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Abstract

In 2003, Guifré Vidal introduced the time evolving block decimation (TEBD)
algorithm. This algorithm permits the efficient simulation of one-dimensional
quantum many-body systems, i. e. a simulation requiring at most polynomial
computational resources. It is applicable if only a restricted amount of en-
tanglement is present in the system – a requirement that is fulfilled by a large
class of quantum systems.

In the present work we introduce this algorithm, highlighting the single
steps and the general idea behind it. Afterwards we present an extension
of the algorithm from pure states to mixed states, allowing the simulation of
quantum-systems at finite temperatures.

As a first test we applied the pure-state version of the algorithm to an infinite
Ising chain and were able to reproduce the physical properties obtained from
the exact, analytical solution. The extension to mixed states provided correct
results as well, tested against previous simulations by Vidal and exact calcu-
lations. Subsequently we used the TEBD to investigate a simple Spin-Boson
type model, consisting of a two-level system interacting with an environment.
Through a mapping of the Spin-Boson Hamiltonian onto a one-dimensional
chain we were able to calculate the interaction with an environment following
the de-excitation of the two-level system over time.
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CHAPTER 1

Introduction

Theoretical condensed-matter physicists have always been interested in one-dimensional
quantum many-body systems. Unfortunately, due to the complexities that quantum
mechanics brings along, the number of parameters necessary to describe these systems
grows exponentially. Thus not only are analytic solutions and approximations rare, but
direct numerical treatments also become all but impossible.
The present work deals with a possibility to circumvent this difficulty. We present an
algorithm, introduced in 2003 by Guifré Vidal, that allows an effective reduction of the
number of coefficients describing a quantum system and thus allows the simulation of
such systems.

One may ask why one-dimensional systems are investigated when the real world is three-
dimensional. Plenty of reasons could be named, for example that one-dimensional sys-
tems comprise the first stage to understand the underlying physics of the system and
form the basis for extensions to higher dimensions, or that these one-dimensional systems
are a first and comparatively good approximation for some real-world higher-dimensional
systems. But the incentive for the present work is a different one.
Recently it has been shown that the Spin-Boson model – a model describing the physics
of a quantum system interacting with an environment represented by harmonic oscilla-
tors – can be transformed to a one-dimensional chain. Using this transformation, the
Spin-Boson model suddenly becomes accessible to the algorithm for one-dimensional sys-
tems, offering the possibility to simulate those Spin-Boson type systems.

In the second chapter we commence by introducing a method for the efficient repre-
sentation of one-dimensional quantum many-body systems, using at most a polynomial
amount of computational space. Subsequently we introduce the formalism for the appli-
cation of time evolutions and measurements, using the newly introduced notation, where
one of those application uses at most polynomial computational effort. This constitutes
a set of methods allowing the efficient simulation of those systems.
We end this chapter by extending the formalism, originally formulated for finite systems
and pure states, to infinite chains on the one hand and to finite temperatures on the

1



Chapter 1. Introduction

other hand.

The actual application of this developed algorithm to physical systems happens in the
third chapter. As a first test, the well-known and well-understood Ising model is used.
The infinite Ising chain is solvable analytically – with its help we are able to assess
the capabilities of the algorithm. Comparisons with the simulation results then show,
whether the algorithm is capable of reproducing the correct results and physical prop-
erties of the underlying physical model.
Afterwards the extended version of the algorithm for finite temperatures is applied to
the Spin-Boson model mapped onto a one-dimensional chain – the target is, to obtain
the dynamics of the de-excitation of an excited system that is coupled to an environment
in a thermal state.

2



CHAPTER 2

Fundamentals

In this chapter we lay the groundwork for this work. The intention here is to supply the
basic mathematical and physical tools that we use in the remainder of this work, not
to give a comprehensive overview over the single topics. In particular we have a look
at quantum systems in general, their representations, evolution, properties and how to
apply measurements to them.

2.1 Quantum systems
In this section we want to deal with the question of how to represent a quantum system.
Basically we want to illuminate the difference between the representation as a vector |ψ〉
and as a matrix ρ.

The simplest way is to represent a quantum system with d dimensions is as a state vec-
tor |ψ〉 which is a d × 1-matrix in the Hilbert space with the normalisation condition
〈ψ|ψ〉 = 1. This is a pure state of a quantum system. But because of this simplicity the
approach is inherently limited.

The density operator is another means to describe a quantum system and is mathemat-
ically equivalent to the state vector approach. The description of quantum mechanics in
general can be formulated in the language of state vectors as well as in the language of
density operators.
If the quantum system describing one particle is finite dimensional (of d dimensions),
then the density operator can be represented as a d × d-matrix. Since we will not deal
with infinite dimensional systems throughout this thesis, from now on we only deal with
density matrices.
The density matrix represents an ensemble of possible pure quantum states. These possi-
ble states the quantum system can be in are {|ψi〉} with the respective probabilities {pi}.
Then the density matrix is given by

ρ =
∑
i

pi|ψi〉〈ψi|. (2.1)

3
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Of course the system is subjected to the usual statistical rules, that is the probabilities
have to sum up to one: ∑i pi = 1. It should be mentioned that the probabilities here refer
to a statistical uncertainty (for example induced by some operation on the system) which
state the quantum system is in. This has nothing to do with the quantum uncertainty
that the outcome of a measurement cannot be predicted.
The density matrix describes a statistical mixture of pure states. If only the probability
for the system being in state |ψj〉 is non-zero, that is pi = 0 ∀ i 6= j (and thus pj = 1),
then the system is in the pure state |ψj〉〈ψj |, otherwise it is in a statistical mixture.
There is a simple criterion to decide whether a density matrix represents a pure state
or a mixed state: every density matrix fulfills eq. (2.2) where the equality holds if and
only if ρ represents a pure state:

tr
(
ρ2
)
≤ 1. (2.2)

Further we are looking for a criterion to decide whether or not an arbitrary matrix ρ
is a density matrix. As it turns out such a criterion exists, consisting of three separate
conditions:

• Positivity ⇔ 〈ϕ|ρ|ϕ〉 ≥ 0 ∀ |ϕ〉

• Hermiticity ⇔ ρ† = ρ

• Trace one ⇔ tr (ρ) = 1

Every density matrix fulfills these conditions – but the reverse is true as well: if any
matrix fulfills these conditions it is a density matrix [Nielsen and Chuang, 2007].

The density matrix formalism now enables us to describe even quantum systems in
thermal equilibrium, because a quantum system at finite temperature can be seen as a
statistical mixture of pure quantum states and thus is describable by the density matrix
formalism.
From statistical mechanics we know that a system in a thermal equilibrium can be
described as a canonical ensemble – so the system being in the eigenstate |i〉 of the
Hamiltonian H with energy Ei is attributed to the relative probability e−βEi . Therefore
our density matrix is given by

ρ = 1
Z

∑
i

e−βEi |i〉〈i| = e−βH

Z
(2.3)

where β = 1
kBT

is a measure of the temperature and Z is the partition function

Z =
∑
i

e−βEi = tr
(
e−βH

)
(2.4)

which guarantees the normalisation tr (ρ) = 1 of the density matrix.
Thus for high temperatures T →∞ we have β → 0 and ρ approaches the unity matrix
divided by the number of eigenstates of the Hamiltonian; the probabilities pi are all
equal, we have a maximally mixed ensemble, the probability for the system to assume a
state of the ensemble is for every state the same.

4



2.2. Time evolution of quantum states

For low temperatures T → 0 we get β → ∞ and thus the probabilities pi are all zero
except for the ground state of the system – this probability approaches one – and the
density matrix’ entries are all zero but one diagonal entry. Hence once the system reaches
absolute zero then only the ground state is occupied [Fowler, 2007].

2.2 Time evolution of quantum states
When dealing with quantum systems one of the most common questions is how the
system evolves in time. The answer depends on the description of the state and on the
circumstances. Here we provide some formulas for different situations which we will
apply throughout this thesis.

If we describe our system by a state vector, we can easily deduce the dynamics of our
system from the Schrödinger equation. Knowing our quantum systems’ state at time t0
the state at time t follows by formally integrating the Schrödinger equation

i~
∂

∂t
|ψ〉 = H|ψ〉 (2.5)

which yields the solution

|ψ (t)〉 = U (t, t0) |ψ (t0)〉. (2.6)

Here the evolution is determined by the time evolution operator

U (t, t0) = e−
i
~H(t−t0) (2.7)

connecting the state |ψ (t0)〉 with the state |ψ (t)〉. Unfortunately it is not always that
simple. The above case is only valid if the Hamiltonian is not time-dependent. If it is
time-dependent then a time ordering operator has to be introduced. But we will not
consider this case here, from now on the explicit assumption is that the Hamiltonian H
is not time dependent.

Now if we describe our system by a density matrix we cannot apply the Schrödinger
equation, we have to take the corresponding equation for density matrices – which is the
von Neumann equation

∂ρ

∂t
= − i

~
[H, ρ] . (2.8)

It can be solved to yield the connection between the state ρ (t0) and ρ (t) as

ρ (t) = e−
i
~Htρ (t0) e

i
~Ht. (2.9)

The above equations describe the unitary evolution of closed quantum systems. When
going on to open quantum systems and non-unitary evolutions one has to rely on different
tools to calculate the time evolution. One of those tools is the master equation in the
Lindblad form, given by

∂ρ

∂t
= − i

~
[H, ρ] +

∑
µ

(
LµρL

†
µ −

1
2LµL

†
µρ−

1
2ρLµL

†
µ

)
(2.10)

5



Chapter 2. Fundamentals

where H and Lµ are the Hamiltonian and the Lindblad operators [Breuer and Petruc-
cione, 2006].

A final word on notation. From now on we set ~ = 1 and t0 = 0 since it simplifies the
form of the time evolutions. This is a common practice and facilitates comparison to
other works, though it may have to be taken into account when comparing simulation
results to literature or exact calculations.

2.3 Measuring quantum states
Until now we were only concerned with how to express a quantum state and how to
calculate the time evolution. This is very useful, but in the end we are interested in
some properties of the quantum system that we can observe – meaning we need to be
able to describe measurements on the quantum states. That is what we want to develop
in this section. In the present work we will not perform very elaborate measurements,
thus we only briefly collect the formulas we need and refer to [Nielsen and Chuang, 2007]
for a more detailed analysis.
One of the basic postulates of quantum mechanics gives us the rule for how to describe
measurements on quantum states:

Postulate (Quantum Measurements). A quantum measurement is described by the col-
lection of measurement operators {Mm} where m indexes the possible outcomes and the
operator Mm acts on the state space of the system being measured. Further the opera-
tors {Mm} satisfy the completeness relation eq. (2.11). If a measurement is performed
on the state |ψ〉 then the probability of obtaining outcome m is given by p (m) and the
state of the system directly after the measurement is |ψ′〉:

{Mm} with
∑
m

M †mMm = 1 (2.11)

p (m) = 〈ψ|M †mMm|ψ〉 (2.12)

|ψ′〉 = Mm|ψ〉√
〈ψ|M †mMm|ψ〉

(2.13)

By providing these three properties (measurement operators, probability distribution
and state after the measurement) we can completely describe a general measurement.
One of the consequences of these properties is, that the completeness relation ensures
that the probabilities sum to one:∑

m

p (m) =
∑
m

〈ψ|M †mMm|ψ〉 = 1. (2.14)

The above formalism describes general measurements on quantum systems. But for our
purpose it suffices to regard projective measurements, thus we will restrict ourselves from
now on to this special case of the general measurements.

Postulate (Projective Measurements). Projective measurements are given by an ob-
servable M which is a Hermitian operator acting on the system. Since it is Hermitian it
has a spectral decomposition with the projectors Pm onto the according eigenspaces of M

6



2.3. Measuring quantum states

belonging to the eigenvalues m. The probability of getting result m when performing
a measurement on state |ψ〉 is p (m) and the state immediately after the measurement
during which outcome m occurred is given by |ψ′〉:

M =
∑
m

mPm (2.15)

p (m) = 〈ψ|Pm|ψ〉 (2.16)

|ψ′〉 = Pm|ψ〉√
p (m)

(2.17)

The projective measurements allow to calculate the expectation value of an observable
very easy:

E (X) =
∑
m

m p (m) =
∑
m

m〈ψ|Pm|ψ〉 = 〈ψ|
(∑

m

mPm

)
|ψ〉 = 〈ψ|M |ψ〉 (2.18)

which we will abbreviate as 〈M〉 ≡ 〈ψ|M |ψ〉.

The above relations hold for the description of our quantum system via a state vec-
tor |ψ〉. But they are easily extendable to the description via the density matrix ρ. We
therefore need to recall the fact that a density matrix represents an ensemble of quan-
tum states |ψi〉 with corresponding probabilities pi. Thus we extend the elements of the
general measurement using the conditional probability (the probability that m occurs
given that i)

p (m|i) = 〈ψi|M †mMm|ψi〉 = tr
(
M †mMm|ψi〉〈ψi|

)
(2.19)

and the state |ψmi 〉 after a measurement which yielded outcome m given that before the
measurement the system was in state |ψi〉

|ψmi 〉 = Mm|ψi〉
〈ψi|M †mMm|ψi〉

. (2.20)

With the help of these equations we can express the above mentioned properties of
general measurements for density matrices:

{Mm} with
∑
m

M †mMm = 1 (2.21)

p (m) = tr
(
M †mMmρ

)
(2.22)

ρm = MmρM
†
m

tr
(
M †mMmρ

) (2.23)

and thus for projective measurements we yield
M =

∑
m

mPm (2.24)

p (m) = tr (Pmρ) (2.25)

ρ′ = PmρPm
tr (Pmρ) (2.26)

which leads to the well-known extension of eq. (2.18) for the calculation of an expectation
value O

〈O〉 = tr (Oρ) (2.27)

7
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2.4 Composite quantum systems

Until now we were concerned only with single quantum states – that is a quantum sys-
tem of dimension d which then can be described via a state |ψ〉 as a d×1-vector or via a
density matrix ρ as a d×d-matrix. Dealing with this kind of simple quantum systems is
quite instructive to get a thorough understanding of the underlying physics. But what
we often encounter in nature and what we are dealing with in the present thesis are
many-body problems.

The answer as to how to connect two quantum systems A and B with Hilbert spaces HA
and HB respectively, is given by a basic postulate of quantum mechanics [Nielsen and
Chuang, 2007]. It states that the state space of a composite quantum system is given by
the tensor product of the state spaces of the single quantum systems – thus the Hilbert
space of our composite quantum system is HA ⊗HB.
If we join two quantum systems A and B with the basis |i〉A and |j〉B we can represent
every possible state |ψ〉AB of the composite quantum system as

|ψ〉AB =
∑
i,j

cij |i〉A ⊗ |j〉B (2.28)

with the complex coefficients cij . The extension to the concatenation of more quantum
systems is straightforward since the systems can be concatenated by adding the other
subsystems one by one using the tensor product each time.
A similar relation holds for the density matrix description of the quantum systems

ρAB =
∑
i,j

c̃ij ρ
A
i ⊗ ρBj . (2.29)

The total Hamiltonian of the composite quantum system is given as

HAB = HA ⊗HB. (2.30)

We now want to consider the dimensions of the descriptions of our quantum system.
Therefore we first give the definition to calculate the tensor product of two matrices A
(dimensions m×n) and B (dimensions p× q) as given in [Nielsen and Chuang, 2007] as

C = A⊗B =


A11B A12B · · · A1nB
A21B A22B · · · A2nB

...
... . . . ...

Am1B Am2B · · · AmnB

 , (2.31)

thus the final matrix C has dimensions mp× nq.
From eq. (2.31) we now can infer the dimension of our state vector |ψ〉 and density
matrix ρ. For two quantum systems A and B with local dimension dA and dB the com-
posite system’s state vector has the dimension dAB × 1 and the density matrix has the
dimension dAB × dAB where dAB = dA · dB. For the Hamiltonian given in eq. (2.30) we
have a similar situation. HA with dimensions m × m and HB with dimensions n × n
yield a composite Hamiltonian HAB with dimensions mn×mn.

8



2.5. The Pauli basis

Now we are in the position to build the system we will be working with in the present
thesis: a linear chain of N quantum systems, each having a local dimension d (later
this can easily be modified to the case where every quantum system n has a different
local dimension dn). Each single quantum system we will call site. For now the only
restriction on these sites is the local dimension d, so these sites could be simple two-level
systems, but could as well be harmonic oscillators with d energy levels or something
completely different.
This chain is then described by the state

|ψ〉 =
∑

i1,i2,...,iN

ci1i2...iN |i1i2 . . . iN 〉 (2.32)

which is a dN×1-vector with dN coefficients. As easily can be seen this is hard to handle
even numerically, let alone calculation by hand. Even if we restricted us to two-level
systems, we would still have to deal with 2N coefficients – which is impossible to handle
numerically for N & 20.

At last we want to investigate the case in which we are only interested in the description
of one part of the composite quantum system. This could be the case if we had a one-
dimensional chain as just mentioned and want to apply a measurement to only one site
of the chain - then it would be convenient to have a description of only this one site of
the chain to apply the measurement to.
This can be achieved by the partial trace. Assume we have a quantum system consisting
of subsystems A and B described by the density matrix ρAB then the density matrix
describing system A is given by

ρA = trB
(
ρAB

)
(2.33)

where trB (·) is the partial trace over system B. The partial trace can be calculated
using the definition

trB (|a1〉〈a2| ⊗ |b1〉〈b2|) ≡ |a1〉〈a2|tr (|b1〉〈b2|) (2.34)

with |a1〉, |a2〉 and |b1〉, |b2〉 as any two vectors of the state space of A and B, respec-
tively[Nielsen and Chuang, 2007].

We are now able to join several quantum systems to a composite quantum system, using
a formal notation as well as an explicit matrix representation. Further we are able to
regain the description of a subsystem of the composite quantum system by building the
partial trace. The next step will be to somehow extend the partial trace, so that we
are able to split up the composite quantum system but regaining the description of all
subsystems and additionally gaining information about how strongly the subsystems are
connected. This will be done in section 2.7 after introducing the mathematical tools
needed in section 2.6 – but first we will turn to the basis in which we describe our
quantum systems.

2.5 The Pauli basis
In this section we want to investigate expansions of matrices, in particular using the
Pauli basis. Using these expansions, a matrix can formally be written as a vector of its

9



Chapter 2. Fundamentals

expansion coefficients. This can be useful since it allows the formal extension of certain
properties from vectors to matrices, for instance when given some action on a state vec-
tor which shall be extended to density matrices.
In the following we will denote the vector representation of a matrix A by the super-
ket |A〉#. We achieve this representation by expanding the m × n-matrix A in some
orthogonal basis with the m · n elements Pi and the real expansion coefficients ci. Thus
the representation |A〉# depends on the basis. The vector representation of this matrix
is then given by the vector of the expansion coefficients as

A =
∑
i

ciPi ⇔ |A〉# =


c1
c2
...

cmn

 . (2.35)

The easiest way to represent a matrix as a vector is to write all of its elements in one
column:

ρ =


ρ11 ρ12 · · · ρ1n
ρ21 ρ22 · · · ρ2n
...

... . . . ...
ρm1 ρm2 · · · ρmn

⇔ |ρ〉# =



ρ11
ρ21
...

ρm1
ρ12
...

ρmn


. (2.36)

Here the vector’s elements correspond to the (possibly complex) expansion coefficients
in the Euclidean basis. For a m × n-matrix the Euclidean basis has m · n elements Pi
given by

(Pi)pq = δp([(i−1)%m]+1)δq(b(i−1)/mc+1) (2.37)

where δ is the Kronecker symbol, b·c is the “floor” operation and % is the modulus
operation. As can easily be seen, an expansion coefficient ci from eq. (2.35) is obtained
by taking the element in row ([(i− 1) %m] + 1) and column (b(i− 1) /mc+ 1) of A.
The expansion we are interested in is the one where the matrices Pi are given by the
Pauli matrices:

σx =
(

0 1
1 0

)
σy =

(
0 −i
i 0

)
σz =

(
1 0
0 −1

)
σ1 =

(
1 0
0 1

)
. (2.38)

Some useful properties of these matrices are:

• tr (σx) = tr (σy) = tr (σz) = 0, tr (σ1) = 2

• σ2
i = 12 ∀ i ∈ {x, y, z, 1}

• σi is Hermitian ∀ i ∈ {x, y, z, 1}

• σjσk = δjk12 + iεjklσl for j, k, l ∈ {x, y, z}.

10
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It can be shown that the Pauli matrices provide an orthogonal basis for complex Her-
mitian 2× 2-matrices, where the scalar product between two matrices A and B is given
by 〈A|B〉 = tr

(
A†B

)
. This extends to an orthonormal basis when defining the scalar

product containing a factor one over two:

〈X|Y 〉 = 1
2tr

(
X†Y

)
. (2.39)

Now the expansion coefficients ci from eq. (2.35) can be obtained via

ci = 〈Pi|A〉 (2.40)

and the matrix in the Pauli basis is given by

A =
∑
i

〈Pi|A〉 Pi. (2.41)

Note that the expansion coefficients in this case are real! The Pauli basis describes a
complex vector space, but the vector of the expansion coefficients is a vector in a real
vector space.
Since the Pauli basis describes Hermitian 2 × 2-matrices, it is well-suited to describe
the density matrix of a qubit. An extension is very easy for qudits with a dimension d
which is a multiple of 2 or for composite quantum states of N qudits each with local
dimension d (which is again a multiple of 2) – simply by building the tensor product
of the single bases. Thus the extended Pauli basis consists of

(
d2)N elements Pk which

allow a representation of the quantum system’s density matrix similar to eq. (2.35) and
are given by

Pk = Pj1 ⊗ Pj2 ⊗ . . .⊗ PjN ∀ j1, . . . , jN ∈ {x, y, z, 1} (2.42)

The scalar product for this basis is then given by

〈X|Y 〉 = 1
dN

tr
(
X†Y

)
(2.43)

because tr (1) = dN and thus the factor guarantees the normalisation of the basis. The
elements Pk have the convenient property:

• Pk is Hermitian ∀ k

• 〈Pk1 |Pk2〉 = 0 ∀ k1 6= k2

• tr (Pk) = δ1j1δ1j2 . . . δ1jN

where the last relation can be deduced easily when taking into account that the trace
over a tensor product is given by tr (A⊗B) = tr (A) tr (B). Hence the density matrix ρ
of the chain of N qudits of local dimension d can be expressed via

ρ =
∑
k

〈ρ|Pk〉 Pk =
∑

j1,...,jN

〈ρ|Pj1 ⊗ . . .⊗ PjN 〉 Pj1 ⊗ . . .⊗ PjN (2.44)

which, using the above properties, immediately yields that the normalisation tr (ρ) = 1
is given by

tr (ρ) = 〈ρ|1d ⊗ . . .⊗ 1d〉 · tr (1d ⊗ . . .⊗ 1d) = 1 (2.45)

11
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2.6 The singular value decomposition
When dealing with matrices in calculations or proofs it is often impossible to yield useful
results for general matrices. Thus one tries to work as often as possible with matrices
that have useful properties which can be exploited. Therefore it is quite common to di-
agonalise matrices if possible – unfortunately this is not always possible, but only when
the matrix is normal (as stated by the spectral theorem).
Here we want to present another form of putting a matrix in a more useful form – namely
the singular value decomposition (SVD), which is somehow the natural extension of the
matrix diagonalisation to non-diagonalisable matrices. It is a very valuable tool because
it is applicable to general matrices, there are no restrictions on the matrices to which it
shall be applied.

To set the stage we will mention a closely related property, the polar decomposition,
which often is used to prove the existence of the SVD.

Theorem 1 (Polar decomposition). Let A ∈ Cm×n, m ≤ n. Then it is always possible
to write

A = KV

where V ∈ Cm×n is unitary and K ∈ Cm×m is uniquely given by K =
√
AA† with

rank (K) = rank (A).
Further V is uniquely determined if A has rank m. If m = n, i. e. if A is a square
matrix, then V = K−1A if A is nonsingular.

Theorem 2 (Polar decomposition). Let A ∈ Cm×n, m ≥ n. Then it is always possible
to write

A = UJ

where U ∈ Cm×n is unitary and J ∈ Cn×n is uniquely given by J =
√
A†A.

If m = n, i. e. if A is a square matrix, U is uniquely given by U = AJ−1 if A is
nonsingular.

Now we want to regard diagonal matrices in the light of theorem 1 and theorem 2.
According to these theorems the matrix A ∈ Cn×n can be written as A = KV = UJ
with J =

√
A†A and K =

√
AA† which often is referred to as “left” and “right” polar

decomposition. It can be shown that J and K are equal if and only if A is normal.
Furthermore, if A is nonsingular, then U and V are always equal.

The polar decomposition provides us with a bipartite splitting of a matrix. Using that
we continue to the SVD which allows a tripartite splitting in much the same manner:

Theorem 3 (Singular value decomposition). Let A ∈ Cm×n, then it is always possible
to write A as

A = USV † (2.46)

where U is a m×m unitary matrix, V is a n×n unitary matrix and S is a m×n diagonal
matrix so that its elements σij = 0 ∀ i 6= j. The diagonal elements of S are {σii} ≡ {σi}

12
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with σ1 ≥ σ2 ≥ . . . ≥ σk > σk+1 = . . . = σq = 0, q = min (m,n). The {σi} are uniquely
determined as the nonnegative square roots of the eigenvalues of AA† and k = rank (A)
is the number of σi 6= 0 upper bounded by q.

The SVD splits a matrix into three different matrices – see fig. 2.1 for a visualisation of
the shape of the initial and final matrices. But what is the meaning of this split-up and
how can it be used?

To get a better feeling for this split-up we will interpret the three matrices geometrically.
A is in general an arbitrary matrix, that is an arbitrary linear map which maps vectors
from one vector space into another, but not necessarily upholding any relation between
initial and final vectors. Meanwhile, U and V are unitary matrices which we can interpret
as rotations, since the scalar product on the vector space is invariant under unitary
transformations. The diagonal matrix S changes the length of our basis vectors and
thus can be interpreted as a shearing. Thus altogether A can be decomposed in the
three successive transformations V †, S and U – as is visualized in fig. 2.2 – which is
a rotation followed by a shearing followed by a rotation (a nice illustration similar to
fig. 2.2 and example calculation of this fact can be found in [Wikipedia on the SVD]).
Note that a first clue to this has already been given by the polar decomposition from
theorem 1, as it decomposes A into a rotation given by the unitary V and a matrix K
which is uniquely determined by the singular values and represents a deformation.

Let us go back to the eigenvalues: if the SVD is an extension of the diagonalisation of
matrices, then one may wonder whether there exists a connection between the singular
values and the eigenvalues of a matrix A. Of course this only makes sense for square
matrices because the eigenvalues are only defined for this class of matrices. Then it turns
out that singular values and eigenvalues indeed are the same if the matrix A is normal
(which includes Hermitian matrices) and positive semidefinite.

Now we will address the issue of the usefulness of the SVD. It is not only the fact that it
replaces a generic matrix by the product of unitaries and a diagonal matrix. Moreover
the usefulness of the SVD is often given by the property that omitting small singular
values changes the original matrix only slightly. Thus keeping the highest singular values
and omitting the lowest ones, we can obtain a good approximation of our original matrix
by retaining only a certain number of singular values:

Ã = US̃V. (2.47)

U S

V †

A =
m × n m × m m × n

n × n

· ·

Figure 2.1: Visualisation of the singular value decomposition which splits the matrix A
up into two unitaries U and V † and a diagonal matrix S.
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V † U

S

A

Figure 2.2: A graphical interpretation of the singular value decomposition: The unit
sphere (top left, with the unit vectors) is distorted to an ellipse (top right)
under the application of A. This transformation can be split up into two
rotations (given by the unitary matrices U and V †) and a shearing (given by
S) along the coordinate axes.

Here the matrix Ã is an approximation to the matrix A using the diagonal matrix S̃
which contains only the first j singular values σ1, . . . , σj of the k > j non-zero singular
values. Of course the closeness between A and Ã is directly related to the used number
of singular values j. In fact the best rank (s)-approximation to a rank (k)-matrix is
the matrix which is yielded by keeping only the s largest singular values. This becomes
especially clear when using the Frobenius norm . The Frobenius norm of a p×q-matrixX
is given by the square root of the sum of its singular values:

‖X‖F =

√√√√ p∑
i

q∑
j

|xij |2 =
√
tr (X†X) =

√√√√√min(m,n)∑
i

|σi|2. (2.48)

Thus keeping the s largest singular values indeed yields the best rank (s) approximation,
because it minimises the difference between between A and Ã, which is given by the sum
of the k − j omitted singular values:

diff
(
A, Ã,=

)
‖A− Ã‖F =

√√√√ j∑
i=k
|σi|2. (2.49)

There is a wealth of different algorithms exploiting this property – in fact it even is the
key point we use in the algorithm we present in chapter 3. Among other applications
the SVD is used extensively in image compression and convex optimization.
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We have discussed the properties of the SVD in quite some detail here since it is the key
point of the algorithm used in this thesis (which is presented in chapter 3). In section 3.2
the exact application and its details are discussed. Thus a thorough understanding of the
SVD not only enables one to get a better grasp on what is happening in the according
step of the algorithm but also to track programming- or logic errors throughout the code.

2.7 The Schmidt decomposition
We are now in a position to link two of the topics covered in the previous sections
– namely the composite quantum systems and the SVD. The link is provided by the
Schmidt decomposition (SD) which is a very useful tool to split up composite quantum
systems.

Theorem 4 (Schmidt decomposition). For a pure state |ψ〉 of a composite system AB
(where A and B not necessary have to have the same dimension) there always exists
orthonormal states |i〉A for system A and orthonormal states |i〉B for system B such that

|ψ〉 =
∑
i

λi|i〉A|i〉B (2.50)

where the λi are real, non-negative numbers that satisfy the relation
∑
i λ

2
i = 1.

The bases |i〉A and |i〉B are called Schmidt bases, the λi are called Schmidt coefficients
and the number of non-zero Schmidt coefficients is called Schmidt number.
We will give a short prove of the SD here (according to [Nielsen and Chuang, 2007]) for
the case of equal dimensioned subsystems – which can be generalised easily – just to
illustrate the link between the SVD and the SD. Starting with orthonormal bases |i〉A
and |j〉B for subsystems A and B respectively, we expand the state |ψ〉 to

|ψ〉 =
∑
j,k

ajk|j〉|k〉 (2.51)

for some complex matrix A with elements ajk. Now we use the SVD yielding A = USV †

with diagonal S and unitary U and V † (small letters denoting their entries) which leaves
us with

|ψ〉 =
∑
i,j,k

ujidiiv
∗
ki|j〉|k〉. (2.52)

Now defining |i〉A = ∑
j uji|j〉, |i〉B = ∑

k v
∗
ki|k〉 and λi = dii gives us the desired shape

as in eq. (2.50). The orthonormality of |i〉A can be checked easily using the unitarity of
U and the orthonormality of |j〉; similar for |i〉B.
The Schmidt decomposition has some very useful properties, see [Nielsen and Chuang,
2007] for details. We will give a small list here to give a flavour of the usefulness of the
SD:

• The eigenvalues of ρA and ρB are identical: ρA = ∑
i λ

2
i |i〉A〈i| and ρB = ∑

i λ
2
i |i〉B〈i|,

thus the eigenvalues are λ2
i for both density matrices (which is useful because many

properties of quantum systems depend only on the eigenvalues of the reduced den-
sity matrix of the system).
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• The Schmidt number quantifies the “amount” of entanglement between the sub-
systems A and B.

• Under unitary transformations on system A or system B alone the Schmidt num-
ber is preserved (for |ψ〉 we have ∑i λi|i〉A|i〉B and for the state after a unitary
transformation U we have U |ψ〉∑i λi (U |i〉A) |i〉B).

• The state |ψ〉 of a composite system AB is a product state if and only if it has
Schmidt number 1.

• The state |ψ〉 is a product state if and only if ρA (and thus ρB) are pure states.

2.8 The Suzuki-Trotter expansion
As we have seen in section 2.2 it is very useful (i. e. for the time evolution of quantum
systems) to be able to apply transformations X of the form

X = eAt (2.53)

where A is a complex square matrix proportional to the Hamiltonian and t is a real
or complex parameter. In the following we will always assume that the parameter t is
small, this will be discussed in more detail in subsection 3.4.1.
To calculate an exponential form exp (A) we use the power series

eA =
∞∑
n=0

An

n! (2.54)

which simplifies greatly if the matrix A is diagonalisable (Y = Udiag (A)U−1):

eA = Uediag(A)U−1 (2.55)

But since our matrix A is proportional to the Hamiltonian which is Hermitian it indeed
is diagonalisable.
Our main concern is that eq. (2.55) relies heavily on the diagonalisation of the matrix A ∝
H. As we have seen in section 2.4 the quantum systems we are interested in tend to
be described by huge matrices, for which the application of eq. (2.55) becomes virtually
impossible. Thus we are looking for a more clever way to apply the transformation
eq. (2.53).
A way to do this is offered by the exploitation of the structure of the Hamiltonian. Until
now we did not restrict the Hamiltonian – but from now on we will only deal with short-
range interactions, specifically we will only look at next-neighbour interactions. That
means that the Hamiltonian is composed only of single-site terms and double-site terms
(since we are working with a one-dimensional chain of N quantum systems). For the
sake of clarity we will just sketch the essential structure of the Hamiltonian here, the
general physical case will be dealt with in subsection 3.4.1. Thus the structure of the
Hamiltonian is

H =
N∑
i=1

h̃i +
N−1∑
i=1

hi,i+1 (2.56)
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where the single-site terms h̃i only act on the site i and double-site terms hi,i+1 only act
on sites i and i + 1. Of course this can be “extended” to the case where we only have
double-site terms, namely if we build the tensor product of the single-site terms hi on
site i with the unity operator 1i+1 on site i+ 1. This gives us an operator which acts on
both sites i and i + 1, but the net effect is only on site i since the unity operator does
not change the state of site i+ 1.

The general problem still remaining is, that the structure of eq. (2.56) in no way decreases
the dimension of the resulting Hamiltonian which has to be diagonalised – so eq. (2.55)
is still not applicable. To achieve such a decrease it would be necessary to split this
single exponential function of the whole Hamiltonian into several exponential functions
of smaller Hamiltonians – where the smaller Hamiltonians would only describe part of
the quantum system and thus have a much smaller dimension. Consequently they would
be diagonalisable much more easily and the computational effort would be sufficiently
restricted. Unfortunately we cannot simply split this exponential function – we have to
take into account the Baker-Campbell-Hausdorff formula which leads to the Zassenhaus
formula for the exponential function of the sum of two matrices A and B [Suzuki, 1977]:

eA+B = eA eB e
1
2 [A,B] e

1
3 [[B,A],A] e

1
6 [[B,A],B] . . . . (2.57)

And since in general the terms hi,i+1 and hi+1,i+2 (which correspond to the A and B in
the equation above) do not commute, because they are partly acting on the same site,
we cannot simply split an operator like eq. (2.56).
At this point the next-neighbour structure can be exploited by re-ordering the terms of
the Hamiltonian in eq. (2.56) in two groups which we will call F and G. If the terms
of the Hamiltonian would be indexed in order then F contained every odd terms and G
contained every even terms, thus resulting in the following equations

F = h1,2 + h3,4 + h5,6 + . . . (2.58)
G = h2,3 + h4,5 + h6,7 + . . . . (2.59)

What is the advantage of this splitting? As mentioned above, two successive terms do
not commute in general – but the terms hi,i+1 and hi+2,i+3 actually do commute because
they are acting on different sites. So while F and G in general do not commute, the sin-
gle terms within our newly defined F do commute with each other. The same holds for G.
Now as a first primitive approach we could decompose an equation of the form of eq. (2.53)
by splitting A into F and G, inserting them into eq. (2.57) and by taking into account
the parameter t we get a first-order expansion

e(F+G)t = eFt eGt + O
(
t2
)

(2.60)

yielding an error of O
(
t2
)
due to the commutator of F and G.

Of course, since our approach has been a rather primitive this can be improved. As has
been known for some time, we can get a second-order expansion s (F,G, t) (also known
as Suzuki-Trotter expansion or Suzuki-Trotter decomposition) consisting of three single
terms [Suzuki, 1990]

e(F+G)t = s (F,G, t) + O
(
t3
)

= e
1
2Ft eGt e

1
2Ft + O

(
t3
)
. (2.61)
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This has been extended by Masuo Suzuki in 1990 to a fourth-order expansion by ap-
plying five successive second-order type terms (which in practice contracts to 11 single
terms) [Suzuki, 1990]

e(F+G)t =
5∏
i=1

s (F,G, qit) + O
(
t5
)

(2.62)

where the parameters {qi} are given by q1 = q2 = q4 = q5 = q =
(
4− 41/3

)−1
> 0 and

q3 = 1− 4q < 0 (where q3 implies an evolution backwards in time) [Suzuki, 1990; Clark,
2007]. These two expansions were used in the present thesis. In principle higher order
expansions are possible, but in practice are rarely applied, since other error sources incur
a much greater error (see section 3.6 for details) and the numerical effort can increase
greatly with higher orders.
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CHAPTER 3

The TEBD algorithm

The abbreviation TEBD stands for Time-Evolving Block Decimation. The TEBD al-
gorithm provides a means to simulate one-dimensional quantum many-body systems
with a next-neighbour Hamiltonian efficiently – that means with at most polynomial
computational effort. Specifically it enables us to

• obtain the ground state of the system

• calculate the time evolution of the system

• perform measurements on the system.

In this chapter we first present a brief overview and classify the TEBD algorithm in
the broad field of computational physics. In the following sections we subsequently deal
with the single steps that build the TEBD algorithm and conclude with two possible
extension of the algorithm, to infinite systems and to finite temperatures.

One-dimensional quantum many-body systems have always been an interesting topic
in theoretical condensed-matter physics. Despite their low dimension analytic solutions
and approximations are rare, thus one often resorts to numerical analysis. The TEBD
method was proposed by Guifré Vidal in 2003 [Vidal, 2003b]. It is one of the tools which
can accomplish this numerical analysis – others are the exact diagonalisation, quantum
Monte Carlo and the density matrix renormalisation group (DMRG).
The invention of the DMRG, long before the TEBD, brought along a decisive progress
in the study of low-energy equilibrium properties of quantum many-body systems. Pro-
posed by White in 1992 [White, 1992] it introduced a revolutionary idea to evade the
problem of the huge Hilbert spaces. Starting with a small but growing quantum sys-
tem, the Hilbert space of the growing quantum system is iteratively decimated in such
a way that the resulting state (of reduced dimension) approximates the state of interest
(i. e. the ground state of the system) as best as possible. This is determined by maximis-
ing the overlap between the state of reduced dimension and the state of the complete
quantum system.
The TEBD falls into the same category of algorithms as the DMRG since it uses the
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same idea of decimating the Hilbert space. But it goes even further by allowing a time
evolution of the quantum system. These two facts – time evolution and Hilbert space
decimation – account for its name: time-evolving block decimation.
Until the advent of the TEBD there were very few works trying to reconcile time evolu-
tion and DMRG (which inherently does not include time evolution). The problem has
been the fixed reduced space of the system, which is unable to cover the whole time
evolution of the system. Thus the reduced space has to be adapted continuously to
retain a good approximation. This was first done by the TEBD. And due to the close
relation between the TEBD and the DMRG several properties of the one can easily be
transferred to the other. This becomes especially clear in the language of matrix prod-
uct states (which will be explained in the next section) [Daley et al., 2004; Kollath, 2005].

To conclude this introduction we will mention the origin of the DMRG: The DMRG –
as its name suggests – belongs to the field of the renormalisation groups (RGs). The
idea of the RGs is to observe the physics of an underlying system on different scales and
describing the changes under so-called “scale transformations”, i. e. coarse-graining of
the system. An introduction for beginners can be found in [McComb, 2004]. The new
idea of the DMRG was – in contrast to previous applications of RGs – to use certain
properties of reduced density matrices which turned out to be an enormous improvement.

In the next sections we investigate the TEBD algorithm in detail. In the beginning
we leave behind the description of quantum systems commonly used and introduce the
matrix product states. Continuing we present how and why the description of quantum
systems can be done efficiently using this special description. Further we develop what
kind of error is incurred by this description and how we can use its special form to apply
time evolutions and measurements to the quantum system. These elements comprise
the framework we need to investigate quantum systems and are applied to toy models
and to real physical models in the next chapter.

3.1 Matrix product states
We now introduce a more useful form of eq. (2.32) (page 9) to describe the quantum
state of a chain. As a reminder, we described a chain of N sites with a local dimension d
via the equation

|ψ〉 =
∑

i1,i2,...,iN

ci1i2...iN |i1i2 . . . iN 〉. (3.1)

The form we are going to consider now is given by

|ψ〉 =
∑

i1,i2,...,iN

f
(
A

[1]
i1
A

[2]
i2
. . . A

[N−1]
iN−1

A
[N ]
N

)
|i1i2 . . . iN 〉 (3.2)

where A[n]
in

is a χ× χ-matrix “belonging” to the site n which is in the physical state in
(of d possible states); the size χ of the matrix is called bond dimension. States given in
this form are called matrix product states (MPS) and have been introduced by Rommer
and Östlund [1996]. Basically they are a substitution of the coefficients

ci1i2...iN = f
(
A

[1]
i1
A

[2]
i2
. . . A

[N−1]
iN−1

A
[N ]
N

)
(3.3)
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by a product of matrices A which then are mapped via the function f (·) to a complex
number. The function f (·) depends on the boundary conditions which are given by the
Hamiltonian of the system. In case of periodic boundary conditions (PBC) f is given
by the trace f (·) = tr (·), in case of open boundary conditions (OBC) f is given using
the left and right boundary states |Φ0〉 and |ΦN 〉 via f (·) = 〈Φ0| · |ΦN 〉. Finally we note
for OBC that applying the boundary states is completely equal to choosing the leftmost
and the rightmost matrix as vectors [Perez-Garcia et al., 2006; Clark, 2007].
For a given state the description eq. (3.2) can always be found if the dimension χ of
the matrices is large enough. In general the dimension will be quite large, but there are
a few examples for exact MPS representations with low dimensions, i. e. the ground
state of the AKLT-Hamiltonian, some GHZ-states or W-states. For a detailed list see
[Perez-Garcia et al., 2006].

It is no problem to work with MPS in the form given above. The principles of the algo-
rithm presented in this chapter still remain the same, just the single steps are somewhat
different (see for instance [Clark, 2007]). However we now develop a similar form, but
this time give it a more physical meaning. As Vidal presented in [Vidal, 2003b], we can
decompose a quantum state into a similar form by using the Schmidt decomposition, see
theorem 4 (page 15). Our target is to achieve a description similar to eq. (3.2), however
consisting not only of the N matrices but of N matrices and additional N − 1 diagonal
matrices alternately – which we will obtain by a series of SDs. For the sake of clarity we
will provide the final form in advance and explain the notation briefly:

ci1i2...iN =
∑

α1,α2,...,αN−1

Γ[1]i1
α1 λ[1]

α1Γ[2]i2
α1,α2 . . .Γ

[N−1]iN−1
αN−2,αN−1λ

[N−1]
αN−1 Γ[N ]iN

αN−1 . (3.4)

Here the Γs are the matrices corresponding to (but not being equal to) the As in eq. (3.2)
which are assigned to the site given in square brackets in the left superscript. The right
superscript describes the physical state of the quantum system, it ranges from 0 to d−1.
In principle every subsystem n can have a different dimension dn, but to simplify mat-
ters we will assume in this chapter that every subsystem has the same dimension d.
The subscripts are the conventional matrix indices αn−1 and αn (for site n) labeling the
elements of the matrix Γ[n]in and ranging from 1 to χn−1 and χn, respectively. Thus for
each site n we have d different matrices of dimension χn−1 × χn. Here we introduced
for every site n the bond dimension χn which limits the size of the diagonal matrix λ[n].
Thus the matrix Γ[n]in has the left and right bond dimensions χn−1 and χn, respectively.
The implicitly assumed indices α0 and αN are set constant to one here, so the leftmost
and rightmost Γ-matrices are vectors.
The N − 1 λs are diagonal matrices in between the Γs (and thus in between the single
sites of the chain) and are characterised by an index n in brackets, which names the site
to the left of this λ, and an index αn which labels the diagonal elements in the matrix
and thus ranges from 1 to χn. As we will see later they “create” the bond between sites n
and n + 1, thus the name bond dimension for the size χn that restricts the dimensions
of the matrix λ[n].

Creating the decomposition we proceed the same way as Vidal in [Vidal, 2003b], only
that we do not constrain the size of the matrices here – this will be done in the next
section. We start with the state |ψ〉 describing our chain and perform a SD for a splitting
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between site 1 and the remaining N − 1 sites which leaves us with

|ψ〉 =
∑
α1

λ[1]
α1 |Φ

[1]
α1〉|Φ

[2...N ]
α1 〉 (3.5)

which we further rewrite as

|ψ〉 =
∑
i1

∑
α1

Γ[1]i1
α1 λ[1]

α1 |i1〉|Φ
[2...N ]
α1 〉. (3.6)

Here |Φ[1]
α1〉 and |Φ

[2...N ]
α1 〉 are the left- and right Schmidt vectors describing the subsystems

“site 1” and “site 2–N”, respectively. The left Schmidt vector has been expanded in the
basis {|i〉}i=0...d−1 using the expansion coefficients Γ[1]i1

α1 . The summation of the SD is
given by α1 ranging from 1 to its maximum χ1. Thus χ1 non-zero Schmidt coefficients
exist.
To decompose the state further we do this procedure iteratively using the SD and split the
first site l of the remaining chain |Φ[l...N ]

αl−1 〉 off. The single site l is then again expressed in
the basis {|i〉}i=0...d−1 via the coefficients Γ[l]il

αl−1,αl and the Schmidt coefficients λ[l]
αl occur

in our decomposition.
Hence the second step would be to split site 2 from the state |Φ[2...N ]

α1 〉 and substituting
the result into the previous description eq. (3.6) leaves us with

|ψ〉 =
∑
i1,i2

∑
α1,α2

Γ[1]i1
α1 λ[1]

α1Γ[2]i2
α1,α2λ

[2]
α2 |i1i2〉|Φ

[3...N ]
α2 〉. (3.7)

After N − 1 decompositions we finally obtain the full description

|ψ〉 =
∑

i1,i2,...,iN

∑
α1,α2,...,αN−1

Γ[1]i1
α1 λ[1]

α1Γ[2]i2
α2,α3 . . .Γ

[N−1]iN−1
αN−2,αN−1λ

[N−1]
αN−1 Γ[N ]iN

αN−1 |i1i2 . . . iN 〉. (3.8)

We note that Γ[1]i1
α1 and Γ[N ]iN

αN−1 are vectors. Formally they are matrices as well, just with
the left (right) bond dimension set constant to one: Γ[1]i1

1,α1 (Γ[N ]iN
αN−1,1). This, as already

mentioned above, stands for OBC – which we have introduced implicitly by the number
of SDs we applied, namely N − 1. Thus we assumed no coupling between site N and
site 1 and thus no connection of Γ[1]i1 and Γ[N ]iN . We use OBC throughout most of
this thesis, in fact we will from now on assume OBC except mentioned otherwise. The
PBC will become important only in the combination with infinite quantum systems in
section 3.7 and are explained in that context.
Throughout this thesis we use eq. (3.8) as MPS and not the form given in eq. (3.2).
Thus referring to an “MPS”, in general we mean eq. (3.8), as should be clear from the
context. Though we will sometimes make the clear distinction and refer to it as MPS in
the Vidal-form.

There exists a quite educational graphical representation of this decomposition. From
fig. 3.1 one can immediately obtain the properties of the decomposition eq. (3.8) and
using this graphical representation it is easy to visualise some of the procedures dealt
with later in this section. Thus we will frequently refer to this representation and expand
it as we go along.
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3.1. Matrix product states

|ψ〉 =

i1 i2 i3 iN−1 iN

Γ[1]i1
1α1

λ
[1]
α1α1

1 α1 α1 α2 α2 αN−1 αN−1

Γ[N ]iN
αN−11

Figure 3.1: Graphical representation of a state |ψ〉 as an MPS in Vidal-form. Every ma-
trix Γ is represented by a triangle and corresponds to one site of the chain,
whereas every λ is represented by a diamond and corresponds to the diagonal
matrix of Schmidt coefficients for a split at this bond. The λs can be seen
as a set of weights modifying the bond between two Γ-matrices. Each line
connected to a triangle or a diamond represents a summation over a bond
index. The internal summations with indices αn are all closed (with α0 and
αN set to 1 denoted by the black triangles) while the physical indices in are
open.
The above construct represents one coefficient ci1...iN , accordingly the
state |ψ〉 is obtained by the summation over all in where the coefficient
is multiplied by the corresponding basis vector.

The form eq. (3.8) has the quite useful property that it allows to immediately write
down the SD of the state |ψ〉 for the bipartite splitting between sites l and l + 1:

|ψ〉 =
∑
αl

λ[l]
αl
|Φ[1...l]
αl
〉|Φ[l...N ]

αl
〉 (3.9)

where the Schmidt coefficients can be read directly from the diagonal matrix λ[l]. Further
the left- and right-hand states are given by

|Φ[1...l]
αl
〉 =

∑
α1,...,αl−1

Γ[1]i1
α1 λ[1]

α1 . . .Γ
[l]il
αl−1,αl |i1 . . . il〉 (3.10)

|Φ[l...N ]
αl

〉 =
∑

αl+1,...,αN−1

Γ[l+1]il+1
αl,αl+1 λ[l+1]

αl+1 . . .Γ
[N ]iN
αN−1 |il+1 . . . iN 〉. (3.11)

The first relation can easily be proved by induction, whereas the second relation is al-
ready valid by construction [Vidal, 2003b].

To get a feeling for this kind of decomposition we will list a few simple examples of
the Γs and λs for different states of a chain with N sites here, they can be verified easily
by calculating the coefficients eq. (3.4) using the given Γs and λs:

• every quantum system being in its own ground state |0〉, |ψ〉 = |0〉⊗N :
∀ sites n: Γ[n]0 = 1, Γ[n]i = 0 ∀ i 6= 0, λ[n] = 1 and χn = 1

• every quantum system being in its first excited state |1〉, |ψ〉 = |1〉⊗N :
∀ sites n: Γ[n]1 = 1, Γ[n]i = 0 ∀ i 6= 1, λ[n] = 1 and χn = 1

• the quantum systems being alternating in the state |0〉 and |1〉, |ψ〉 = |0101 . . . 01〉:
Γ[n]0 = 1 ∀ odd sites n, Γ[n]1 = 1 ∀ even sites n, ∀ sites n: Γ[n]i = 0 ∀ i 6= {0, 1},
λ[n] = 1 and χn = 1
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Chapter 3. The TEBD algorithm

Note that the Γs and λs are numbers here due to the fact that χn = 1 ∀ n!

Summarizing we first note that this decomposition is only valid for states |ψ〉, that is for
vectors. There is no intrinsic extension to density matrices (since the SD is available only
for state vectors and not for density matrices), but it is possible to find a workaround,
as we will see in section 3.8.
Now that we have decomposed the description of our state, we do not work with the
dN coefficients anymore but with the d ·N matrices Γ and the N −1 diagonal matrices λ
(which are basically vectors if we consider the number of elements we are working with).
Until now we have won nothing but the nice property of conveniently calculating the SD
of the system. We have, depending on the magnitude of the single χn, even increased
the number of coefficients we are working with. The reason we use this decomposition
all the same is that it allows for an enormous reduction of the number of coefficients
without the losing to much information – as will become clear in the next section.

3.2 Idea of the TEBD
We now want to examine why eq. (3.8) is useful. Our incentive to introduce this decom-
position was to reduce the number of coefficients we have to deal with – from the ex-
ponential many coefficients dN to something much smaller, polynomial if possible. This
can be done by restricting the size of the matrices describing the MPS to χmax × χmax.
If we pose this upper limit on all the matrices describing the MPS we have

1 ≤ αn ≤ χmax ∀ αn ⇔ χ1 = χ2 = . . . = χN−1 = χmax (3.12)

and thus all the Γ[n]in are χmax × χmax-matrices and the λ[n] are χmax × χmax diagonal
matrices. This reduces the complete number of coefficients nc to

nc = (N − 2) · d · χ2
max︸ ︷︷ ︸

Γs (except first and last)

+ 2 · d · χmax︸ ︷︷ ︸
bound vectors

+ (N − 1) · χmax︸ ︷︷ ︸
diagonal matrices λ

. (3.13)

We note that this drastically changes the dependence of nc on the variables d and N .
Whereas we had an exponential behaviour nc = dN before, now we have a linear be-
haviour in N and d. But at the cost of the new parameter χmax which enters eq. (3.13)
quadratically.
To get a feeling for the number of parameters, compare the examples of the number of
coefficients needed for a complete description and for the truncated description (using
the MPS) given in table 3.1. For a chain of length N = 10 and local dimension d = 2
both descriptions have roughly the same amount of coefficients for χmax ≈ 8, for a
chain twice as long this already increases to χmax ≈ 170. If we somehow manage to
stay (preferably considerably) below this break-even point then we have yielded a clear
improvement (in terms of the number of coefficients).

This automatically poses the following questions: Is such a truncation of the matrices’
dimensions possible? And if yes, then when and why? This is what we examine in the
rest of this section.
If we want to check whether a description of a quantum state is accurate enough, then
we need to consider the deviation from the original state that this description incurs.
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3.2. Idea of the TEBD

N d χ nc dN

10 2 6 654 1024
10 2 7 875 1024
10 2 8 1128 1024
10 4 179 1, 028355 1, 048576
10 4 180 1, 039860 1, 048576
10 4 181 1, 051429 1, 048576
20 2 169 1, 032083 1, 048576
20 2 170 1, 044310 1, 048576
20 2 171 1, 056609 1, 048576

Table 3.1: Comparison of the number of coefficients needed to describe a chain of length
N , local dimension d and bond dimension χ. nc is the number needed by an
MPS in Vidal-form and dN is the number needed for an exact description.

Here we consider the diagonal matrices λ of the states decomposition – its entries being
the Schmidt coefficients. It has been observed [Vidal, 2003a] that they often have the
convenient property that their values decay exponentially. As we have seen in the proof
of the SD, the Schmidt coefficients can be identified with the singular values. And when
dealing with the SVD of a matrix we can retain a quite accurate description of the
original matrix even if we omit some singular values (provided those are small enough
– see section 2.6 for details). Thus the SVD gives us a justification for truncating the
matrices λ if the elements we omit are small enough. And truncating the λs truncates
the Γs at the same time due to the matrix multiplication.

Thus if we restrict ourselves to only the largest Schmidt coefficients, we retain a rea-
sonable good description of our system incurring a very small error, but still decimating
the number of coefficients dramatically. That is exactly what the introduction of the
cut-off χmax does. Regarding this cut-off in the context of the construction of the decom-
position explained in the last section, the reduction of the Schmidt numbers χi to χmax
corresponds to a reduction of the Hilbert space of the state to the most significant dimen-
sions. This is exactly the block decimation (of the Hilbert space) we already mentioned
which accounts for the second part of the name TEBD. It identifies the most insignificant
dimensions of the Hilbert space and omits those, thus introducing the smallest possible
error a truncation of this kind can introduce.
For the description of our state to be accurate enough, given a fixed χmax the decay
of the Schmidt coefficients for any bipartition has to be reasonable fast, otherwise we
introduce an error too large (as we will see when handling errors in section 3.6). Since
the Schmidt rank is a natural measure of entanglement between two subsystems, we can
describe our restriction on the decay of the Schmidt coefficients as a restriction on the
entanglement. Accordingly, to get a restriction for our complete state, we quantify the
amount of entanglement χe in our (yet unrestricted, i. e. χi is not upper bounded)
state |ψ〉 as

χe ≡ max
i
χi (3.14)

where i labels all possible bipartitions A:B of the state |ψ〉. Thus χe is the maximal
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Chapter 3. The TEBD algorithm

Schmidt rank of all bipartitions. We now require the state of the system to be only slightly
entangled to ensure the validity of our cut-off – which is equal to the condition that χe
is “small”. Small here means “at most polynomial”, meaning the χe of a chain of N sites
grows at most as χ = poly (N). This is not directly small, but for our purposes small
enough – because for a general state of N d-level systems χe is upper bounded by dN2
(which is reached for a splitting into two equal-dimensioned subsystems and maximal
entanglement between them) [Vidal, 2003b].
Until now we have given a justification for eq. (3.8) with a fixed matrix size – that
is what we call efficient decomposition (the efficient referring to the only polynomial
number of coefficients). But for the description to remain valid during a time evolution
of the quantum state we need to ensure this property over time. Thus we employ Vidal’s
definition from [Vidal, 2003b]:

Definition 1. A pure-state quantum evolution is slightly entangled if, at all times t, the
state |ψ (t)〉 of the system is slightly entangled – that is, if χe (t) is small.

Using this definition, we can give a justification to express and evolve a quantum state
efficiently. Hence the essential idea of the TEBD can be summed up in the sentence:

We can simulate pure-state quantum dynamics of N entangled d-dimensional
systems efficiently with a classical computer, whenever only a restricted
amount of entanglement is present in the system.

We conclude this section with an example to illustrate the feasibility of the cut-off treated
above. We take a black-and-white picture in the pgm-format, which stores the image
as a matrix where each element is given by one byte and thus has a value between 0
and 255. We now perform an SVD on this image, retain only a certain number χ of
singular values and reconstruct the image using only these χ singular values. The im-
ages dimensions are 576× 800, thus we have at most 576 singular values. In fig. 3.2 we
can see the image for different values of χ. For even less than 10% of retained singular

(a) A completely random image
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(b) Decay of the singular values of a random image (see left) and of
those of the picture in fig. 3.2(c)
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(c) original picture (d) 10 singular values retained (e) 20 singular values retained

(f) 40 singular values retained (g) 80 singular values retained (h) 160 singular values retained

Figure 3.2: Comparison of an original picture (a) and (b)–(f) showing the image after
a compression by retaining only a certain amount of singular values and
a successive restoration (for different levels of compression). Through this
procedure the compression is inherently lossy.

values we can already guess the structure of the image, for around 20% we have a very
good approximation and for more than 30% we see virtually no difference on an average
computer screen when compared to the original image.
We further compare the decay of the singular values of this image to those of a com-
pletely random image. The random image is created by inserting a random integer
number between 0 and 255 at every position of an images matrix. As can be seen in the
plot in fig. 3.2(b) the singular values of the random image decay approximately linear
while the ones of the picture decay roughly exponentially. This already implies that a
description with the same number of retained singular values will be much better for the
picture than for the random image.
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Where does this difference in the decay rates come from? There is no general proof for
that behaviour. But from a probabilistic point of view our picture is a very improbable
one, because of its large amount of structure and regularity. The far more probable
possibility is a completely random image like the one from fig. 3.2(a). This difference
accounts for different decays of the singular values – which is directly related to quan-
tum states. An arbitrary random state in Hilbert space would have a linear decay of
eigenvalues – but the typical physical states in Hilbert space contain a limited amount of
entanglement which leads to the exponential decay of Schmidt coefficients. This in turn
allows the “entanglement compression” the TEBD uses. Again, there is no general proof
of this fact, in the same way as there is no proof that the eigenvalues of a picture decay
exponentially – it is simply a trend which has been observed in quantum many-body
systems [osT].

3.3 Update of the decomposition

Until now we have seen how and why a state can be represented as an MPS. In this section
we want to examine how an operator A – which could, for instance, be the time evolution
operator – acts on this representation. In case our quantum system is described by a
state vector |ψ〉 this action is well-known to be given by a matrix-vector multiplication,
so that the state |ψ′〉 after the action of the operator is given by |ψ′〉 = A|ψ〉.
In case of an MPS representation we need to use a more elaborate formalism. We want
to maintain the MPS-form of the state |ψ〉, the MPS’ structure being the same before
and after the action of the operator A. We investigate which parts of the MPS we have
to change in what way when acted upon by an operator to fulfill this condition – that
is what we call an (local) update of the decomposition (or the MPS). “Local” because
it turns out that the action of an operator only changes the matrices belonging to the
sites affected by the action of this operator.
To get familiar with this task we start out with simple operators just acting on one single
site of the chain and afterwards continue to the more interesting task of operators acting
on two neighbouring sites.

3.3.1 Single-site operators

Let A be an operator acting only on the site l of the state |ψ〉 (which is given as an
MPS), then the operator is applied as

A|ψ〉 =
∑
{in}

∑
{αn}

Γ[1]i1
α1 . . . λ[l−1]

αl−1 Γ[l]il
αl−1,αlλ

[l]
αl
. . .Γ[N ]iN

αN−1 |i1 . . . il−1〉A|il〉|il+1 . . . iN 〉.

Now inserting the unity matrix given by the completeness relation for site l (1 =∑
jl
|jl〉〈jl|) to the left of A and then pulling this new sum, together with the result-

ing scalar product 〈jl|A|il〉, in front of the matrix Γ[l]il belonging to site l, we are left
with

A|ψ〉 =
∑
{in}

∑
{αn}

Γ[1]i1
α1 . . . λ[l−1]

αl−1

∑
jl

〈jl|A|il〉Γ[l]il
αl−1,αl

λ[l]
αl
. . .Γ[N ]iN

αN−1

× |i1 . . . il−1〉|jl〉|il+1 . . . iN 〉.
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At last we interchange the sum over il with that over jl. Now the states jl have assumed
the place the il had before and the structure of the MPS is recovered:

A|ψ〉 =
∑
{in}\il

∑
jl

∑
{αn}

Γ[1]i1
α1 . . . λ[l−1]

αl−1

∑
il

〈jl|A|il〉Γ[l]il
αl−1,αl

λ[l]
αl
. . .Γ[N ]iN

αN−1

× |i1 . . . il−1〉|jl〉|il+1 . . . iN 〉.

A switch of the variable names il and jl now completes the restoration of the original
structure:

A|ψ〉 =
∑
{in}

∑
{αn}

Γ[1]i1
α1 . . . λ[l−1]

αl−1

∑
jl

〈il|A|jl〉Γ[l]jl
αl−1,αl

λ[l]
αl
. . .Γ[N ]iN

αN−1

× |i1 . . . iN 〉.

From this final form we directly obtain the way the operator A acts on the MPS – namely
by changing only the d matrices Γ[l]il of the site l that A acts upon. This gives us the
update of the MPS as

Γ̃[l]il
α,β =

∑
jl

〈il|A|jl〉Γ[l]jl
α,β ∀ α, β (3.15)

where Γ̃[l]il are the new matrices replacing the Γ[l]il . The update eq. (3.15) has to be
performed for all α, β, therefore incurring a computational effort of χ2 basic operations
[Vidal, 2003b].

3.3.2 Two-site operators

Now we turn to the case where an operator A acting on the two neighbouring sites l
and l + 1 is applied. If the operator A were decomposable into A = X ⊗ Y , where X
acts only on site l and Y acts only on site l+ 1, then determining the action of A would
be trivial. It would be just two independent applications of single-site operators, since
they only change the Γ-matrices of the site they act on. Thus here we explicitly regard
the non-trivial case where no such decomposition of A is possible.

To derive a rule how to update the decomposition this time, we continue as we did when
considering a single-site operator. For the sake of clarity we abbreviate our notation
by writing the explicit MPS only for the relevant two sites and retaining the Schmidt
vectors for all the other sites, thus representing the state |ψ〉 by

|ψ〉 =
∑
il,il+1

∑
αl−1,αl,αl+1

(
λ[l−1]
αl−1 Γ[l]il

αl−1,αlλ
[l]
αl

Γ[l+1]il+1
αl,αl+1 λ[l+1]

αl+1

)
|Φ[i1...il−1]〉|ilil+1〉|Φ[il+2...iN ]〉.

(3.16)

We now introduce the new quantity Θ as

Θilil+1
αl−1αl+1 =

∑
αl

λ[l−1]
αl−1 Γ[l]il

αl−1,αlλ
[l]
αl

Γ[l+1]il+1
αl,αl+1 λ[l+1]

αl+1 (3.17)
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which contracts our description even further to

|ψ〉 =
∑
il,il+1

∑
αl−1,αl+1

Θilil+1
αl−1αl+1 |Φ[i1...il−1]〉|ilil+1〉|Φ[il+2...iN ]〉. (3.18)

Now we apply A to eq. (3.63) and follow the same mechanism we used for the single-site
operator, namely we again introduce 1 = ∑

jl,jl+1
|jljl+1〉〈jljl+1| to the left of A, pulling

the sums over the js and the scalar product in front of the Γs and λs and switch the
indices il, il+1 with jl, jl+1. Thus we end up with

A|ψ〉 =
∑
il,il+1

∑
αl−1,αl+1

∑
j1,j2

〈ilil+1|A|jljl+1〉Θ
jljl+1
αl−1αl+1 |Φ

[i1...il−1]
αl−1 〉|ilil+1〉|Φ

[il+2...iN ]
αl+1 〉 (3.19)

which directly provides us with the rule how to update the tensor Θ under the action of
the operator A:

Θ̃ilil+1
αβ =

∑
jljl+1

〈ilil+1|A|jljl+1〉Θ
jljl+1
αβ ∀ α, β (3.20)

Since the indices α and β run from 1 to χ, but the definition of Θ includes another
summation from 1 to χ, the computational cost for updating all of the elements of Θ is
of the order of χ3 basic operations, thus yielding a total computational effort of Ndχ3

[Vidal, 2003b].

Until now we proceeded completely analogous to the application of a single-site opera-
tor. But with the two-site operator we face the problem, that we indeed can obtain the
new tensor Θ̃ from the original Θ and the operator A, yet have no direct rule for how to
obtain the new Γ̃s and λ̃s from Θ̃ to reformulate eq. (3.19) in the original MPS-structure.
The solution to that problem is given by the SVD. We want to break each of the d2 ma-
trices Θ̃ilil+1 up into two matrices Γ̃[l]il and Γ̃[l+1]il+1 and a diagonal matrix λ̃[l] in be-
tween them. This can be achieved by the SVD, but in general we would get as many

(i) (ii) (iii)

(iv) (v)

Γ̃[l] λ̃[l] λ[l+1]λ[l−1] Γ̃[l+1]

A

il il+1

Θ

Γ[l] λ[l] λ[l+1]λ[l−1] Γ[l+1] X λ̃[l] Y

X λ̃[l]

(λ[l+1])−1(λ[l−1])−1

Yλ[l−1] λ[l+1]
Γ̃[l] Γ̃[l+1]

SVD

Figure 3.3: The process of updating the Γs and λs after the application of an opera-
tor A. First the tensor network (i) consisting of the three λs, the two Γs
and the operator A is contracted to the tensor Θ (ii). An SVD yields the
new matrices X and Y (iii), then the outer λs are reintroduced (iv) and the
MPS-structure is regained with the updated matrices Γ̃ and λ̃.
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Γ̃[l]0

Γ̃[l]1

U S

Γ̃[l+
1]

0

Γ̃[l+
1]

1

V †

=

Θ̃00

Θ̃10

Θ̃01

Θ̃

Figure 3.4: The scheme how the new matrices Γ̃ are obtained after the SVD. The d ma-
trices Γ̃[l]il of the left site the transformation acted on are fetched from the
matrix U , the d matrices Γ̃[l+1]il+1 are fetched from V †. In principle the
way the Θ̃ij are ordered in the matrix Θ does not matter. But when fetch-
ing Γ̃[l]il and Γ̃[l+1]jl+1 from U and V † the according blocks (which after the
multiplication USV † would yield the block Θ̃ij) have to be taken.

different λ̃[l] as there are pairings il, il+1. However, the key point is that for every pair-
ing il, il+1 we need to have the same diagonal matrix λ̃[l], since this restriction is given
by the MPS-structure of the state! To achieve this, we take the matrix Θ̃ composed of
all the matrices Θ̃ilil+1 (as seen in fig. 3.4), apply an SVD to this matrix and then read
the according blocks from the unitary matrices given by the SVD to obtain the new Γ̃s
whereas the new λ̃ is given by the diagonal matrix S the SVD provides us with. This
way we obtain the same diagonal matrix for every pairing il, il+1 of the sites l,l+ 1. The
process of obtaining the new Γ̃ and λ̃ is illustrated in fig. 3.4 whereas the whole process
of how to update the Γs and λs is depicted in fig. 3.3 using the graphical notation we
introduced in the last section.

In the case that A represents a unitary evolution the update of the decomposition is
finished here. But if A is non-unitary then it does not preserve the norm of the state |ψ〉.
This results in the fact that the sum of the squared Schmidt coefficients deviates (often
considerably) from one:∑

i

(
λ

[l]
i

)2
6= 1.

This can be fixed easily by dividing every Schmidt coefficient by the square root of the
sum of all the squared Schmidt coefficients:

λ
[l]
i → λ

[l]
i√∑

i

(
λ

[l]
i

)2
∀ i (3.21)

restoring the physicality of the SD. Note that we can introduce this normalisation in
another way, namely by requiring the Frobenius norm of the matrix Θ to be equal to
one:

‖Θ‖F = 1 (3.22)

which is essentially the same as eq. (3.21) since the Schmidt coefficients stem from the
SVD and the Frobenius norm of a matrix is equal to the square root of the sum of its
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squared singular values.

The just derived application of two-site operators is far more important than of single-site
operators. That is because the most common operators applied are of the form exp (αH)
where H is a two-site Hamiltonian. This Hamiltonian may be separable in two single-site
operators, but in general after the exponentiation this is not given anymore. Thus the
just developed decomposition is of utmost importance.

3.4 Time evolutions and ground states
We now use the results from section 2.8 to (i) apply a time evolution exp (−iHt) to our
system and (ii) calculate the gound state of a chain. The mechanism to achieve these
two tasks is the same. Therefore we first develop the mechanism for the time evolution
and then simply extend it to obtain the ground state of a chain.

3.4.1 Suzuki-Trotter sweeps
Since the methods we want to apply depend critically on the smallness of the time t, we
introduce a discretisation of the evolution time T into T

δt small time steps. This does
not yet introduce an error, since

eAT =
(
eAδt

)( Tδt)

is an exact decomposition. Operating on a chain with a next-neighbour Hamiltonian
(and OBC, the extension to PBC will be mentioned below) the most general kind of
Hamiltonian we are dealing with is of the form

H =
N∑
j=1

k1∑
ν=1

c̃νj h̃
ν
j +

N−1∑
j=1

k2∑
ν=1

cνj,j+1h
ν
j,j+1. (3.23)

where the k1 single-site terms h̃νj with coefficients c̃νj only act on the site j and the k2 double-
site terms hνj,j+1 with coefficients cνj,j+1 only act on sites j and j + 1. It is convenient to
reformulate this Hamiltonian in a symmetric form

H =
N−1∑
j=1

Hj,j+1 (3.24)

where every term Hj,j+1 consists of the k2 two-site terms of the previous form and half
of the k1 single-site terms of the left and right side of the two-site term

Hj,j+1 = 1
2

k1∑
ν=1

c̃νj h̃
ν
j +

k2∑
ν=1

cνj,j+1h
ν
j,j+1 + 1

2

k1∑
ν=1

c̃νj+1h̃
ν
j+1 (3.25)

except for the boundaries where

H1,2 =
k1∑
ν=1

c̃ν1 h̃
ν
j +

k2∑
ν=1

cν1,2h
ν
1,2 +1

2

k1∑
ν=1

c̃ν2 h̃
ν
2 (3.26)

HN−1,N = 1
2

k1∑
ν=1

c̃νN−1h̃
ν
N−1 +

k2∑
ν=1

cνN−1,Nh
ν
N−1,N +

k1∑
ν=1

c̃νN−1h̃
ν
N . (3.27)
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3.4. Time evolutions and ground states

Of course this holds only for OBC, the case of PBC is much more simple because we do
not have to account for any boundary effects and thus eq. (3.25) holds for all terms of
the Hamiltonian.
We now apply the earlier derived Suzuki-Trotter expansion eq. (2.61) (on page 17) to the
reformulated Hamiltonian. We restrict ourselves to the second-order expansion here, the
extension to a fourth-order expansion is straightforward. First we build the operators F
and G as dictated by eq. (2.59)

F =
∑

even j

Hj,j+1 G =
∑

odd j

Hj,j+1, (3.28)

which then constitutes the single factors of the Suzuki-Trotter expansion eq. (2.61)

F = e−i
1
2Fδt =

∏
even j

e−i
1
2Hj,j+1δt G = e−iGδt =

∏
odd j

e−iHj,j+1δt. (3.29)

Then the application of a time evolution for one small time step δt consists of the suc-
cessive application of F , G and F again. Each of these transformations consists of the
product of exponentiated two-site Hamiltonians that commutate with each other. Hence
every term within F commutates with each other, the same holds for G. The exponenti-
ated two-site Hamiltonians (sometimes also called “two-site gates”) are easy to calculate
since their dimension is comparatively small and they constitute a transformation we
know how to apply from section 3.3.2.

Summarizing, the whole time evolution breaks up into evolution steps δt which in turn
break up in the so-called Suzuki-Trotter sweeps or Trotter sweeps, where one sweep is
given by either F or G, which in turn break up into two-site transformations. Note that
the two-site transformations of one sweep are independent from each other, thus the
order of their application does not matter. The time evolution of one part of a chain is
depicted in fig. 3.5.
Finally we note that we can combine two successive applications of F (the last sweep of
the previous and the first sweep of the current time step) thus reducing the computational
effort, but only under the condition that no measurement is applied after the previous
time step.

3.4.2 Building of the ground state

The building of the ground state |ψg〉 of a finite chain of N sites can be achieved by
an imaginary time evolution – the time evolution operator exp (−iHt) is replaced by
the imaginary time evolution operator exp (−Ht) which corresponds to the substitution
t→ −it.
Starting from an initial state |ψ0〉 we build the state |ψτ 〉 (which approximates the
ground state) by applying an imaginary time evolution. Note that, contrary to a normal
time evolution, the imaginary time evolution operator does not preserve the norm of the
state, making it necessary to normalise the state after each evolution step:

|ψτ 〉 = exp (−Hτ) |ψ0〉
‖exp (−Hτ) |ψ0〉‖

. (3.30)
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e−
1
2Ft

e−Gt

e−
1
2Ft

e−
1
2Ft

e−Gt

e−
1
2Ft

δt

δt

sites
n n+1 ...n+2

Figure 3.5: Visualisation of the time evolution of one part of the chain. Depicted are
two time steps δt that resolve into three second-order Trotter sweeps each.
The sites are represented by the red dots, the sweeps F and G each by one
row of squares. Every group of three rows comprises one time step δt.

This evolution indeed yields the ground state, as presented in [remark 13 of Vidal,
2007], since for large τ the state |ψt〉 is a good approximation to the ground state of the
Hamiltonian H:

|〈ψτ |ψg〉| > 1−O
(exp (−2∆τ)

δ2

)
, δ ≡ |〈ψ0|ψg〉|. (3.31)

Here ∆ denotes the gap between the two lowest-lying eigenvalues of the Hamiltonian.
As can be inferred from the above equation, this procedure may be invalid for n→∞ or
∆ = 0, although successful benchmark calculations have shown that this is not always
the case.

3.5 Measurements
After successfully applying a time evolution to the system it is necessary to perform
measurements on the system. This turns out to be straightforward and is a simple
mathematical exercise, the only difficulty lying in the correct ordering of sums when
applying the measurement operator on the MPS.

Before we turn to the generic case we note that there is one class of measurement
operators that can be applied very easy due to the structure of the MPS we use –
these are measurements that depend only on the Schmidt coefficients. Since we have
a direct access to the Schmidt coefficients of any bipartition at bond n there is only
a marginal effort necessary to apply any such measurement. As an example consider
the von Neumann entropy between two subsystems A and B which correspond to the
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3.5. Measurements

bipartition at bond l:

SA = SB = −tr (ρA log2 ρA) = −
χ∑
α=1

(
λ[l]
α

)2
log2

(
λ[l]
α

)2
. (3.32)

In the following we develop a formula to apply measurements and calculate the according
expectation values (as given by eq. (2.18) on page 7). We consider the general case where
the measurement operator O describes a measurement on two different (not necessarily
adjacent) sites of the system. This comprises the most common measurements, from
correlation functions to single-site operators even to the norm of the state. These special
cases should be easily accessible from the final formula.
We now directly insert the state |ψ〉 in the MPS as well as the operator O = AkBl
(where Ak is an operator only acting on site k and Bl is an operator only acting on
site l, assuming 1 ≤ k < l ≤ N) in the equation for the expectation value of O. Note
that the Hermitian conjugate of the state |ψ〉 is given by

〈ψ| =
∑

i1,i2,...,iN

∑
α1,α2,...,αN−1

Γ∗[1]i1
α1 λ[1]

α1Γ∗[2]i2
α2,α3 . . .Γ

∗[N−1]iN−1
αN−2,αN−1λ

[N−1]
αN−1 Γ∗[N ]iN

αN−1 〈i1i2 . . . iN |

(3.33)

After insertion into 〈ψ|O|ψ〉 we apply the same method we have used while applying
operators, namely the insertion a unitary matrix 1, and get the following formula (as in
[Daley, 2005]):

〈ψ|O|ψ〉 =
∑

i1,...,iN

 ∑
β1,...,βN

Γ∗[1]i1
α1 λ[1]

α1Γ∗[2]i2
α2,α3 . . .Γ

∗[N−1]iN−1
αN−2,αN−1


×

 ∑
α1,...,αN−1

Γ[1]i1
α1 . . .

∑
jk

〈ik|A|jk〉Γ[k]jk
αk−1,αk

 . . .
∑
jl

〈il|B|jl〉Γ[l]jl
αl−1,αl

 . . .Γ[N ]iN
αN−1

 .
Now we reorder the sums and group the terms belonging to the same sites, which leaves
us with

〈ψ|O|ψ〉 =
∑

β1...βN

∑
α1,α2,...,αN−1

∑
i1

λ
[1]
β1

Γ∗[1]i1
β1

Γ[1]i1
α1 λ[1]

α1

∑
i2

λ
[2]
β2

Γ∗[2]i2
β1,β2

Γ[2]i2
α1,α2λ

[2]
α2


× . . .

∑
ik

λ
[k]
βk

Γ∗[k]ik
βk−1,βk

∑
jk

〈ik|A|jk〉Γ[k]ik
αk−1,αk

λ[k]
αk


× . . .

∑
il

λ
[l]
βl

Γ∗[l]ilβl−1,βl

∑
jl

〈il|B|jl〉Γ[l]il
αl−1,αl

λ[l]
αl

 . . .
∑
iN

Γ∗[N ]iN
βN−1

Γ[N ]iN
αN−1

 .
This simplifies to

〈ψ|O|ψ〉 =
∑

β1...βN

∑
α1,α2,...,αN−1

(G1)β1α1
(G2)β1α1

β2α2
. . . (Gk)

βk−1αk−1
βkαk

. . .

× . . . (Gl)
βl−1αl−1
βlαl

. . . (GN )βN−1αN−1

(3.34)
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with the elements G as

(G1)β1α1
=

∑
i1

λ
[1]
β1

Γ∗[1]i1
β1

Γ[1]i1
α1 λ[1]

α1


(G2)β1α1

β2α2
=

∑
i2

λ
[2]
β2

Γ∗[2]i2
β1,β2

Γ[2]i2
α1,α2λ

[2]
α2


...

(Gk)
βk−1αk−1
βkαk

=

∑
ik

λ
[k]
βk

Γ∗[k]ik
βk−1,βk

∑
jk

〈ik|A|jk〉Γ[k]ik
αk−1,αk

λ[k]
αk


...

(Gl)
βl−1αl−1
βlαl

=

∑
il

λ
[l]
βl

Γ∗[l]ilβl−1,βl

∑
jl

〈il|B|jl〉Γ[l]il
αl−1,αl

λ[l]
αl


...

(GN )βN−1αN−1 =

∑
iN

Γ∗[N ]iN
βN−1

Γ[N ]iN
αN−1

 .
Now eq. (3.34) provides us with the possibility to apply arbitrary two-site measurements.
As the special case where A = B = 1 the measurement yields the norm 〈ψ|ψ〉. It is even
possible to extend this formula so that the calculations of overlaps of the form 〈ϕ|ψ〉 or
〈ϕ|O|ψ〉 can be achieved. All one has to do is to express the state |ϕ〉 as an MPS too
and insert the according matrices of its MPS at the place of the β-indexed matrices in
eq. (3.34) (thus every Γ and λ with at least one index β becomes an Γ̃ or λ̃ respectively
where the Γ̃ and λ̃ are those of the MPS representation of |ϕ〉).

The calculation can be simplified further by exploiting the orthogonality of the Schmidt
vectors. Since the Γ[n] and λ[n] remain unchanged for n < k and n > l the state |ψ〉 can
be extended retaining the Schmidt vectors |Φ[1...k−1]〉 and |Φ[l+1...N ]〉:

|ψ〉 =
∑
ik...il

∑
αk−1...αl

(
λ[k−1]
αk−1 Γ[k]ik

αk−1,αkλ
[k]
αk
. . .Γ[l]il

αl−1,αlλ
[l]
αl

)
|Φ[1...k−1]〉|ik . . . il〉|Φ[l+1...N ]〉.

While calculating the quantity 〈ψ|O|ψ〉 it is now possible to exploit the orthogonality
which leaves us with

〈ψ|O|ψ〉 =
∑
ik...il

∑
βk−1...βl

∑
αk−1...αl

δαl,βl · δαk−1βk−1

(
λ

[l]
βl

Γ∗[l]ilβl,βl−1
. . . λ

[k]
βk

Γ∗[k]ik
βk,βk−1

λ
[k−1]
βk−1

)
×
(
λ[k−1]
αk−1

[
〈jk|A|ik〉Γ[k]ik

αk−1,αk

]
λ[k]
αk
. . .
[
〈jl|B|il〉Γ[l]il

αl−1,αl

]
λ[l]
αl

)
where the Kronecker-symbols remain from the orthogonality of the Schmidt vectors.
Rewriting this result using the elements G eq. (3.34) reduces to

〈ψ|AkBl|ψ〉 =
∑

βk−1...βl

∑
αk...βl−1

∣∣∣λ[k−1]
βk−1

∣∣∣2 (Gk)
βk−1βk−1
βkαk

. . . (Gl)
βl−1αl−1
βlβl

(3.35)
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Finally we note that the computational effort follows directly from eq. (3.34) as Ndχ4

basic operations; if we use the truncated form eq. (3.35) this even reduces to (l − k) dχ4.

For measurements in the case of PBC we refer to section 3.7 where we pursue a different
approach and give a graphical representation of the measurement process, introducing
a visualisation of various measurement elements similar to the elements G.

3.6 Error estimation
As we are now able to simulate time evolutions and to perform measurements, the
question of the accuracy of these results immediately springs to mind. Therefore we now
examine the error the TEBD incurs during the simulation.
During the introduction to the algorithm we identified two error sources. The first one
is due to the Suzuki-Trotter decomposition and the second one due to the truncation
of the matrices constituting the MPS. These errors are accumulative, thus they can be
added up constantly during the evolution. We proceed analogue to the ideas presented
in [Vidal, 2003a; Sergiu, 2005; Clark, 2007].

3.6.1 Trotter error
To estimate error ε1 induced by the Trotter sweeps we first note that a pth order Trotter
expansion incurs an error of the order (δt)p+1. Since an evolution for the time T takes
T
δt time steps, the error after time T is

ε = T

δt
(δt)p+1 = T (δt)p . (3.36)

Thus we can separate our state |ψ〉 in the part |ψ̃〉 we retain and the (orthogonal) part
|ψ̃⊥〉 we discard (and that induces the error):

|ψ〉 =
√

1− ε2|ψ̃〉+ ε|ψ̃⊥〉. (3.37)

Here all the three state vectors are normalised and thus 〈ψ|ψ〉 = 1, 〈ψ|ψ̃〉 =
√

1− ε2 and
〈ψ|ψ̃⊥〉 = ε. Therefore we can determine the error ε1 using the fidelity |〈ψ|ψ̃〉|2 as

ε1 = 1− |〈ψ|ψ̃〉|2 = 1− 1 + ε2 = ε2. (3.38)

Note the different notations ε1 denoting the complete trotter error and ε denoting the
deviation of the states |ψ〉,|ψ̃〉. Using eq. (3.36) the complete Trotter error is given by

ε1 = ε1 (T ) = T 2 (δt)2p . (3.39)

3.6.2 Truncation error
The truncation error ε2 is incurred by the truncation of the Hilbert space that happens
when discarding the smallest Schmidt coefficients. At each bond n the state |ψ〉 is
described by an SD where the χn − χmax smallest Schmidt coefficients are separated
from the rest:

|ψ〉 =
χmax∑
α=1

(
λ[n]
α

)
|Φ[1...n]
αN
〉|Φ[n+1...N ]

αN
〉+

χn∑
α=χmax+1

(
λ[n]
α

)
|Φ[1...n]
αN
〉|Φ[n+1...N ]

αN
〉. (3.40)
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Thus the state can be written as

|ψ〉 =
√

1− εn|ψD〉+√εn|ψ⊥D〉 (3.41)

where |ψD〉 is the part of the state retained by the MPS decomposition and |ψ⊥D〉 is the
part discarded (orthogonal to the part retained) – but these parts have been normalised.
Due to that they are given by

|ψD〉 = 1√
1− εn

χmax∑
α=1

(
λ[n]
α

)
|Φ[1...n]
αN
〉|Φ[n+1...N ]

αN
〉 (3.42)

|ψ⊥D〉 = 1
√
εn

χn∑
α=χmax+1

(
λ[n]
α

)
|Φ[1...n]
αN
〉|Φ[n+1...N ]

αN
〉 (3.43)

Thus the error after the truncation at bond n is

εn = 1− |〈ψ|ψD〉|2 =
χn∑

α=χmax

(
λ[n]
α

)2
(3.44)

which is nothing but the sum of the squared Schmidt coefficients we discard. In DMRG
this is typically known as the discarded weight.

To calculate the complete error incurred by the truncations at the N − 1 bonds of the
system we repeat the above procedure iteratively. At bond n+1 we express the state |ψD〉
we are using above as

|ψD〉 =
√

1− εn+1|ψ′D〉+√εn+1|ψ′⊥D 〉 (3.45)

according to eq. (3.41) where |ψ′D〉 is the state kept and |ψ′⊥D 〉 is the discarded part
(both states are normalised again as in eq. (3.42) and eq. (3.43)). Then the error εn,n+1
combining the errors of the truncation at bond n and bond n+ 1 is given as

εn,n+1 = 1− |〈ψ|ψ′D〉|2 = 1− |
√

1− εn〈ψD|ψ′D〉|2 = 1− (1− εn) (1− εn+1) (3.46)

when inserting eq. (3.41) to yield the second equality. In the end the iterative procedure
yields the total truncation error ε2 as

ε2 = 1−
N−1∏
n=1

(1− εn) (3.47)

where εn is given by eq. (3.44).

3.6.3 Comparison of the error sources
Since the Trotter error depends critically on the time step δt, it can easily be adjusted
and upper bounded in advance by choosing a suitable combination of time step δt, total
time T and order of the Suzuki-Trotter expansion. The truncation error is more difficult
to control, since it is only indirectly controlled by the matrix size χmax. We do not know
in advance how large the discarded Schmidt coefficients are, so by choosing an χmax too
small the error grows rapidly. But since the computational effort scales with χ2 we are
limited in how large we are able to choose χmax.
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This directly shows why higher order Suzuki-Trotter expansions are often worthless –
they increase the computational effort through the number of sweeps considerably, but
usually at some point the truncation error inevitably exceeds the Trotter error and is
thus the most significant error source, so that even a lower order Suzuki-Trotter expan-
sion would not have changed the result significantly.

In practise we can get a good measure of the truncation error by measuring the degra-
dation of the norm. It can be tolerated until it reaches the order of O

(
10−6). Thus

the time scale on which the TEBD yields valid results is limited through the inevitable
inaccuracies that the truncation error brings along. This has been studied detailed by
Gobert et al. [2005], identifying a time after which the precision drops by several orders
of magnitude, which they called runaway time.

3.7 Infinite Systems

The TEBD algorithm is much more capable than has been presented so far. For one
thing, it is (as introduced in [Vidal, 2007]) able to simulate infinite chains with only
restricted computational effort. To see this we exploit the invariance under translations
of an infinite chain and the parallelisability of the local updates of the TEBD – which
yields a simple and fast algorithm that is be referred to as infinite TEBD or iTEBD. The
speed of the algorithm relies on the fact that it does not – in contrast to other methods –
scale with the size of the system, but only with its translational invariance. This allows
the iTEBD to study infinite systems directly without resorting to (costly) extrapolations
and without having to deal with boundary effects or finite-size corrections.
Using the iTEBD we can investigate bulk properties of quantum many-body systems in
the thermodynamic limit – which are best studied in infinite systems. This allows the
comparison to exact analytical calculations (which are often, as in the case of the Ising
model, only possible for small or infinite systems) and thus an estimation of the error
introduced by the algorithm without having to account for finite-size effects.

As mentioned above, we cannot simulate arbitrary infinite chains, but have to restrict
ourselves to those with a given translational invariance. Thus we regard a chain as be-
fore, with a next-neighbour Hamiltonian of the form H = ∑

j Hj,j+1, with the restriction
that the state |ψ〉 of the chain as well as the just given Hamiltonian are invariant under
shifts by one lattice site. This is easily extendable to invariance under shifts by m sites;
for further extensions see [Vidal, 2007].
The realisation of the simulation of this infinite chain is mostly straightforward, the
only minor obstacle is the application of measurements. In principle we just use the
MPS decomposition in Vidal-form, but here we apply PBC. That means we have one
additional diagonal matrix λ[N ] which accounts for the connection between site 1 and
site N . Furthermore the boundaries Γ[1]i1 and Γ[N ]iN change from vectors to matrices
(due to the interaction between site 1 and N). At last we apply the trace that maps the
MPS to a (possibly complex) coefficient.

Of course the number of sites N in our code is just the shift-invariance of our system –
thus in the simple case of invariance under a shift by one lattice site we have a chain of
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A B A B A B A BA BA B

Figure 3.6: The application of Trotter sweeps on an infinite one-dimensional lattice. Only
one pair of sites has to be updated, this automatically updates the whole
chain.

the length N = 2. The MPS for the infinite chain is then given by

Γ[2r] = ΓA, λ[2r] = λA (3.48)
Γ[2r+1] = ΓB, λ[2r+1] = λB. (3.49)

Now the application of gates on this MPS occurs in exactly the same way as described
in section 3.3. Due to the translational invariance each Trotter sweep consists of the
application of only one gate – this simultaneously updates the whole chain and thus
reduces the computational effort heavily. Every even-numbered sweep applies a gate UAB
while every odd-numbered sweep applies a gate UBA. Due to the translational invariance
these gates are exactly the same, only applied to different sites. A second-order Trotter
expansion thus only needs to update the decomposition three times, once every sweep, to
apply the time evolution for one time step. The total computational effort thus reduces
from the O

(
Ndχ2) space and O

(
Ndχ3) time the TEBD needs to O

(
dχ2) space and

O
(
dχ3) time the iTEBD needs.

As depicted in fig. 3.6, the update of the small sequence of N sites we handle numerically
yields an update of the whole infinite chain (due to the translational invariance). Hence
the speed of the algorithm, which in turn allows for a greater bond dimension increasing
the precision of results.

Now we turn to the question of how to apply measurements to this chain. The principle
is the same as in section 3.5 – but whereas before we used a quite technical approach
introducing the elements G, we now use a more descriptive process interpreting the in-
termediate steps graphically [Clark, 2007].

Starting with the density matrix ρ (see fig. 3.7) for the complete system and PBC

ρ =
∑

i1,...,iN

∑
j1,...,jN

tr
(

N∏
n=1

Γ[n]inλ[n]
)
tr
(

N∏
n=1

Γ∗[n]jnλ[n]
)
|i1 . . . iN 〉〈j1 . . . jN | (3.50)

we apply the relation tr (B ⊗A) = tr (A⊗B) = tr (A) tr (B) from right to left, followed
by the application of (ABC)⊗ (XY Z) = (A⊗X) (B ⊗ Y ) (C ⊗ Z). The result is then
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i1 i2 il iN−1 iN

j1 j2 jl jN−1 jN

|ψ〉

〈ψ|

ρ =

Figure 3.7: The density matrix visualised. The upper row is the Hermitian conjugate |ψ〉
(consequently the upper row is complex conjugated), the lower row the
state |ψ〉 itself. Note the connection between site 1 and site N indicating the
PBC.

given by

ρ =
∑

i1,...,iN

∑
j1,...,jN

tr
(

N∏
n=1

E[n]injn

)
|i1 . . . iN 〉〈j1 . . . jN | (3.51)

where E[n]injn =
(
Γ[n]inλ[n]

)
⊗
(
Γ∗[n]jnλ[n]

)
. Using these Es we can define another

quantity, the transfer matrix I [n] = ∑d−1
in=0E

[n]inin (which corresponds to the elements G
introduced in section 3.5). The graphical representation of the Es and the Is is included
in fig. 3.8, and becomes clearer when viewed in the light of the complete measurement
process, as described below.

When calculating the norm of the state the result is given by only the I-matrices as

tr (ρ) = tr
(

N∏
n=1

I [n]
)

(3.52)

where all the physical indices in and jn have been contracted pairwise. When omitting
one pair ik, jk of physical indices from the contraction, then the result is the reduced
density matrix for this site k:

ρk =
d−1∑
ik=0

d−1∑
jk=0

tr

[k−1∏
n=1

I [n]
]
E[k]ikjk

 N∏
n=k+1

I [n]

 |ik〉〈jk|. (3.53)

This is depicted in fig. 3.8 and is easily extendable to the reduced density matrix of
various sites. Thus the application of a measurement operator of the form O = AkBl
(where Ak is an operator acting only on site k and Bl is an operator acting only on
site l) is given by

〈ψ|AkBl|ψ〉 = tr

[k−1∏
n=1

I [n]
]
O[k]

 l−1∏
n=k+1

I [n]

O[l]

 N∏
n=l+1

I [n]

 (3.54)
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I1 I2

jk

ik

ρk =

I [2] E[k]ikjk

IN−1 IN

Figure 3.8: The reduced density matrix ρk for site k – yielded by summation over all
physical indices except those of site k. The summation is denoted by the
connection of the single lines that represent indices.

1

〈AkBl〉 =
2 k l N

A
O[l]

Figure 3.9: The contraction of the tensor network to calculate the value 〈AkBl〉. The
measurement operator A and the matrix O[l] are highlighted for a better
understanding of the structure.

where O[k] and O[l] are given by

O[k] =
∑
ik

∑
jk

〈ik|Ak|jk〉E[k]jkik (3.55)

O[l] =
∑
il

∑
jl

〈il|Bl|jl〉E[l]jlil (3.56)

as visualised in fig. 3.9.

This concludes the application of measurements on one translational invariant section
of the infinite chain. Extending the above formula to the complete infinite chain (where
we explicitly assume N = 2 again) we get

〈ψ|AkBl|ψ〉 = tr
([
I [1]I [2]

]∞
O[1]O[2]

[
I [1]I [2]

]∞)
. (3.57)

To calculate the expression
[
I [1]I [2]

]∞
we use the fact that I [1]I [2] is unitary diagonalis-

able (due to the structure of the Schmidt decomposition) with largest eigenvalue 1 [Orús
and Vidal, 2008]. Thus we get

〈ψ|AkBl|ψ〉 = tr
([
U †D∞U

]
O[1]O[2]

[
U †D∞U

])
(3.58)

= tr
(
D∞UO[1]O[2]U †

)
= u1O

[1]O[2]u†1 (3.59)
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with D as the matrix of the eigenvalues of
[
I [1]I [2]

]∞
, the unitary matrix U of the

according eigenvectors and u1 as the eigenvector corresponding to the eigenvalue 1.
This closes the infinite system and only the eigenvector to the first eigenvalue of the
matrix U remains, because all other eigenvalues (smaller zero) approach zero an infinite
exponentiation.

3.8 Finite Temperatures
The TEBD algorithm acts on pure states |ψ〉 and thus is limited to temperatures T = 0K.
However, to describe thermal states we need to work with the density matrix ρ and the
partition function Z, as introduced in section 2.1. Thus we make use of the results of
section 2.5 to extend the TEBD algorithm to finite temperatures.

We proceed similar to the method that Zwolak and Vidal presented in [Zwolak and
Vidal, 2004]. It should be mentioned that this is not the only possibility – there are
others like the use of purifications (as described in [Verstraete et al., 2004]), but here we
are interested only in the following method. Therefore we first collect all the ingredients
to extend the TEBD algorithm to mixed states and afterwards deal with the question
of how to build a thermal state.

3.8.1 Extension of the formalism
Considering a chain of N sites with local dimension d again, the underlying structure of
the state |ψ〉 the TEBD works on is given by

|ψ〉 =
∑

i1,...,iN

ci1...iN |i1〉 ⊗ . . .⊗ |iN 〉. (3.60)

We want to regain this structure when handling density matrices ρ, thus we formally
write the matrix ρ as a vector |ρ〉# of its expansion coefficients in the Pauli basis, yielding

|ρ〉# =
d2−1∑
µ1=0

. . .
d2−1∑
µN=0

cµ1...µN |µ1〉# ⊗ . . .⊗ |µN 〉#. (3.61)

Here the elements µn sum over all the elements of the basis, in the case of a local di-
mension d = 2 this would yield µ ∈ {σx, σy, σz, σ1}. We now deal with an effective
dimension deff = d2, thus the number of coefficients to describe the quantum system
has been squared.

We are now able to express the coefficients cµ1...µN through an MPS in exactly the same
way we did with the coefficients ci1...iN , only the local dimension differs – that means we
deal with d2 matrices per site, in contrast to the d matrices per site that we had in the
case of pure states. This comprises the first step towards a TEBD algorithm for mixed
states. Now we need two more ingredients – the rule how to update this decomposition
and the application of measurements.

Note that we now deal with a superoperator A acting on superkets. The application of
an superoperator in the present notation is given by A|ρ〉# = |A [ρ]〉#. Thus the process
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of how to update the decomposition remains unchanged. The single steps still consist of
the contraction of the tensor network to the tensor Θ, the splitting of Θ via the SVD and
the restoration of the MPS structure. The only actual change is the way Θ is updated.
Starting from

|ρ〉# =
∑

µl,µl+1

∑
αl−1,αl+1

Θµlµl+1
αl−1αl+1 |ρ[µ1...µl−1]〉#|µlµl+1〉#|ρ[µl+2...µN ]〉# (3.62)

and applying the superoperator A (say that A acts only on sites l and l + 1) we get

A|ρ〉# =
∑

µl,µl+1

∑
αl−1,αl+1

Θµlµl+1
αl−1αl+1 |ρ[µ1...µl−1]〉#|A [µlµl+1]〉#|ρ[µl+2...µN ]〉#. (3.63)

Introducing the relation 1 = ∑
ηlηl+1

|ηlηl+1〉〈ηlηl+1| and interchanging the µ with the η,
the update of the decomposition transforms to

Θ̃µlµl+1
αβ =

∑
ηlηl+1

〈µlµl+1|A [ηlηl+1]〉Θηlηl+1
αβ ∀ α, β (3.64)

The form of A now determines the quantity 〈·|A [µlµl+1]〉#. As we will see below, to
build the ground state the superoperator A is simply a multiplication, thus A|ρ〉# = A·ρ.
To apply a time evolution we use eq. (2.9) (page 5) and thus the superoperator A is given
by an application of the time evolution operator U :

U |ρ〉# = |e−iHtρeiHt〉#. (3.65)

To apply measurements we resort to section 2.5 again. To calculate the trace we derived
eq. (2.45) (page 11) which states that the trace of a matrix expanded in the Pauli basis
is equal to the coefficient belonging to the unity matrix. Numbering the Pauli basis in
a way that the first of the d2 matrices with the index 0 is the unity matrix, then the
normalisation condition for the density matrix ρ is given by

tr (ρ) = c00...0 = 1. (3.66)

The coefficient is obtained by contracting the tensor network for in = 0 ∀ n which re-
quires a computational effort of O (Nχ).
From the above equation it can be seen why it is convenient to work with the Pauli basis
– it has only one basis element Pi for which tr (Pi) 6= 0 and thus requires the calculation
of only one coefficient. If we had used the Euclidean basis instead, then calculating tr (ρ)
would have required to build dN coefficients – tremendous effort, in general not feasible
and against the idea of reducing the storage and computational effort to an at most
polynomial degree.

The last ingredient missing for the extension to mixed states is the application of mea-
surements. This is in fact given by a combination of eq. (3.66) and the application
of a single-site superoperator. For the generic measurement superoperator O = AkBl
(where A acts only on site k and B acts only on site l) we create a temporary set of
Γ̃[k] and Γ̃[l] according to the application of a one-site superoperator and afterwards use
eq. (3.66) to calculate the trace for this MPS using the new Γ̃[k], Γ̃[l] instead of the
original Γ[k], Γ[l] at site l,l + 1 which then yields the result for 〈O〉 = tr (Oρ).
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3.8.2 Building of a thermal state
When working with mixed states, we would like to be able – in the same manner we
calculated the ground state of a system for pure states – to calculate the thermal state ρβ
of a system for a given next-neighbour Hamiltonian and an inverse temperature β ≡ 1

kT :

ρβ = e−βH

Z (β) = 1
Z (β)

∑
s

e−βEs |Es〉〈Es| (3.67)

where Z (β) = tr
(
e−βH

)
is the partition function (as explained in section 2.1). It is

usually not feasible to calculate all the energy eigenstates |Es〉 and average them with
the weights e−βEs/Z (β) to achieve the thermal state. Instead we start from a completely
mixed state and gradually lower the temperature until we read the state of interest (for
the given value of β). The completely mixed state, reached for T → ∞, is then (up to
a normalisation constant) given by the unity matrix. Thus we can build the state at
inverse temperature β by

|e−βH〉# =
(
e−βH

)
#
|I〉# = |e−βH 1

dNeff
1〉#. (3.68)

The application of the superoperator
(
e−βH

)
#

consists of a mere multiplication (of the
[normalised] superket |I〉#) with e−βH . The operator e−βH is decomposed into T small
evolution operators for “time steps” δt obeying the condition T · δt = β, afterwards the
single evolution operators are applied to the MPS using Trotter sweeps. One such run
that applies the operator e−βH to the completely mixed state builds the thermal state
for any intermediate values β′ ∈ [0, β] [Zwolak and Vidal, 2004].
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CHAPTER 4

Applications

4.1 Simple tests

It is a common practice to test new ideas, algorithms or schemes for a simple model first
to check their validity before moving on to more complex models. This is precisely what
we do in this section. Fist we introduce the Ising model as a simple test model. After-
wards we test the implementation of the TEBD algorithm for this model, showing that
the underlying physical principles are correctly reproduced by simulations and compare
them with analytical results.

4.1.1 The Ising model

The one-dimensional Ising model in a transverse magnetic field is a spin-chain, i. e. it
consists of a chain of N sites where each site is a spin one-half particle. Its Hamiltonian
(for OBC) is given by

HIsing = −J
(
N−1∑
i=1

σixσ
i+1
x + g

N∑
i=1

σiz

)
. (4.1)

It has the great advantage that it is exactly solvable. We name only some analytically
inferred properties here, see [Pfeuty, 1970; Clark, 2007; Sachdev, 2001] for a more general
discussion.

The Ising Hamiltonian consists of two terms. The first term realises a coupling (with
coupling constant J) between neighbouring sites , whereas the second term couples the
chain to an external transverse field via the constant g. Here we assume the next-
neighbour coupling to be along the x-axis and the coupling to the external field along
the z-axis.
This coupling to the external field now separates the ground state of the Ising Hamilto-
nian into two distinct regimes, separated by a quantum phase transition at g = gc = 1.
Assuming J > 0 and g > 0, for g � gc the Hamiltonian is dominated by the transverse

47



Chapter 4. Applications

field (i. e. the second term), all the spins are ordered in the z-direction and the ground
state |ψgs〉 becomes

|ψgs〉g→∞ ≈
∏
i

| ↑〉i. (4.2)

This is called the paramagnetic phase, here the magnetisation in x-direction 〈σx〉 is zero.
The other regime is the ferromagnetic phase for g � gc. Here the Hamiltonian is
dominated by the first term, i. e. the next-neighbour spin-coupling. Thus the ground
state is given by all spins aligned along the x-axis and hence it is doubly degenerate,
given by |ψ+

gs〉 and |ψ−gs〉:

|ψ+
gs〉g→0 ≈

∏
i

| →〉i ; |ψ−gs〉g→0 ≈
∏
i

| ←〉i . (4.3)

4.1.2 An infinite chain

For a first test we use the iTEBD developed in section 3.7 and simulate an infinite Ising
chain. We use a chain of length N = 2 with PBC, a fifth-order Suzuki-Trotter expan-
sion and a small time step of δt = 0.001 to guarantee that only the truncation error or
numerical errors influence the results.

At first we build the ground state of the chain. Therefore it is sometimes useful to start
with a random initial state. According to eq. (3.31) (on page 34) we have to be careful
not to choose an initial state orthogonal to the ground state, hence by choosing a random
initial state we minimise this risk easily.

We build the ground state by using an imaginary time evolution, constantly measuring
the entropy of half the infinite chain and measuring the energy every fifty time steps.
Measuring the entropy is not very costly, because it can be calculated by using only
the λs which are directly accessible (see eq. (3.32) on page 35). But applying an actual

χ = 2 χ = 4 χ = 8 χ = 12 exact
g = 0.5 -1.06354407 -1.06354441 -1.06354441 -1.06354441 -1.06354440
g = 0.9 -1.21587940 -1.21599973 -1.21600103 -1.21600102 -1.21600091
g = 1.3 -1.50036660 -1.50082183 -1.50082336 -1.50082325 -1.50082324

Table 4.1: Value of the ground state energy for different non-critical values of g after
convergence of the algorithm.

χ = 2 χ = 4 χ = 8 χ = 12 exact
g = 0.5 0.00419315 0.00421328 0.00421331 0.00421331 0.00421292
g = 0.9 0.07211150 0.08422239 0.08486388 0.08486509 0.08484551
g = 1.3 0.28901183 0.30047987 0.30067457 0.30067488 0.30064632

Table 4.2: Value of the ground state entropy for different non-critical values of g after
convergence of the algorithm.
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Figure 4.1: Building of the ground state of an infinite Ising chain with parameters J = 1
and g = 0.9 using χ = 12. The same run is plotted twice, in a for (a)
short time evolution and in (b) for a long-time evolution. Note that the
convergence of the entropy takes one order of magnitude longer than the
convergence of the energy.

measurement operator is a computationally expensive procedure, thus to track the de-
velopment of the energy we restrict ourselves to much less measurements. The evolution
of energy and entropy are shown in fig. 4.1.
The energy is measured by applying the Hamiltonian to the 2-site section. The mea-
surement splits up into two separate measurements, one for σxσx and one for σz1. The
complete value for the energy is obtained by the combination of the two values as given
in the Hamiltonian, using the factors J and g.

It can be guessed from table 4.1 and table 4.2 that the results are more exact the farther
the value of g deviates from criticality. This is due to the fact that, away from criti-
cality, a much smaller number χ suffices to describe the state correctly, whereas close
to criticality the size of χ necessary grows rapidly. For a more detailed study of this
phenomenon we refer to [appendix A in Tagliacozzo et al., 2008].
To investigate the behaviour around the critical point further we reproduce [fig. 2 in
Tagliacozzo et al., 2008]. The idea is to calculate the entropy for different values of g
with different values of χ, thus yielding different accuracies of the results. As can be seen
in fig. 4.2, the entropy shows a discontinuity at g = gc which allows the identification of
the identical point. It can be observed that the critical point gc shifts, depending on the
accuracy of the simulation scaling with χ.

After the ground state is built correctly we turn towards time evolution. We try to
reproduce the oscillations of the magnetisation after a perturbation of an Ising chain
in its ground state [figure 6 in Vidal, 2007]. Therefore we first build the ground state
(using J = 1) for g = 10 and switch to g = 3 at time t = 0. Comparing with the exact
graph in [Vidal, 2007] we see that the evolution is reproduced with a high accuracy. A
value of χ = 12 is enough to cover the evolution until t ≈ 31

~ , for increasing values of χ
we are able to track the time evolution up until t ≈ 51

~ .

49



Chapter 4. Applications

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 0.95 1 1.05 1.1

G
ro
un

d
st
at
e
en
tr
op

y

Critical value g

χ=2
χ=4
χ=8
χ=16

Figure 4.2: The entropy for different values of g around the critical point g = gc. While
for χ = 2 the critical point is located at g ≈ 1.07 it shifts for increasing χ
closer to its theoretical value gc = 1.

4.2 Finite Temperatures
In this section we test the extension of the algorithm to finite temperatures. At the
beginning we consider the Ising model again, but then moving on to the Spin-Boson
model. We introduce the basics of this model and how it is connected to the TEBD,
followed by the simulation of actual non-trivial quantum systems.

4.2.1 Building a thermal state
When applying a non-unitary operator (as is the case when building the ground state)
the MPS has to be renormalised after every evolution step, similar to the case when ap-
plying an imaginary time evolution when working with state vectors. This normalisation
can be done by calculating the coefficient c00...0 after every evolution step and dividing
the complete MPS by this. The factor can be distributed among the Γ-matrices, the
λ-matrices or both of them.
Although, depending on the transformation, sometimes the λ-matrices (containing the
Schmidt coefficients) are decreased by one or more orders of magnitude during one sweep.
This poses numerical problems, especially with long chains, since the calculation of the
normalisation coefficient c00...0 yields a very small number (typical values being for the
entries of the λs O

(
10−1) and N = 100 sites, then the result would be O

(
10−100)).
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Figure 4.3: Time evolution of the magnetization mz (t) = 〈ψ|σz|ψ〉 measured on the
middle site of the infinite chain. The chain, initially in the ground state of H
with g = 10, is perturbed at t = 0 by setting g = 3. The oscillations back to
equilibrium are covered for different values of χ with an increasing accuracy
which in turn increases the time the evolution can be simulated correctly.

Dividing this number up between the N sites decreases it even further. Thus the suc-
cessive division by this really small number may yield a computational infinity due to
the internal number representation of a computer.
To prevent this from happening one can keep the renormalisation of the λs used when
working with pure states (see eq. (3.21) on page 31). This introduces an (more or less
arbitrary) factor, but since the complete tensor network is renormalised after each time
step anyway the factor does not influence the result while keeping the normalisation
coefficient large enough not to pose numerical problems at the end.

We test this procedure, as before, on the Ising chain. Since we would like to first test
the raw extension of the algorithm itself, without accounting for the complexities of
measurements, we try to reproduce the thermal state of a chain of N = 100 sites, given
by [fig. 1 in Zwolak and Vidal, 2004].

4.2.2 The Spin Boson model

The Spin-Boson model (SBM) is a means to describe a quantum system that interacts
with its environment. The idea is to represent the environment as a set of harmonic
oscillators of different frequencies which couple to the system (as depicted in fig. 4.5(a)).
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Figure 4.4: The critical Ising chain with parameters J = −1 and g = 1 for local di-
mension d = 2, N = 100 sites and effective χ# = 80 at finite temperatures
β ∈ [0, 6]. This model corresponds to a quantum critical point at zero tem-
perature. The plot shows the largest {λ2

#α} of the superoperator spectrum
for a bipartite splitting in the middle of the chain.

The Hamiltonian is given as

H = ∆a†a+
∫ xmax

0
h (x)

(
c (x) a† + c† (x) a

)
+
∫ xmax

0
g (x) c† (x) c (x) dx (4.4)

where the first term describes a spin-system, the second term describes the interaction
of the spin-system with the bath of harmonic oscillators and the third term describes
the bath of harmonic oscillators. We will not discuss this model and the system-bath
interaction in detail here but refer to literature instead [Chin et al., 2010; Leggett et al.,
1987]. Note that often a slightly different form of eq. (4.4) is used in literature – here we
give the above form because it is the starting point used to derive the transformation
described below.
As recently has been shown by Chin et al. [2010], the SBM can be mapped onto a one-
dimensional chain by the use of orthogonal polynomials. This tremendously important
property allows the study of systems that can be described by the SBM using the TEBD
algorithm. One important source of such systems is the quantum biology. For example,
the above method has been applied successfully to models of a PPC dimer [Prior et al.,
2010], though until now only the pure-state version of TEBD has been used for the
simulation.
The mapping couples the system to a linear chain in such a way that the link between
system and chain is only given by a linear connection between the system and the first
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system

(a) Depiction of the SBM
ω0 ω1 ω2 ω3

t1 t2 t3

∆

η

(b) The SBM mapped onto a chain

Figure 4.5: The SBM before and after the transformation to a chain

site of the chain. The Hamiltonian for this system is given by

HSBM = ∆a†a+ η
(
ab†0 + a†b0

)
+

Nc∑
n=0

ωnb
†
nbn +

Nc∑
n=1

(
tnb
†
nbn+1 + tnbnb

†
n+1

)
(4.5)

with the operators a and a† of the system, the bosonic operators b and b† of the chain
and where the coefficients ωn and εn for each site n of the chain are given by [eq. (27)
and (28) of Chin et al., 2010]

ωn = ωc
2

(
1 + s2

(s+ 2n) (2 + s+ 2n)

)
(4.6)

εn = ωc (1 + n) (1 + s+ n)
(s+ 2 + 2n) (3 + s+ 2n)

√
3 + s+ 2n
1 + s+ 2n. (4.7)

This constitutes a linear chain which is accessible to the TEBD algorithm. The system
can be adjusted via its initial state and the parameter ∆ and it is only coupled to the
first site of the chain with the coupling constant η. The size of the chain is limited to a
cut-off N = Nc depending on the computational resources available.

4.2.3 System-Environment interaction
In the following we apply the TEBD algorithm for mixed states to simple Spin-Boson
type systems. This is the first stage, subsequently allowing the extension to systems like
the PPC dimer model to be simulated at finite temperatures and not only at T = 0K
(which in biology is usually not a reasonable premise).

The first step is to simulate the environment and build its thermal state at a given
inverse temperature β. This is shown by fig. 4.7 – the plot shows the average number of
excitations for β = 20 on each of the 39 sites of the chain that constitutes the environment
under the action of the Hamiltonian eq. (4.5). After the thermal state has been reached
(we define that instant as time t = 0), we add an excited two-level system at the left
side of to the chain and switch on the interaction with the environment (via coupling
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Figure 4.6: Interaction of an excited two-level system with parameter ∆ = 0.1 with a
chain of 39 sites of local dimension d = 2 in the thermal state with inverse
temperature β = 20. The figure shows the short-time de-excitation of the
two-level system due to the interaction with the chain using a coupling con-
stant η = 0.1. A value of χ = 20 was used to obtain these values.

constant η with the first site of the chain in the thermal state). Subsequently we are able
to follow the de-excitation of the system through its interaction with the environment
(as shown in fig. 4.6 and fig. 4.8).

0

0.02

0.04

0.06

0.08

0.1

0 5 10 15 20 25 30 35 40

Ex
ci
ta
tio

ns

Site

Figure 4.7: Average number of excitations in the thermal state β = 20 of the chain that
constitutes the environment for the SBM (local dimension d = 2, χ = 20)
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Figure 4.8: The long-time de-excitation of the two-level system given in fig. 4.6

4.3 Details on the implementation

At last we give some details on the implementation and on our proceedings. The al-
gorithm has been tested at various stages with a small system calculated exactly by
diagonalising the Hamiltonian using MATLAB. Other different plausibility-tests have
been used as well, for example the application of a unity transformation which should
leave the state unchanged.

For the sake of completeness we mention two obvious simple methods that provide a
minor speed-up:

• the use of an adaptive Schmidt dimension

• the use of LAPACK’s dgesvd() routine instead of the zgesvd() routine.

The use of an adaptive Schmidt dimension means, that the size χ of the matrices con-
stituting the MPS is only as large as necessary. In the beginning of the simulation,
especially when starting with a completely mixed or a random state, χ = 1 is enough.
It is of no use calculating the SVD of huge matrices when using small matrices yields
the same result. Although χ grows quickly in the beginning, the first few Trotter sweeps
are simulated quite fast.
In the case the algorithm requires no complex numbers (for instance when building the
ground state of a chain) it is faster to use the dgesvd() routine, which calculates the
SVD of general real matrices instead of the zgesvd() routine which calculates the SVD
of general complex matrices.

Further it should be mentioned that, due to the fact that the division by very small
numbers poses numerical problems, a minimum size of Schmidt coefficients should be
introduced. Only if a singular value yielded by the SVD exceeds this minimum size it is
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considered to be non-zero. For the pure-state version of the algorithm a value of around
10−20–10−30 has been shown to be useful, for the mixed state version a slightly smaller
value of 10−15–10−20.

The algorithm has been implemented using Fortran 95 and the LAPACK library (or the
according ATLAS library for better performance) using a bash front-end. It was com-
piled with the gfortran compiler in the version 4.4.3 and 4.5.2 on the operating systems
OpenSuse 11.3, Ubuntu 10.04 and ArchLinux.

56



CHAPTER 5

Outlook

Throughout this work we have introduced and applied a method to simulate one-
dimensional quantum systems with a next-neighbour Hamiltonian. A first implemen-
tation has been tested against the (exactly solvable) infinite Ising chain and proved
to deliver correct results. Subsequently the code has been extended to include finite
temperatures and thus to handle mixed states. This was necessary to investigate the
spin-boson model where a system interacts with a thermal bath. A simple model for
this kind of system-bath interaction has successfully been simulated.

The possible extensions and improvements of this work are twofold: numerically and
physically. Numerical extensions include , for example, the projected entangled pair
states (PEPS) which extends the TEBD algorithm to two-dimensional quantum sys-
tems, or the extension of the algorithm to tree tensor networks.
To cope with the difficulties arising from the various extensions and a large parame-
ter space, it is inevitable to boost the performance of the code to retain reasonable
simulation times. This can either be done by improvements of the algorithm – like the
quantum number conversation, which uses underlying symmetries and conservation laws
to decrease the computational effort – or by exploiting the structure of the algorithm
to introduce parallelisation. Due to structure of the Trotter sweeps, the updates of the
tensors within one sweep are completely independent from each other and thus can be
parallelised quite easy, achieving an enormous speed-up. It even exists the possibility
for a two-fold speed-up, since the SVD itself, the core of the algorithm, is parallelisable
too.

Physical applications of the present work can be found in quantum biology. These mod-
els are accessible due to the extension of the TEBD to finite temperatures which is
crucial for biological systems. It is already possible to let a system interact with an en-
vironment in a thermal state, which sets the stage for applications to more complicated
systems. One of these systems is given by the model of an PPC dimer, which has al-
ready successfully been simulated at zero temperature with the pure-state version of the
TEBD. An extension to finite temperatures will allow further studies and comparison to
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experimental data. An important and exciting example is the water-soluble chlorophyll
protein that is described by the PPC dimer model, recently starting to attract a lot of
interest in the quantum biology community.

A much more complex task is the extension of the algorithm to trimers or polymers. The
dimer’s structure allows a simple representation on a chain and is thus easily accessible
by the TEBD algorithm, but this representation on a chain is not possible for higher
dimensional systems. An extension may be realised by the application of some form
of PEPS or tensor networks and would enable the simulation of more complex struc-
tures, hopefully including the Fenna-Matthews-Olson (FMO) complex which is a focus
of current research in quantum biology.
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Notation and Abbreviations

Conventions
• we set ~ = 1 throughout most of this work

• in general capital letters denote m× n-matrices over the complex vector space

• U usually denotes a unitary transformation

Notation
∗ complex conjugate
† Hermitian conjugate (complex conjugate and transpose)
a%b modulus operation, gives the remainder of the division of a by b
bac floor operation, gives the smallest integer not greater than a
rank (X) rank of the matrix X
min (x, y) the minimum valule of x and y
‖X‖F the Frobenius norm of the matrix X (see page 14)
diff (X,Y ) difference between the matrices X and Y (see page 14)
1 the square unity matrix, all diagonal entries are 1, the rest 0
1d the d× d unity matrix
diag (X) the diagonal matrix yielded by a diagonalisation of X
δij Kronecker delta, 1 for i = j, 0 otherwise
εijk Levi-Civita symbol, also known as Epsilon tensor, for j, k, l = {1, 2, 3} or

j, k, l = {x, y, z}. Is equal 1 for every even permuation of the elements
j, k, l, equal −1 for every odd permutation and 0 otherwise (if any two
indices have the same value)

p (X) probability for the occurence of X
E (X) statistical expectation value
O (·) denotes the order of magnitude for the given expression
[X,Y ] the commutator of X and Y , [X,Y ] = XY − Y X
tr (X) the trace of the matrix X
trA (X) the partial trace of the matrix X over subsystem A (see page 9)
〈x|y〉 the scalar product of two vectors x and y
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〈X|Y 〉 the scalar product of two matrices X and Y (see page 11)
|ψ〉 state vector or ket
〈ψ| bra, the complex conjugate of the according ket
〈O〉 expectation value of the operator O
〈ϕ|O|ψ〉 scalar product of |ϕ〉 and O|ψ〉
|ρ〉# superket, the operator ρ expressed as a ket (see page 10)
β the inverse temperature, given by β = 1/kT
σi for i = {x, y, z, 1}, the corresponding Pauli matrix (see page 10)
Γ[n]in the matrix Γ of an MPS, belonging to site n in the physical state in (see

page 21)
λ[n] the diagonal matrix λ of an MPS containing the Schmidt coefficients for a

split-up at bond n (see page 21)
{in} the set of all physical states i of site n
{O} the set of all operators A
|0〉A the state |0〉 in system A
|0〉|0〉 |0〉|0〉 = |0〉 ⊗ |0〉 = |00〉
|0〉⊗n |0〉⊗n = |00 . . . 0〉 (n quantum systems in state |0〉)

Abbreviations
DMRG Density Matrix Renormalisation Group (see page 19)
FMO Fenna-Matthews-Olson [complex] (see page 58)
MPS Matrix Product State (see page 20)
OBC Open Boundary Conditions (see page 21)
PBC Periodic Boundary Conditions (see page 21)
PEPS Projected Entangled Pair States (see page 57)
RG Renormalisation Group (see page 20)
SBM Spin-Boson Model (see page 51)
SD Schmidt Decomposition (see page 15)
SVD Singular Value Decomposition (see page 12)
TEBD Time Evolving Block Decimation (see page 19)
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