounded (times a constant) by the density of an i.i.d.
zero-mean Gaussian vector z∗

m whose variance σ2
m approaches

Neq,m = α2
m + P

L∑

ℓ=1

θ2
mℓ (78)

= α2
m + P∥αmhm − am∥2 (79)

as n → ∞. We also show in Appendix B that Λ1, Λ2, . . . , ΛL

are good for AWGN. From Definition 23, this means that
ϵm = Pr(z∗

m /∈ VℓMAX(m)) goes to zero exponentially in n so
long as the volume-to-noise ratio satisfies µ(ΛℓMAX(m), ϵm) >
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...
...

zM

yM

αM

∑
aMℓdℓ

sM
QM mod Λ

v̂M
φ−1 ûM
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ṽ1

φ−1 û1
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Figure 4.23: System model.

The chapter is organised as follows. In Subsection 4.5.2, the system model is explained
and a summary of related literature is provided. In Subsection 4.5.3, we focus on partially
minimising noise and develop an algorithm to �nd the integer a. The performance of
the system based on the proposed algorithm is veri�ed in Subsection 4.5.4 using numer-
ical simulations. We brie�y discuss the complexity in Subsection 4.5.5 and �nalise the
chapter with some concluding remarks in Subsection 4.5.6.

Notation

Matrices are represented by boldface upper cases (M ). Row vectors are denoted by
boldface lower cases (h), and hi indicates the i-th element of h. The superscript ( · )T
stands for transposition and we refer to the identity matrix by I . Round, �oor and ceiling
values of real-valued x are indicated by bxe, bxc and dxe, respectively.

4.5.2 System Model and Preliminaries

The MAC phase of an interference channel based on C&F as shown in Figure 4.23 is stud-
ied in this chapter. A detailed description of the system can be found in [123], however,
in order to keep the consistency of notation, the MAC phase and required formulations
are repeated in this subsection.

We consider a MAC phase of a system, where n users send their messageswi via a shared
interference channel to a receiver node after encoding the messages using a common lat-
tice code and applying the [ · ] mod Λ operation. The signal received at the destination is
y, which upon reception is multiplied by a factorα and dither components are subtracted
as ȳ = αy −∑n

i=1 di. After basic algebraic manipulation, ȳ can be written as

ȳ =
n∑

i=1

aiti +
n∑

i=1

(αhi − ai)xi
︸ ︷︷ ︸

self noise

+ α2z︸︷︷︸
thermal noise

(4.43)

where ai is an integer value to be derived in the chapter, α is scaling factor, hi is the
channel coe�cient, xi a uniformly distributed vector inside the shaping lattice and z is
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the normally distributed thermal noise4. For the two noise components distinguished in
(4.43), the noise power corresponding to the “self noise” (PSN) and the thermal noise (PG)
are given by

PSN = γ ‖ αh− a ‖2 (4.44)
PG = α2, (4.45)

where it is assumed that the thermal noise variance N0 = 1 throughout this chapter. It
is proved in [123] that the computation rate of this system is

R(h,a) = log+
2

( γ

γ ‖ αh− a ‖2 +α2

)
(4.46)

and the optimal value of α leading to the optimal computation rate derived in (4.46) is

α =
γahT

1 + γ ‖ h ‖2
. (4.47)

Note that although the optimal solution (4.47) for α is proposed in [123], the optimal a
is not further investigated, and consequently, the optimal α was left as a function of a.

In the following subsections, we propose a novel approach to handle the problem of
�nding the optimal a using simple mathematics based on partial derivative practice.
Note that the proposed algorithm is optimal at high SNR and/or when the number of the
users is large, i.e. when γ ‖ h ‖2� 1. Since we assume high SNR in this chapter, the α
derived in (4.47) can be simpli�ed to

αSO =
ahT

‖ h ‖2
(4.48)

when γ||h||2 � 1 and the subscript “SO” stands for suboptimal5. This provides an altern-
ative α for high SNR regime. Moreover, not only is αSO in (4.48) optimal at high SNR, it
also minimises the self noise, regardless high or low SNR. In other words, (4.48) is also
the solution for the following minimisation problem:

αSO = arg min
a∈Z

(PSN)

= arg min
a∈Z

(
α2 ‖ h ‖2 −2αahT+ ‖ a ‖2

)

=
ahT

‖ h ‖2
, (4.49)

which is obtained by solving ∂PSN
∂α

= 0, which is the same as the value derived in (4.48)
for the high SNR regime. Hence, choosing the suboptimal scaling factor αSO guarantees
(i) to minimise total noise at high SNR and (ii) to minimise the self noise in entire SNR
region. It will be used in the following subsections for �nding the integer vector a.

4A complete description of the system parameters can be found in [123]
5Although αSO derived in (4.48) is suboptimal at low SNR, it is optimal at high SNR when γ ‖ h ‖2� 1.
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4.5.3 Finding Optimal a at High SNR

In this subsection, the integer vector a that is optimal at high SNR is calculated. The
noise power (Ptot) can be written through (4.44), (4.45) and (4.48) as follows

Ptot = PSN + PG

= γ ‖ αh− a ‖2 +α2

= γa
( hTh
‖ h ‖2

− I
)( hTh
‖ h ‖2

− I
)T
aT + a

hTh

‖ h ‖4
aT

= γa
(
I − hTh

‖ h ‖2

)
aT + a

hTh

‖ h ‖4
aT ; (4.50)

then by adding and subtracting I from the second term in (4.50) and through basic al-
gebraic manipulation, we have

Ptot = (γ − 1

‖ h ‖2
)a
(
I − hTh

‖ h ‖2

)
aT +

‖ a ‖2

‖ h ‖2
. (4.51)

Careful inspection of (4.51) reveals that the second term of the noise power, i.e. ‖a‖
2

‖h‖2 , is
a convex quadratic function which depends only on the channel’s second norm and has
its minimum point at 0; moreover, considering that we assume γ ‖ h ‖2>> 1 in this
chapter, i.e. high SNR, it is clear that the second term in (4.51) is negligible when ‖ a ‖2

is relatively small and so focusing on minimising the �rst term in (4.51) is justi�ed.

In the following, we focus on the �rst term of (4.51) and �nd arbitrary a (say ā ∈ R)
that minimises the �rst term in (4.51), i.e.

ā = arg min
ā∈R

{
(γ − 1

‖ h ‖2
)ā
(
I − hTh

‖ h ‖2

)
āT
}

, arg min
ā∈R

{
ā
(
I − hTh

‖ h ‖2

)

︸ ︷︷ ︸
M

āT
}
, (4.52)

where in the second line the (γ − 1
‖h‖2 ) coe�cient is neglected because the minimisation

is independent of this coe�cient. The result of this minimisation problem is summarised
in the following theorem.
Theorem 4. Assuming M = I − hTh

‖h‖2 , the ā value minimising āMāT is on a line as
follows

ā = arg min
ā∈R

{
āMāT

}

=





ā1 = u1

uk
āk

...
ān = un

uk
āk

, for every āk ∈ R (4.53)

where u = [u1, u2, · · · , un] is a unitary vector corresponding to the zero eigenvalue ofM .
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Proof. Regardless of the channel distribution, since hTh is a positive symmetric matrix,
it is clear that M is also positive symmetric and can be written through eigenvalue
decomposition (EVD) as

M = V ΛV T . (4.54)

It is proved in Appendix 4.5.7 that Λ is a diagonal matrix where all the diagonal entries
are one except only the last diagonal entry, which is zero, i.e.

Λn×n =




1
. . .

1

0


 (4.55)

and V is a unitary matrix with its columns as the eigenvectors of the M matrix as
follows

V = [v1 ·vn−1vn] =




v11 · · · v1n−1 v1n

v21 · · · v2n−1 v2n

... ... ...
vn1 · · · vnn−1 vnn


 (4.56)

where vn corresponds to the zero eigenvalue in (4.55). Considering that the last diagonal
entry of the Λ matrix is zero, one can write the argument of (4.52) as

S = āMāT
.
= āWW T āT (4.57)

whereW is a non-square matrix as

Wn×n−1 = [v1 · · ·vn−1] (4.58)

and note that vn is omitted from W . For simplicity of notation, let us de�ne a new
parameter u .

= vn, i.e.



u1

u2

...
un


 =




v1n

v2n

...
vnn


 . (4.59)

It is proved in Appendix 4.5.8 that the expression in (4.57) can be written in the following
form

S = ā2
1 + ā2

2 + · · ·+ ā2
n − (ā1u1 + ā2u2 + · · ·+ ānun)2 (4.60)
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where, interestingly, the ui values are the entries of the vn vector that were cancelled
in (4.57). Through further algebraic manipulation, one can rewrite (4.60) as

S =
n∑

i=1

(1− u2
i )ā

2
i −

n∏

j=i+1

2āiājuiuj. (4.61)

Note that by deriving (4.61), the problem of minimising āMāT in (4.52), which depends
on M with n2 entries has reduced to minimising equation (4.61) with n entries of the
vector u = vn. In order to get a better understanding about the optimisation of the
expression in (4.61), we have derived it for n = 2 and 3 in the following. These examples
will act as illustrations of the general case. For n = 2, we have

S = (1− u2
1)ā2

1 + (1− u2
2)ā2

2 − 2u1u2ā1ā2 (4.62)

and for n = 3, one can write

S = (1− u2
1)ā2

1 + (1− u2
2)ā2

2 + (1− u2
3)ā2

3 (4.63)
−2u1u2ā1ā2 − 2u1u3ā1ā3 − 2u2u3ā2ā3.

Careful inspection of (4.61) reveals that S is a convex function because u is a unitary
vector where u2

1+u2
2+· · ·+u2

n = 1, and so one can write ui < 1; therefore the expression
of 1− u2

i > 0 for all i and so

∂2S

∂ā2
i

> 0 (4.64)

for all i. Therefore, the S expression in (4.57), or equivalently, the āMāT expression in
(4.52) has a global minimum point that is not necessarily integer. We will �nd that S has
its global minimum on a line (instead of single point) and this provides the possibility of
choosing desired values for a instead of single minimum point.

In order to �nd the global minimum point, one should �nd the following set of partial
derivative equations and set them equal to zero as follows

∂S

∂ā1

= 2(1− u2
1)ā1 −

n∑

i=1,i 6=1

2u1uiāi = 0

∂S

∂ā2

= 2(1− u2
2)ā2 −

n∑

i=1,i 6=2

2u2uiāi = 0 (4.65)

...
∂S

∂ān
= 2(1− u2

n)ān −
n∑

i=1,i 6=n

2unuiāi = 0.

Note that we use āi instead of ai because the idea is to �nd the global minimum where
the variables are not necessarily integer; therefore, we reserve ai to represent integer
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Figure 4.24: The noise power as a function of ā1 and ā2 decomposed into two parts in
(4.52): aMa and ‖a‖

2

‖h‖2 .

values and āi for real values, i.e. ai ∈ Z and āi ∈ R. At this stage, we focus on solving
the set of equations using examples; this will allow us to �nd simpler equations for the
problem than the set of equations in (4.65).

Example 1, n = 2: Assuming n = 2, one should solve only two equations from (4.65) as

∂S

∂ā1

= 2(1− u2
1)ā1 − 2u1u2ā2 = 0 (4.66)

∂S

∂ā2

= 2(1− u2
1)ā2 − 2u1u2ā1 = 0, (4.67)

where assuming u2
1 + u2

2 = 1, one can solve (4.66) as follows

∂S

∂ā1

= 0 if ā1 =
u1

u2

ā2; (4.68)

then, substituting (4.68) in(4.67) reveals that ∂S
∂ā2

= 0 is always valid regardless of ā2.
Therefore, one can conclude that the S function has its global minimum on the line

ā1 =
u1

u2

ā2. (4.69)

Figure 4.24 illustrates the S function and its global minimum line indicated by aMaT .
The plot indicated by ‖a‖2

‖h‖2 shows the symmetric function of (4.51). Note that at high
SNR or with a large number of users the symmetric function becomes nearly �at and so
the minimisation of the total noise reduces to minimisation of the S function.
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Example 2, n = 3: Assuming n = 2, one should solve three equations from (4.65) as

∂S

∂ā1

= 2(1− u2
1)ā1 − 2u1u2ā2 − 2u1u3ā3 = 0 (4.70)

∂S

∂ā2

= 2(1− u2
2)ā2 − 2u1u2ā1 − 2u2u3ā3 = 0 (4.71)

∂S

∂ā3

= 2(1− u2
3)ā3 − 2u1u3ā1 − 2u2u3ā2 = 0. (4.72)

By solving (4.70), one can obtain

ā1 =
u1u2

1− u2
1

ā2 +
u1u3

1− u2
1

ā3, (4.73)

then, substituting ā1 in (4.71) and solving it leads to

ā2 =
u2

u3

ā3; (4.74)

by substituting (4.74) in (4.73), it is interesting to obtain the familiar equation

ā1 =
u1

u3

ā3. (4.75)

Finally, having (4.74) and (4.75), one can prove that ∂S
∂ā3

in (4.72) holds regardless of ā3.
Therefore, the global minimum of S occurs on the following line

{
ā1 = u1

u3
ā3

ā2 = u2

u3
ā3.

, ā3 ∈ R. (4.76)

For n = 2 and 3, it was proved that the global minimum of S occurs on a line. Moreover,
we found the ā1 and ā2 as a function of ā3, however, one can choose an arbitrary āk and
minimise the function S based on āk instead of ān.

Further focusing on (4.65) reveals that for n > 3 the equations are similar to the case of
n = 3 in (4.70)–(4.72) except the number of equations increases, and hence for arbitrary
n one can obtain ā1 by solving ∂S

∂ā1
= 0 in (4.65) as

ā1 =
1

1− u2
1

(ā2u1u2 + ā3u1u3 + · · ·+ ānu1un) ; (4.77)

then, substituting (4.77) in (4.65) and solving ∂S
∂ā2

= 0 leads to

ā2 =
1

1− u2
1 − u2

2

(ā3u2u3 + ā4u2u4 + · · ·+ ānu2un) . (4.78)

By successively solving the partial derivative equations in (4.65), one will reach ∂S
∂ān−1

= 0
which leads to

ān−1 =
1

1− u2
1 − u2

2 − · · · − u2
n−1

ānun−1un. (4.79)
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Since 1− u2
1 − u2

2 − · · · − u2
n−1 = u2

n, the expression in (4.79) will be simpli�ed to

ān−1 =
un−1

un
ān, (4.80)

that is the same expression derived in (4.69) and (4.75) for particular scenarios of n = 2
and n = 3, respectively. Consequently, the global minimum of S function is

ā = arg min
ā∈R

{
āMāT

}

=





ā1 = u1

uk
āk

ā2 = u2

uk
āk

...
ān = un

uk
āk

for every āk ∈ R. (4.81)

This completes proof of the theorem.

Note that so far we assume arbitrary ā ∈ R, however, below we propose to quantise ā
to obtain the a vector at the proximity of the minimum line.

Estimating optimal integer vector a from ā

Now that we have found the global minimum of S function, one can expect that the global
minimum of Ptot with integer a also occurs in the proximity of the global minimum of
S, i.e. in the proximity of the line derived in (4.81). In order to focus on the proposed
algorithm, it is assumed that the channels are non-negative in this subsection, however,
it will be revealed that the algorithm is consistent regardless of the channel sign. This
assumption is relaxed in Remark 1 at the end of the subsection.

Proposition: Since there is no constraint on the choice of āk in (4.81), we propose to
choose āk to be integer, i.e. ak = āk; then the corresponding values for āi, i = 1, · · · , n
will be obtained from (4.81) as āi = ui

uk
ak. Then, the integer ai can be determined by

rounding āi, i.e. ai = bāie. Through numerical simulations, it will be revealed that
although ai = bāie results in superior performance compared to the existing algorithms
at high SNR, the performance is not satisfactory at low SNR because in some cases bāie =
dāie which results in enhancing the symmetric part of the noise ||ā||2 in (4.51), and
hence reducing the performance. Therefore, we propose deriving ai = bāie and bāic
and choose the one leading to a better performance.

Although the proposed algorithm introduces a way to obtain integer values for ai, it
does not explain how to choose ak, so that the total noise power in (4.50) is minimised.
For this scenario, we propose to perform an exhaustive search over integer values for ak
and select the integer ak that minimises Ptot. The algorithm is summarised in Table 4.7:
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Table 4.7: Algorithm 1.
Algorithm 1. Finding integer vector a

Initialise: Set m to be a positive integer
[V ,Λ] = eig(M ), descending order
u = vn
for ak = 1 to m

Step 1) ai = b ui
uk
ake and b ui

uk
akc

Step 2) Calculate total noise power Ptot

Step 3) Save Ptot and a
end
Select a corresponding to minimum Ptot

Note that the exhaustive search here is over only one variable ak and so it does not
introduce much complexity to the proposed algorithm. Moreover, from [123] it is well
known that

‖ a ‖2< 1 + γ ‖ h ‖2, (4.82)

and so the search for appropriate ak, i.e. the value ofm in Table 4.7, is limited by (4.82). It
will be demonstrated through numerical simulations that this exhaustive search over ak
is performed over �fty values at high SNR and as few as �ve values at low SNR and that
is enough to achieve better performance than the LLL algorithm which operates with a
high complexity, e.g. complexity-performance trade-o� δ = 0.95.

Further simplification of the problem

The main complexity of the proposed algorithm in Table 4.7 depends on performing
eigenvalue decomposition which has a complexity of order O(n3). In the following the-
orem, we provide another solution which does not require the eigenvalue decomposition
in the proposed algorithm.

Theorem 5. AssumingM = I − hTh
‖h‖2 and u the eigenvector corresponding to the non-

zero (unit) eigenvalue of h
Th
‖h‖2 (as de�ned in (4.59)), the following ratios hold:

ui
uk

=
hi
hk
, for i = 1, · · · , n. (4.83)

where ui values are the entries of the unit vector u.

Proof. In order to prove ui
uk

= hi
hk

, we use the fact that it has been proved in Appendix 4.5.7
that V = Q where V is the eigenvector matrix of M as de�ned in (4.54) and Q is the
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eigenvector matrix of hTh‖h‖2 that is de�ned in (4.89) in Appendix 4.5.7. Consequently, we
have vn = qn and due to the de�nition u = vn in (4.59), one can also write u = qn.

As described in (4.89)-(4.90) in Appendix 4.5.7, the eigenvalue corresponding to u = qn
is equal to one, and so using the de�nition of the eigenvalue, one can write

hTh

‖ h ‖2
u = 1u. (4.84)

Then, considering that

hTh =




h2
1 h1h2 · · · h1hn

h1h2 h2
2 · · · h2hn

... ... ...
h1hn h2hn · · · h2

n


 , (4.85)

by substituting (4.85) in (4.84) and doing simple algebraic manipulation, (4.84) can be
written in the form of a set of equations as follows





h1u1 + h2u2 + · · ·+ hnun = ‖h‖2
h1
u1

h1u1 + h2u2 + · · ·+ hnun = ‖h‖2
h2
u2

...
h1u1 + h2u2 + · · ·+ hnun = ‖h‖2

hn
un

. (4.86)

Since the left-hand side of the equations are equal, so are the right-hand sides, and hence
it can be easily concluded that

ui
uk

=
hi
hk
, for i = 1, · · · , n, (4.87)

and hence the theorem is proved.

Since it is proved that ui
uk

= hi
hk

, the algorithm in Table 4.7 does not require the eigenvalue
decomposition and the ui

uk
can be replaced with the ratio of the channel coe�cients hi

hk
.

The simpli�ed algorithm is summarised in Table 4.8 where the eigenvalue decomposition
is no longer required, and hence the complexity is further reduced to a set of rounding
operations.

Remark 1: In the proposed algorithm in Table 4.8, the ai values are determined using
ak, hk and hi through hi

hk
ak where ak is de�ned to be positive. Therefore, one can determ-

ine the absolute value of the components of a assuming that all the channels are non-
negative; then, the sign of ai can be determined by the sign of hi

hk
, i.e. sign(ak) = sign( hi

hk
).

Remark 2: The algorithm in this chapter is developed for a real scenario where both
the integer vector a and the lattice codes ti are assumed to be real, however, the results
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Figure 4.25: Computation rate assuming two transmitter (n = 2). The proposed al-
gorithm compared with the LLL algorithm when δ = 0.65 and 0.95 and
the method proposed in [140].

can readily be extended to a complex scenario. A thorough discussion about a complex
C&F using Gaussian integers can be found in [123].

Remark 3: In the algorithms proposed in Table 4.7 and 4.8, we propose to search for the
minimum total noise over m integer values for ak (and accordingly, a1, · · · an) assuming
thatm is restricted by (4.82). However, in the next subsection, it is demonstrated through
numerical simulations that one can obtain an excellent estimate of the optimal integer
vector a with relatively small m. The numerical simulations in the next subsection are
obtained by assuming m = 5 at low/medium SNR and m = 50 at high SNR.

4.5.4 Numerical Results

In this subsection numerical results are provided in order to verify the performance of
the system according to the proposed algorithm in Table 4.8.

We assume various numbers of transmitters and assume the real channels to be normally
distributed with zero mean and unit variance, i.e. hi ∈ N(0, 1). The performance of the
proposed algorithm is compared with that of the well-known LLL algorithm for di�er-
ent complexity-performance trade-o� (δ) values. Through simulations it will be noticed
that the proposed algorithm performs as well as the LLL algorithm when complexity-
performance trade-o� factor is set to almost its maximum value (δ → 1) which results in
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Table 4.8: Algorithm 2.
Algorithm 2. Finding integer vector a

Initialise: Set m to be a positive integer
for ak = 1 to m

Step 1) ai = b hi
hk
ake and b hi

hk
akc

Step 2) Calculate total noise power Ptot

Step 3) Save Ptot and a
end
Select a corresponding to minimum Ptot

signi�cant complexity6. Apart from the LLL algorithm, the computation rates using the
algorithm proposed in [140] is also provided which �nds the best equation correspond-
ing to highest rate, and hence is an invaluable benchmark for comparison. Moreover,
it will be observed, through simulations, that the rate obtained exploiting the proposed
algorithm is identical to that obtained using the method in [140], and hence validating
the usefulness of the proposed algorithm.

Assuming two transmitters, Figure 4.25 illustrates the computation rate for the proposed
algorithm in comparison with that of the LLL algorithm with complexity-performance
trade-o� coe�cient values δ = 0.95 and 0.65. Note that for a system with only two
transmitters the computation rate is almost equal at high SNR regardless of the algorithm
applied. Moreover, although the proposed algorithm is designed for high SNR region, its
performance loss at low SNR is negligible. Figure 4.26 depicts the computation rate of
another system with �ve transmitting nodes; clearly the proposed algorithm shows the
best computation rate where the performance of the LLL algorithm is evaluated with
di�erent complexity-performance trade-o� values. Note that with δ = 0.95, although
the LLL algorithm performs nearly as well as the proposed algorithm, the complexity is
higher because δ ≈ 1 and so the complexity of the LLL algorithm is nearly equal to its
maximum complexity. It is worth to mention that as the number of users increases, the
complexity increases exponentially, which is di�cult to manage in a practical scenario.
Indeed the complexity of the system becomes crucial when the number of users is large,
otherwise with only a few users, one even can �nd the optimal a even using exhaustive
search with manageable complexity.

Figures 4.27 and 4.28 illustrate the performance of two other systems with ten and �f-
teen users, respectively. With a large number of users, the superiority of the proposed
algorithm becomes evident, e.g. for the system with �fteen users at high SNR, the pro-
posed algorithm outperforms the LLL algorithms even when it is set to δ = 0.95).

6Note that LLL algorithm is optimal when δ → 1, and so achieving/approaching the performance of LLL
algorithm using our proposed algorithm validates its precision.
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Figure 4.26: Computation rate assuming �ve transmitter (n = 5). The proposed al-
gorithm compared with the LLL algorithm when δ = 0.65, · · · , 0.95 and
the method proposed in [140].

In Figure 4.29 and 4.30, computer simulations for evaluating the complexity-performance
trade-o� are provided. The �gures illustrate computation rate vs. m for various values
of SNR. Note that by increasing m, as expected, the computation rate as well as the
complexity of the system increase. Clearly the complexity increases by m since the
number of iterations increases; however, as observed in Figure 4.29 and 4.30, it is worth
mentioning that the computation rate achieves its largest values relatively quickly with
small m, ensuring that the complexity of the system remains low.

4.5.5 Complexity analysis

In the following the complexity of the proposed algorithm described in Table 4.8 is stud-
ied and its computation complexity in terms of �oating-point operations is evaluated7.
We calculate only the number of operations in “Step 1” and “Step 2”; the total number of
operations is m times the sum of operations in “Step 1” and “Step 2”:

• Step 1: There are two operations to be performed in this step: multiplication and
rounding/�ooring. Since i = 1, · · · , n, there are n multiplying operations due to
hi
hk
ak and n rounding/�ooring operations, and hence overall 2n operations are per-

formed in this step. Note that the values of hi
hk

are calculated once and so the com-
plexity introduced by them are negligible compared to the rest of the algorithm.

7The complexity due to saving a variable is neglected.
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Figure 4.27: Computation rate assuming ten transmitter (n = 10). The proposed al-
gorithm compared with the LLL algorithm when δ = 0.65, · · · , 0.95 and
the method proposed in [140].

• Step 2: In this step the total noise is calculated based on the vectors a = bāe and
bāc derived in the previous step. Using (4.51) and (4.60), Ptot can be implemented in
hardware by performing 8n operations. Fora = bāc, implementing (4.60) requires
n squaring (a2

i ), n multiplication (aiui) and 2n summations which results in 4n
operations in total; the same number of operation are required for a = bāe and
so almost 8n operations are required to calculate Ptot.

Consequently, for performing the two steps in the proposed algorithm 10n operations
are required to be performed and so it does not introduce much of complexity to the sys-
tem because the order of the complexity is n. Note that the complexity of the algorithm
proposed in [140] is of the order O(n2

√
1 + P‖|h||2), and hence the proposed algorithm

in this chapter is signi�cantly less complex than the algorithms in [140].

The complexity analysis of LLL was studied in [137] and it is well known that for integer
bases, the LLL algorithm has complexity bound O(n4). For real-valued bases where
the entries follow uniform distribution, the complexity of the LLL algorithm is stud-
ied in[141] and it is found that the number of iterations complexity is of the order
O(n2 log n). Assuming that the entries of the basis vectors follow the i.i.d. standard nor-
mal distribution, the complexity of the LLL algorithm is bounded by O(n3 log n) [142].
Note that the LLL algorithm in this chapter is applied to the matrix M = I − hTh

‖h‖2
where h is normally distributed; nevertheless, to the best of the authors, knowledge, the
distribution of the matrixM as well as the complexity bounds of the LLL algorithm for
this problem are unknown. Therefore, we are not aware of any complexity analysis of
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Figure 4.28: Computation rate assuming �fteen transmitter (n = 15). The proposed al-
gorithm compared with the LLL algorithm when δ = 0.65, · · · , 0.95 and the
method proposed in [140].

the LLL algorithm for the problem addressed here and so a fair comparison cannot be
provided. Nevertheless, clearly the proposed algorithm has lower complexity, especially
for small values of m, compared to the complexity of the LLL algorithm addressed in
[137, 141, 142].

4.5.6 Conclusion

In this chapter, a novel approach was proposed to compute the integer vector a for
compute-and-forward (C&F) relaying. We �rst decompose the total noise power into
two functions, one of which is symmetric around zero. Then, we focus on �nding the
global minimum of the second function and prove that it is minimised on a line. Ex-
ploiting this �nding, we proposed a new algorithm to determine the integer vector in
the context of C&F relaying protocol. As the proposed algorithm requires eigenvalue
decomposition, we have proposed an alternative algorithm which does not require this
decomposition and operates only based on channel parameters. The performance and
complexity of the proposed algorithm was compared with existing algorithms and its
superiority was demonstrated through numerical simulations. This result signi�cantly
improves the practical applicability of C&F, and will help it realise its potential in im-
proving the e�ciency of wireless multihop networks for many applications.
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Figure 4.29: Computation rate vs. iteration m (complexity), assuming n = 2.

4.5.7 Proof of (4.54) and (4.55)

RewritingM form (4.52), we have

M = I − hTh

‖ h ‖2
(4.88)

where the eigenvalue decomposition of hTh‖h‖2 can be written as

hTh

‖ h ‖2
= QLQT (4.89)

with L a diagonal matrix where only the last entry is one and the rest of the values are
zero, i.e.

L =




0
. . .

0

1


 . (4.90)

Q is a unitary matrix corresponding to eigenvalues in L. Considering that QQT = I ,
one can write (4.88) as follows

M = I − hTh

‖ h ‖2

= QIQT −QLQT

= Q(I −L︸ ︷︷ ︸
Λ

)QT (4.91)
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Figure 4.30: Computation rate vs. iteration m (complexity), assuming n = 5.

and so Λ in (4.55) is proved. Moreover, it is easy to see thatQ = V whereV was de�ned
as the eigenvector matrix ofM in (4.54).

4.5.8 Proof of (4.60)

In this subsection, we simplify the objective function of S = aMaT in (4.52) according
to (4.61). In order to simplify the proof and avoid confusion due to the parameters, we
assume a system with three users wheren = 3; note that the proof can easily be extended
to arbitrary n using a similar method.

From (4.57), we have

aW = [a1a2a3]



v11 v12

v21 v22

v31 v32


 (4.92)

= [a1v11 + a2v21 + a3v31 , a1v12 + a2v22 + a3v32] ,

and so S = aWW TaT in (4.57) is

S = (4.93)
(a1v11 + a2v21 + a3v31)2 + (a1v12 + a2v22 + a3v32)2 ,
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which by means of some algebraic manipulation can be written as

S = (v2
11 + v2

12)a2
1 + (v2

21 + v2
22)a2

2 + (v2
31 + v2

32)a2
3 (4.94a)

+2(v11v21 + v12v22)a1a2 (4.94b)
+2(v11v31 + v12v32)a1a3 (4.94c)
+2(v21v31 + v22v32)a2a3. (4.94d)

Considering that V is a unitary matrix (V V T = V TV = I), we have

‖ vi ‖2= 1 (4.95a)
viv

T
j = 0 for i 6= j, (4.95b)

and hence in (4.94a) we can write

v2
11 + v2

12 = 1− v2
13

v2
21 + v2

22 = 1− v2
23 (4.96)

v2
31 + v2

32 = 1− v2
33

and for (4.94b),(4.94c) and (4.94d), one can write

v11v21 + v12v22 = −v13v23

v11v31 + v12v32 = −v13v33 (4.97)
v21v31 + v22v32 = −v23v33

and so by substituting (4.97) and (4.96) in (4.94) we have

S = (1− v2
13)a2

1 + (1− v2
13)a2

2 + (1− v2
33)a2

3 (4.98)
−2v13v23a1a2 − 2v13v33a1a3 − 2v23v33a2a3.

where by applying the simpli�ed notation of (4.59) the proof is completed.

4.6 Design for adaptive physical layer network coding over
cooperative relaying

In the next generation cellular networks, the architecture of network MIMO plays a key
role on capacity improvement. A well-known example is the coordinated multipoint
(CoMP) [143] technique included in LTE-A, where the access points (AP) of a cluster
perform cooperative detection of multiple mobile terminals (MT). All MTs may share the
same radio resources, and then be served by the corresponding APs where the multiuser
interference can be e�ectively mitigated. The drawback of CoMP that has been left
unsolved is that it increases the backhaul loads on the uplink, especially for wireless
backhaul link (the link between AP and hub base station (HBS)). The number of bits that
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the AP transmits over backhaul link depend on the quantisation scheme, co-channel
interference and modulations, which normally result in increased backhaul loads for
acceptable performance.

Physical layer network coding (PNC) [144][145] is a scheme in which the AP attempts
to infer and forward combinations of multiple sources over an algebraic �eld, given the
simultaneously arrived noisy, faded and superimposed signals. The initial work for PNC
was implemented in a two-way relay channel (TWRC) which easily double the network
throughput without routine operation. An important property of PNC is that the relay
decodes the multiple sources information to a linear function over the algebraic �eld.
This greatly reduces the data �ows from the relay.

Although, in theory, PNC is well suitable for the cooperative relaying, especially it will
e�ectively manage the backhaul load, there are a few technical limitations that remains
unsolved.

1. Coe�cients of each relay should be selected such that all source symbols can be
derived at the destination.

2. Engineering applicable – thus, PNC must operate over the binary system so that
the forward error correction codes (FEC) and conventional modulation methods
can be readily used.

Compute-and-forward (C&F) [123] generalises PNC of TWRC to multiuser relay net-
works by utilising structured nested lattice codes. This should have been considered as
a good candidate. However, it is based on construction A or D which operates over a
�nite �eld and the coset size of the quotient lattices is typically not binary-based.

Here we propose an adaptive PNC (APNC) technique, and the main contributions are:

1. We propose an APNC scheme.

2. We propose an o�ine algorithm which �nds the coe�cient matrices for each relay,
such that 1). the composite full matrix guarantees all source symbols to be decoded
at destination; 2) the matrices at each relay can resolve all singular fade states; 3)
the number of coe�cient matrices at each relay is minimised. 4) randomly selected
coe�cient matrix from each relay forms a full rank matrix at high probability.

3. The whole scheme operates over binary system.

4. We compare the performance of the proposed algorithm with the optimum global
online search.

D3.03 DIWINE



4.6 Design for adaptive physical layer network coding over cooperative relaying 175

4.6.1 Design criteria

System model

The system model is illustrated in Figure 4.31. The �rst stage link between APs and
MTs is referred to as the access link, where u mobile terminals transmit symbols to
n access points. Each AP receives data from all MTs and then infers and forwards a
linear combination (which is the network coded symbols (NCS) in this section) of the
entire messages over a �nite �eld or ring. We assume MTs and APs are all equipped
with a single antenna. The second stage link between APs and HBS is referred to as the
backhaul link, where n APs send the NCSs to HBS via a lossless but bandwidth-limited
bit-pipe. Access link is modelled as wireless link and this is indeed the case in 5G. The
backhaul link may be deployed on wireless or wireline. The techniques presented here
is in particular suitable for wireless backhaul which is normally more cost-e�ective.

Each MT employs a 2m-ary digital modulation scheme wherem is the modulation order.
Let M : Fm2 −→ Ω denote a one-to-one mapping function, where Ω is the set of all pos-
sible complex constellation points. Hence, the messages w` ∈ Fm2 , ` = 1, 2, · · · , u, of the
`th MT can be mapped to the complex symbol s` = M (w`), where w` = [w

(1)
` , · · · , w(m)

` ]

is an m-tuple with each element w(i)
` ∈ F2.

The link between all MTs and the jth (j = 1, 2, · · · , n) AP forms a multiple access chan-
nel (MAC), where the jth AP observes the noisy, faded and superimposed signals at the
a certain time slot is:

yj =
u∑

`=1

hj,`s` + zj (4.99)

where zj is the outcome of a complex Gaussian random variable Zj with zero mean and
variance σ2 per dimension, and hj,` represents the channel fading coe�cient between
the wireless link of the `th MT and the jth AP, which is the outcome of a random variable
with Rayleigh distribution.

Design of PNC

PNC is a technique that compresses all source messages at relay using some algebraic ap-
proaches based on the simultaneously received signals, which makes network through-
put greatly improved and the cardinality of relay outputs considerably eliminated. The
original PNC is proposed and designed in a TWRC based on BPSK. Although only BPSK
is used, the idea of PNC motivates many research outcomes thereafter, e.g. C&F and
lattice network coding [132]. However, for practical applications, lattice-based PNC is
not a good candidate as it does not operates over the binary systems, and zero-point is
always here which reduces the power e�cient.
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MT1 MT2 MTu· · ·

AP1 AP2 AP3 APn

HBS

· · ·

Backhaul Link

Figure 4.31: The uplink system diagram.

Our attention focuses back on the conventional 2m-ary digital modulation. When QPSK
or higher order modulations are used, PNC has to solve the so-called singular fading
problem which is typically unavoidable at the MAC phase. Failure to resolve the singu-
lar fade states will result in severe performance degradation. Toshiaki et. al. [119] pro-
poses a scheme, namely the denoise-and-forward, which employs a non-linear 5QAM
PNC mapping to mitigate all singular fade states, and gives good performance. Other re-
searches on this issue including the design of linear functions over the integer �nite �eld
or ring, e.g. linear PNC (LPNC) which can only be optimised for the q-ary PNC mapping
where q is a prime in Z+. All these approaches, however, do not operate over the bin-
ary systems, and hence cannot be readily applied in the current mobile communications
networks. The three main restrictions for PNC to be engineering applicable:

1. PNC decoding must operate over F2; thus, the NCS needs to be binary-based.

2. The PNC function must be well designed such that all singular fade states can be
resolved.

3. Ensure that HBS can unambiguously decoding all source messages based on the
forwarded NCSs from multiple APs.

4. The computation load in �nding good PNC mapping is normally una�ordable.
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The design method proposed for APNC relaxes all three aforementioned constraints, as
explained below in detail.

Engineering applicable PNC function We are primarily concerned with the MAC phase
between the u MTs and the jth AP in the design of the PNC function for APj . Instead
of using traditional approach in PNC where the linear combinations are performed on
symbol level. We consider to design the PNC function directly in the message domain;
thus, the AP will decode the linear network coded function (LNCF) over F2 among the
bit level.

De�nition 1: The bit-level LNCF of the jth AP for u MTs is de�ned as:

Nj : (Mj,w) −→ xj (4.100)

and mathematically can be expressed as:

xj = Nj(Mj,w) = Mj ?w (4.101)

where w , [w1, · · · ,wu]
T denotes the joint message vector with w ∈ Fmu2 , Mj de-

notes the element of a vector space over Ft(j)×mu2 , t(j) ≥ m, and ? denotes the matrix
multiplication over F2. xj ∈ Ft(j)2 consists of all t(j) linear network coded bits (LNCB):

xj = [x
(1)
j , x

(2)
j , · · · , x(t)

j ]T (4.102)

and is called the network coded vector (NCV). �

It is obvious that each LNCB is indeed a linear combination of all source bits over F2,
thus,

xij = M
(i,1)
j � w(1)

1 � · · ·�M
(i,um)
j � w(m)

u (4.103)

where � and � denote the addition and multiplication operations over F2, and M
(i,1)
j

denote the entry at the ith row and the 1st column of Mj .

De�nition 2: Let s , [s1, · · · , su], we de�ne

sj,4 ,
u∑

`=1

hj,`s`, ∀s ∈ Ωu (4.104)

the superimposed constellation set of the jth AP at a given channel coe�cient vector
hj , [hj,1, · · · , hj,u]. s(τ)

j,4 denotes a particular constellation point in sj,4, where τ =
1, 2, · · · , 2mu.

Theorem 6. For the MAC link between u MTs and the jth AP, there exists a surjective
function:

Θ : sj,4 −→ xj (4.105)
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when t(j) < mu.

Proof: Since M is a bijective function, we have the following relationship:

xj
Nj⇐= w⇐===⇒M

M−1
s (4.106)

where⇐= and⇐==⇒ represent surjective and bijective relationships, respectively. Follow-
ing (4.104), for each element of s, there exists a superimposed constellation point sj,4 at
a given channel coe�cient vector hj , and this proves the theorem.

We call Θ the PNC function which maps the superimposed constellation point to the
NCV, and plays the key role in PNC decoding. The PNC decoding performs estimation
of the possible NCV outcomes xj for the jth relay, based on the received signals y. Let
Xj denote the vector-based random variable with its realisation xj . The a posteriori
probability of the event Xj = xj conditioned on the MAC outputs Yj = yj is:

Pr(Xj = xj|yj,hj)

=
Pr(Yj|Xj = xj,hj)Pr(Xj = xj)

Pr(Yj = yj)

=

∑
∀w:Nj(w,Mj)=xj

Pr(Yj|w,hj)Pr(w)

Pr(Yj = yj)

=

∑
∀s:Θ(sj,4)=xj

Pr(Yj|Sj,4 = sj,4)Pr(S = s)

Pr(Yj = yj)
(4.107)

The conditional probability density function Pr(Yj|Sj,4 = sj,4) is given by:

Pr(Yj|Sj,4 = sj,4) =
1√

2πσ2
exp

(
−|yj − sj,4|2

2σ2

)
(4.108)

The a posteriori L-value Lxj for the event Xj = xj is:

Lxj = log




∑
∀s:Θ(sj,4)=xj

Pr(Yj|Sj,4 = sj,4)Pr(S = s)

∑
∀s:Θ(sj,4)=0

Pr(Yj|Sj,4 = sj,4)Pr(S = s)


 (4.109)

where 0 is a length-t(j) all-zero vector over Ft(j)2 .

Resolving the singular fading We have set up the PNC mapping approach based on the
binary systems, which establishes the fundamental PNC system structure available for
practical engineering application, e.g. 5G. The next upcoming problem lies in how to
solve the singular fading of the multiple access channels. In this subsection we demon-
strate that the PNC function Θj proposed above is capable of resolving all singular fade
states with a simple design approach. We �rst de�ne the singular fade states as follows:
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De�nition 3: The singular fade state at the jth AP is de�ned as the channel fading coe�-
cients hj which makes s(τ)

j,4 = s
(τ ′)
j,4 when τ 6= τ ′.

In other words, at a given channel coe�cients hj , if there are two or more elements in
the set sj,4 are the same, hj is one singular fade state (SFS). Normally, SFS is unavoidable
at MAC, and multiuser detection is in principle infeasible if the jth AP expects to decode
all source messages. PNC provides a good solution to overcome SFS when the coincident
superimposed constellation points are well labelled by the same NCV xj , which helps
HBS to recover all source messages �nally.

De�nition 4: The minimum distance between the NCVs are de�ned as:

dmin = min
∀sj,4:Θ(s

(τ)
j,4)6=Θ(s

(τ ′)
j,4 )

|s(τ)
j,4 − s

(τ ′)
j,4 |2 (4.110)

Thus, if all superimposed constellation points that are labelled by the same NCV are
placed in a certain cluster, the dmin is the minimum distance of the inter-clusters.

De�nition 5: The singular PNC function of the jth AP is de�ned as the surjective function
Θj which results in:

dmin = 0 (4.111)

We call Θj the singular PNC mapping when the superimposed constellation points that
are located at the same complex plane are labelled by more than one NCVs.

Theorem 7. The singular PNC function cannot resolve singular fading if dmin = 0.

Proof: When dmin = 0, the posterior probability of some outcomes of Xj will be very
similar (in terms of (4.107)). This de�nitely introduces the ambiguities in estimating the
real NCV, xj , especially when the received complex signal is close to a superimposed
constellation point that is labelled by more than one NCVs. Hence, the singular PNC
function is in principle not capable of decoding the NCV reliably.

Normally m is the minimum dimension of NCV xj at the jth relay. When the number
of source increases (a large MAC), the singular fading problem becomes more severe.
However, by simply increasing the dimension t of NCV (thus, increasing the number
of rows of Mj), there de�nitely exists non-singular PNC function which is capable of
resolving a kind of SFS.

Remark 10. We can obtain non-singular PNC function Θj for the jth AP if the cardinality
t(j) of the PNC decoding outcomes is determined in terms of the following criterion:

t(j) = arg min
m≤t(j)<mu

{dmin − dα ≥ 0} (4.112)

where dα > 0 is a distance threshold.
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Remark 10 reveals the second design criterion for PNC function Θj over a u-MT and
2m-ary digital modulation MAC, which guarantees the reliable PNC decoding with the
minimum possible cardinality expansion.

The theoretic minimum cardinality for NCV, xj , is m. However, when the number of
MTs increases, the singular fading becomes more serious, and hence t(j) must increase
to ensure non-singular PNC functions can be found in terms of a kind of SFS.

Although this means that the cardinality of the NCV increases, we will explain later that
the increase of this cardinality has no e�ect on the overall backhaul load.

Algebraic work for the unambiguous decodability We have set up two design guidelines
of the engineering-applicable PNC approach for the uplink system. The next criterion
is that the destination can guarantee all source messages to be unambiguously decoded.

Theorem 8. Assume M = Mn×n(R), where the coe�cients are from a commutative ring
R. Source messages are drawn from a subset of R. All source messages can be unambigu-
ously decoded at the destination i� the determinant of the transfer matrix is a unit in R,

det(M) = U(R) (4.113)

Proof: We �rst prove that (4.113) gives the su�cient and necessary conditions that make
B invertible. Suppose B is invertible: then, there exists a matrix C ∈Mn×n(R) such that
BC = CB = In. This implies 1 = det(In) = det(BC) = det(B)det(C); According to
the de�nition of a unit, we say det(B) ∈ U(R).

We know B · adj(B) = adj(B) ·B = det(B)In. If det(B) ∈ U(R), we have

B · (det(B)−1adj(B)) = (det(B)−1adj(B))B (4.114)
= det(B)−1det(B) = In (4.115)

Hence, C = (det(B)−1adj(B)) is the inverse of B since BC = CB = In.

If B is invertible, then its inverse B−1 is uniquely determined. Assuming B has two
inverses, say, C and C′. Then

B ·C = C ·B = In (4.116)
B ·C′ = C′ ·B = In (4.117)

and hence we have

C = C · In = C ·B ·C′ = In ·C′ = C′ (4.118)

It proves the uniqueness of the invertible matrix B over R.

Assume s 6= s′, B · s = F, B · s′ = F′, and F = F′. This means

s = B−1 ·F = B−1 ·F′ = s′ (4.119)
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This contradicts s 6= s′. Hence, it ensures unambiguously decodability:

B · s 6= B · s′, ∀s 6= s′ (4.120)

De�nition 4: The ideal in R generated by all ν × ν minors of Mm×n(R) is denoted by
Iν(Mm×n(R)), where ν = 1, 2, · · · , r = min{m,n}.
A ν×ν minor ofMm×n(R) is the determinant of a ν×ν matrix obtained by deletingm−ν
rows and n − ν columns. Hence, there are

(
m
ν

)(
n
ν

)
minors of size ν × ν. Iν(Mm×n(R))

is the ideal of R generated by all these minors.

Theorem 9. The destination is able to unambiguously decode ι source messages if:

1. ι ≥ max {ν | AnnR(Iν(A
j)) = 〈0〉}, ∀j = 1, 2, · · · , K .

2. Aj = arg maxAj

{
I
(−→
Y ;
−→
F j
)}

where 〈x〉 denotes the ideal generated by x andK is the number of layers (here we consider
K = 1).

Condition 1 can be proved as follows. According to Laplace’s theorem, every (ν + 1)×
(ν + 1) minor of Mm×n(R) must lie in Iν(Mm×n(R)). This suggests an ascending chain
of ideals in R:

〈0〉 = Ir+1(Aj) ⊆ Ir(A
j) ⊆ · · · ⊆ I1(Aj) ⊆ I0(Aj) = R (4.121)

Computing the annihilator of each ideal in (4.121) produces another ascending chain of
ideals,

〈0〉 = AnnR(R) ⊆ AnnR(I1(Aj)) ⊆ · · · ⊆ AnnR(Ir(A
j))

⊆ AnnR(〈0〉) = R (4.122)

It is obvious that:

AnnR(It(A
j)) 6= 〈0〉

⇒AnnR(Ik(A
j)) 6= 〈0〉, ∀t ≤ k. (4.123)

The maximum value of ν which satis�es AnnR(Iν(A
j)) = 〈0〉 guarantees that It(Aj) ∈

R, ∀t < ν. Hence, we de�ne the rank of Aj as rk(Aj) = max {ν | AnnR(Iν(A
j)) = 〈0〉}.

Suppose At ∈ Mm×p(R) and Ak ∈ Mp×n(R), then rk(AtAk) ≤ min{rk(At), rk(Ak)},
and we can easily prove that 0 ≤ rk(Mm×n(R)) ≤ min{m,n}. Thus, in order to guaran-
tee there are at least ι unambiguous linear equations available at the destination, rk(Aj)
must be at least ι, ∀j = 1, 2, · · · , K .
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The special case of condition 1 is that the entry of the coe�cient matrix Aj ∈Mm×n(F )
is from a �nite �eld F ∈ F. Then, condition 1 may be changed to be “the maximum
number of linearly independent rows (or columns)”since AnnR(Iν(A

j)) = 〈0〉 if and
only if Iν(Aj) 6= 0. In other words, the largest ν such that the ν×ν minor of Aj is a non-
zero divisor represents how many reliable linear combinations the jth layer may produce.
Hence, condition 1 is a strict de�nition which ensures unambiguous decodability of the
ι sources. Condition 3 ensures that the selected coe�cient matrix maximises the mutual
information of the particular layer, giving �nally the maximum overall throughput.

Adaptive mapping design and o�line algorithm

Finding an appropriate coe�cient matrix Mj for the jth AP such that the aforementioned
three points are resolved are extremely computation-consuming, especially when the
number of MTs increases. We propose to pre-compute a group ofL′ candidate coe�cient
matrices for each AP and perform APNC decoding online. This will greatly reduce the
computational load of each relay in the real time decoding when L′ is small. With the
pre-computed L′ candidate coe�cient matrix, each relay is capable of adapting multiple
access channels, and especially is capable of resolving all possible singular fade states
that will occur at that relay. It is also important that the obtained candidate at each relay
will have high probability to form a composite matrix which satis�es Theorem 8 and
Theorem 9.

The basic idea of the proposed algorithm is to remove all possible images corresponding
to the same type of singular fade states and then �nd for each relay the minimum number
of candidate matrices (here we denote this number by L′) such that the composite full
matrix satis�es the two theorems. Note that each relay will have di�erent candidates,
otherwise it will be di�cult to form full matrix which satis�es the two theorems. The
proposed o�ine algorithm is detailed in Algorithm 1.
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Algorithm 1 O�-line algorithm for candidate matrices.

1: for i = 1 : L do . each singular fade
state

2: h = S(i) . h is a 1×m vector.
3: for j = 1 : K do . each binary

matrix
4: [ξ, Tξ] = N(M(j))
5: ξf ← F (Tξ, h) . F ( · )

produces all faded NCSs.
6: dmin ← D(ξf) . D( · )

calculates the minimum distance of all
NCSs.

7: Qd ← Qd ∪ dmin . store all
dmin in Qd.

8: end for
9: [β(i),α(i)]← C (Qd) . C ( · )

sorts Qd in descending order stored in
β(i) and outputs the rearranged index
vector α(i).

10: end for
11: S′ ← I (S,α) . delete all

mirror singular fade states and S′ has
L′ singular states, L′ < L.

12: α← α \α(β = 0) . delete the index
element of β = 0.

13: α′ ← α(i|S′) . α′ corresponds to
only S′.

14: for lL′ = 1 : L′ do
15: S

†
L′−1 ← S′ \ S′(lL′)

16: θL′−1 ← E (S†L′−1) . Index set of S′
excluding the lth element.

17: for lL′−1 = θL′−1 do
18: S

†
L′−2 ← S

†
L′−1 \ S†L′−1(lL′−1)

19: θL′−2 ← E (S†L′−2)

20:
...

21: for lL′−n+1 = θL′−n+1 do

22: for i1 = 1 : K do
23:

...
24: for in = 1 : K do

25: M =




M[α(lL′ , i1)]
...

M[α(lL′−n+1, in)]




26: δ ← det(M)|F2 .
determinant over F2.

27: if δ = 1 then
28: R ← R ∪

(lL′ · · · lL′−n+1; i1 · · · in)
29: G← G ∪M .

M ↔ GA(k) in G has unique address
A(k) = (l

(k)
L′ · · · l

(k)
L′−n+1; i

(k)
1 · · · i(k)

n ),
k = 1, · · · L′!

(L′−n)!
.

30: return (21)
31: end if
32: end for
33: end for
34: end for
35: end for
36: end for
37:

[GA(k1) · · ·GA(kn)]←X (G)

. �nd n M from G satisfying bijec-
tion relations (l

(ke)
L′ · · · l

(ke)
L′−n+1) ⇔ S′

for ke = k1 · · · kn.
38: for i = 1 : n do
39: Qi ← [Gi

A(k1) · · ·Gi
A(kn)] .

Gi
A(ki)

= M[α(l
(ki)
L′−i+1, i

(ki)
i )]

40: end for
41: Output: n stacks Qi with each includ-

ing L′ binary matrices.

DIWINE D3.03



184 4 Cloud self organisation

0 2 4 6 8 10 12 14 16
10

−4

10
−3

10
−2

10
−1

10
0

SNR [dB]

O
u

ta
g

e
 P

ro
b

a
b

ili
ty

 

 

9 Cands No Full Rank Guarantee

256 Cands

81 Cands Via Ergodic SimulationsCoMP

4 Cands Via Algorithm 1

Figure 4.32: Comparison of the outage probability for the proposed algorithm.

4.6.2 Simulations

We consider here u = 2 and n = 2. The destination (HBS) aims to decode the two source
data by solving some linearly independent equations which are transmitted from the
two relays. Note that we assume the backhaul link is noise-free bit-pipe. Each mobile
terminal employs QPSK digital modulation. As explained in Subsection 4.6.1, the jth

relay needs to choose appropriate binary matrix Mj ∈ F2×4
2 such that the minimum

distance dmin between the inter-clusters labelled by the NCV is larger than a threshold.

The Algorithm 1 carries out o�ine computation and �nally assigns each relay four
candidate matrices Mj , j = 1, 2. This means that each relay is capable of resolving
all possible singular fade states based on one of the assigned four candidate matrices.
This hugely reduces the real-time computational complexity since normally we need to
choose one out of 256 candidates online. The two groups of candidate matrices are in
principle capable of constructing 16 di�erent full matrices (4 × 4) and we expect that
most of them are full rank because this will reduce the number of online search and
provide more degrees of freedom of resolving singular fade states at each relay. The two
groups form 10 full rank matrices. This is the largest number we can obtain when only
4 candidates are chosen for each relay.

Simulation results are depicted in Figure 4.32. The dashed line is the bound for ComP.
The black curve gives the outage probability when each relay online searches all 256
candidate matrices. It should be viewed as a benchmark to compare with the proposed
scheme as it is not a practically feasible method due to the unmanageable detection com-
plexity. The outage probability based on the output of Algorithm 1 (thus, 4 candidates per
relay) nearly approximates the black curve, with approximately 0.5 dB performance loss.
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However, the online computational load is dramatically relaxed. A small performance
loss is worthwhile in hugely reducing the detection complexity for practical systems.
Note also that the two outage curves are based on the fact that the resultant composite
full matrix is full rank, and hence the HBS is capable of unambiguously decoding all
source bits. We also carry out an experiment where 9 half matrices are selected (which
corresponds to 9 singular fade states), but without considering unambiguous decodab-
ility. Note that in this case, we only randomly select a half matrix which is capable of
resolving the corresponding singular fade state. The outage performance is shown in
Figure 4.32. It is observed that there is more than 1 dB loss at 10−3. This implies that
even if full rank condition is not considered, the candidate matrices must be carefully
designed. This also suggests that Algorithm 1 performs well. Without loss of generality,
Algorithm 1 can be applied in more general case.

4.6.3 Conclusions

We have proposed the design guideline for engineering-applicable physical layer net-
work coding with multiple relay cooperation. The design criterion proposed guarantees
that: (i) the whole system operates over binary system, (ii) each relay can choose non-
singluar PNC function to overcome all the singular fade states, and (iii) the destination
can unambiguously recover all source messages while the overall back-haul load remains
at the lowest level regardless of how many sources or which digital mapping is used. We
develop an o�ine search algorithm which �nds a small number of best e�cient coe�-
cient matrices. This greatly reduces the on-line computation complexity with negligible
performance loss.
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5 Conclusions

This �nal deliverable focused on advanced scenarios of cloud network processing where
algorithms have been designed and assessed by taking into account the limits, speci�ca-
tions and practical requirements as feedback from the experimental activity carried out
in WP5.

The report presented a comprehensive overview of all the algorithms for distributed
channel/system state identi�cation, relay coding and cloud self-organisation that have
been successfully implemented into the HW/SLS demonstrators. This activity was car-
ried out in close interaction with WP5. Furthermore, gaining from the outcomes of the
close cooperation with the demostrating activities in WP5, new advanced cloud pro-
cessing methods have been taylored for a feasibility in perspective, paving the road for
cloud processing evolution in future scenarios.

In perspective, the distributed synchronisation has been calibrated and adapted to track
a common TO and CFO in dense network. DIWINE has shown for the �rst time the prac-
tical feasibility of distributed synchronisation in self-coordinated wireless networks, far
beyond the early biology-inspired algorithms. On the same line, consensus based meth-
ods for distributed inference (validated in D3.03 for interference estimation, resource
allocation, localisation) proved to be an alternative to centralised algorithms attaining
the same performance with inter-node signalling.

DIWINE has also shown ability of self-optimisation of WPLNC mapping selection across
the cloud network. Local relay functions are selected in distributed way such that the
global goal – reliable source to destination communication – is ful�lled and simultan-
eously the local utility function – related for example to energy e�ciency – is optim-
ised. The cloud network is also able to recover and self-heal from relays’ failures. All
of this newly added distributed features do not unbearably increase the communication
overhead. The information is provided by existing pilot signals transmitted along data
packets. Close cooperation with WP5 showed fruitfulness of the proposed algorithms in
real scenarios.

A mapping scheme and a mapping matrix selection algorithm have been developed
which are suitable for conventional binary approaches to modulation and coding, which
allows both that each relay can choose a matrix to overcome singular fade states and that
the overall mapping matrix is full rank, so that the destination can unambiguously de-
code source messages. The algorithm comprises an o�ine search algorithm which �nds
a small number of best coe�cient matrices corresponding to the singular fade states, and
hence greatly reduces the complexity of the online search for best coe�cient matrices for
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a particular channel state, with negligible performance loss compared to the exhaustive
search. This mapping approach and algorithm has been implemented in the SLS.
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