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Executive Summary

This report describes the tool that was developgsimUncertWeb to assess uncertainties in
inputs and parameters of the web model chain ttrolog elicitation of experts.

Expert elicitation is a multi-disciplinary procesbat can inform decision-making by

characterising uncertainty about data and modelmust be performed using appropriate
methods and quality standards, including peer vevand transparency, for which the

literature provides many examples. This report dess how the most appropriate

approaches in the context of UncertWeb were saldobten the literature and how these were
implemented in a web service that guides the egphrough the process of specifying their
uncertainty. The tool is implemented as an Uncelt\8&rvice, with a thin client interface that
produces uncertainty specifications in full comipdity with the requirements and standards
of the UncertML encoding.

The elicitation tool distinguishes between uncetiaiassessment of non-spatial and spatial
variables. The latter makes use of the former mat @mploys additional tailored approaches.
The ‘Elicitator’ tool that is developed for non-s$igh variables can handle both continuous
and categorical variables and can be accessddtmt/elicitator.uncertweb.org/Problem
owners define an elicitation problem and invite exxp to participate, who subsequently login
to the website and complete a list of question$ thake up the elicitation process. This
results in the quantification of the uncertaintypabthe continuous or categorical variable by
means of a probability distribution. The spatiabecas restricted to continuous variables,
whose spatial correlation function is elicited fraemperts in addition to the (marginal)
probability distribution. The tool can be accesstdcttp://www.variogramelicitation.org/
Once this tool has been fully tested and approved|l be merged with the Elicitator.
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1 Introduction

This report describes the expert elicitation precasd the associated tool that was developed
within UncertWeb to assess uncertainties in inpots parameters of the model web.

We regard elicitation as being the process of tating someone's beliefs about some
quantities of interest into probability distribute Typically, this is achieved by an expert
being asked for summaries of their distributionsd ahen an appropriate parametric
distribution is fitted to those judgements. Elitiba is an important process: it has a part to
play in every application where data and obsematido not provide enough information by
themselves. Elicitation cannot replace data-drs@antific studies, but it can help us to make
rigorous use of available knowledge when time soueces to gather new data are limited,
and to take stock of uncertainty about the quastitf interest. Although elicitation is far
from being a precise science, elicitation methogiel® capture experts’ current knowledge in
coherent (and, hopefully, transparent) ways. It lbardifficult for experts to articulate their
beliefs. There are also complications due to theds of the individual experts and the biases
created by the questioning process.

There are several roles in the elicitation exercidge problem owner is the person who
desires to quantify the likely values of the quigntf interest. Theexperts are the people
who are likely to have informed beliefs about tlvamtity of interest and thacilitator is the
person or mechanism that permits the problem owaeinteract appropriately with the
experts to obtain the desired information aboutentities of interest.

An elicitation exercise is not just about askingexpert a number of questions about the
guantities of interest and fitting distributionshélfe are several stages the facilitator of the
elicitation exercise should go through:

e problem set-up and training,

» eliciting beliefs about the quantities of interest,
» fitting of an appropriate distribution,

« feedback of implications of fitted distribution,

* revision of judgements.

The final three steps should be repeated until ékpert(s) are happy that the fitted
distribution reflects their beliefs about the quignof interest.

There are several resources available over thengttéhat are designed to help capture expert
knowledge and encode it in a probabilistic way. darat al. (2010) describes the Elicitator
software that is used for eliciting judgements dboor structures in regression models,
although this is not easily available on the wehe Elicitator is built for applications in
ecological modelling and uses maps to give exparssantaneous feedback about the
consequences of their judgements on the model @stopun. We have used the name “The
Elicitator” for our software as the software delBed in James et al. (2010) is not found by a
web search, and this name reflects the functignalitour implementation. The SHeffield
ELicitation Framework (SHELF) is a package of doemts, templates and software to carry
out elicitation of probability distributions for gartain quantities from a group of experts.
SHELF advocates the elicitation method that is dlesd in O’'Hagan (1998). EXCALIBUR

is a stand-alone piece of software that implem@uske’s classical method for elicitation
and opinion pooling (see later for a descriptiothis).

The first stage consists of setting up the exertiseselection and training of experts, and the
identification (and definition) of parameters taceljudgements about. The training of the
experts is carried out to help familiarise the et&vith statistical procedures that may be
unknown to them. As pointed out by Kadane and VWolf€1998), being an expert in your
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area does not make you an expert in statisticsgaridg probability judgements. In The
Elicitator we face additional issues since it icessary to communicate with the experts
remotely, where traditional methods are based arksthops where all experts are physically
present in the same location. There is signifitemtefit in being more flexible in terms of the
demands on the experts’ time, as provided by Thet&tbr. The web based nature of the
solution means experts can access the systemiratdhgenience.

Once the expert has read the briefing documentctwlkplains the problem setup and the
issues that might be encountered in elicitatiorytmove onto the second stage that is the
actual elicitation of judgements from the expéris lassumed that the expert cannot state their
distribution explicitly. They can only state cerntaummaries of their distribution such as the
mean or various percentiles. These elicited sunesald not identify the expert’s distribution
uniquely. Most of the applications of elicitatiormploy parametric techniques. In a
parametric technique, the facilitator fits the #did summaries to a distribution that is a
member of some specified parametric family. Theiltegy distribution or summaries from
that distribution are then presented to the experverify that the proposed distribution
actually fits their beliefs. It is conceivable tlaty number of distributions would be accepted
by the expert as their distribution. This is thasdiging prior distribution of Winkler (1967):
the expert will be content to adopt that prior idlgttion at that moment in time. As the expert
cannot differentiate between well-fitted distrilunts, there are an infinite number of
distributions that the expert would accept as tbein distribution.

The questioning stage of the process has beerotiis Df a lot of work in the psychological
literature. As the Elicitator acts as the facibrabf the elicitation process, we must be aware
of some of the caveats given in cognitive psychglbgerature. Tversky and Kahnemann
(1974) listed four aspects of making judgements thailitators of an elicitation exercise
should keep in mind: representativeness, avaitgpddjustment and anchoring. A fifth effect
that Kadane and Wolfson (1998) considered was lghtbias: if the expert had already seen
some data about a parameter, then judgements nhadé the parameter may be based on
these data. Kadane and Wolfson (1998) and O’Hagdaal.e(2006) give guidance on
precautions that can be taken to avoid these spwofdgas.

The third stage of the elicitation process is tafprobability distribution to the judgements
given in the previous stage. The summaries elidiau the expert were traditionally selected
to make the fitting of the selected distributiorsiea. However, increased computing power
has made this much less of a restriction.

Finally, the results of the fitting should be pretsel to the expert so that they have the final
say on whether the results fit their beliefs walbegh; this is called the feedback stage. This
is where the assumption of the fitted distributlmeing a valid representation of the expert’s
beliefs is judged. If the expert does not agred lite results, then they can return to the
second stage and more information can be elicitad them or a different distribution can be

fitted. The structure of the elicitation processcansidered in detail in Garthwaite et al.

(2005) where the importance of feedback is stressed

Feedback of the results is important to confirnt tha fitted distributions are representative
of the experts’ beliefs. In the Elicitator, we féadk graphical representations of the
judgements in terms of fitted probability distritmuts for continuous variables and other
distribution summaries, which have not been askedrbm the expert. Of course, after the

results have been displayed to the expert, theyraeeto alter their judgements as often as
they wish until they are completely happy with timplications of their judgements. Further

details are given in subsequent chapters.



This report is organised as follows. Chapter 2 gles background information about the
theory behind The Elicitator and describes sombrtieal implementation aspects. Chapter 3
presents a tutorial to The Elicitator that guides teader through the various steps needed to
complete an elicitation process. Readers are eagecto start the tool at
http://elicitator.uncertweb.org/and work their way through the tutorial and tool
simultaneously. An example elicitation problem ioyded as a case study. Chapter 4
provides background documentation for the tool te for the elicitation of spatial
variables. The tool itself is presented in Chaptehgain a tutorial is provided that the reader
is expected to complete while running the toditgb://www.variogramelicitation.org/




2 Background material for expert elicitation of
continuous and categorical variables

2.1 Conducting expert elicitation

As explained in the Introduction, we regard eliiita as the process of translating someone's
beliefs about some quantities of interest into pholity distributions. An elicitation exercise
involves several stages:

e problem set-up and training,

» eliciting beliefs about the quantities of interest,
» fitting of an appropriate distribution,

« feedback of implications of fitted distribution,

* revision of judgements.

This chapter provides a detailed description of riiethodologies behind these steps. We
distinguish between expert elicitation of continsoand categorical variables. It also
describes the software tool in which these methagles are implemented and for which a
tutorial is given in the next chapter.

2.1.1 Quantifying beliefs about continuous variables

In this section, we consider the problem of eligjtione expert’'s beliefs about a continuous
quantity that may or may not be bounded. Many etyias have been proposed over the past
fifty years for capturing such information and tioappropriate probability distributions.

In The Elicitator, we used a variation of the btgat method of Raiffa (1968). This method
involves dividing the range of possible values iateas of equal probability. This leads to
judgements being made on the median of the expetisddbution and then the lower and
upper quartiles. Part of this task is to questiom éxperts about extreme events to prevent
overconfidence in their median estimate beforermgitiem about the quartiles. The bisection
method was selected as it does not require thertsxpe have a good understanding of
statistics. A variation is that we could allow tieperts to make judgements about quantiles
other than the quartiles: this allows the expestmtike judgements about the quantities that
they are most familiar with. For example, they ntigrefer to give a 90% credible interval by
specifying the 8 and 9%' percentiles.

In order to fit representative distributions to #erts’ judgements, a least-squares fitting
procedure was used to select appropriate paramfetetbe representative distributions. In
The Elicitator, fitting is done for several paranefamilies and the best match is reported
(this is the same as in the SHELF software). Fdeast-squares fitting procedure, an
optimisation routine is used to find the distriloutiparameters that minimise the squared
difference between the experts’ judgements anadnesponding summaries from the fitted
distribution. This is close to the procedure fatirig beta distributions described in O’Hagan
(1998). The best match is then displayed for thpedxin both probability density and
cumulative distribution form. Changes can be madesal time by the expert to find a shape
that matches their beliefs.

Once the experts are happy with their choices, ey given two statements about the
implications of their judgements and the fittedialgition:

“Your responses suggest that a value of X is higinlykely.”
“According to your judgements, there is a 1 in &amte of the variable falling
outside the range (A, B)”



The first statement refers to the value of the 9sicentile of the fitted distribution and the

second gives an 80% credible interval. Both arfediht from the judgements that were given
originally and give the expert a different angletbeir choices. If the expert is happy with the
consequences of their judgements, then the elamtéhsk is complete for that variable. If not,

the expert can go back to their original judgemants alter them to correct the error spotted
in the feedback process. This feedback process me@yire several iterations before the

expert is satisfied with the resulting fitted distition.

2.1.2 Quantifying beliefs about categorical variables

Categorical variables differ from continuous vakésbin that the aim of an expert elicitation
exercise is to get probabilities for a variablenigein different states, which may or may not
have some ordering to them. In this case, the add#ting a distribution is not useful unless
the quantity of interest is on a discrete numerszalle. Categorical variables include binary
outcomes, class membership and discrete variables principles of elicitation remain the
same, but, instead of trying to fit a parametristrabution to the experts’ judgements, the
individual probabilities are elicited. This putg@nstraint on the number of categories we can
reasonably ask an expert to consider: it is diffitwimagine a situation where more than 10
probabilities are assigned to different categorirg, this will depend on the skill and the
patience of the individual expert.

For categorical variables, we could follow a simigoproach to the continuous case if the
discrete classes could be approximated on a cantthacale. However, if we have a variable
that has a number of classes that may or may nobrdered and are not related to a
continuous scale, we need to use a different apprda this case, it is important for the
individual classes to be well defined because aotyigvill only add the experts’ uncertainty.

The following questions can be used to elicit infation about categorical variables and the
required probabilities:

“For each class, can you give a description oftih@umstances when the variable
will fall inside that class?”
“Can you give a probability for the variable fatlimn this class?”

Here we check that the probabilities sum to one Siccess of this method depends on the
ability of the expert to assign probabilities. Aleenative approach would be to allocate a
number of counters to the expert and ask them valelithese between the classes in
proportion to their relative probability.

The second question is an example of what woulddlked a direct method of eliciting
probabilities (O’Hagan, et al., 2006). It has bewted that experts who may not have
experience of subjective probability benefit fromsing graphical methods when assigning
probabilities to several classes (Johnson et @0 We employ a form of graphical method
in The Elicitator that has been called the “ro@&thethod or the “chip and bin” method.

The basic idea is to allocate each expert a numibigilentical items that symbolise blocks of
probability, they assign the items to bins tharespnt the categories and they stop when they
are happy that the proportion of items in eachdver all the items in the bins reflects their
probability of that category occurring for the \aie in question. When the expert is happy
with the number of items placed in each bin, they then given two feedback statements.
The first is a table showing the implied probal@itfor each category given the expert’s item
allocation. The second is a statement of the form:

“This means there is a x% chance of being in thegmy 'A' or 'B, is this
correct?”



If the expert is happy with the consequences af jhdgements, then the elicitation task is

complete for that variable. If not, the expert ganback to their original judgements and alter
them to correct the error spotted in the feedbackgss. Again, this feedback process may
require several iterations before the expert isfsad with the implied probabilities.

2.1.3 Pooling of expert opinion

The problem of combining any number of expertsidiglis another area of elicitation where
a great deal of research has been carried out. ni€adh986) recommends that prior
distributions used in medical applications are @spntative of the community of experts; this
may lead to any number of expert’'s beliefs beinmloimed to form one prior distribution.
Opinion pooling offers us a mathematical framewtskform a prior distribution for the
whole group. The combining of beliefs means thahaadividual’s opinion must be pooled
together in a way in which everyone is satisfiagngh (2011) gives a review of the problem
of putting opinion pooling techniques into practared the problem of distinguishing between
the experts and the decision makers. French coneahéinat this is an extremely difficult task
and a simplistic, democratic technique for congingcconsensus probabilities is the only
viable method — assuming one does exist.

The problem was first addressed mathematically ton& (1961) where a linear pooling
strategy is proposed. In SHELF, the simple linganion pooling technique is used. This was
followed by Bacharach (1972) who proposed a lolgarit combination of distributions fitted
to each expert’'s judgements. A more recent altennas Cooke’s classical method (as
described in Cooke, 1991) where experts’ distringiare weighted based on their ability to
make judgements about uncertainty and the amoumfafmation in the judgements they
have provided. This method requires a number ofl gee test) questions to be answered
where the true answer is available, but not knowthle expert. The seed questions are used
to judge the calibration of the experts. Typicallye will need more than ten questions on
variables that are comparable with the variablentd@rest. This requires a lot of thought by
the problem owner, and the completion of the qoastire will require a lot of time from the
experts. This method is implemented in the EXCALMBEbftware.

Another mathematical aggregation method describedThomas and Ross (1980) is
Vincentization. Vincentization consists of calculating a weightegrage of quantiles from
the experts’ fitted distributions to use as conssngquantiles. The problem of selecting
weights in the averaging procedure remains a pnolaled the most democratic method is to
set equal weights. In The Elicitator, this averggism done for 100 quantiles and the weights
are set to be equal. If all of the expert’'s digttibns share the same parametric form, the
distribution resulting from the Vincentization pess will follow that same distributional
form. Of course, this will often not be the cadeerefore, the original least-squares fitting
procedure is then used on the averaged quantilésan appropriate parametric distribution
to the group consensus.

Mathematical pooling of experts’ opinions needdéodone with care. If we use a process
like the linear or logarithmic opinion pools, wencget an ‘average’ distribution that does not
reflect the opinions of any experts in the grougd dns possible to fix your own judgements
to have a massive impact on the resulting ‘grougtridbution. Reaching a group consensus
about the judgements needed to fit a distributionugh discussion is not really viable when
the exercise is being carried out remotely. The lmomg of beliefs means that each
individual’s opinion must be pooled together in aywn which the ultimate decision maker is
satisfied. The democratic way is to give all th@paxxs equal weight in the pooling scheme;
however, in doing this, we might be giving more g¥eito a particular school of thought.
Also, we might lose information about there beireyesal distinct groups of opinions.
However, it is not clear, in the context of a wedséd tool, who should be judging the



adequacy of the ultimate ‘group’ distribution irethght of the individual's judgements and
the extra qualitative information.

The difficulties of actually implementing a fair thamatical opinion pool have led to a

search for alternatives. Lindley (1985) suggestplémenting a multivariate normal model

that brings together all the differing opinions. Bsing this method, the decision maker can
state their beliefs about the experts’ knowledgeerAall, it is the decision maker who has the
final say not the panel of experts. De la Fuental §1993) offers a possible solution to the
problem of pooling opinions by considering the aiton from a psychological standpoint. It

is clear from all the papers considered in thigisedhat the formulation of a representative
opinion is contentious at best.

A comprehensive literature review of techniquesdpinion pooling is given in Genest and
Zidek (1986) and French (2011).

2.2 Description of the tool

In this section, we outline the structure of theesx elicitation tool that is developed in
UncertWeb. The idea is to produce a generic toot&pturing experts’ beliefs, based on the
principles highlighted in the previous section. Thel consists of the following sequence of
steps:

e experts are provided with briefing documents tixgian the goals of the exercise and what is
expected in the elicitation process,

« experts fill in a well-designed questionnaire. Thiglds initial estimates of appropriate
summaries of the variables of interest,

» the summaries are used to fit a probability distrdn that captures each expert's beliefs.

* Summaries of the fitted distribution are shownhte éxpert (possibly with some visualisation
of the associated probability density function),

« experts can then modify their judgement, which will turn, change the fitted distribution.
When the experts are happy that the distributicegadtely captures their beliefs, the results
are stored,

e given independent distributions for each experesighs, mathematical aggregation of the
distributions is performed to hopefully get a disition that encapsulates the group of
experts’ beliefs,

e the results are reported in a way that ensurespeaency and allows the information from the
process to be carried through the model chain.

Each one of these steps has a number of diffisuttiat we must overcome in the tool, and
there are a number of times where the R softwatp:{fvww.r-project.org/) is called. Further
details are given in the sections below.

The Elicitator is built around a PHP Model-View-Qailer architecture framework called
Symfony fittp://www.symfony-project.oryy/ The loose coupling of components enforced by
the framework ensures that the project is maintdeand scalable. The client-sid®rk is
handled using a number of JavaScript frameworks.tl#d animation and user interface
interactions are handled via the jQuery (http://wjgwery.com) and jQuery Ul
(http://www.jqueryui.com) frameworks. The statisfi@nalysis is provided by an R package
and rendered using |jStatt{p://www.jstat.orgy, a JavaScript statistical library. Data
persistence is handled by a remote MySQL database.

2.2.1 Setting the scene (step 1)

The first step is to provide the experts with imfi@ation about the process and to clearly spell
out the variable that is of interest in the elittta. In the context of UncertWeb, we will be
using the definitions of the inputs to the modélswever, as shown in the tutorial section,



any variable or parameter can be elicited. It iponant that the definitions are unambiguous
and written using the experts’ language.

In The Elicitator, the problem owner sets up afbngedocument that serves to familiarise the
expert with the elicitation process and to cleald§ine the quantities of interest. The briefing
document provides experts with:

» a statement of the nature of the problem and ushtye elicitation result,

* adescription of the elicitation procedure,

» adescription of the target variables and relatedlitions,

« an explanation of elicitation techniques (e.g. tis® method, Roulette method, ...),

* an explanation of the probabilistic summaries imedl(e.g. median, quartiles, ...),

« a statement of requirements from experts (e.g.igimmy personal data, information about their
expertise, participating times, ...),

e notices for experts about biased judgments,

» recommended literature about the problem (if abea

A set of passages like the ones given in the SH&b¢umentation are a good starting point
for this step:

“The purpose of the elicitation meeting is to obtarobability distributions to
represent your uncertainty about various quantdafesterest.”

“It is important to note that you will not be askexlprovide single estimates of
any of these quantities. The elicitation procedkinstead involve considerations
such as what a plausible range of values wouldbedch unknown quantity, and
whether, in your opinion, some values are mordyikiean others. You may have
considerable uncertainty about some of these giem(though less than that of a
lay person). This will not be of concern during #ieitation itself, as the outputs
from the elicitation will reflect large uncertainiyhen it is present.”

“Due to the subjective nature of elicited probabpitlistributions, it is important to
make the elicitation process as transparent ashpess written record will be
kept of the meeting, which will include detailsexperts present at the meeting, a
summary of each expert’s relevant expertise, agdianlarations of interest.”

Also, at this stage, we clarify the use of the prignts (and the supplementary information
that will be collected) in the model chain and wiwvt be accessible (and attributable) once
the group distribution has been fitted.

2.2.2 Collecting information (step 2)

Before quantitative judgements are made about énale(s) of interest, we need to collect
information about the experts and their experfi$es serves two purposes: first, the ultimate
decision maker needs to know who the opinions lgetorso they can have faith in the results
from the model chain, and, secondly, this stagpshtie expert to focus on the problem in
hand and to remember relevant information sources.

Some of the questions suggested in SHELF and itirgg2005) are:

“Have you got any interests that are related tovtr@ble under consideration?”

This is asking for a declaration of interests. Tikisnportant as experts are often stakeholders
in the wider process. They may be employees whiobenefit from success in the enterprise
to which the elicitation contributes. They may hevited specifically to represent a
stakeholder group or point of view. Recognising plo¢ential vested interests of themselves
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and other participants helps the experts to repeit beliefs openly and in an informed way.
It is also important for the decision maker to lw@aee of possible biases.

“What is your expertise in relation to the variableder consideration?”

The purpose of this question is self-explanatorg. 8Adecision maker, we would want to
know about the expert’s experience in areas rekatdioe variable(s).

“What facts are important when making judgementsualihe variable under
consideration?”

This could lead to a list of other influencing farst that the expert needs to think about when
making the judgement. We also use this questiahétk for ambiguities in the definition of
the variable (for example, has the scenario beénatkclearly enough?).

“What quantitative or qualitative evidence have ywaen relating to the variable
under consideration?”

This could be a list of key publications and repolt could also be evidence that they have
seen in their careers and research.

When the first stage of information collecting anpleted, we can move our focus to getting
quantitative estimates of uncertainty about theabde of interest. The way this is done is
different depending on the variable(s) and thelle¥statistical training the experts have had.
The common case for elicitation considers a contiisuwne-dimensional variable. Below, we
outline two approaches to getting the relevantrmftion.

1. Range estimation (see Gosling, 2005)

“Can you give some examples of scenarios when #rable would be much
higher than usual?”

“Make a high estimate such that you feel therenly @ 5% probability that the
true value of the variable would exceed your edinia

“Can you give some examples of scenarios when #rable would be much
lower than usual?”

“Make a low estimate such that you feel there iy @5% probability that the
true value of the variable would fall below youtiemte.”

“Your answers give a 90% range for the variableydo agree that there is a one
in ten chance of the variable being outside thige&”

“Would you like to change your estimates for tffeos 95" percentiles?”

“What is the most likely value of the variable?”

This method gives a 90% credible interval and tloglenof the distribution. It relies on the
experts having some knowledge of probability. Thegtions are done in this order to help
prevent the experts anchoring on their best gushé variable.

2. The bisection method (see Raiffa, 1968)

“Can you determine a value such that the variablegually likely to be less than
or greater than this point?” (a)

“Can you give some examples of scenarios when #rable would be much
lower than usual?”
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“Suppose that the variable is definitely below yamswer to (a). Can you now
determine a new value such that the variable islgglikely to be less than or
greater than this point?” (c)

“Can you give some examples of scenarios when #rable would be much
higher than usual?”

“Suppose that the variable is definitely above yanswer to (a). Can you now
determine a new value such that the variable islgqglikely to be less than or
greater than this point?” (e)

“Your answers to (c) and (e) give a 50% range lier\tariable; do you agree that
there is a 50-50 chance of the variable being deatiis range?”

“Would you like to change your estimates fof"2& 75" percentiles?”

This method gives the median and interquartile @apigthe distribution. It has the advantage
of the experts not needing to know much about (biliias. However, the hypothetical
nature of two of the questions can be confusing,va@ do not get information about the tails
of the distribution.

Of course, for both methods, the tool should chibek the judgements made are coherent.

2.2.3 Fitting appropriate distributions (step 3)

In order to fit a distribution to the judgementsg wmploy a least-squares fitting procedure
(for example, see O’Hagan, 1998). In such a proeedhe elicited judgements are compared
against the corresponding theoretical quantitiesifa fully specified probability distribution.
We select the parameters of that distribution lylifig the parameters that minimise the
squared difference between the elicited and therétieal quantities.

Minimising this measure does not necessarily reswdhn appropriate distribution being fitted.
For example, if the expert’'s judgements indicatt the distribution is likely to be heavily
skewed, we will not be able to find a set of partarsefor a normal distribution such that that
distribution is an adequate representation of tkgee’'s beliefs. In the SHELF package,
several different distributions can be consideredthe fitting process. Often, we have
information on the likely shape of the distributiprior to the judgements being made (for
instance, we may know that the distribution is lmed between 0 and 1); we can use this
information to choose appropriate distributionsadnch to attempt the fit.

For a categorical variable, this type of fittinguishecessary because the full distribution will
have been defined by the expert in the previoys ste

2.2.4 Feedback of the initial fits (step 4)

In the feedback stage, the expert judges the assmamihat the fitted distribution is an
adequate representation of their beliefs. As theeds are often not experts in interpreting
plots of density functions, there is little poirt just showing a graph and asking if that
conforms with what they had in mind. Even if theents could do this, we could not expect
the expert to differentiate between several digtidms that have similar characteristics.
Often, the expert will find it useful to be givetatements or summaries about the fitted
distribution that are in a similar format to thdgamal questions. For instance, we might
produce a credible interval based on the fittetriigtion.

It is possible that our reported distribution foetexpert’s density may not agree with what
the expert really thinks: the distributions we hat®sen might be inappropriate and/or the
expert may have given us probability judgements dloanot really match their beliefs. In this
case, the expert could give us different or mor®rimation to help update the fitted
distribution.

Appropriate questions at this stage include:
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“Your responses suggest that a value of X (maylmgube 99" percentile here)
is highly unlikely; do you agree with this?”

“According to your judgements, there is a 1 in @amte of the variable falling
outside the range (u,v)?”

For a categorical variable, the feedback of theltesn this way is not necessary, but it is
advisable to challenge the judgements. For instaheefollowing type of question could be
used:

“According to your judgements, there is over a 7€8ance of the variable falling
in category A or B. Does this fit with your beli@fs

2.2.5 Modification in the light of the feedback (step 5)

One of the key stages in the elicitation procegdhessharing of experience. At this stage, it
might be worthwhile reporting back all of the anssvdo the earlier question “What

quantitative or qualitative evidence have you seehating to the variable under

consideration?” that we have got so far. Therdisausly an issue of timing here.

At this stage, it would be appropriate to allow theerts to give information about the most
likely value they expect and other percentilesheirt distributions. The experts would also be
able to change their original judgements. Thesedptons are particularly important if they

are not satisfied with the distribution that haserbeitted. We could then fit another

distribution using the methods of step 3.

This is part of a feedback “loop” where steps Ftare repeated until the expert is satisfied
that their beliefs have been captured adequatelyanl automated procedure, we must be
careful about the fact that no distributions mighatjudged to be adequate and that an expert
might just get bored with the process and acceptharg after a few iterations of the
feedback loop.

2.2.6 Pooling of the experts’ beliefs (step 6)

As discussed above, the pooling of expert belisf€antentious. The Elicitator adopts a
mathematical opinion pool, which weights expertsiadly. The experts’ judgements are
combined using the Vicentization method and the fitg parametric distribution is used
to represent the combination of the experts’ bgli¥/e may explore further options in the
future, including allowing the problem owner to glet experts, before seeing their elicitation
results, on the basis of self-assessed or probleneieassessed expertise.

2.2.7 Reporting of results (step 7)

It is important to be as transparent as possiliier&fore, whenever the expert elicitation tool
has been used, we must try to carry all the inféionaabout the process along with the
elicited distribution. Sometimes the experts mestain anonymous, and this will have to be
stated in the supporting information. The final lgabestimate is supplied as UncertML (see
UncertWeb Deliverable D1.2) for further usage withincertWeb.

2.3 Conclusions about the tool

The Elicitator is the first truly web-based toochttallows a pooled estimate of uncertainty of a
particular variable of interest to be obtained frerpert beliefs. The emphasis has been put
on usability and simplicity. Further enhancemeras be envisaged over time, allowing the

system to manage a large pool of experts and prahland work to achieve this is on-going.
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3 Tutorial expert elicitation of continuous and
categorical variables

The Elicitator http://elicitator.uncertweb.ojgs a web-based application that facilitates the
elicitation of continuous and categorical variablBse system acts as a facilitator between the
problem owner (a user who requires more knowledigeitaa particular variable) and domain
experts (users who are ‘experts’ in a particulandm). This section provides a step-by-step
tutorial on how a user can register, outline a [mwband construct a number of continuous or
categorical variables to be elicited

3.1 User registration

In order to effectively facilitate the elicitatigorocess, it is mandatory that all users (both
problem owners and experts) are registered inppécation. The registration form is simple

and only requires a few pieces of information toction. Figure 1 illustrates the registration
form with a user’s details filled in.

sign in

Create an account

First name = | pMatthew
Last name * | Williams

Email address * | williamwi@aston ac_uk
Password = | seeeess.
Confirm password ™ | ssssesss

jollyiny
LY
Security question F(lm‘]& %

lipllyin foucaults |

Figure 1: User registration form for The Elicitator .
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Once the registration has been completed, theisisedirected to their control panel.

3.1.1 The control panel

The control panel is the central hub for The Eiwt. Everything a user is required to do can
be accessed from here.

. g Matthew Williams

Matthew Williams's control panel

My experts

You currently have no experts...

& Add new expert

My elicitation problems

You currently have no elicitation problems_..

& Add new problem

My elicitation tasks

You currently have no pendin 19 T&; sks...

Figure 2: The control panel is the central hub of Te Elicitator.

Figure 2 illustrates a user’s control panel immedyaafter registration. It shows that the
current user has no experts, no elicitation problemd no elicitation tasks. The following
sections will explain what each of these sectisranid how they are populated.

3.2 Constructing a list of experts

A successful elicitation requires a number of etggr a particular domain. The more experts
are willing to share their knowledge of a problehe tgreater the chance of a reliable
elicitation. After a user has registered, and etbey create the problem they wish to elicit,
they should take time to register a number of esp@ihe registration of experts requires only
their names and email addresses. If an expertréady registered in the system, perhaps
added by another user, their account will not bgidated.
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I o ¥ Matthew Williams

Create a new expert

Fill in the form below with the contact details of the domain expert you wish

contacted until they have been assigned an
elicitation problem by you

First name = | Dan

Last name * | Cornford

Email address * | d_cornford@aston.ac.uk

Figure 3: The form to create and add experts to yaulist of contacts.

Figure 3 shows the simple form for adding expestthe list of contacts. In the final system,
each expert will be contacted by email requestimg ¢onfirmation of their registration.
However, during the testing process the email ivatibns have been disabled.

A problem owner should strive to add as many espad they can — the more experts
available the more reliable an elicitation will Be.future versions the pool of experts will
contain much more detail, including the domain thatperson is an expert in, thus allowing
a full search capability so a problem owner carcalisr experts that they do not know
personally.

Once a list of experts has been compiled they eadlable to the problem owner for any
elicitation problem. The current list of expertsndae reviewed at any time by visiting the
control panel (Figure 4). A problem owner can aditerexperts at any time.
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Matthew Williams

Matthew Williams's control panel

My experts
First name Last name Email address Actions
Remi Barillec r.barillec®@aston.ac.uk
gl ~
Lucy Bastin |.bastin®@aston.ac.uk Lc:’
¥ x ¥
Dan Cornfard d.cornford@aston.ac.uk ﬁ I-:.n -
R~ ] oo - ’ | contact
lohn Paul Gosling lohnPaul Gosling@fera.gsi.gov.uk o g
? - ¥ remoye
Cerard Heuvelink Gerard Heuvelink@wur_nl i cont
# remc
&9 vie Il (5
& Add new expe

Figure 4: All experts can be navigated via the conbl panel.

3.3 Adding an elicitation problem

On the control panel are two other lists: elicdatproblems and elicitation tasks. Elicitation
problems are problems that have been defined byptbblem owner and that contain a
number of variables to be elicited. Elicitationkasire tasks that have been assigned to a user
by other problem owners. In effect, every userhaf $ystem is both a problem owner and a
domain expert. This section details the processrefting a new elicitation problem and
creating some variables to be elicited.
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Matthew Williams

Create an elicitation problem
Name * | Aston University

i
3

B B = || ao* 52 |

Tl
il
[
L1l
1
{[l]]
nn
III"

Established in 1895 as the Birmuagham Municipal Technical School, Aston was
granted its Roval Charter as Aston University on 22 April 1966. Following from its
background in Technology, Business, Sciences, Engineering and applied subjects, Aston
continues to have a focus on industry and commerce. The University also has a School
of Languages and Social Sciences. A majority of undergraduate students are

registered on courses leading to a BSc and 70% of eligible undergraduate students at
Aston are enrolled on four-year "sandwich” courses, spending a year abroad or

on industry placements. The university emphasises its focus on industry placements and
graduate emplovment record: in 2007-8, 83% of first degree graduates found "graduate
level" employment within six months of graduation, compared to the UK national
average of less than 70%. This was the 8th highest proportion of all UK Universities and
Colleges. In the global QS World University Rankings, Aston is ranked 296th

overall, and 86th for “Emplover Reputation™.

Description

Attached file | Choose File | Aston UG .._small pdf

no file uploaded

Figure 5: Creating a problem to contain several vaables for elicitation.

The first stage is to create an elicitation problémThe Elicitator, all variables that need
eliciting belong to a problem. It is a convenienaywof grouping variables into related
concepts. Figure 5 displays the form for creatingga problem. In this example the problem
Is ‘Aston University’; a number of variables reldte Aston University will be added later
for elicitation. The description field contains adb piece of text about the problem. This is
used to give context to the variables that aredcelicited. A file can be attached to the
problem that provides greater detail about the lprab Both description and file fields are
optional, only the problem name is mandatory.
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Matthew Williams

Edit Elicitation problem
Name * | Aston University

B I U = = 35| |25 | 2c® £

|+=-3

Established in 1895 as the Birmingham Municipal Technical Schoal, Aston
was granted its Royal Charter as Aston University on 22 April 1966.
Following from its background in Technology, Business, Sciences,
Engineering and applied subjects, Aston continues to have a focus on
industry and commerce. The University also has a School of Languages and
Social Sciences. A majarity of undergraduate students are registered on

courses leading to a BSc and 70% of eligible undergraduate students at Aston are
enrolled on four-vear "sandwich" courses, spending a vear abroad or on industry
placements. The university emphasises its focus on industry placements and graduate
emplovment record: in 2007-8, §3% of first degree graduates found "graduate level”
emplovment within six months of graduation, compared to the UK national average of
less than 70%. This was the 8th highest proportion of all UK Universities and Colleges.
In the global QS World Universitv Ranldngs, Aston is ranked 296th overall, and 86th
for “Emplover Reputation’.

Description

Attached file [ Choose File | o file chosen

aston-ug-prospectus-2012-small pdf

Variables

You currently have no pending tasks..

i Add new variable

ion problem

Figure 6: Adding variables to a problem can be donence the problem has been saved.

Once the elicitation problem has been saved motierspare available for adding specific
variables (Figure 6). Below the description of greblem is now a list of variables assigned
to this problem. Initially it is empty, but morenables can be added at any time by clicking
the ‘add new variable’ link.

3.3.1 Categorical variables

Currently The Elicitator supports both categoriaatl continuous variables. Future versions
will incorporate the elicitation of spatial variall (see Chapters 4 and 5). Adding any type of
variable to a problem is done via the ‘add newalaa’ link on the elicitation problem page.
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(
I Matthew Williams

Create a new variable
General Briefing document

Name *  Student origin
Variable type *  categorical (=]

Variable parameters = British. European, Overseas

Dan Cornford *  Remi Barillec * | Lucy Bastin »

Experts to elicit

Figure 7: Form for creating a new categorical varidle.

Figure 7 illustrates the form for creating a newegarical variable. A descriptive name of the
variable is required, as well as the type (eitregegorical or continuous). If the variable is
categorical an additional field ‘variable paramstés required. The variable parameters field
should contain a comma-separated list of possiiegories that are provided to the experts
during their elicitation task. The final field idiat of experts that will be invited to particijat

in the elicitation of this variable. In the exampteFigure 7, three experts have been selected
based on their suitability to the problem.

As an optional step a problem owner can outlineefibg document that will be presented to
each expert before they start the elicitation tésko briefing document is provided, only the
general elicitation problem description will be dable. A problem owner can supply the
briefing document by selecting the tab at the tbihe page.
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Matthew Williams

Create a new variable

General Briefing document

[ et £ |

B ruls=e=s===z= =4

The research aims to characterise and guantify spatial variation of variable Y in
soil surface in area X. Results of the research will be used for scientific report
only. The main audiences of the report will be students (mainly graduate), experts
and scientists in soil science.

Research objective

B I U =

i= i= iE| [ 2e® &2 |

The elicitation procedure has two main rounds. The first round is elicitation of
marginal continuous distribution of variable ¥ at random location in study area X.
The second is the elicitation of the variogram. Each round will take around 30
minutes to complete with four questions in round 1 and seven guestions in
round 2. Round 2, however, will not be proceeded immediately after round 1.
There will be a seven-day-break in between two rounds to allow all experts
modifying their judgements.

Outline of elicitation task

Figure 8: Form for creating a briefing document for a given variable.

Figure 8 displays a section of the briefing docunerm. There are nine sections that can be
filled in that will aid the expert in understandinige context of the problem and what is
required of them. A rich text format box is prowld® allow a problem owner to format the
briefing document to provide emphasis to importaoricepts. All nine sections are optional,
those that are emitted will not be compiled int@ ttmal document. Once the briefing
document has been completed, the variable canveel sa

3.3.2 Continuous variables

Continuous variables are implemented in a similay wo categorical variables. The primary
difference in their creation is that the variabéggmeters field has been omitted (Figure 9).
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Matthew Williams

Create a new variable
General Briefing document

Name *  Height of main building
Variable type *  continuous [=]

Dan Cornford = | Remi Banllec ® | Lucy Bastin =
Experts to elicit

Figure 9: Form for creating a new continuous varialte.

The same options are still available to the probbewer for creating a briefing document. It
should also be stated that the briefing documehisiper variable basis, i.e. a document
must be created for each variable, or propagatdd the elicitation problem description.

Once all variables have been created for an diimitaproblem, the control panel should
resemble the one in Figure 10. From here a proldemer can review all their elicitation
problems with options to view the current problem¢luding who has completed the
elicitation tasks, edit the problem, perhaps to eudde variables or to delete the problem and
stop the elicitation task. A convenient progress ibasituated next to the problem name to
provide the problem owner an overview of how fa dlicitation task is going at a glance.
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Matthew Williams's control panel

My experts

First name Last name Email address
Remi Barillec r.barillec@aston.ac.uk
Lucy Bastin .bastin®aston.ac.uk aﬁ :-er.r.: e
) Edco
D 0 rd d ord®aston ;
Xre
John Paul Cosling lohnPaul.Cosling@fera.gsi.gov.uk LLg =
* re
- . , - 1 " Bl conta
Cerard Heuvelink Gerard Heuvelink@wur.n ;
& remove
2 all (5
& Add new expert
My elicitation problems
Problem name Description Progress Actions
view
Aston University Aston University is a “plate glass._.. aa edit
& remove
Bl view all (1)
B Add new problem

My elicitation tasks

You currently have no pending tasks...

Figure 10: The control panel once an elicitation psblem has been created.

At this stage in the final system an email will Badeen sent out to all experts assigned to the
variables inviting them to take part in the elitda task, providing a convenient URL for
them to follow. The perspective of an expert casdxn in the following section.

3.4 Logging in as an expert

The previous sections outlined how a user can aca @omain expert to add elicitation
problems and create both categorical and continuatiables to be elicited. It also showed
how domain experts could be assigned to any numibeariables. This section will outline
how The Elicitator works from an expert’s perspestinow they can keep track of their tasks
and how the actual elicitation process is achieved.

3.4.1 The control panel

Once an expert has logged in they, like the prold@mer, are faced with the control panel.
However, if they are a new user, they will haveemperts or problems but rather a number of
elicitation tasks (Figure 11).
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:‘ ] g Dan Cornford

Dan Cornford's control panel

My experts

You currently have no experts...

& Add new expert

My elicitation problems

You currently have no elicitation problems..

My elicitation tasks

Name Variable type Progress Actions

Student origin categorical @ elicit

Height of main building continuous @ elicit
& view all (2)

Figure 11: The control panel of a domain expert.

Figure 11 shows the control panel of one of theeetspinvited to the variables created in the
previous section. In the ‘My elicitation tasks’ #en of the control panel are the two
variables. As every user of The Elicitator is bathexpert and a problem owner, this expert
could at this point create their own list of expedand problems that they want eliciting.
However, for the purpose of this tutorial it is @®®d that this user is assuming the role of an
expert.

The table of elicitation tasks is similar to thbleof elicitation problems seen in Figure 10. A
progress bar is again present, which shows thewruprogress of each task as it is possible to
save progress at any stage of the process. Thablariype column displays the type of
elicitation that will be performed for each variabl

To commence an elicitation task an expert clickshen'elicit’ link.
3.4.2 Elicitation of a categorical variable

When an expert is faced with the elicitation ofadegorical variable they are presented with
the screen seen in Figure 12.
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Dan Cornford

Categorical variable elicitation

Categories:

You must read the briefing document before continuing.

Figure 12: Initial screen of a categorical elicitaibon.

It is mandatory that before the elicitation can ocmence the expert must read and confirm
they understand the contents of the briefing docuniehis may be uniquely tailored to the
particular variable, or a more generic problem wwsy as discussed in previous sections.
The briefing document is accessed by clicking an‘bhiefing document’ link (Figure 13).

The briefing document is formatted according torilh text format applied by the problem
owner, and can include concepts such as numbereaalleted lists. The example in Figure 13
is purely illustrative and does not provide contexthis elicitation task.
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Briefing document

Briefing document

Research objectives

The research aims to characterise and quantify spatial
variation of variable ¥ in soil surface in area X. Results of
the research will be used for scientific report only. The
main audiences of the report will be students (mainly
graduate), experts and scientists in soil science.

Elicitation task outline

The elicitation procedure has two main rounds. The first
round is elicitation of marginal continuous distribution of
variable ¥ at random location in study area X. The
second is the elicitation of the variogram. Each round
will take around 30 minutes to complete with four
questions in round 1 and seven guestions in round 2.
Round 2, however, will not be proceeded immediately
after round 1. There will be a seven-day-break in

between two rounds to allow all experts modifying their
indmanman *r

| 1l understand Cancel

Figure 13: A briefing document for a given variable
Once the expert has read and is confident theyrstaael the briefing document, they can
click ‘I understand’ and commence with the eligaat

Elicitation of categorical variables is achievedngsthe idea of placing beans into buckets.
The more beans a bucket, or category, has the liketg this particular variable is of that
type (see Johnson et al., 2010).
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Categorical variable elicitation

Categories: Bean silo:
You must read the briefing document before continuing. rYy Yy yrrryYyYy
- 8 5 & 5 & =
- o 4 4 = R
British European f - #
- 8 5 & 5 & =
3 é} I 4 é’ I3 & & & & P - 8 5 & 5 & =
3 1; I 4 8 & & & & B
& 8 5 & & & &
&S 8 5 & & & B
- 8 5 & & & B
- 6 5 & & &
Overseas
& &

Figure 14: Categorical elicitation uses the beansd buckets method.

The image in Figure 14: Categorical elicitationsuiee beans and buckets method.Figure 14
shows a completed categorical elicitation. It carsben that the expert believes the variable
(a student chosen at random from the student populat Aston) is most likely to be British,
closely followed by European and a small chancthef being Overseas. The expert is free
to use as many beans as they need to provide amageassessment. If more beans are
required they can click the ‘More beans!” buttoniethwill refill the bean silo. Once an
expert is satisfied with their judgment they mugtkcthe ‘Save progress’ button to upload the
results to the problem owner. However, before gwilts are uploaded the expert must read
and confirm a statement about their answers. Thesdirmatory questions explain the
consequences of the expert’s decisions in a sitoplenderstand phrase. The purpose of the
confirmatory questions is to try and catch any akiss the expert may have made with their
judgment. Figure 15 displays a typical confirmatguestion.
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Elicitation confirmation

Using the beans we have calculated the following probabilities:

Eritish 52.63%
European | 36.84%
Overseas | 10.53%

This means there is a 47% chance of being in the category
"Overseas’ or 'European’, is this corect?

Confirm | Cancel

Figure 15: Question asked to the expert before thesults are uploaded.
3.4.3 Elicitation of a continuous variable

Elicitation of a continuous variable is more cornpted than the elicitation of a categorical
variable. This is reflected by the progress indicain the right of the screen (Figure 16).
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Dan Cornford

Continuous variable elicitation

Elicitation Progress: 0%

You must read the briefing document before continuing. Task Status
1. Read briefing document | ¥ incomplete
2_Set minimum value # incomplete
3. Set maximum valua X incomplete
4. set lower quartile X incomplete
5. Set upper quartile ® incomplete
6. Set median value * incomplete

Figure 16: Continuous elicitation of a variable.

The first stage is identical to the categoricaliatale example; the expert must read and
understand the briefing document. Once they havee dbat options become available to
them which must be completed in a carefully présctiorder. They must set the lower, or
minimum, value they believe the variable can tdk#pwed by the maximum. Once they

have entered these values three sliders becomlalaleaihat allow them to set the lower and
upper quartiles and the median value for the viiahfter all values have been elicited The
Elicitator calculates a ‘best-fit’ probability digiution and returns it to the expert.
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Elicitation Progress: 100%

Minimum | 0 Task Status
Maximum | 55 1. Read briefing document | & complete
2. Set minimum value W complete
Lower . 5%, 1402 e al W p
=)
3. Set maximum value « complete
Median 8J 36.08
4. Set lower quartile ¥ complets
Upper o | 50.51
5. Set upper guartile «” complete
6. Set median value W complets

Results:- Normal (32.83, 19.72)

CDF | PDF | Both

PDF
0.020 1 Bl Lower guartile
Il Median
Upper quartile
0015
0.010
0.005

0.coo

0 15 20 25 30 35 40 45 50 55

Figure 17: A completed elicitation of a continuouwariable.

Figure 17 shows a completed elicitation of a cardirs variable. In this example a Normal
distribution with a mean of 32.93 and standard aewn of 19.72 was chosen. If the expert is
not satisfied with this result they can of courdpist the values they provided. The expert has
the ability to view the PDF and CDF of the disttibu to see how close the distribution fits
their quartiles.

Once the expert is satisfied with the elicitatibeyt can click the save button to upload the
results to the problem owner. However, as with ¢heegorical variables they must first
confirm a couple of questions.
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Elicitation confirmation

Using the data you provided we have elicited a Normal
distribution as the 'best fit". To ensure you agree with our
analysis, please read and confirm the following questions:

1. Your responses suggest that a value of 78.71 is highly
unlikely

2. According to your judgements. there is a 1in 5 chance
of the variable falling outside the range (7.55, 58.10)

If you do not agree with this elicitation, please click cancel and
re-examine your inputs

Confirm | Cancel .

Figure 18: Confirmatory questions for a continuousvariable.

Figure 18 shows an example set of confirmatory s as a result of a continuous
elicitation. These questions are phrased in easynterstand sentences that provide the
expert with an alternative view of the probabildiystribution they were shown. If they
disagree with the confirmatory questions and possgel they are given an opportunity to
adjust the values once more. Once they are satifiiey can click confirm and the results
will be uploaded to the problem owner.

3.5 Reviewing the results of an elicitation problem

Once one or more experts have finished their aticib tasks the problem owner can review
the results from their control panel.
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Matthew Williams's control panel

My experts

First name Last name Email address Actions
' s o ; gl contact
Remi Barillec r.barillec@aston.ac. uk F
X remon

Lucy Bastin Lbastin@aston.ac.uk L‘:’g
K i
Dan Cornford d.cornford®@aston.ac.uk @ .
& remov
=l cont
John Paul Gosling JohnPaul.Gosling@fera.gsi.gov.uk L¢ 2
> = X remove
Gerard Heuvelink Gerard. Heuvelink@wur.nl ';f B
&5 je Il {5}
& Add new expert
My elicitation problems
Problem name Description Progress Actions
4 view
Aston University Aston University 15 a "plate glass ... 124 edit
X remove
Elview all (1)

& Add new problem

Figure 19: A completed elicitation problem shown orthe control panel.

Figure 19 shows the control panel of the problermewonce all elicitation tasks have been
completed for the Aston University problem. Thegrass bar clearly indicates that all tasks
have been completed. At this stage the problem owae view the results by clicking the
‘view’ link. This then provides a quick overview e&ch variable for this elicitation problem.
Again, the progress bars clearly show that all espbave successfully completed the
elicitation tasks for both variables (Figure 20).
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g ol N p HaE n
THE SLICITATOR
o Ko Shae, B ﬁ"_:.t’\i B

Aston University

Current progress 100%

Aston University is a "plate glass” campus university situated at Costa Creen, in 1
Dan Cornford

Remi Barillec

Variables

Lucy Bastin
Name Variable type
Height of main building continuous I s View
Student origin categorical I 4 view
u Add new variable

Figure 20: Progress of each elicitation task shownsing progress bars.

3.5.1 View categorical elicitation results

The results of the categorical elicitation are ghted by averaging all experts’ proportions
for each category. These average proportions anersko the problem owner via a bar chart.
Figure 21 shows an example pooled result wheredinsensus is that the variable is most
likely to be British. A problem owner can also vieach individual expert’s results below.
These are illustrated as the proportion of beangdgh category, and can be seen in Figure
22.

v g

Aston University / Student origin

Pooled results

045
0.3

0.15

British European Overseas
Category
[Z) view details

Figure 21: Pooled results for a categorical varialg.
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Elicitated experts

Dan Cornford Remi Barillec

8 10

[ 8

[
2
0 2z
British European Overseas British European Overseas
Category Category

Lucy Bastin

British European Overseas

Category

Figure 22: Each expert's results are shown as propions.

3.5.2 View continuous elicitation results

The results of a continuous elicitation are slightiore complex. Each expert's elicited
distribution is evaluated at 100 quantiles and tthexse quantiles are averaged. The average
of these quantiles are then used to elicit an ¢hveisdribution.
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. Matthew Williams

Aston University / Height of main building

Pooled probability distribution

0.050

0.020

0.010

= Expo thiL

as Uncer

Figure 23: Pooled probability distribution for continuous variables.

Figure 23 illustrates a pooled distribution for #xample illustrated in the previous section.
The red distribution represents the overall poaedribution and the red-grey lines are the
distributions of each individual expert. To vievetbxact details of the distribution, i.e., what
type of distribution it is and its parameters thheljem owner can click the ‘view details’

link. The ‘Export as UncertML’ link provides a uniq URL to an UncertML fragment that

encodes the resulting distribution. This is usédulsharing the elicitation result with other

users or applications.

Similar to the categorical elicitation results, t@ntinuous elicitation results also show each
individual experts elicited distributions. Thesea ¢ seen in Figure 24.
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Elicitated experts

Dan Cornford Remi Barillec

Lucy Bastin

0.025

0.005

0.000
o 10 20 30 40 50

Figure 24: Each expert's distribution is displayedbelow the pooled result.

For each distribution you can view the exact detadain by clicking on the ‘View details’

link.

3.6 Future work

The tutorial outlined in this section has givenaod indication of the functionality of The
Elicitator. However, there are still several featuithat could be implemented to improve
functionality. Below is a list summarising futuraprovements:

provide more detailed information about experts alfayv a user to search the current
collection of experts,

problem owners should be able to remove an expewgeight an expert for a given
elicitation task. This could be done based on ¥peg's perceived expertise for the
given variable,

deadlines could be added to each task to help expeanage their time,

more qualitative information about the expert’s Wfexige, background and thought
process should be captured during the elicitatrmcgss. This would help guard
against some of the biases that arise throughuéstioning process,

the email system should be implemented to keeplgmobwners and experts
informed of the current state of the elicitationgess. For example, a problem owner
could be informed when an expert has successfaltypteted an elicitation in their
problem.
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4 Background material for expert elicitation of
spatial variables

4.1 Introduction

This chapter gives a detailed explanation of thb-bv@sed tool which executes the elicitation
procedure of characterising the distribution andredation structure of continuous spatial
variables. Both the elicitation procedure to chtmase the marginal probability distribution

and that of the variogram of a stationary randomction will be described. The technical

description of the tool together with a detaileghlearation about how the tool works is also
given.

The chapter includes three main sections:

e Section 4.2: detailed elaborationthi elicitation procedure,

e Section 4.3: description of the web-based tool,

e Section 4.4: how to carry out expert elicitationthg tool (note that this is explained
in more detail in Chapter 5).

4.2 General explanation of the elicitation procedure

The elicitation procedure is an iterative proceshictv includes two main rounds:
(1) elicitation of the marginal distribution (FiguR5), and (2) elicitation of the variogram
(Figure 26). Figure 27 shows how both rounds aszebed consecutively.

4.2.1 Elicitation of the marginal distribution

In this round, each expert will be asked to judge marginal distribution of the stationary
random function. The procedure used is similariat described in Chapter 2. Each expert
separately provides judgements by individually argwg the questionnaires provided as
web-forms. Figure 25 outlines the process.

Each expert will judge the marginal probability tdisution of the target variable at a
randomly chosen location in the study area. No#&t the marginal distribution is spatially
invariant because of the stationarity assumpti@achEexpert will be first asked to estimate
the minimum and the maximum value of the varialrid aext the three quartiles (the upper
quartile, the lower quartile and the median) tHadracterize its probability distribution (see
section 4.3.1 for the questionnaires). These piibtyajndgements from each expert about the
marginal probability distribution will be checkeah avhether they satisfy the rule that the
quartiles are increasing, greater than the mininamech smaller than the maximum. Also, the
probability mass corresponding with each of therwvdls between quartiles must be equal.
Questions for an internal consistency check are gigen (see section 4.3.1). If the check
fails then the expert is asked to revise one oremodged values until all conditions are
satisfied. The proper quartiles then go throughacess of fitting the marginal probability
distribution function. Under the assumption of istadrity, the random function has the same
marginal probability distribution everywhere withime research area, with constant mean and
variance. We further assume that the probabilistrifiution of the variable at any location
can be sufficiently defined by either the normal lognormal distribution. The test for
normality is based on a diagnosis of the skewnéskeodistribution. We used the Bowley
coefficient of skewnesg (Bowley, 1920) as a diagnosis of normality:

— Zo75+Z025=2XZmed (1)
Zo.75—Zo.25
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whereZ, ,s, Z 75, Zmeq a@re the lower quartile, the upper quartile andnieglian, respectively.

The normal distribution is a symmetric distributifor which the coefficient of skewness
equals zero. However, in expert elicitation, judgatlies of experts can only reach a certain
level of precision of about 0.05 (O’'Hagan et a00@). Therefore, we define a threshold for
y, calledy. When|y| <y;, the distribution is assumed normally distribut¥dhen |y| >

v:, the distribution is either a positive skew disttibn or negative skew distribution. In this
work, we chosey; = 0.05. When the threshold is exceeded the lognormatiloiigion is
assumed, i.e. it is assumed that the natural lafpetarget variable is normally distributed.
Three-parameter lognormal distributions with a tmwa or shift parameter (Cohen and
Whitten, 1980) are not included.

) ,t\ Not satisfy:
// \ Quartiles e N
| Expert —ludge—p of Z Check Satisfy—» Storage | |
\\ / \\ \

A - 20.25 <20.5 < 20.75?
- 3 equal probable intervals?

Log - normal

probability <€——Not satis
distribution fitting

Feed back

v

Normal probability Salcae
distribution fitting € satisfy ) cosifefxl:gstsof

Figure 25: Flowchart of iterative procedure for elcitation of the marginal distribution.

The fitted marginal probability distribution willebreported back to each expert. Experts can
reflect and revise their judgements until they sgtithat their judgements are correctly
conveyed in the given feedbacks.

As the marginal distribution of the random functim@rmal or lognormal) will influence the
next round of variogram elicitation, experts havegdach a consensus about the distribution
of the random variable at this point, before proloeg to the next round. Section 4.2.3 details
how consensus amongst experts is obtained.

4.2.2 Elicitation of the variogram

Depending on the result of the first round, thavieether the random variable has a normal or
lognormal distribution, the next step of elicititige variogram will be different. Figure 26
outlines the process.
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Figure 26: Flowchart of iterative elicitation procedure for the variogram.

Multivariate normal distribution

Each expert will be asked to judge the mediansefabsolute first increment$;,,.(|h]) =
|Z(x + |h]) — Z(x)| of the random variable’s value for several distatags in the given
area. The distance lags are defined by estima&uwgrsproportions of the central axis through
the area. The maximum distance for which we elr@tmedian of the difference is defined as
half of the diagonal (D) of the area:

D= \/(xmax - xmin)2 + (Ymax - ymin)z (2)

WhereXmax »Xmin, Ymax, Ymin define the extent of the area.

For convenience of experts when considering thiawlte, we round the maximum distance to
the nearest number of typexKlO® with k=1, 2 or 5 and an integer x. Next the distais
(approximately) halved by choosing the nearest lemédistance of the same type (e.qg. if the
initial distance was % 10° then the next is & 10, if it was 1x 102 then the next is & 10°).
This is repeated to form smaller lags from the mmaxn lag until seven values of |h| are
obtained.

The medians elicited from each expert will be usedalculate the semivariances, using the
robust estimation procedure defined by Cressie ldadkins (1980) and Cressie (1991,
p. 75):

29(Ih]) = [median|Z(x + h) — Z(x)[]?/0.457 (3)

The constant 0.457 corrects for bias when usingntieglian as robust estimation of the
variogram instead of the mean.

Moreover, external checking is also required. fer $tationary Gaussian stochastic process,
the random variable at each location has the saarginal normal distribution with constant
mean and variance. The semivariance cannot ber ldrge the variancest) of the marginal
distribution sincey(h) = a?(1 — p(h)), 0 < p(h) < 1. Therefore, the medians judged by
experts must satisfy the following condition:

Vinc_med < 0.709 x (ZO.75 - ZO.ZS) (4)

Proof:
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) 2
7= Vinemed” — 2 o Vinc mea < V2 X 0457 X o

2x0.457

S Vinemea < V2 X 0.457 x 2025 = 0708698 X (Zo.75 — Zo.25)

After the variogram values at the seven distange &e accepted, the procedure continues
with fitting a variogram model (Section 4.3.3). Thiged variogram model is then used to
sample from the spatial distribution of the varghlsing unconditional sequential Gaussian
simulation (Goovaerts, 1997). The variation in deted values of the random variable along
a transect within the study area are shown to tipere (without defining the location of the
transect, since this is immaterial given that tedom function is stationary). The values of
the maximum and the minimum are used to replacsiralllated values outside these bounds
(i.e. larger than the maximum or smaller than theimmum). Experts can reconsider whether
the spatial structure shown along the transect eégmwhat they think it should be. If not,
they can revise their judgements about the med&mscrements at lags and the variogram
elicitation is reiterated.

Multivariate lognormal distribution

When the multivariate distribution of the randonriable is lognormal, each expert will be
asked to judge the median of the absolute ratichainge in its value at two locations at
distancegh|:

Z(x+h)
Z(x)

r =

|, assuming that |Z(x + h)| > |Z(x)|

The median of the log — transformed differenceailsudated by:

Z(zx(i)h)“) = log (median |Z(Zx(gl) )(5)

median{|log(Z(x + h)) — log(Z(h))|} = median (|log[

This equation is satisfied Z(Zx(:)h)| > 0. The lag distances are defined in the same way as in

the multivariate normal case. Externally checkitigg elicited medians need to satisfy the
condition:

log (Vi med) < 0.709 X [log (Zy.75) — log (Zg25)] (6)
Or:
7 0.709
Vr_med < (ﬁ) (7)

The semivariances are estimated by Eq. (3) usiagrtdian of absolute increment of log—
transformed values in Eq. (5). The remaining staps the same as in the case of the
multivariate normal distribution.

4.2.3 Pooling multiple experts’ judgements

The purpose of judgement pool or opinion pool isdmbine individual judgements about the
quantity of target variable to form a single poojedgements about that quantity. We follow
the linear opinion pooling method in which aftedividually giving judgements, all experts’

judgements are combined by applying a linear opirpool (e.g. equal weighted average).
This has already been explained in Chapter 2. Amsioagailable mathematical combination

39



methods, the average pooling method is the simplestnost practical cases, this method
performs as well as more complex methods (Clemenvdimkler, 1999). Figure 27 indicates
where in the elicitation procedure the judgememtipg needs to be done.

Pooling of the marginal distribution

As explained in Section 4.2.1, experts need tolr@greement about the marginal probability
distribution of the random function before they twone with the next elicitation round.
Therefore, after initial individual elicitation dhe marginal distribution, the distributions
from all experts are pooled. The task is done kst fjenerating (many) quantiles from the
fitted probability distributions of all experts. ke all of these are linearly combined, in other
words an equal weighted average is taken. The icmaff of skewness of the combined
distribution is calculated to again diagnose noitypalThe resulting quantiles after
mathematical combination are then fitted agairh®adhosen probability distribution (i.e. the
normal or lognormal). The minimum value of the mablprobability distribution is taken as
the minimum of all minimum values from all expefffie maximum value is the maximum of
all experts’ maximum values.

The consensual result is reported back to eachriexgreing them a chance to reconsider and
revise their individual judgements of quartiles.eTprocess continues until all experts are
satisfied with the final consensual results ang sieanging their judgements. At this point,
the elicitation process of the marginal distribatis ended. In practice, it may be sensible to
allow just a single round of revision.

Not satisfy
v ot sa y l
Elicitation of T
marginal - | [ Individual . e nd elicitation ‘
probability »| Pooled pdf Feedback—h\ expert r—Satisfy- procec;lul'le fdofr )
distribution ~_ marginal pdf __~
N T
I
. Elicitation of J
—_—) . — e — . — .
Not satisfy the variogram
Pooled
variogram
i/ End whole elicitation \&-Satisf Ind|V|dua|\<_Feed back— Simulation
N procedure > | expert )

Figure 27: Flowchart of the whole iterative elicitdion procedure.

Pooling of the variogram

According to the type of distribution of the randamariable, which is determined by the
consensual combination of all experts’ distribus@s explained above, all experts proceed to
the next step of variogram elicitation (Section.2)2 After the individual variogram
elicitation process is done, all judgements of etgpagain are pooled using equal weight
averaging. The medians elicited at the seven l&gdl @xperts are combined to obtain the
average for each lag:

Med(|hpl) = 12, median;(|hy]) (®)

where the lag number m =1 ... 7 and k is the nurabexperts.
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Next the seven consensual values of the medianssaceto calculate the semivariances with
Eq. (3). These semivariances are used to fit thegt@m model that characterizes the spatial
correlation of the target variable and used foclsastic simulation. The pooled medians at
seven lags and the transect of simulated valuedeareback to experts. They can make
changes to the medians of the increments (or ratioscase of the lognormal distribution) at
the seven lags but they cannot change the quadilése marginal distribution. The whole
elicitation procedure ends when all experts stojsieg their judged values for the medians.
Again, in practice perhaps only a single roundevision may be used.

4.3 Description of the web—based tool

The general structure of the computer tool for expécitation of the variogram has four
main components (Figure 28), besides complemerdaguments. These components are
discussed hereatfter.

_ _(1)Interface
Briefing documents |
Geographical data | |
| e =
| Answer forms
| Experts
Feedback
| - — T ——_1

Statistical tools

- Fitting probability distribution
- Fitting variogram

- Judgment pooling

- Simulation

(2) Y

( Data management

Figure 28: Schema of the main components of the viagram elicitation tool.

4.3.1 Web elicitation interface

Each expert interacts with the web elicitation iifstee individually to proceed through the
elicitation procedure in an automatic manner. Tled \nterface provides information about
context and target object, the elicitation procedurseful guidelines for properly giving
probabilistic judgements and all other constramtsconditions of the elicitation procedure
(see Chapter 2, also).

Several main pages include a description of thelystarea, a briefing document and
guestionnaires.

Description of study area

A map and information about the study area andrinédion about the target variable are
given on this pages. Experts have to carefullyhgough these pages.

Briefing documents

These documents give supplementary informationydcg:
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» statement of studying purpose, nature of problechumage of elicitation result,
» description of elicitation procedure,

» explanation of eliciting techniques,

» explanation of the probabilistic summaries,

» statement of requirements from the experts,

» causes of biased judgements and illustrating exasnpl

* recommended literature about the problem (if atéala

Questionnaires

The aim of the questionnaire is to extract fromélpert the plausible range (maximum and
minimum) and quartiles (first, second and third rtjleg of the marginal distribution of the
target variable. This questionnaire was develomeskth on the quartile elicitation framework
of SHELF (2010) for individual elicitation using éhbisection method, as described in
Chapter 2. However, we modified these slightly ¢velop questionnaires by using difference
expressions in questioning probability. Differerdiys of formulating questions to different
groups of experts likely yields better results (Ratl Schrage, 2003). Thus, we distinguish
between a quantitative and qualitative form. Theamative form uses a numerical
expression of probability, while the qualitative pegssion uses a verbal description of
probability. The latter is expected to be more ahlé for non—mathematicians and non—
statisticians. Tables 1, 2 and 3 provide both tygegpiestions.

Table 1: Questionnaire for eliciting the marginal dstribution of the target variable

Qualitative expression Quantitative expression

Purpose of question: Eliciting the plausible rafiygi,, M4y of spatial random function Z. Must allow expeids

answer eo Or +oo (i.e. there is no minimum or maximum).
Question 1 — Which is the smallest possible valg,f of Z?

Question 2 — Which is the largest possible valug)bf Z?

Purpose of question: Eliciting from experts the raa@4

Question 3 — Could you determine a value such thaQuestion 3 — What is the value &, such that there is
the value of Z is equally likely to be less than or | 0.5 probability that the value of Z is equal orsléisan
greater than this value? this value?

Pr(z<z,.,)=05

Purpose of question: Eliciting from experts the éowguartile 2 s

Question 4 — If €,5is smaller than g4 could you Question 4 — What is the value @f 5 such that the
determine §,sthat within the interval [&n, Zned the | probability that the value of Z is equal or lesart this
value of Z is equally likely to be less than oragjex | value within the interval [&n, Zned is 0.5?

than this point? Pr(Z < 2025) = 025

Purpose of question: Eliciting from the expertsupger quartile -5

Question 5 — If €ssis larger than £.q can you Question 5— What is the value &f 75 such that the
determine its value such that within the interval probability that the value of Z is equal or lesart this
[Zmes Zmad the value of Z is equally likely to be less value within the interval [geg Zmay iS 0.5?

than or greater tharyZs? Pr(Z<Z,,)= 075
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Qualitative expression

Quantitative expression

Purpose of question: Checking for experts’ inteqmaisistency

Question 6 — Is there any interval amongst the [k, Zoodl, [Zo.25 Zmed: [Zmes Zo.75, and [Zy 75 Zma] more

likely or probable than any other?

Table 2: Questionnaire for eliciting the median othe absolute first increment

Qualitative expression

Quantitative expression

Purpose of question: Eliciting from the expertsitiedian of the absolute first increments{Veed

Question — Could you determine a value such theat t
absolute difference ;\. of attribute Z at two locations

that are a distanc|6h| apart is equally likely to be less
than or greater than this value?

h Question — What is the value of,¥meqSuch that the
probability that the value of;\=|Z(X)-Z(x+h)]is equal
or less than this value is 0.5?

I:)r(vinc (h) <V ) =03

- inc_med

Table 3: Questionnaire for eliciting the median othe ratio of differences

Qualitative expression

Quantitative expression

Purpose of question: Eliciting from the expertsitiedian (V med Of the ratio of change

Question — Suppose that we observe Z at some doc
and another location a distance |h| from it. Nextake
the ratio of these two observations, while puttimg
largest of the two in the numerator. Could you
determine a value such that the ratidsvequally likely
to be less than or greater than this value?

atQuestion — Suppose that we observe Z at some doc:
and another location a distance |h| from it. Nextake
the ratio of these two observations, while puttimg
larger of the two in the numerator. What is thaueabf
V. megsuch that the probability that the ratipi¥ equal
or less than this value is 0.5?

PV, (h)< V, )= 05

r_med

ati

4.3.2 Database

In order to allow experts to reassess their judgeseuring the elicitation procedure and for

executing other tasks related to the analysis dfgments, the information extracted from
experts is stored in a database. The databasel@schhe final individually judged values of

the minimum, maximum, the three quartiles and thedians at the seven lags. The
aggregated values of these parameters are alsal stor

4.3.3 Statistical tools

Three main statistical tools are required. Thet fo@gncerns fitting functions used to fit the
probability distribution and the variogram. Secoad, aggregation tool combines multiple

judgements from experts. The third tool is useditoulate realizations of the target spatial

variable along a transect. These statistical toolginctions were all built in R and R-gstat
(Pebesma, 2004), partly by reuse and adaptatiavafable functions in SHELF (2010) and

the Automap R - library: Automatic interpolationcgage (Hiemstra et al., 2009). All
statistical tools are programmed in R and assembiedhe library eevariogram. The
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Appendix provides the code of all functions. Thiirfg and pooling tools are also used by
The Elicitator for elicitation of univariate didttions of continuous and categorical variables
(Chapters 2 and 3).

Fitting the probability distribution function is@arametric fitting to an underlying normal or

lognormal distribution. The ordinary least squaagproach was used to optimally fit the

parameters of the probability distribution from gjivexperts’ judgements (the quartiles). The
mean (1) and the variancgf) are chosen by numerically minimizing:

[F(Zo.25: 1, 0%) = 0.25] + [F (Zmeas 4, 0%) — 0.5)* + [F (Zg 75 4, 0*) — 0.75]> 9

where F is the normal or lognormal cumulative dsttion function. The fitting function used
in this tool is adapted from the one used in SHE2(A.0).

Ordinary least squares optimization with equal Wtsgs also used to fit experts’ judgements
to valid variogram models. We utilize the autométiing function provided in the Automap
library, namedautofitvariogram which automatically chooses the best fitting mdeeded on
minimizing the sum of squared errors. The chosamgem models include the Nugget,
Exponential, Spherical, Gaussian and Matérn mo#iElsnested models are fitted, except for
the combination of the Nugget model with any of dikers. The initial parameters of the
variogram model are defined as the default in dabtofitvariogram function. The fitting
process is automatic so that experts cannot imeenfiethis stage.

Unconditional simulation is used to plot spatiaki@gaon of the random variable along a
transect. Thegstat function of the Gstat package is used to simuleddizations of the target
variable along the transect. The length of thesieahis chosen equal to the central axis
through the study area. The transect is divided asufficiently large number of intervals
and simulations are generated at the interval bauesl Several simulations are generated
and experts can toggle between these to get aressipn of the whole range of possible
realities. Since experts have specified the maximamd minimum value of the random
variable, simulated values exceeding the boundbeilieplaced by one of the bound values.

4.3.4 Visualization tool

Feedback to experts are given through a web imertsy means of graphs of probability
density function and simulations along a trans&bge visualization tool must provide these
graphs through the web. Some other maps of the aneealso needed to give support to
experts to explore the area.
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5 Tutorial expert elicitation of spatial variables

In this tutorial, we will be learning to use the Imieased tool for expert elicitation of the
spatial structure of environmental variables ovespacified geographical area. In order to
characterize the spatial structure of a continu@rgable, the spatial probability distribution
of the variable must be specified. As explainethmprevious chapter, two measures must be
elicited from the experts: the marginal probabiliigtribution of the variable at an arbitrary
location and the spatial autocorrelation (the \gmam). To this end, the tool has two main
rounds corresponding to elicitation proceduresefrh of these two measures.

The tool can be accessed through the welbsige//www.variogramelicitation.org/The first
page (Figure 29) provides a general introductiooualthe purpose of the tool and the tasks
that the experts need to do. To complete an dimitaexercise, the experts need to complete
four main tasks:

1. read the case study description,

2. read the briefing document,

3. elicit the marginal distribution of the environmalwariable,
4

elicit the variogram of the environmental variable.

EXPERT ELICITATION FOR THE VARIOGRAM

INTRODUCTION

Mapping and predicting environmental properties such as soil nutrients, vegetation characteristics, weather and climate variables from point
observations require modelling of the spatial variability of these properties. In geostatistics, the spatial variability of environmental properties is
characterized by the variogram.

In this web-based elicitation procedure you, the expert, will jointly with other experts define the variogram of a specific environmental variable
for a specific area. The elicitation is set up such that no prerequisite knowledge about geostatistics is required. It is only vour expert knowledge

about the spatial variation of the variable that is needed.

TASKS TO DO

The experts are asked to complete several tasks during the elicitation procedure:

1. Read the case study description
2. Read the briefing document
3. Elicit the marginal distribution of the environmental variable

4. Elicit the variogram of the environmental variable

LOGIN

Please first login using the username and password to continue

Username

Password

Figure 29: Login page of the variogram expert eli¢ation tool.

The tool was designed to guide the experts throtigh elicitation process without
requirement of much knowledge of statistical prolighbAs a first prototype, the tool can be
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used only by experts to provide their judgementualthe spatial pattern of the continuous
variables. The ability to administer the tool bylplem owners is expected to be the same as
the Elicitator, i.e. the tool use for elicitatiori continuous and categorical variables (see
chapters 2 and 3). In a next phase the variograitagion tool will be integrated into The
Elicitator (http://elicitator.uncertweb.org/)

Using the tool to give expert judgements is quitepte. The experts first have to login using
their username and password. After login, the @zpeitl choose the case study that they take
part in. The case studies can be restricted toapgof experts. As mentioned above, there are
two main rounds. However, before getting startethwihese rounds, the experts have to
carefully go through two preliminary sectionSEEE EErTEre byicking on the
two buttons at the top of the main page or cark @it to go forward.

5.1 First round: elicitation of the marginal probabilit y
distribution

Before proceeding to answer questions in rounthé gikperts are asked to carefully read the
case study description, including a descriptionthed study area and the target variable.
Because the experts will judge the spatial conaiadf the variable over a certain area, it is
important that the experts get familiar to the gtadea, its geographical location and extent.
An embedded Google Magt{p://maps.google.con/which is located at the study area,

allows the experts to interactively explore thedgtarea. In addition, the experts should be
well aware of the causes that can lead them to lgased judgements. They should read the
briefing document. The briefing document provides ¢xperts with useful information about:

» statement of studying purpose, nature of problechumage of elicitation result,
» description of the elicitation procedure,

» explanation of elicitation techniques,

» explanation of the probabilistic summaries,

» statement of requirements from the experts,

» causes of biased judgements and illustrating exasnpl

* recommended literature about the problem (if abéela

In round 1, the question form (Figure 30) is usectlicit quantitative judgements from the
experts. The experts are asked to fairly judgepibssible maximum and minimum values,
and the three quartiles (the first quartile, thediae and the third quartile) of the probability
distribution of the variable. Quantitative judgerteenf the experts need not be more precise
than three digits. Useful explanation is given tidg the experts to answer the questions. The
experts’ judgements have to satisfy some conditisese Chapter 4); otherwise, notices of
inappropriate judged values will be given. Unldss éxperts change their judgements, they
cannot go forward to the feedback page.
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ROUND 1 ELICITATION FOR THE PROBABILITY DASTRIBUTION

ounid, #ach expat v asked 10 judge the probabdity didbibution of the maximuam temperature on Apnl 1, 2020 ar a randomby ¢hoien
Ication in the Methedands. Each expert will be fint asked to estimate the mremum and maximum vahoe of the vanzbie and noxt the thae

geiariies {tha first ang Third Quanide. and the meadiam

Flease carefully read and answer the guestions balow!

Which ia 1he higheun poasible value X - of 17 25000

hat is the value T, such that there is 3 50% prabability that the value of T s egual or

vaklo? 14.00

What 15 the valus 2., ., such that thers is 4-50% peobakilioy that the vahie of 2 5-egua

ar smaller than this vakie withe the meral |2 2

ofF Lmalle i Thils v & 1 1HE LR .L__.__‘:| 11,000
Pri=E

Wwh Ich th F a% probaklity that the I 1

or & an this value withen the imterval (Z_ 2 1 21,000
[

Figure 30: Question form to elicit the probability distribution at round 1.

When all of the experts’ judgements are coherdm, eéxperts can proceed to see the
probability distribution fitted based on their juthvalues. The experts’ judgements are fitted
to one of two types of probability density functiarormal or lognormal probability density
function. Feedback to the experts is a graph offitted probability density function and
information about the probability distribution typ&d the three fitted quartiles (Figure 31).
Their own judged values of the three quartiles tiedp the experts to compare the difference
between their own judgements and the fitted vatresshown as well. Moreover, the™and
90" percentiles are also provided as part of the faekib
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INDIVIDUAL FEEDBACK

A distribution was fitted to your judgement. Mote that the fitted distribution need not satisfy all your judged values because a
normal or lognormal distribution was enforced. You can now adjust your judgement if you wish.

Probability distribution function

Fitted values Your judged values
Distribution type: Normal distribution

Median value: 14.992 Median value: 14
First quartile: 10.737 First quartile:
Third guartile: 19.247 Third quartile: 21

10" percentile:  6.908

90" percentile:  23.076

in
=
n
=
o
r
=

25 30 35

Temperature (°C)

Figure 31: Feedback for round 1.

The experts can change their judgements if theytthat the feedback does not correctly
reflect their belief on the marginal probabilitysttibution. The experts can review their
previous judgements and change them in the revision (Figure 32) below the feedback.
Changes in the experts’ judgements are interagtivelorporated with a change in feedback
graph and fitted values when the experts confireir tthange by clicking the

button at the bottom of the revision form. Someieglis given for the experts to change their

judgements. Additional buttons enable the expertsontinue to the next step in the process
or to go back and revise entries in earlier steps.

Click here if you want to revise your judgement.

a5k Bp 25. Zueg) Rmed: 20,750 80 [Zg 7y, Zugsl is more Hcaly or probabis than the others, you should revise your |udgement

Minimum value Z__ .? ooo

Maximum value Z__ 30,000
Median value Z_ 14.00(
First quartile value Z, ,, 12.000
Third quartile value Z, . 18.00C

Figure 32: Feedback for round 1.
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When the experts are satisfied that the feedbackahility density function truly reflects
their belief, they can go on to see the combinadlteof all other experts who finished the
first round. By clicking on the experts can now seée pooled
probability density function (Figure 33), that fetprobabilistic average of all other experts’
fitted probability density function together witheir own function. At this stage, the experts
can still go back to change their judged valuetvicann influence the pooled result.

s | it documen | o 1] towa
POOLING RESULT

Total number of invited experts: 6

Number of experts that completed round 1: 5

Pooled probability distribution
Distribution type: Narmal distribution

Median value: 155575
First quartile: 7
Third quartile: 19.583
Your pdf
M| Pooled pdf
o 5 1 15 20 25 ED EF
Temperature (°C}
You can still change vour judgement REILEHIHTGN S Click to continue round 2

Figure 33: Feedback for the pooled result of round.

After the experts finish revising their judged \eduand leave round 1, they can relogin
another day within a given duration period to clearigeir judgements. After the limited
duration for round 1 ends, they are no longer &bkhange their judgements for the marginal
probability distribution. Instead, they will be ited to proceed to round 2.

5.2 Second round: elicitation of the variogram

Round 2 was designed to facilitate the expertangiyudgements even when experts have no
knowledge of geostatistics in general or the vadog specifically. To remind the experts
about the pooled probability distribution resultirgm the first ground, the second round
starts with a short summary of the pooled probighilistribution (Figure 34). The type of the
pooled probability distribution, either normal @ghormal, defines the quantities that will be
elicited from the experts in the second round. &hisr also a brief definition of these
guantities. The experts now have a general idethefquantitative measures that they are
expected to be asked to judge. See Chapter 4 foor® detailed explanation of these
guantitative measures.
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ROUND 2: ELICITATION FOR THE VARIOGRAM

led marginal probability distribution

Figure 34: Starting page of round 2.

Again, the question form was designed to elicit deéined quantities. Figure 35 shows the
question form in case the pooled probability disttion is normal. The quantity to be elicited
is the absolute difference between values at twations a given distance apart.

Could you determine a value such thai the absolute difference V, =[Z{x) - Z(x+h)| of attribute Z at two locations that are a
distance h apart is equally likely to be less than or greater than this value?

At distance 2000 meter apart 0.300
At distance 5000 meter apart 0.600
At distance 10000 meter apart 1.000
At distance 20000 meter apart 1400
At distance 50000 meter apart 2.500
At distance 100000 meter apart 4.000
At distance 200000 meter apart 4700

Figure 35: Question form for normal marginal probability distribution.

In cases where the pooled probability distribut®ihognormal, the question is slightly more
complicated (Figure 36). The quantity is now thigoraf the values at two locations (with the
assumption that the ratio is always greater tha).ohgain see Chapter 4 for a more detailed
elaboration of the differences between the two tjpre$orms.
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Suppose that we observe Z at some location and another location a distance h from it. Next we take the ratio of
these two observations, while putting the largest of the two in the numerator. Could you determine a value such that
the ratio is equally likely to be less than or greater than this value?

At distance 2000 meter apart 0.00
At distance 5000 meter apart 0.000
At distance 10000 meter apart W
At distance 20000 meter apart m
At distance 50000 meter apart W
At distance 100000 meter apart W
At distance 200000 meter apart W

Figure 36: Question form for lognormal marginal probability distribution.

In both cases, the experts are required to cayefekhd the question forms. They should

reconsider the study area and supplementary intfmabout it and the target variable.

Quantitative judgements of the experts need noimioee precise than three digits. The

question form also has a validation function tockhehether the judged values satisfy some
conditions (see Chapter 4). If all experts’ judgadlies meet the conditions, the experts can
proceed to the feedback page.

At this stage, the experts are recommended to gk tmathe briefing document page again,
using the button at the top of the page. This hétigsexperts always to be aware of the
unexpected causes of biased judgements.

Figure 37 shows a graph of simulated values alamgresect within the study area. In order to
produce this graph, the operations behind it inelfitfing the experts’ judgements to a valid
variogram model. The variogram model characterithes level of autocorrelation of the
variable over any distance in space. The fittingcpss automatically sets the initial values for
the variogram parameters based on all experts’egdglues. Next, it automatically fits the
experts’ judgements to different variogram modeld selects the model that is considered as
the best-fit in terms of having the smallest squarer. In some cases the automatic fitting
procedure may not be able to converge to a valat-itevariogram. In this case, the experts
receive a notice and a suggestion for a possilthlgigo shows up as in Figure 38.
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Figure 37: Individual feedback of round 2.

The variable values are unconditionally simulatieel vithout conditioning to observations)
along the transect by sampling from the multivarigtrobability distribution. This
multivariate probability distribution is parametasd by the marginal probability distribution
and the autocorrelation function (i.e. variogramefied from the experts’ judged values in
round 1 and 2, respectively.

INDIVIDUAL FEEDBACK

Your judged values can not be automatically fitted to a valid variogram model. Please carefully consider again your judgments.
You can change your judgements by clicking to go back. If you believe that your judgements are true, please send an email to
ong.truong@wur.nl, we will try to get back to you very soon with feedback .

Figure 38: Natice for failure of fitting expert judgements to a valid variogram in round 2.

From the graph of the transect (Figure 37), theeggpcan see how strongly the values of the
target variable are spatially correlated. The d#ifees of the values versus the distance shows
the strength of the autocorrelation of target \@eaa within the study area. In general, the
greater the distance between the two locationsgthater the difference in the values. In
other word, the further apart two locations in gepdical space, the smaller the correlation.
Two locations next two each other may still haviéedence in their value due to stochastic
nature of the phenomenon. If the zero-distancesdfice in the values is small, the transect
will smoothly go up or down.

By looking at the feedback graph along the transbetexperts can recognize how the target
variable varies in the study area. The experts ldhcarefully observe the feedback graph to
verify if the spatial variation of the target vaia is in accordance with their belief.

There is always a possibility for the experts tage their judgements. The revision form can
be found by clicking on the link below the feedbapkph. Every time the experts finish a
revision, they should save their changes. By dliglon saving changes, the feedback graph is
also updated and shows up.

Proceeding to the feedback page of the pooledtréBSigure 39), the experts can also see
again the results of their own judgements. The gubdéedback from all other experts who
finished the round can be useful information fdraher experts who did achieve a valid
variogram fitted. For this reason, the expertshe®se without a contribution to the pooled
result can go forward to the pooled feedback page.
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POOLING RESULT

Total number of invited experts: 6

Number of experts that completed round 2: 4

275
[ Your transect

250 I I I I I s W] Pooled transect
225
20.0

175

150 3R

123

0 SO000 100000 150000 2000400 250000 300000 350000 400000

Click to generate a new simulation

Figure 39: Pooled feedback of round 2.

When the experts decide to leave the tool, theyctisk on the button at the bottom of the
pooling page to close the session.
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7 Appendix: R code for expert elicitation of spatial
variables

Fitting probability distribution function
### Modified from SHELF 2.0

Mai n vari abl es

Lower bound: Lo

Upper bound: Up

Lower quartile: |

Medi an: m

Upper quartile: u

HoHHHHH

pdf .fitting <- function(Lo, Up, I, m u){

#*Cal cul ate coefficient of
skewnes s* ######HHHHT R HE B HEBHE B HE B HE B HE B HE B HE B HE R H TR H R H R H R R
SK = abs((u+l-(2*m)/ (u-1))

HUHHHHHHHH TR HA* R t ting probability
di st ri but i on* ######HHHBHHHHHHAHHHARHH AR HH AR HH AR HH B HH B H B H T

### Initial values for optinisation, based on nornal approximtion
s<-qnorm(1-(0.5/2))# getting upper quartile of standard norna
distribution (with nean=0 and std=1)

v<-((u-1)/(2*s))"2 # initial with normal distribution assunption: G-
Ql=2.s.sigma with s=0.6744898

if (SK <= 0.5){

### Fit a normal distribution
normal error<-function(x,elicited, probabilities){
a<-x[ 1]
b<-exp(x[2])
sum((pnorn{elicited, a, b)-probabilities)”2)

normal fit<-
optinm(c(mO0.5*l og(v)), normal error, elicited=c(Lo,|,mu,Up), probabilities=c(0
,0.25,0.5,0.75,1))
nor mal par amet er s<-c(nornal fit$par[1], exp(normal fit$par[2]))
nor mal | sq<-normal fit $val ue
re =list (dist = "Normal", pars = nornal paraneters, Isq = normallsq)
return(re)
} else {

### Fit a log normal distribution
I normerror<-function(x,elicited, probabilities){
a<-x[ 1]
b<-exp(x[2])
sum((plnorm(elicited, a,b)-probabilities)”2)

}

std<-((log(u)-log(l))/(2*s))

| ognormal fit<-
optin(c(log(nm,log(std)),Inormerror,elicited=c(Lo,|,mu,Up), probabilities=c
(0,0.25,0.5,0.75,1))

| nor npar anet er s<-1 ognor nal fit $par

| nor npar anet er s[ 2] <- exp( | nor npar anet er s[ 2])

| ognor mal | sq<-1 ognor mal fi t $val ue

re = list (dist = "Lognormal", pars = | nornparaneters, |sq =
| ognor mal | sq)

return(re)

}
}
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Automatic fitting variogram function

### Modified fromautofitVariogram- Automap R Library v1.0-7

# Main variabl es

# Sem variance: semvariance data organised in defined struture
# Study area bound: input_data

# Valid variogram nodel : node

# This function automatically fits and optinmally choose a variogram nodel
to elicited senivariances

m aut of i t Vari ogram = function(seni vari ance, input_data, nmodel = c("Sph"
"Exp", "Gau", "Ste", "Mat"), kappa = c¢(0.05, seq(0.2, 2, 0.1), 5, 10),
G.S. nodel = NA, verbose = FALSE)

{

X = input_data@box][1,]

y = input_data@box[ 2, ]

experinental variogram = sem vari ance

# Autonmatically choosing the initial guess for fit.variogram

# initial _sill = nmean(nmax(seni _variance) + nedi an(sem -varari ance))

# initial _range = 0.10 * central axis of the area.

# initial _nugget = nininmum sem -variance val ue

initial _nugget = m n(experinental vari ograntgammma)

initial _range = (0.1*sqrt((max(x) - mn(x))"2 + (max(y) - mn(y))"2) )
initial _sill = nean(c(max(experinental vari ograntgama),

nmedi an( experi nent al _vari ogr anfsganma) ) )

# Deternmine nugget, range and sill to be automatically fitted
fit_nugget = TRUE

fit_range = TRUE

fit_sill = TRUE

get Model <- function(psill, nodel, range, kappa, nugget, fit_range,
fit_sill, fit_nugget, verbose)

i f(verbose) debug.level = 1 else debug.level =0
obj = try(fit.variogran(experinental variogram
nodel = vgn(psill=psill, nodel =nbdel, range=range,
nugget =nugget , kappa = kappa),
fit.ranges = c(fit_range), fit.sills = c(fit_nugget, fit _sill),
debug.l evel = 0), TRUE)
if("try-error" % n%class(obj)) {
#print(traceback())
war ni ng("An error has occured during variogramfitting. Used:\n"
"\'tnugget:\t", nugget,
"\ n\tnodel :\t", nodel
"\mtpsill:\t", psill,
"\n\trange:\t", range,
"\ n\tkappa:\t",ifel se(kappa == 0, NA, kappa),
"\n as initial guess. This particular variogramfit is not taken into
account. \nGstat error:\n", obj)
ret urn( NULL)
} else return(obj)

}

# Automatically testing different nodels, the one with the small est suns-
of -squares and not singular is chosen
test _nodel s = nodel
SSerr_list = c()
sing_list = c()
vgmlist = list()
counter =1
for(min test _nodels) {
if(m!="Mat" & m!= "Ste") { # I f not Matern and not Stein
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nodel fit = getMdel (initial _sill - initial _nugget, m initial_range,
kappa = 0, initial _nugget, fit_range, fit_sill, fit_nugget, verbose =
ver bose)

if(lis.null(nodel _fit)) { # skip nodels that failed

vgmlist[[counter]] = nodel fit

SSerr_list = c(SSerr_list, attr(nmodel _fit, "SSErr"))

sing_list = c(sing_list, attr(model fit, "singular"))}
counter = counter + 1
} else { # El se |l oop al so over kappa val ues
for(k in kappa) {
nmodel fit = getMdel (initial _sill - initial_nugget, m initial_range,
k, initial_nugget, fit_range, fit_sill, fit_nugget, verbose = verbose)

if('is.null(nodel _fit)) {
vgmlist[[counter]] = nodel fit
SSerr_list = c(SSerr_list, attr(nodel fit, "SSErr"))

sing_list = c(sing_list, attr(model fit, "singular"))}
counter = counter + 1
}

}
}
# Check for negative values in sill or range comng fromfit.variogram
# and NULL values in vgmlist, and renpve those with a warning
strange_entries = sapply(vgmlist, function(v) any(c(v$psill, v$range) <

0) | is.null(v))
i f(any(strange_entries)) {
i f(verbose) {
print(vgmlist[strange_entries])
cat ("~~ ABOVE MODELS WERE REMOVED ~"AM\n\n")

war ni ng(" Some nodel s where renoved for being either NULL or having a
negative sill/range/ nugget, \n\tset verbose == TRUE for nore information")
SSerr_list = SSerr_list[!strange_entries]
vgmlist = vgmlist[!strange_entries]
sing_list = sing_list[!strange_entries]
}
countertwo = 1
prevgmlist = list()
preSSerr _list = c()
non_si ngul ar = which(!sing_list)
if (length(non_singular) !'= 0){
for (n in non_singular){
prevgmlist[[countertwo]] = vgmlist[[n]] #list of variogramwth
non_si ngul ar attri bute.
preSSerr list = c(preSSerr _list, SSerr _list[n]) #list of error of fitting
to non_singul ar variogram
countertwo = countertwo + 1

i f(verbose) {
cat ("Sel ected:\n")
print(prevgmlist[[which.m n(preSSerr _list)]])
cat("\nTested nodels, best first:\n")
tested = data.frame("Tested nodel s" = sapply(vgmlist, function(x)
as. character(x[2,1])),
kappa = sapply(vgmlist, function(x)
as. character(x[2,4])),
"SSerror" = SSerr_list, "singular" = sing_list)
tested = tested[order(tested$SSerror),]
print(tested)

result = list(exp_var = experinental variogram var_nodel =
prevgmlist[[which.mn(preSSerr_list)]], sserr = min(preSSerr_list))
class(result) = c("autofitVariogram',"list")}else{ result = NULL }
return(result)
}
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Making feedback function
# Visualizing the pdf

### Modified from SHELF 2.0

Mai n vari abl es

Type of probability distribution: Distribution
Lower bound: Lo

Upper bound: Up

Mean (mu) and variance (sigma): paraneters

Sum of square error: 1sq

N T e

HUHRHHHHH TR H##Pr obabi | i ty density function
f eedback######HHHHH R HHHHH I HHHH T
Hit#

pdf . f eedback <- function (Distribution, parl, par2, Isq, sig.fig = 3){
if (Distribution == "Nornal"){

Lo = gnorn(0. 0001, parl, par2)

Up = gnorn(0.9999, parl, par2)

}el se{

if (Distribution == "Lognormal"){

Lo = gl norn{0. 0001, parl, par2)

Up = gl norn(0.9999, parl, par2)}

}

x<-seq(fromeUp, to=Lo, | engt h=102) [ 2: 101]

fql =0.25
fqg2 = 0.75
median = 0.5
if (Distribution == "Normal"){
f.normal <-dnornm(x, parl, par?2)
ql <-qgnorm(fql, parl, par2)
g2 <-qgqnorm(fqg2, parl, par?2)
med <-gnorm(nmedi an, parl, par2)
fb = list(f.normal, q1, g2, ned)
return (fb)
}el se{
if (Distribution == "Lognornal"){
f.lognormal <-dl norm(x, parl, par2)
ql <-gl norm(fql, parl, par2)
g2 <-gl nornm(fq2, parl, par2)
med <-gl norm(nmedi an, parl, par2)
fb = list(f.lognormal, qi1, g2, ned)
return (fb)
}
}
}

Define lag intervals from the extent of study area

# calculate lag interval, maxi numlag <=1/2 di agonal of the area rounded to
k*10"j, k in , j interger

# smaller lag is either 0.5 or 0.4 of the previous |larger |ag

cal.lag.int <- function(area){

X area@box[ 1, ]

ar ea@box]| 2, ]

sqrt ((max(x) - mn(x))"2 + (max(y) - mn(y))"2)

<
1no

k int =0

while (D ag>=1){
k int = k.int +1
Diag = D ag% %0
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}

(k_int >0){
nt.D = DWW 9 10" (k_int-1))
lo.D = (D% % 10"(k_int-2)))/10
f (flo.D< 1.5) {
int.D=1
D.round = int.D*10"(k_int-1)
lagl = D.round*0.5
lag2 = | agl*0.4
lag3 = | ag2*0.5
lag4 = 1ag3*0.5
|l ags = | ag4*0.4
|l ag6 = | ag5*0.5
| ag7 = | ag6*0. 4
}
if ((1.5 <=flo.D) & (flo.D < 3.5)) {
int.D =2
D.round = int.D*10"(k_int-1)
lagl = D.round*0.5
lag2 = lagl*0.5
|l ag3 = | ag2*0.4
lag4 = 1ag3*0.5
|l ags = 1l ag4*0.5
|l ag6b = | ag5*0.4
|l ag7 = | ag6*0.5
if ((3.5<=flo.D) & (flo.D< 7.5)) {
int.D =25
D.round = int.D*10"(k_int-1)
lagl = D.round*0.4
lag2 = lag1l*0.5
Il ag3 = lag2*0.5
lag4 = 1 ag3*0.4
|l agsh = | ag4*0.5
|l ag6 = | ag5*0.5
|l ag7 = | ag6*0.4
}
f (flo.D>=7.5) {
int.D =10
D.round = int.D*10"(k_int-1)
lagl = D.round*0.5
lag2 = | ag1l*0.4
Il ag3 = | ag2*0.5
lag4 = 1 ag3*0.5
|l ags = | ag4*0.4
|l ag6 = 1 ag5*0.5
|l ag7 = 1 ag6*0.5

}

if (k_int<=0){
int.

D=0

whil e (int.D<=0){

}
f

k int =k int + 1
int.D = (D*10"k_int) % %

lo.D = (trunc(D*10"(k_int+1)))/ 10
f (flo.D < 1.5) {

int.D=1

D.round = int. D/ (107k_int)
lagl = D.round*0.5

lag2 = |l ag1l*0.4

Il ag3 = lag2*0.5

lag4 = 1ag3*0.5

|l ags = | ag4*0.4
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|l ag6b = | ag5*0.5
|l ag7 = | ag6*0.4
}
if ((1.5 <=flo.D) & (flo.D < 3.5)) {
int.D=2
D.round = int.D/ (107k_int)
lagl = D.round*0.5
lag2 = lag1l*0.5
|l ag3 = | ag2*0.4
lag4 = | ag3*0.5
|l ags = 1 ag4*0.5
|l ag6 = | ag5*0.4
|l ag7 = 1 ag6*0.5
}
if ((3.5 <=flo.D) & (flo.D < 7.5)) {
int.D=5
D.round = int.D/ (107k_int)
lagl = D.round*0.4
lag2 = lagl*0.5
|l ag3 = | ag2*0.5
lag4 = 1 ag3*0.4
|l ags = 1l ag4*0.5
|l ag6 = 1 ag5*0.5
|l ag7 = | ag6*0.4
}
if (flo.D>=7.5) {
int.D = 10
D.round = int.D/ (107k_int)
lagl = D.round*0.5
lag2 = lagl*0.4
Il ag3 = | ag2*0.5
lag4 = 1ag3*0.5
|l ags = | ag4*0.4
|l ag6b = | ag5*0.5
|l ag7 = | ag6*0.5
}
}
lags = matrix(c(lag7, lag6, |ag5, lag4, lag3, lag2, lagl), nrow = 7, nco
:1)
return(l ags)
}

Unconditional simulation
#doi ng uncondi stional sinulation

uncondi tion_sim<- function(nu, sigma, N, grid_map, vari_nodel)
{

gridcord = coordi nates(grid_nap)

vx = gridcord[, 1]

X =sanpl e(vx, 1)

for (i in 1:1ength(vx))

if (gridcord[i,1] == X) Y = gridcord[i, 2]

names(Y) <- NULL

i n_sanpl e = data. frane(x=X y=Y, sanpl e_val ue=r nor n( 1, nean=nu, sd=si gna) )
coordi nates(i n_sanpl e) =~x+y

fsim=

gstat (i d=c("sanpl e_val ue"), f or nul a=sanpl e_val ue~1, dat a=i n_sanpl e, bet a=mu, nm
ax=24, nodel =vari _nodel , dunmy=TRUE)

uncondi ti onal _sim = predict.gstat(fsimgrid_map, nsi nEN, BLUE=FALSE)
return (unconditional _sim

}
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