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1 Executive Summary

A significant proportion of the European nuclear power plants (NPPs) are approaching the end of their
original design life-span. Taking into account the decommissioning costs and the investments needed for
either building new NPPs or replacing them by other energy sources, the licence extensions of the existing
facilities must be considered as an economically viable option. In order to extend the life of a plant beyond
the period it was first designed for, it will have to be shown that the effects of ageing have not reduced the
safety margins of the NPP’s critical systems. Some safety-critical systems can be assessed accurately, repaired
or even replaced relatively easily. However, due to the size and limited access, the assessment of any change
in behaviour due to ageing of pre-stressed concrete containment and reactor vessels presents a difficult task.

The structural behaviour of concrete in NPP pressure vessels during their past and projected operational
life requires careful consideration of the stress and moisture dependent deformation response under elevated
temperatures. It is not sufficient to rely upon simplified qualitative engineering descriptions of the material
in these important structures, as the consequences of a catastrophic failure could be disastrous.

The MÆCENAS project addressed The Operational Safety of Existing Installations within EURATOM Key
Action 2: Nuclear Fission. It specifically targeted RT actions into plant life extension and management.
The work is now complete and has delivered important new understanding of the thermo-hygro-mechanical
behaviour of structural concrete. A major new parallel Finite-Element analysis programme (SIFEL) has been
created to assist in the integrity assessment of PCRV and PCCV structures. The numerical algorithm that
lies at the heart of the project is founded on an advanced coupled (multi-physics) non-linear approach that
simulates the deformation and fracturing of concrete induced by thermal gradients, transient multi-axial stress
states and the diffusion of free and bound water (including change of state) within this porous medium.

Structural deformation simulations are only as good as the material models that inform the analysis method.
In the first year of the investigation, project researchers in Nantes showed that commonly-used scalar damage
models provide unsatisfactory descriptors of inelastic deformation under confinement. Thus a large part
of this study was devoted to establishing the most general multiaxial expressions. Certain features in the
research code are not yet available in the current generation of commercial FE codes. This was the motivation
for developing the new programme. SIFEL has concentrated on capturing the coupled physics. It offers an
already-useable research tool for specialist nuclear engineers and a glimpse of the future for mainstream
engineering. In order to allow structural risk assessments to be performed, new work was undertaken by
MÆCENAS partners in Rome to establish a reliability-based framework which can operate on a limited set
of detailed (computationally expensive) SIFEL FE analyses. Large scale engineering simulations will depend
on the availability of such tools.

Project researchers at Padova, Prague and Glasgow established the theoretical macroscopic continuum frame-
work that accounts for the dominant physical phenomena observed in concrete exposed to temperatures in
the range 20 − 700oC. Important experimental findings from the mac2T test apparatus in Sheffield provided
insights into the role of the stress, temperature and moisture state (and their rates) on the damage evo-
lution following heat-then-load or load-then-heat sequences. The experiments showed for the first time (i)
the importance of properly considering the moisture boundary conditions in concrete when assessing and
interpreting the degree of multiaxial transient thermal creep mobilised during heating under load, and (ii)
the noticeable damage induced if heating is applied to a pre-loaded structure (in comparison with loading
after heat-up). Previous observations made by others were taken mostly on unsealed specimens. These early
uniaxial compression experiments were unable to determine the influence of the hydrostatic and deviatoric
stress contributions. As a result of this FP5 project, the multi-axial effect has been measured for the first
time. We are now able to conclude that while use of an effective Poisson’s ratio provides a reasonable pre-
liminary engineering idealisation, the non-linear dependency on stress is not captured fully by use of a fixed
ν. More importantly, it has been shown that the rate of heating and moisture boundary conditions must be
taken into consideration when interpreting results. A further conclusion from the MÆCENAS project is the
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confirmation that transient thermal creep strains appear only on first heating. Whilst this was previously
suggested by others, there remained some doubt in the minds of a few engineers. The experiments performed
in the final year of the project support the view that such transient strains are not mobilized on cooling or
on subsequent re-heating until the previous maximum temperature has been reached again. Although not
investigated here, it is reasonable to expect that if a considerable time-delay were to occur between heat
cycles, then the above statement might not hold.
Size effect fracture testing coupled with acoustic energy detection and creep rupture experiments at Nantes
provided valuable quantitative information on the size of the fracture process zone in concrete and residual
strength following long periods under load. This work fed into the constitutive model development and
clarified issues surrounding the use of non-local regularisation approaches for softening continua.

In the final six months partners undertook a series of coupled axi-symmetric NLFE analyses of a pre-stressed
cylindrical reactor vessel wall by compiling and running the new FE code on different multi-processor Beowulf
clusters. This transfer of computing technology created an impressive capability-advance, which would not
have been possible without the scientific collaboration between MÆCENAS partners. The final FE runs
indicated that the normal operational temperature range posed no real threat (in terms of inner-liner strain)
for the selected pre-stressed reactor vessel structure over a 30-year period. It is important to recognise that
several of the nonlinear/coupled processes (for example, the LITS/damage/permeability relationships) were
not invoked in these analyses and that not all parameters had been calibrated due to a lack of appropriate data
on the specific concrete (including basic multiaxial creep at elevated temperature). Although attempts were
made to introduce as much realism as possible, these preliminary simulations should be viewed as analysis-
capability indicators (and not absolute statements of structural behaviour). However, the exercise did reveal
a mild path dependency due to concrete creep and tendon relaxation, that could play a bigger role when
examining larger temperature changes.

In the original project documents, five key objectives and 10 innovative features associated with the work
were proposed. The accompanying year-3 (final) MÆCENAS Management Report identifies the work done
by the 8 partners on each of the 7 work packages. That there has been significant innovation, there can be
no doubt. Of the 5 objectives; it is worth re-stating them.

1. To undertake experiments which will provide new insight and deepen the scientific understanding of the
ageing processes,

2. To develop a fully coupled, 3-dimensional, macroscopic, chemo-hygro-thermo-mechanical model for con-
crete, synthesising current understanding of the dominant time-dependent micro-structural processes
(for example, linking tensorial damage measures to permeability),

3. To develop a stable numerical (3-dimensional Finite Element-based) algorithm able to incorporate the
above model and permit structural integrity assessments to be performed in a consistent, rational manner
on engineering workstations,

4. To identify the uncertainties inherent in the key parameters controlling the condition assessment and
safety-margin simulations

5. To create a reliability-based safety and cost-benefit procedure (built on the basis of simulations under-
taken by the FE tool generated in 3) to enable engineers to determine appropriate repair or strengthening
strategies as part of the overall structural management process.

With respect to the first three items, more has been achieved than was envisaged. As a result of this, project
there now exists a tool to determine the forth and a framework to undertake the fifth. All MÆCENAS partners
can be proud of this. Over the next 12 months, much of what has been found from this project will be dissem-
inated through meetings with consulting engineers, publication of articles in academic journals and access to
the 239,983 lines of FE code (plus user manuals) through the SIFEL web-pages (http://cml.fsv.cvut.cz).
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While a great deal has been done and much learnt, an exercise of this kind will always raise new questions.
Further scientific work is required now to perform detailed NPP case studies and establish the missing link
between deformation/damage states and changes in fluid permeability. No data under multiaxial loads at
elevated temperature currently exist. The MÆCENAS project provides an ideal platform upon which to tackle
the problem, such that more reliable, meaningful, nuclear ageing integrity assessments could be performed.
It would be unfortunate if we were unable to extend the existing study, since the fine collaborative European
framework, advanced software, unique equipment and, most importantly, activated engineering minds are
already in place.
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2 Objectives and Strategic Aspects

Pre-stressed concrete containment and reactor vessels are the key structural elements in many NPP facilities.
Containment vessels are designed to provide a safe working environment under normal conditions and with-
stand internal pressures and elevated temperatures, acting as a final barrier to the release of nuclear fission
products under severe accident scenarios. Such containment structures typically comprise dome-ended cylin-
ders with a wall thickness of the order of 1 to 1.5m. Concrete reactor vessels, operating at elevated internal
temperatures (approximately 65oC) and high internal pressures (up to 4MPa), are far thicker structures
(over 5m in certain cases) with numerous penetrations and higher levels of pre-stressing. These two types
of vessel have been demonstrated to provide highly effective, durable structural solutions, if well designed,
carefully constructed and properly maintained.
Changes in the integrity of these large structures may occur through the ageing of the constituent materials
(primarily the cementitious mortar) following normal operational use (involving repeated thermal and pressure
cycles and associated relaxation/reloading of the pre-stressing tendons) plus variable environmental condi-
tions. Micro-cracking resulting from creep and shrinkage of the concrete or fracture-inducing pore pressure
build-up (following rapid, accidental heating) together with the progressive movement of chloride ions through
the concrete (leading to corrosion of any reinforcing steel and pre-stressed tendons) or surface carbonation
are the most common potential deterioration mechanisms. For concrete reactor vessels (housed within the
containment structures) ageing is largely controlled by the history of the multi-axial stresses, temperature and
moisture change of state and movement (together with their spatial/temporal gradients). These variables are
coupled in a complex manner. This complication has lead in the past to engineering over-simplification of the
processes and hence unreliable simulation tools, where moisture movement and thermo-chemical interaction
have been largely ignored. While existing guidelines (for example, the US Nuclear Regulatory Commission’s
Report on Ageing of Nuclear Power Plant Reinforced Concrete Structures) offer valuable, detailed advice on
inspection strategies, they fall a long way short of providing a consistent scientific methodology describing
and quantitatively predicting the structural effects of the ageing processes. The potential consequences of
a catastrophic failure justify the need for great care in developing a thorough understanding of the ageing
mechanisms and developing advanced analysis tools capable of simulating the true structural consequences of
these processes. The economic costs of failing to undertake appropriate maintenance work due to erroneous
condition assessments, might be very significant. Furthermore, an ability to determine accurately the effects
of heating (beyond the normal operational range) prestressed concrete, might reveal an entirely satisfactory
performance. Thus expensive shut-downs could prove unnecessary; leading to future cost savings to the
running of the plant and continuity of the power supply.
Many operating Nuclear Power Plants (NPPs) in Europe are now over 30 years old. As the original design
working life (40 years in some cases) is approaching, the utilities will seek to extend their right to con-
tinue to generate electricity in a safe and economically viable manner rather than decommission and build a
replacement facility.
As a part of the licence renewal process, the operator must provide evidence that the safety of the plant
has not degraded during its service history to a point where the perceived risk to public health exceeds
pre-defined margins. In addition to data on the original design, construction details and operating history,
this evidence should include assessment of the current condition and projected performance for the requested
licence renewal period.

2.1 Review of project topic, strategic aims and main beneficiaries

The desire for realism in FE-based ageing simulations of concrete NPP structures can be satisfied only by
(i) incorporation of all dominant phenomena (including, in this case, nonlinear creep deformation, fluid mass
transport with change of state and thermal diffusion) and (ii) providing sufficient detail in the discretisation
(including appropriate loading and boundary conditions) which is currently possible only by access to high
performance computing. Neither of these aspects are easily achieved. Considering the first, and ignoring for a
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moment the complexities of linking crack growth to changes in fluid permeability and the moisture-dependency
of creep, there are already significant difficulties in establishing a reasonable isothermal constitutive model
for concrete under multiaxial stresses. Thus a key task associated with the MÆCENAS project has been
one of first identifying, then advancing, the State-of-the-Art in concrete multiaxial transient deformation
modelling under non-isothermal conditions. In principle, any constitutive model can sit within the coupled
hygro-thermo-mechanical FE theoretical framework. Ideally, an inelastic continuum model should not only
mimic the multiaxial macroscopic deformation resulting from lower-level processes (for example, (i) pore
collapse, (ii) rate, temperature and moisture-state dependent fracture extension, and (iii) crack sliding with
directional loss and re-gain of contact) taking place in the concrete (itself a duplex structure of generally
stiff, strong aggregate within a softer, weaker paste), but also model the nonlinear behaviour of embedded
reinforcing bars and pre-stressing tendons. In this project the focus has been on the concrete.
In the displacement-based FE method, constitutive models that are called upon to calculate stress increments
given strain increments (and internal state variables that describe the path history) require stable and highly
efficient algorithmic implementations in order to be useable in large scale analyses. The lack of a suitable
formulation has led to significant research effort within the computational mechanics community. Here it
was felt necessary to try to provide engineers with a carefully constructed model, guided by as much high
quality experimental data as possible. This is what has been done, yet the final MÆCENAS plasticity model
inevitably offers a compromise between accuracy and efficiency.
The mechanical analysis code developed under MÆCENAS could now be used to guide operational main-
tenance strategies for ageing concrete structures (specifically, PCCVs and PCRVs). It can allow engineers
to:

i Understand better the processes of hygro-thermo-mechanical ageing and their effects on safety-critical
pre-stressed concrete structures

ii Identify more appropriate (targeted) structural integrity inspection programs

iii Prolong the operational life-span of the plant by helping to define a maintenance plan and clarify when
to undertake repairs

iv Identify the residual safety-margin as part of an overall risk assessment exercise

v Obtain quantitative measures of probable leak-rates in containment vessels following a safety case event

vi Assist in the process of decision making during operational emergencies. In certain cases this may lead
to the definition of lower pressure or temperature thresholds for emergency actions

vii Identify when to temporarily shut down or even decommission the plant.

The FE code and reliability model could form the primary means of assessment in conjunction with continuous
monitoring of embedded sensors, conventional inspection programmes, NDT and core-testing (see CONMOD
FP5 project). By guiding the structural repair management process, this approach can assist in ensuring
that the safety-margins postulated in the original design are not reduced under operating and environmental
conditions. Currently, no such unified approach exists within EU member states, yet the requirement to
provide rational analysis tools has been identified as a high priority by the utility operators and licensing
authorities.
Through sharing experience on a common problem of strategic importance to Europe, the study has made
a valuable contribution to developing and maintaining a high level of expertise and competence in nuclear
technology and safety. The work should lead to greater protection of workers and the public from accidental
radiation exposure. In this way, it helps to achieve greater public confidence in the safe use of nuclear energy.
Although the main beneficiaries of the project output are specialist Finite Element engineers working within
the nuclear sector, the research also provides important advances to all civil engineers who are concerned
with the modelling and reliability assessment of ageing reinforced and pre-stressed concrete structures. For
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example, the integrity assessment of the concrete structures is of interest to all organisations responsible for
management and maintenance of civil infrastructure such as buildings, transport systems, coastal facilities
and offshore platforms.

2.2 Review of technical objectives

Ageing processes in concrete, such as thermo-mechanical creep rupture and moisture migration under elevated
temperatures in a non-linearly deforming and fracturing body have often been studied as isolated phenomena
and analysed by using one-dimensional models. This approach cannot describe properly the effects of these
inherently coupled processes in the complex, multi-axial environment of a pre-stressed concrete NPP con-
tainment or reactor vessel. A very significant part of the project has revolved around (i) the identification of
the physical processes and fundamental laws that govern the behaviour of concrete at elevated temperature,
(ii) finding and appropriate mathematical form that expresses the true behaviour and (iii) searching for the
most secure, stable numerical algorithm that solves for the primary variables. Until the recent advances by
Schrefler and co-workers (for example, [43], [44], [45], [46], [47], [48], [49] & [50]) there had been no reliable
computational framework which united all these processes and their combined effects in a realistic way on a
three-dimensional, structural level.
Work on the MÆCENAS project led to the creation of a probabilistic reliability assessment approach tuned for
analyses where multiple simplified runs are not meaningful, and only a reduced set of detailed investigations
can be performed (even on large multi-processor computing platforms).

2.3 MÆCENAS’ contribution to EU policies and social objective

With the newly developed SIFEL code, engineers have the means to simulate more realistically the state of a
concrete pressure vessel at any stage during its past and future life, to design monitoring systems, to establish
inspection procedures (locations and time schedules), develop repair and strengthening solutions and optimise
operating strategies. The computational framework can also be applied as a tool to simulate what if accident
scenarios and perform reliability assessments of the residual safety margins.
An ageing management procedure that integrates monitoring, inspection and advanced analytical simulations
with the operating procedures can increase the safety and prolong the life-span of the existing European
nuclear power facilities. This procedure will provide the European nuclear industry with a competitive edge
in (i) management of the existing installations, (ii) maintaining public confidence in the safety of the plants
and (iii) designing new facilities.
The output from MÆCENAS could play a role in contributing to cheaper energy production and better
environmental protection. These factors may lead to a shift in public opinion on the nuclear programme in
Europe.
The project has contributed to the retention of high level staff in the complex field of analytical modelling
of age-dependent, non-linear, coupled multi-physics and chemical effects on concrete. Due to the slowdown
of the nuclear build programme in Europe, this once active field of applied mechanics (in particular, the
experimental testing) has suffered a steady decline during the past two decades. A number of leading experts
have moved into retirement (without being replaced) and many skilled researchers have moved into other
areas, such as fluid mechanics, geomechanics or aerospace engineering. Even if the long term strategy of the
EU is to replace nuclear energy with alternative sources, it is important to maintain the existing level of
expertise. Should the nuclear industry experience a future up-turn, then expertise in this field will provide
Europe with a significant advantage. Furthermore, maintaining this scientific profile will include transfer of
knowledge to engineers operating in different sectors of the industry.
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3 Scientific and Technical Performance over the Final Year

The project objectives for the final year are listed in the accompanying Management Report (see sections 1.1
and 1.2). The following subsections describe progress on the three most significant areas of development during
the period November 2003 to October 2004: (i) completion of the constitutive model, including development
of a calibration procedure and simulation of a wide range of laboratory tests, (ii) final completion of the four-
phase hygro-thermo-mechanical FE theoretical framework and associated coding/debugging/documentation
and (iii) analysis of the condition and safety cases of a selected NPP concrete vessel using the newly developed
FE code. The most valuable and lasting outputs from the project are the experimental results (disseminated
through academic journal articles), the open source FE code (available to all) and the constitutive model
formulation.
Although the constitutive model development should have been completed by the end of the second year, this
challenging task still demanded attention in the final year. A complex combined plastic-damage model was
created in Nantes by the end of the second year, but more simplified scalar damage models were being used
in the FE codes at Prague, Padova and Glasgow. The Nantes formulation offered a superior performance
under low confinement. However it is not so straightforward to calibrate and its pre-peak hardening function
still required further work before being suitable for higher levels of confinement. After much continued
development (particularly in relation to the stress-return algorithm) a very attractive complete plasticity
model emerged in the closing months of the project. The corresponding constitutive relations are described
in full in the next section. MÆCENAS work on the coupled thermo-hygro-mechanical behaviour suggested
that an approach that directly addressed the material constituents was needed. By adopting this strategy, the
links between stiffness and porosity could be made. Extensions to include a temperature dependency (and a
transient thermal strain capability) follow the approach advocated in the end-of-year-two report.
It is relevant to note that over the last two decades, a steady replacement of geomechanics-type elasto-plasticity
models for structural concrete by damage-based relationships has taken place. This trend is somewhat curious
since concrete exhibits little pre-peak stiffness degradation. Undoubtedly the post-peak compliance changes
significantly. However, macroscopic homogeneous material-point representations of this phase of the behaviour
are inappropriate; the response being highly sensitive to the evolving local rupture pattern within the volume
under observation. At the end of the first year, researchers in Nantes confirmed that damage-based models
currently offer poor simulators of the response under multiaxial compression since they have been largely
devised and calibrated for just plane stress states. In contrast, classical elasto-plasticity models constructed
from conic loading surfaces (expressed in terms of the cylindrical stress invariants) can offer a relatively
simple, well-behaved, realistic constitutive formulation for the pre-peak behaviour. Any notion of material
flow (deemed inappropriate for concrete) need not be invoked. Instead, plasticity can be thought of more
generally as a sound (thermodynamically consistent) framework for inelasticity. Loosening of the material
fabric (de-cohesion, or inelastic damage), as a consequence of microcrack initiation and extension, can be
represented by the kinematic softening of the yield surface, which translates along the hydrostatic axis, away
from the tensile quadrant. This is the approach taken in the Sheffield plasticity model. It is not unreasonable
to form a link between changes in permeability and the loss of cohesion, since both are related to the degree
of fracture connectivity (if not tortuosity). This is a matter for future research.
Following the model description (with isothermal material point simulations), the modified coupled framework
is reviewed and the Finite Element PCRV simulations finally presented.
The starting point, with respect to the constitutive model for concrete, was to decide upon the various
components of strain that could be de-coupled and associated with discrete phenomena; later, if necessary,
any cross-coupling could be introduced. At the start of the project it was not clear whether transient thermal
creep (or LITS, load-induced thermal strains) did required a separate constitutive relationship, or if it would
emerge as a consequence of the fully coupled basic thermo-hygro-mechanical approach adopted by Padova
University. By the end of the first year, it became evident that these creep strains could not be simulated
by the basic multi-phase approach, as processes responsible for the deformations were probably operating
at a level lower (within the gel pore structure) than that described by the macroscopic idealisation (which
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was effectively concerned with the capillary pore system). Thus an additional strain component had to be
included. The full MÆCENAS decomposition became

{∆ε} = {∆ε ed} + {∆ε vp} + {∆ε T } + {∆ε c} + {∆ε s} + {∆ε LIT } (1)

where the superscripts ed, vp, T , c, s and LIT refer to the elastic-damage, visco-plastic, free thermal, basic
(non-isothermal) creep, shrinkage and load-induced thermal strain components respectively. Not all of these
components were considered by the project, and different groups initially assumed different approaches. For
example, most partners worked with a simplified elastic-damage formulation for the basic inelastic response,
whereas Sheffield University adopted an elasto-plasticity framework (guided by a large body of experimental
results from their test apparatus). It is the latter that provided most realistic simulations under multiaxial
conditions, although the former was simpler to code and less demanding computationally. In what follows,
the elastic component is first described, then the plastic (without viscosity), and free-thermal strain followed
by the transient thermal creep formulation. An incremental (material point) version of the Baźant B3 creep
model was used in the FE analyses, but this is not discussed further here as the work associated with this
was undertaken outside the project.

3.1 Constitutive Model for Concrete I: ∆εe Method of Mixtures

The simplest way of relating stress and strain is by direct linearity. Isotropic linear elasticity represents an
idealised medium in which all strain is instantaneously and totally linearly recoverable upon the removal
of stress, and all the constituent phases are assumed to be in random distribution, such that the material
has no directional preference. Constitutive equations of this type are embodied in the three dimensional
generalisation of Hooke’s law and are completely defined by two elastic constants, say Poisson’s ratio and
Young’s modulus. Alternatively, the bulk and shear elastic moduli offer an uncoupling between the mean
(spherical or volumetric) response and deviatoric (or shear) response. All linear systems offer themselves to
reductionism. No matter how complex a linear system may be, it has the property of allowing superposition
of many elements provided that there is no cross-coupling interaction. Thus the whole is considered simply
as the sum of the parts.
The deformation of conventional structural concrete under increasing stress can be highly nonlinear (under
compressive loading, much more so than under tensile loading). This behaviour is initiated by the interacting
HCP-aggregate interface cavities and associated meso-level crack systems in the paste. At low stress levels,
the initial deformation moduli are influenced far less by the interface properties and far more by the relative
stiffnesses of the aggregate and the paste. The latter being a function of the meso-level porosity.
The elastic moduli of structural concretes (more typically, the Young’s modulus, E) are often estimated from
empirical curve-fits based on the cylinder or cube uniaxial compression strengths, and possibly the mass
density of the mix. For example from [4] and [5] respectively

E = 1.36γ
3
2 f

1
2
c GPa 5 < fc < 40MPa

E = 6.9 + 3.32f
1
2
c GPa 20 < fc < 80MPa

(2)

where the cylinder strength, fc, is given in MPa and γ, the concrete density, is expressed in Mg.m−3.
Whilst these expressions have proven useful for normal dense concretes, they fail to consider explicitly the
relative moduli of the constituent aggregate and cement paste phases [6] and [7]. For concretes with a given
water:cement ratio (γ0) and degree of hydration (γ1), changes in the aggregate volume and aggregate stiffness
can give rise to large changes in the composite stiffness [8] that cannot be predicted by (2).
If a more accurate value for a specific mix is required, then tests could be carried-out in accordance with the
appropriate standards (for example, [9] and [10]). However, for some time researchers have accounted for the
relative contribution of each phase by use of synthetic suspension models. Such approaches are informative.
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The model construction from microscopic information towards macroscopic behaviour may be split into three
stages:

i the heterogeneous microstructure of the material is analysed to identify elementary homogeneous phases

ii the statistical distribution of the phases should be determined. In its simplest form, this may be the
phase volume fractions. One should take note of any evolution in the phase distribution following
changes in the chemical state of the phases themselves

iii finally the homogenisation problem has to be solved; that is, the homogeneous equivalent medium is
sought [11].

Adopting a zero continuity hypothesis [12] (where the secondary phase elements are not in contact with each
other), an equivalent continuum approach may be applied on three general levels. The duplex hierarchy reads

i hydrate permeated with pores

ii bulk hydrate with anhydrous inclusions (HCP) and

iii paste with aggregate particles.

Reliable measurement of the stiffness of the individual HCP components has not been possible so far (although
recent nano-indentor experiments are beginning to provide useful preliminary results). Thus no attempt to
decouple the anhydrous phase from the pure hydrate will be made in the work reported here. The idealisations
are therefore restricted to the two domains of the porous hydrate model and the paste-aggregate model,
although the latter may be applied to both mortar and concrete.
Although it is conceptually attractive to develop expressions for the composite’s initial shear and bulk moduli,
this is not particularly convenient as there are very few experimental programmes which have measured these
values directly. In contrast, the initial effective Young’s modulus has been recorded for a great many mixes
under uniaxial compression. Whilst it is known that Poisson’s ratio is inversely proportional to the aggregate
volume for most concretes [13], the actual relation as a function of the constituent properties is unclear.
Typically, Poisson’s ratio lies in the range 0.17 to 0.22. A representative value of 0.2 has been adopted for all
phases in this study. This assumption generally remains unproven.

3.1.1 Duplex Modelling on the Meso-Level

We begin the textural description on the sub-macroscopic dimension, the size scale at which the material
no longer appears as a smoothed continuum. That is, the limit at which the fabric is first observed. For
concrete this might be taken as three times the maximum aggregate size. Random samples with characteristic
dimensions greater than this have been adopted as the representative continuum volumes in the statistical
theory of heterogeneous media [14].
The many efforts to obtain reliable mathematical models for concrete stiffness defined by the properties of
the constituents have involved extensive idealisation of the phases [15]. These idealisations have involved the
lumping of the aggregate into specific shapes with subsequently deterministic properties and configuration.
Much of this work has been concerned with a weak mixture continuum, inasmuch as the effects of contact
between inclusions are excluded. These studies have been based on Einstein’s [16] thesis on dilute suspensions.
The central problem in these bounding methods, becomes one of determining admissible displacement and
stress fields. Paul [17] offered the earliest bounds for the elastic moduli of a two-phase material based on the
principals of minimum potential energy and minimum complementary energy. The bounds were cast in terms
of the bulk moduli and corresponded to the assumptions of either an upper bound, uniform strain state (that
is, full bond) or lower bound, uniform stress state (no bond) acting within the body. These conditions were
originally applied by Voigt [18] and Reuss [19] respectively, and the expressions have become known as the
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Voigt and Reuss models. The equivalent (Dantu-Hansen [20]) expressions for the Young’s moduli apply in
the following form only if Poisson’s ratio is assumed to be zero for each of the phases

EV oigt = (1 − Vi) Em + Vi.Ei EReuss =
1

(1−Vi)
Em

+ Vi
Ei

(3)

where the subscript i refers to the inclusion phase and subscript m the matrix phase. These relationships
can simply be deduced from rheological models in which the constituents are rearranged as layered elements
connected either in parallel or in series. In general the range of the two bounds is quite large.
The Voigt expression best applies to lightweight concrete in which the relatively soft aggregate particles are
embedded in a hard matrix. The Reuss model is best applied to normal concretes where there are hard
particles in a softer matrix. In fact, neither bound can be realised as they do not simultaneously satisfy the
requirements of equilibrium and compatibility. Some additional arguments have been made concerning the
inapplicability of this work because of the degeneration of the Reuss lower bound when one of the phases has
zero stiffness [21]. This complaint would appear to reflect the incompleteness of the expressions rather than
to totally invalidate their use. A similar objection concerns the breakdown of the non-interacting models
at high inclusion saturations thereby limiting the expressions to inclusion concentrations under about 75%.
This does not represent a significant restriction for normal structural concretes, since aggregate volumes are
typically less than 70% of the total volume. Improvements to these bounds may be made through more
realistic geometric models and considerations of average stresses and strains in each phase. Hashin obtained
bounds for an essentially porous assemblage of composite coated spheres [22]. This arrangement is realised
by filling up a volume of arbitrary shape with the composite spheres. Each element consists of a spherical
particle representing the inclusion surrounded by a concentric shell modelling the matrix. This theoretical
model is difficult to correlate with real bodies and the later work of Hashin and Shtrikman [23] (H-S) returned
to the arbitrary description of the phases. Hashin noted that the resulting bounds were the best possible
without additional information on the internal phase geometry. Hansen [24] introduced a constant value for
Poisson’s ratio of 0.2 into the lower bound H-S expression giving

E =
Em(1 − Vi) + Ei(1 + Vi)
Em(1 + Vi) + Ei(1 − Vi)

Em (4)

A similar correlation with experimental data is given by the semi-empirical expression proposed by Hirsch
[25], which allows a periodic variation of direct stress through the concrete sample. Dougill [26] noted that
Hirsch’s model was just a summation of the Voigt and Reuss expressions with the weighting value W fixed
at 1

2

E =
1

(1 − W )
(

1−Vi
Em

+ Vi
Ei

)
+ W

(1−Vi)Em+ViEi

(5)

This latter expression is adopted in the new model with the additional feature of W becoming a function of
the evolving homogeneity of the system, Γ = Ei/Em, and the degree of hydration, γ1

W = γ3
1 + γ5

1 − γ7
1 +

1
(exp Γ)2

≤ 1 (6)

Concrete starts with a very large Γ value, which progressively reduces as the paste hydrates and stiffens. The
variable W can be thought of as a measure of the HCP-aggregate interface bond, although though this should
be properly represented by a function which considers the aggregate type. Equations (5) and (6) describe a
growing effective bond and offer a suspension rule lying close to the H-S lower bound for hardened normal
concretes. The expressions move towards the Voigt (full bond) upper bound when the relative stiffness of the
inclusions is small (as is the case for lightweight aggregate concretes).

11
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3.1.2 Microscopic considerations: Porosity of the HCP

The matrix stiffness is obtained from its functional dependence on the total (gel and capillary) HCP porosity.
The latter is assumed to be controlled by the water:cement ratio γ0 and the degree of hydration of the paste,
γ1. Hansen [27] has shown how the work of Powers [28] may be used to derive the fractional volumes of all the
major constituents in the physical structure of Portland cement pastes. It is important to note that Powers’
original work was based on standard OPC pastes cured conventionally. Thus it would be unwise to use these
relationships for other cements, or when certain types of admixture are used and the mixes are cured outside
the normal temperature range.
Given a mix where unit mass of cement combines with γ0 mass of water, the following volume fractions in
the paste are obtained

Vc = γ0 − 0.363γ1

Vg = 0.190γ1

Vn = 0.173γ1

Vh = 0.317γ1

Vu = 0.317(1 − γ1)

(7)

where the subscripts c, g, n, h and u refer to the capillary water, gel water, non-evaporable (chemically
bound) water, hydrated cement and unhydrated cement phases respectively. The total effective porosity of
the paste, χ, is then given by

χ =
Vc + Vg

Vc + Vg + Vn + Vh + Vu
=

γ0 − 0.173γ1

γ0 + 0.317
(8)

The above relationship agrees well with ignition data obtained by Helmuth and Turk [29] on fully saturated
HCP specimens.
Information on the degree of hydration in concrete under standard curing conditions is sparse and, where
available, often contradictory. This is partly due to the difficulty of its measurement and, more fundamentally,
due to disagreement about a proper definition [30]. Powers and Brownyard found that the quantity of bound
water could be used as a measure of the amount of cement gel formed. It was noted that upon complete
hydration, cement binds with a water mass of about 23% of the cement mass. Therefore, γ1 = Mn/(0.23C)
could be used as a first approximation for the degree of hydration where Mn is the mass of bound (non-
evaporable) water determined by drying and ignition, and C is the original unhydrated cement mass. Starting
from this definition, Byfors [31] determined functional relationships between γ1 and the age of the specimen
for individual pastes. This work was confined to the early age characteristics; only reporting hydration values
up to 28 days. The degree of hydration for different water:cement ratio mixes is essentially similar up to
about 7 days. Beyond this time, high γ0 mixes are known to hydrate more fully and more rapidly. To-date
this influence has not been thoroughly investigated. Thus Byfors’ natural logrithmic relationship (taken from
the γ0 = 0.58 data) has been used here throughout.

γ1 = exp
(−6.987(log(t))−1.61

)
(9)

where t is the age of the concrete in hours. All that remains to complete the formulation is a relationship
linking the porosity of HCP to its elastic modulus. Although this connection has been made before, there
remains the difficulty that there is no rigorous theory relating the two properties satisfactorily. Rather than
relying on the simplified Hashin-Shrikman model, which reduces the stiffness of the embedded phase to zero, it
is more appropriate to employ an alternative expression based on the studies of Eshelby [32]. This work gave
solutions to the problem of the elastic field of a single ellipsoidal inclusion. Unfortunately, the expressions
developed for the composite stiffness of a body filled with elliptical cavities are strictly valid only for low
porosities, where interaction effects are negligible. The following related expression has proved more useful
over a wider range of porosities

12
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EHCP =
(1 − χ)2(

1 − χ2 + χ
s

)EBH (10)

where the stiffness of the bulk hydrate (or gel), EBH , is assumed constant at 74GPa following the work of
Helmuth and Turk. Hobbs [33] used the above relationship with the shape parameter s fixed at 2, although
the value of 0.6 adopted here provides a better fit to the data of Helmuth and Turk.
The sequence of steps involved in estimating E are listed:

i given the age of the conventionally cured mix, determine the degree of hydration γ1 from (9)

ii given the degree of hydration and the water:cement ratio γ0, determine the HCP porosity from (8)

iii given the HCP porosity, determine its stiffness EHCP using (10)

iv measure the (or assume a) stiffness value [34] Ei and density [35] for the aggregate

v determine the relative heterogeneity of the system Γ given the aggregate and paste stiffnesses

vi determine the weighting factor W from expression (6)

vii given mix constituents (by mass) and their densities, determine the volumetric proportions of the
aggregate and HCP phases. A γ value of 2.65Mg.m−3 may be assumed for the dense aggregate, if no
other information is available

viii finally estimate the effective Young’s modulus of the concrete using expression (5)

Use of this model is no substitute for a laboratory stiffness determination, since choosing an appropriate
value of Young’s modulus for the aggregate can be problematic, especially so for natural gravels. However,
the model does have the feature of predicting the effect of changes in the constituent concentrations. The
motivation for completing this exercise was partly provided by the poor estimate of initial stiffnesses given
by Kotsovos’ expressions (11) when applied to micro-concretes with low coarse aggregate content.

K = 11 + 0.0032f2
c

G = 9.224 + 0.136fc + 3.29f8.273
c × 10−15 (11)

where fc is supplied in MPa and K and G are given in GPa (E = 9KG/(3K +G)). The above relationships
based on the uniaxial compressive strength alone were never intended for use on mortars or micro-concretes.
The new duplex model directly considers the mix design and is capable of offering stiffness predictions for
normal dense concretes with aggregate volumes from 0 to 70%. It is intended to operate on conventional
mixes with water:cement ratios in the range 0.3 to 0.7.
The following section illustrates the ability of this generalised model to provide stiffness estimates for a wide
range of cementitious systems. Note that all stiffness predictions relate to the initial tangent modulus, which
is considered as being essentially rate-independent. This measure might typically be 10% higher than the
more usually determined secant modulus at 0.35fc.

3.1.3 Predictive capability of the duplex model

Tables 1, 2 and 3 offer stiffness comparisons for 16 concrete mixes manufactured by Johnston [37]. These
concretes used a variety of aggregates with moduli ranging form zero (voids) to 74GPa (basalt). Measured
moduli are printed in upright type whereas the predicted moduli are given in italics for a degree of hydration
γ1 of 672hrs (28 days) and assuming s = 0.6 in (10). The stiffness values for the aggregates were obtained
from tests on the parent rock. This comparison indicates that the model is capable of simulating the effect of
changes in water:cement ratio and aggregate type for near constant inclusion volume and degree of hydration.

13
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water:cement aggregate aggregate aggregate paste concrete
ratio volume type stiffness stiffness stiffness

basalt 74.2 41.3
42.9

limestone I 72.1 38.5
42.3

limestone II 54.6 37.1
0.35 0.58 19.9 36.8

granite 43.4 22.2 30.8
32.8

sandstone 16.8 19.6
19.0

voids 0.0 8.4
9.4

Table 1: Comparison between recorded and predicted (in italics) elastic stiffness (in GPa) for 28-day concrete
high strength mixes with various inclusions

water:cement aggregate aggregate aggregate paste concrete
ratio volume type stiffness stiffness stiffness

basalt 74.2 39.2
40.7

limestone I 72.1 37.8
40.1

limestone II 54.6 34.3
0.45 0.67 14.4 34.6

granite 43.4 15.9 29.4
30.3

sandstone 16.8 15.4
16.5

voids 0.0 4.9
5.3

Table 2: Comparison between recorded and predicted (in italics) elastic stiffness (in GPa) for 28-day concrete
medium strength mixes with various inclusions

water:cement aggregate aggregate aggregate paste concrete
ratio volume type stiffness stiffness stiffness

basalt 74.2 37.8
37.7

limestone I 72.1 38.5
0.55 0.71 11.4 37.2

limestone II 54.6 12.1 33.6
36.8

voids 0.0 3.5
3.6

Table 3: Comparison between recorded and predicted (in italics) elastic stiffness (in GPa) for 28-day concrete
low strength mixes with various inclusions

Mean initial stiffness values in compression and tension were presented by Stock et al. for concretes with a free
water:cement ratio 0.5. The mixes included aggregate contents from zero up to 80%. An aggregate stiffness
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of 74.5GPa was assumed based on work by others [38]. The age of testing was not recorded, however, the
measured mean paste stiffness of 12.5GPa corresponds to an equivalent age of 7 days. Adopting this assumed
age allowed close predictions for the Young’s moduli at all aggregate concentrations using the new duplex
model.

water:cement aggregate aggregate concrete
ratio volume stiffness stiffness

0.00 12.5
12.6

0.20 16.8
16.9

0.50 0.40 74.5 22.3
21.7

0.60 29.9
29.0

0.80 40.2
42.0

Table 4: Comparison between recorded and predicted (in italics) elastic stiffness (in GPa) for 7-day medium
strength concrete mixes with varying aggregate content

The following table lists the model’s predictions for the range of pastes, mortars and concretes tested by
Mills and Ono. These series included aggregate volumes from zero to 72%, water:cement ratios from 0.25 to
0.75 and ages from 3 to 375 days. Crushed sand and 20mm coarse aggregate were obtained from the same
quartzite body for all the mixes. The Young’s modulus of this material was measured at 79GPa. Nearly all
the mixes exhibited a monotonic gain in stiffness with age. Individual values in the table represent the mean
stiffness of a batch of three prisms.
Further data from Mills and Ono are considered in the next table.
For normal concretes, moduli calculated from expressions using fc can offer a better fit to the data than the
duplex formulation. This is not surprising since the link between stiffness and strength gain (through porosity)
is well established, and any anomalies in the curing history will be reflected in the strength values. The duplex
stiffness model suffers from the fact that most of the published data do not make allowance in the quoted
water:cement ratio for aggregate adsorption; this omission could lead to misinterpretation. For example, if
increasing volumes of a porous aggregate in a dry state are added to a cement paste then the adsorption of
water will reduce the free water:cement ratio thereby increasing the strength but slowing down the hydration
process. For these cases, stiffness predictions based on the total water:cement ratio will underestimate the
true modulus, but overestimate the hardening maturity.
The last table shows predicted Young’s moduli for a range of HCPs, mortars and concretes tested by Cook
and Chindaprasirt, at ages from 7 to 88 days. The aggregate stiffness, and type, were not reported in the
published data but a trial value of 35GPa appears to give a satisfactory fit for the calculations.
Given that the new model specifically addresses the constitution of a particular mix, and given its wide range
of application, the predictive capability is considered encouraging. Further improvements could be anticipated
if more information were available on the environmental conditions during curing, enabling the maturity rates
to be better predicted for the different mixes.

3.2 Constitutive Model for Concrete II: ∆εp Inelastic Response

The plasticity formulation (embracing the above elasticity model) is constructed by first considering the peak
nominal stress (PNS) surface obtained from laboratory experiments. This envelope is treated as a yield
surface, defined in terms of (i) a deviatoric shape function r(ϕ), (ii) an expression for ρ̄ (in terms of ξ̄) on the
compression meridian and (iii) an expression for ρ̄ (also in terms of ξ̄) on the extension meridian.
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3 7 14 28 56 112 224 375 w:c
Vi age days γ0

0.000 23.2 28.0 30.8 32.6 33.7 34.8 35.5 36.5
27.2 30.1 32.1 33.7 35.1 36.2 37.2 37.8

0.053 23.7 29.0 32.1 33.9 35.3 36.7 37.2 37.8
28.4 31.5 33.6 35.4 36.8 38.0 39.0 39.7

0.105 24.8 30.7 33.3 35.2 37.0 38.3 39.7 40.0
29.7 33.0 35.2 37.0 38.5 39.8 40.8 41.5

0.205 26.2 33.0 36.1 38.5 40.3 41.7 43.0 43.0
32.3 35.9 38.3 40.3 41.9 43.2 44.3 45.0

0.207 26.3 33.8 36.5 37.4 39.7 41.2 42.8 43.7 0.25
32.3 35.9 38.3 40.3 42.0 43.3 44.4 45.1

0.308 27.9 35.7 38.3 40.5 42.7 44.4 46.3 47.0
35.3 39.1 41.7 43.8 45.5 46.9 48.0 48.7

0.412 31.7 38.5 41.4 44.1 46.3 49.1 50.7 51.1
38.7 42.8 45.4 47.6 49.4 50.8 51.9 52.6

0.564 36.3 45.1 45.4 50.1 52.5 54.8 56.8 58.0
44.9 49.0 51.7 53.8 55.5 56.9 58.0 58.6

0.332 23.4 27.6 31.1 33.1 33.9 36.3 37.4 38.5
26.0 29.3 31.6 33.6 35.2 36.2 37.8 38.5 0.35

0.252 18.2 19.7 20.8 21.9 22.9 23.9 24.8 26.8
18.0 20.5 22.3 24.0 25.4 26.6 27.7 28.3

0.330 20.1 21.0 22.3 23.4 25.4 26.6 27.7 28.6
19.7 22.6 24.7 26.6 28.2 29.6 30.9 31.7

0.402 24.2 25.9 26.7 27.7 29.7 30.9 33.0 34.4
21.6 24.7 27.0 29.1 31.0 32.6 34.0 34.9

0.566 26.5 28.9 31.9 34.5 36.9 41.4 44.5 47.0 0.45
27.2 30.9 33.7 36.2 38.4 40.4 42.0 43.0

0.639 28.9 30.7 34.1 37.2 40.8 45.9 50.3 54.2
30.7 34.6 37.6 40.2 42.5 44.4 46.1 47.2

0.674 30.0 34.2 38.9 38.3 45.8 50.3 53.8 58.8
32.6 36.7 39.7 42.3 44.6 46.6 48.3 49.4

0.699 31.4 40.7 40.5 40.4 49.3 54.2 59.7 60.3
34.2 38.3 41.3 44.0 46.3 48.3 50.0 51.1

0.310 16.1 18.0 19.2 20.8 22.5 23.5 24.5 25.3
15.2 17.6 19.4 21.1 22.7 24.1 25.3 26.1 0.55

0.346 13.9 15.6 16.8 18.1 19.2 20.3 21.2 22.8
12.9 15.1 16.9 18.6 20.3 21.7 23.1 24.0

0.480 18.3 20.7 22.9 23.9 25.4 26.8 28.8 30.3
15.7 18.4 20.6 22.8 24.8 26.7 28.4 29.6 0.65

0.716 22.8 33.0 35.9 36.1 41.0 43.2 46.4 53.4
24.9 28.6 31.6 34.5 37.1 39.6 41.7 43.2

0.380 11.9 13.9 15.1 16.5 17.4 19.4 20.8 21.3
11.2 13.3 15.0 16.7 18.3 19.9 21.3 22.3 0.75

0.505 16.5 20.1 22.1 23.5 25.9 27.7 29.2 30.7
13.6 16.1 18.2 20.3 22.4 24.3 26.1 27.3

Table 5: Comparison between recorded and predicted (in italics) elastic stiffness (in GPa) for various mixes
at different ages.
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7 14 28 112 1280 w:c
Vi age days γ0

0.702 37.3 41.5 44.5 48.3 54.1
42.1 45.0 47.6 51.5 55.8 0.40

0.674 33.7 33.9 38.0 40.0 48.1
33.5 36.5 39.3 43.8 49.2 0.50

0.648 30.0 32.5 33.4 36.8 40.8
26.9 29.7 32.4 37.2 43.3 0.60

0.623 27.7 29.4 30.3 35.0 39.9
21.7 24.3 26.9 31.6 38.0 0.70

0.710 29.7 30.9 32.3 30.4 37.5
30.5 33.5 36.4 41.3 47.7 0.60

0.688 29.0 28.4 29.0 29.8 31.7
24.9 27.7 30.5 35.5 42.3

0.734 28.6 30.3 31.4 32.8 37.8 0.70
27.7 30.7 33.6 38.9 45.7

Table 6: Comparison between observed and predicted elastic stiffness (in GPa) for concrete mixes from 7 to
1280 days.

7 28 58 88 w:c
Vi age days γ0

0.000 14.6 16.6 17.3 18.4
16.9 18.6 19.3 19.7 0.40

0.000 10.2 12.5 12.5 13.3
12.5 13.8 14.3 14.5 0.50

0.356 20.6 24.3 24.3 25.2
21.4 23.3 24.0 24.4 0.40

0.444 18.2 20.9 21.8 22.7
18.7 20.6 21.4 21.7 0.50

0.671 25.8 27.8 28.3 28.8
26.7 28.3 28.8 29.1

0.702 24.6 27.7 27.6 30.2 0.40
27.3 28.8 29.3 29.6

0.702 21.9 25.7 25.8 26.4
24.1 25.9 26.6 26.9 0.50

0.661 21.0 23.8 23.2 25.2
21.6 23.6 24.3 24.8 0.55

Table 7: Comparison between recorded and predicted (in italics) elastic stiffness (in GPa) for various mixes
at ages from 7 to 88 days.

The surface inevitably represents a compromise between complexity and realism. A closer fit to the biaxial
envelope could be obtained (particularly in the combined compression-tension quadrant) if greater flexibility
were provided in the deviatoric shape function. If, for example, the Bhowmik-Long [36] function were used
(with a control point on the shear as well as the compression and extension meridians) then the pure shear
strength could be better predicted, but this would incur greater algebraic expense in the governing equations
(from which the second derivatives are required as part of the Closest-Point integration scheme).

ρ̄psc =
√

c1ξ̄2 − c2ξ̄ + c3 ρ̄pse =
√

e1ξ̄2 − e2ξ̄ + e3 (12)

ξ = σii/
√

3 and ρ = √
sijsij where the deviatoric stresses sij = σij − δijξ/

√
3. The hyperbolic form (reflecting
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Figure 1: View of convex hardening yield surface in principal stress space (isotropy enforces the 6-fold
symmetry). Meridians in the dilative region asymptotically approach the hyperbolic PNS meridians (not
shown). In the compactive region, the meridians are elliptic. All deviatoric sections are elliptic.

cohesive and frictional strength contributions) ensures that the surface does not close on the compressive hy-
drostatic axis, while intersecting the tensile hydrostatic axis normally at ξ̄ht. c1-c3, e1-e3 are six dimensionless
positively-valued material constants.
The deviatoric shape function r(ϕ) adopted here follows the elliptic form first presented in [3] where ϕ =
1
3 arcsin(−3J3

√
3/(2J

3/2
2 )), J2 = 1

2sijsji, J3 = 1
3sijsjkski and r expresses the ratio ρps/ρpsc . The function

creates a smooth locus with 6-fold symmetry in the deviatoric planes that remains convex when r
(−π

6

) ≥ 1
2 .

r =
r1α +

√
2r1α2 + r2

2r1α2 + 1
(13)

α = cos
(
ϕ + π

6

)
, r0 = ρpse

ρpsc
, r1 = 2(1 − r2

0)/(2r0 − 1)2 and r2 = r0(5r0 − 4)/(2r0 − 1)2. The hardening
yield function has been constructed to provide a smoothly transforming surface divided into compactive and
dilative regions. The former is developed from a rotated ellipse which closes on the hydrostatic axis in the
compression region. Construction of the hardening yield surface involves definition of the plastic volumetric
transition (PVT) locus ρ̄vtc = c4 ρ̄psc . The detained derivation is found elsewhere [1]. Here, simply the key
equations are listed. Note that a number of intermediate variables (ρ̄psc , ρ̄vt, ξ̄hc, ρ̄0, ξ̄0, α1−23, a, θ12, θhc

and θvt) are employed in the model construction. θ is a counter-clockwise angle measured from the (positive;
that is, directed in a positive ξ̄ sense) major axis of the ellipse to a point on the yield surface. This ellipse
passes through ξ̄vt, ρ̄vt with a tangent parallel to the hydrostatic axis and passes through ξ̄hc with a tangent
normal to the hydrostatic axis.
We begin by calculating the hydrostatic stress corresponding to the plastic volumetric transition state, ξ̄vt,
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associated with a yield surface defined by ξ̄hc and the material constants c1−5.

ξ̄vt =
c2 − 2

(
c5
c4

)2
ξ̄hc −

√(
−c2 + 2

(
c5
c4

)2
ξ̄hc

)2

− 4
(

c1 −
(

c5
c4

)2
) (

c3 −
(

c5
c4

)2
ξ̄2
hc

)

2.c1 − 2
(

c5
c4

)2 (14)

ρ̄vt = c5(ξ̄vt − ξ̄hc) (15)

Now
(cos θvt − cos θhc)(c5 cos θ12 − sin θ12)
(sin θvt − sin θhc)(c5 sin θ12 + cos θ12)

− c6 = 0 (16)

where
θhc = π + tan−1(−c6 tan θ12) θvt = tan−1(c6 cot θ12) (17)

Given (16) and (17), θ12 can only be solved-for using an iterative approach. This is done just once for any
given pair of material constants c5 and c6.
Now we calculate the major semi-axis length, a, of the ellipse

a =
ξ̄vt − ξ̄hc

(cos θvt − cos θhc) cos θ12 − c6(sin θvt − sin θhc) sin θ12
(18)

ξ̄0 = −a cos θhc cos θ12 + a c6 sin θhc sin θ12 + ξ̄hc

ρ̄0 = −a cos θhc sin θ12 − a c6 sin θhc cos θ12
(19)

The latter two measures identify the coordinates of the centre of the rotated ellipse. We then determine α1−5.
This is process is somewhat tedious, but worthwhile because of the smooth generalised surface (encompassing
a number of simpler forms) that results.

α1 = (ξ̄ − ξ̄0) cos θ12 − ρ̄0 sin θ12 (20)

α2 = (ξ̄0 − ξ̄) sin θ12 − ρ̄0 cos θ12 (21)

α3 = (sin θ12)2 +
(cos θ12)2

c6
2

(22)

α4 = 2 α1 sin θ12 +
2

c6
2

α2 cos θ12 (23)

α5 =
α2

2

c6
2

+ α2
1 − a2 (24)

such that we arrive at the following expression for the compactive region of the yield surface (on the com-
pression meridian)

ρ̄c =
1

2 α3

(
− α4 +

√
α2

4 − 4 α3α5

)
ξ̄ ≤ ξ̄vt (25)

The dilative region of the yield surface is now constructed, making use of the intermediate variables α6−19

(see earlier comment about α1−5).

α6 = − cos θvt sin θ12 + c6 sin θvt cos θ12

a(sin θvt cos θ12 + c6 cos θvt sin θ12)2
(26)

α7 =
2c1ξ̄vt − c2

2
√

c1ξ̄2
vt − c2ξ̄vt + c3

(27)
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α8 =
4c1(c1ξ̄

2
vt − c2ξ̄vt + c3) − (2c1ξ̄vt − c2)2

4(c1ξ̄2
vt − c2ξ̄vt + c3)3/2

(28)

α9 = − c4α7√
c1ξ̄2

vt − c2ξ̄vt + c3

(29)

α10 =
α6 − 2α9α7 − c4α8√

c1ξ̄2
vt − c2ξ̄vt + c3

(30)

α11 =
1 − c4

(ξ̄ht − ξ̄vt)2
(1 + α14 − c4) (31)

α12 =
1

1 − c4

(
α14α9 − 2(1 − c4)

ξ̄ht − ξ̄vt
(1 + α14 − c4)

)
(32)

α13 = −α14α9 (33)

α14 = − 2(1 − c4)2 − 4 α9(1 − c4)(ξ̄ht − ξ̄vt) + 2 α2
9(ξ̄ht − ξ̄vt)2

2(1 − c4) − 4 α9(ξ̄ht − ξ̄vt) +
(

2α2
9

1−c4
+ α10

)
(ξ̄ht − ξ̄vt)2

(34)

Although α15 is included in the general development of the yield surface [1], it can be shown that it is
zero-valued.

α16 = α12(ξ̄ − ξ̄vt) + α14 (35)

α17 = α11(ξ̄ − ξ̄vt)2 + α13(ξ̄ − ξ̄vt) (36)

α18 =
√

α2
16 − 4 α17 (37)

α19 = α2
12 − 4α11 (38)

Finally the expression for the dilative region of the yield surface (on the compression meridian) is given as

ρ̄c = ρ̄psc

(
c4 +

1
2
(−α16 ± α18)

)
ξ̄ > ξ̄vt (39)

Whether α18 is added or subtracted in (39) depends on the sign of α19 (+α18 when α19 < 0, whereas −α18

when α19 ≥ 0).

(40)

The degree of hardening experienced by the material is characterized by ξ̄hc.

ξ̄hc =
c7 α20

(α20 − 1)
∑3

m=0(α20)m
where α20 = c8 + (1 − c8)kh (41)

The internal hardening variable kh is tied to the effective plastic strain via the following rate relationship

k̇h =

√
2
3 ε̇p

ij ε̇
p
ji

α21
(42)

where
α21 = c9(ξ̄ht − ξ̄)(1 − tanh(c10ξ̄ + c11)) (kh)c12 (c13(ρ̄)c14 + 1) (43)
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To replicate softening, the PNS surface translates along the hydrostatic axis (in the compressive direction)
such that in the residual state all hydrostatic tensile strength disappears. Motion of the PNS surface is
achieved through introduction of the softening variable ks modifying (12)

ρ̄psc =
√

c1(ξ̄ − ξ̄ht(ks − 1))2 − c2(ξ̄ − ξ̄ht(ks − 1)) + c3 (44)

ρ̄pse =
√

e1(ξ̄ − ξ̄ht(ks − 1))2 − e2(ξ̄ − ξ̄ht(ks − 1)) + e3 (45)

The softening measure, ks, ranges from 1 (intact, with full cohesion) to 0 (complete loss of cohesion)

ks = exp
(
−c15

(
α22

α23

√
〈ε̇p

i 〉 〈ε̇p
i 〉

)c16)
(46)

α22 identifies the characteristic length, c, of the representative volume such that local crack-opening displace-
ments may be equated to effective macroscopic strains. The Macauley operator 〈 〉 selects only the positive
(tensile) part of the principal plastic strain rates and the stress ratio η = ρ/ξ.

α23 =
√

2(1
2 − 1

η )(1 − cos(ϕ + π
6 ))(c17 − 1) + 1 1

η < 1√
2

α23 = 1 1
η ≥ 1√

2

(47)

This completes the definition of the constitutive model.

3.3 Constitutive Model for Concrete III: Inelastic Model Calibration

In total 22 material constants define the model. These are grouped into four categories: (i) elastic, E and ν
(ii) strength (PNS), fc, f̄t, f̄ht, f̄bc, ξ̄tc and ρ̄tc (iii) inelastic hardening, c4−14 and (iv) inelastic softening, Gf

and c16−17. Many of these constants have essentially the same value for most structural concrete.
Considering the common point of tensile closure of the PNS surface on the hydrostatic axis, the number of
material constants reduces to five. These may be determined from the following set of experimental data:
uniaxial compression (fc), uniaxial tension (f̄t), equal biaxial compression (f̄bc), hydrostatic tension (f̄ht) and
high level triaxial confinement on the compression meridian (ξ̄tc, ρ̄tc). The overbar indicates normalization of
the stresses with respect to fc.
c1 and e1 can be thought of as measures of internal friction since

√
c1 and

√
e1 are the slopes

(
∂ρ̄ps/∂ξ̄

)
of the compression and extension asymptotes. Thus, as ξ̄ tends to −∞, so the ratio ρ̄pse/ρ̄psc tends to√

e1/c1. Decreasing either c2 or e2 has the effect of decreasing the hydrostatic tensile strength while increasing
the triaxial compression and extension strengths. c3 and e3 represent measures of cohesion (when ξ̄ = 0,
ρ̄psc =

√
c3 and ρ̄pse =

√
e3).

c6 identifies the aspect ratio (b/a) where a and b are the ellipse major and minor semi-axis lengths.
c8 takes on the role of identifying the size of the initial elastic nucleus (that is, the initial yield surface).
c17, represents the relative measure of the effective fracture energy expended during uniaxial compression
with respect to that consumed under uniaxial tension.

3.4 Constitutive Model for Concrete IV: Isothermal simulations

3.4.1 Biaxial Loading

The first series of experiments to be simulated using the elasto-plasticity model is the classic biaxial results
from Kupfer, Hilsdorf and Rusch [62]. In these experiments two concretes were used. Tests were con-
ducted under compression-compression regimes, compression-tension and tension-tension loading through a
brush-platen arrangement in an attempt to eliminate shear stresses at the platen-specimen interface. The
experiments indicated a concave peak stress envelope in compression-tension region of the biaxial plane. This
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detail is not reproduced by the plasticity model (see Figure 2) as it would violate the stability criterion.
Drucker’s postulate requires convex yield surfaces and an associated flow rule. The consequence of this is
that strengths are over-predicted in the compression-tension area, but under-predicted in the tension-tension
zone. Nevertheless, the model captures the near linear elastic pre-peak response where tensile stresses are
present and significant nonlinearity under purely compressive paths, together with dilation as the peak stress
is approached, signaling the growth and coalescence of microcracks.
Figures 3, 4 and 5 show the experimental data (discrete symbols) and the model simulation (continuous
curves).

Figure 2: Normalized biaxial strength envelope described by hyperbolic PNS meridians with elliptic deviatoric
sections.

The material constants used in these simulations are listed in table 8. The constants are dimensionless with
the exception of E, fc and Gf . The simulations in Figures 3 and 4 are associated with the constants BXL 1,
whereas those of Figure 5 correspond to the values in column BXL 2.
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group constant BXL 1 BXL 2 MXL 1 MXL 2 MXL 3 Colorado

E 32GPa 32GPa 43GPa 52GPa 26GPa 19GPa
elastic ν 0.20 0.18 0.23 0.24 0.21 0.20

fc 32.0MPa 29.0MPa 58.0MPa 65.0MPa 57.0MPa 25.0MPa
f̄t 0.10 0.09 0.075 0.07 0.072 0.075

PNS f̄ht 0.04 0.04 0.035 0.03 0.03 0.033
f̄bc 1.2 1.2 1.1 1.1 1.0 1.1
ξ̄tc −3.6 −4.2 −4.7 −4.5 −4.3 −6.6
ρ̄tc 2.1 3.0 3.6 3.7 2.8 5.4
c4 0.90 0.90 0.95 0.88 0.92 0.75
c5 0.71 0.71 0.71 0.71 0.71 0.71
c6 0.15 0.15 0.15 0.15 0.15 0.15
c7 −2.7 −2.7 −1.7 −1.7 −1.7 −8.7
c8 0.05 0.10 0.19 0.19 0.25 0.02

hardening c9 −31 × 106 −31 × 106 −16 × 106 −16 × 106 −31 × 106 −0.002
c10 0.15 0.15 0.12 0.024 0.12 0.12
c11 −0.88 −0.88 −0.88 −0.88 −0.88 −0.70
c12 0.1 0.1 1.0 1.0 1.0 0.4
c13 1 × 103 1 × 103 2 × 103 2 × 103 2 × 103 24.0
c14 2.0 2.0 2.6 2.1 4.6 0.6
Gf 100N.m−1 100N.m−1 100N.m−1 100N.m−1 100N.m−1 100N.m−1

softening c16 1.2 1.2 1.2 1.2 1.2 1.2
c17 85.0 85.0 85.0 85.0 85.0 85.0

Table 8: Material constants employed in the elasto-plasticity model.

Figure 3: Comparison between normalized biaxial compression test experiments (discrete symbols) and model
predictions (continuous line).
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Figure 4: Comparison between normalized combined biaxial compression and tension test experiments (dis-
crete symbols) and model predictions (continuous line).

Figure 5: Comparison between normalized biaxial tension test experiments (discrete symbols) and model
predictions (continuous line).
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3.4.2 Triaxial Loading

Three mixes were examined in a conventional Hoek cell triaxial apparatus (where fluid pressure acting on
the curved surface of cylindrical specimens ensures that two of the principal stresses are always equal) and
the multiaxial compression device, mac2T . The intention here was to maintain a constant water:cement ratio
while altering the coarse aggregate content. The standard mix was also adopted in the transient thermal
creep tests described later.
In the case of the Hoek cell tests, opposite pairs of strain gauges were bonded to the specimen surface in
longitudinal and circumferential directions and compression tests performed under cell pressures ranging from
0 to 70MPa (with at least 3 tests under each regime). At the higher levels of confinement, the specimens
exhibited significant pre-peak fracturing (even during the hydrostatic compression phase) which in a number
of cases caused the electrical resistance strain gauge to rupture. Thus the data set from these experiments
is not complete. However, enough results exist to show the trends of increasing straining and nonlinearity
in the stress-strain curves under increasing cell pressure. Clearly the mixes with lower and higher aggregate
contents show lower and higher initial stiffnesses respectively (as predicted by the method of mixes approach
described previously).
The elasto-plasticity model is able to capture the triaxial response in a convincing manner. This is particularly
true with respect to the volumetric behaviour, which is often poor represented in other constitutive models.

Figure 6: Normalized experimental triaxial compression strength results (for three mixes with varying coarse
aggregate content) plotted against hyperbolic PNS meridians.

Figure 6 presents the peak stress data from the MÆCENAS experiments on the three mixes. The hyperbolic
PNS meridians are also shown, indicating that the low aggregate mix has a reduced (internal) frictional
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resistance but higher effective cohesion compared to the standard and high aggregate content mixes. The
reduction in cohesion in the latter two mixes may be explained by the presence of aggregate particles which
introduce zones of low porosity (and thus new sites for fracture initiation) at the paste-aggregate interface.

Figure 7: Normalized triaxial compression stress-strain curves from Hoek cell experiments on structural
concrete, compared against model simulations.
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Figure 8: Incomplete normalized triaxial compression stress-strain curves from Hoek cell experiments on
mortar (under uniaxial compression and confinements of 10, 30 and 60MPa), compared against model simu-
lations.
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Figure 9: Incomplete normalized triaxial compression stress-strain curves from Hoek cell experiments on high
aggregate content concrete, compared against model simulations.
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3.4.3 Multiaxial Loading (mac2T )

Using the same mix (and thus same material constants in the simulations) as in the Hoek cell experiments,
a series of cyclic multiaxial compression tests were performed in the mac2T rig. Here no difficulties were
experience with the strain measurement as a system of laser interferometers were able to capture the dis-
placements continuously throughout the tests. The simulations were performed by reading the strain path
into the constitutive model to produce the corresponding stress response. The results presented here represent
a small part of a much larger set of experiments performed as part of the MÆCENAS project.
The model predictions are particularly encouraging, give the relative complexity of the experiments. Perhaps
the most interesting plots are the stress paths shown in Figures 16 to 21. These reveal that while the model
properly positions the path, certain features of the behaviour suggest possible extensions. For example,
when examining the (purely) deviatoric unloading paths, there is evidence of continued material compaction,
suggesting that creep processes are occurring.

Figure 10: Normalized cyclic multiaxial compression stress-strain curves from mac2T rig on structural con-
crete, compared against model simulation.
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Figure 11: Normalized cyclic multiaxial compression stress-strain curves from mac2T rig on structural con-
crete, compared against model simulation (different orientation).

Figure 12: Normalized cyclic multiaxial compression stress-strain curves from mac2T rig on mortar, compared
against model simulation.
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Figure 13: Normalized cyclic multiaxial compression stress-strain curves from mac2T rig on mortar, compared
against model simulation (different orientation).

Figure 14: Normalized cyclic multiaxial extension stress-strain curves from mac2T rig on high aggregate
content concrete, compared against model simulation.
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Figure 15: Normalized cyclic multiaxial shear stress-strain curves from mac2T rig on high aggregate content
concrete, compared against model simulation.
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Figure 16: Normalized cyclic multiaxial compression stress-path in mac2T rig on structural concrete, compared
against model simulation.
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Figure 17: Normalized cyclic multiaxial compression stress-path in mac2T rig on structural concrete, compared
against model simulation (different orientation).

Figure 18: Normalized cyclic multiaxial compression stress-path in mac2T rig on mortar, compared against
model simulation.
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Figure 19: Normalized cyclic multiaxial compression stress-path in mac2T rig on mortar, compared against
model simulation (different orientation).

Figure 20: Normalized cyclic multiaxial extension stress-path in mac2T rig on high aggregate content concrete,
compared against model simulation.
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Figure 21: Normalized cyclic multiaxial shear stress-path in mac2T rig on high aggregate content concrete,
compared against model simulation.
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3.4.4 Multiaxial Loading (Colorado)

The final set of experiments simulated are a subset from the 67 experiments performed on relatively low-
strength concrete at Colorado University in a multiaxial compression rig [63]. Here, just one example test
from each of the six major series has been considered.
The stress-strain plots show an impressive agreement for these unusual, but important, cyclic paths. Of
particular interest are Figures 29 to 32 where the experimental stress paths (in blue) are shown together
with the model PNS surface and two or more model predictions (in red) which start from simple elasticity
(grossly over-estimating the final stress state) to perfect plasticity (within the PNS, but again over-estimating
the stresses) to invoking the full hardening-softening formulation. It is evident that significant errors in the
predicted stress state would be generated if an over-simplified model is selected (for example, perfect-plasticity,
which is commonly used by practising engineers since nothing else is available in many commercial FE ocdes).
By examining the consequences of these different idealisations on the global FE structural response, engineers
will be able to judge the real necessity for advanced constitutive models.

Figure 22: Normalized multiaxial stress-strain curves from Colorado rig compared against model simulation.
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Figure 23: Normalized multiaxial stress-strain curves from Colorado rig compared against model simulation.

Figure 24: Normalized multiaxial stress-strain curves from Colorado rig compared against model simulation.

38



End of Year Report 2003-2004 (Final Report): Progress MÆCENAS

Figure 25: Normalized multiaxial stress-strain curves from Colorado rig compared against model simulation.

Figure 26: Normalized multiaxial stress-strain curves from Colorado rig compared against model simulation.
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Figure 27: Normalized multiaxial stress-strain curves from Colorado rig compared against model simulation.

Figure 28: Normalized multiaxial stress-strain curves from Colorado rig compared against model simulation.

40



End of Year Report 2003-2004 (Final Report): Progress MÆCENAS

Figure 29: Multiaxial test 1:4 stress path from Colorado rig compared with different model simulations.
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Figure 30: Multiaxial test 3:12 stress path from Colorado rig compared with different model simulations.
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Figure 31: Multiaxial test 4:10 stress path from Colorado rig compared with different model simulations.
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Figure 32: Multiaxial test 5:5 stress path from Colorado rig compared with different model simulations
together with acoustic tensor determinant plots. For the final state at the end of the hardening-softening
elasto-plasticity (HSEP) simulation, the minimum determinant is predicted to be 0.34.
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3.5 Constitutive Model for Concrete V: Transient Thermal Creep

The stiffness and strength changes to heated concrete have typically been modelled through empirical rela-
tionships with respect to temperature alone. In the MÆCENAS project, we were interested to see how much
of this strength change would be predicted as a consequence of the fully coupled multi-phase approach. It
appears that consideration of the changing effective stresses (due to changes in the pore pressures) alone is
not enough to explain the strength loss, although it goes some way to explaining the observations. Until a
complete understanding is gained of the changes taking place in the material fabric (with all temporal and
spatial effects properly accounted for), empirical expressions will still be required to link strength envelopes
and stiffness changes to temperature states. Interestingly, while a tensile strength loss is evident at elevated
temperatures, results from both Glasgow University and Sheffield suggest that there is no clear trend in the
specific fracture energy under indirect, or direct tension when tested at elevated temperature (up to 550oC)
or in a residual state after heating and slow cool-down. The final series of 3-point bend tests at elevated
temperature at Glasgow University (Figure 33) included measurement of moisture loss during heating and
temperature both on the surface and within the concrete specimen. These observations can be used to verify
the multi-phase FE code through back-analysis, although overall specimen mass change offers only a global
view of the complex spatial variation in moisture content.

Figure 33: Three-point bend rig at Glasgow University with typical force-displacement results from specimens
loaded at elevated temperature.

Of equal important to strength and stiffness loss in heated concrete is the phenomenon of transient thermal
creep. This topic became a key focus with the MÆCENAS study. We begin this section with a short
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background review of current understanding.
Thelandersson was perhaps the first to offer a fully three-dimensional model for concrete behaviour under
elevated temperature [61]. Although this formulation was based on his earlier work with Anderberg [54], it
was far more ambitions in its scope. The total strain rate was split into (i) elasto-viscoplastic mechanical and
(ii) temperature and moisture-induced components.

ε̇ij =

mechanical︷︸︸︷
ε̇evp
ij +

temperature +

moisture-induced︷︸︸︷
ε̇Th
ij (48)

The hardening/softening plasticity model was in the form of a Modified Cam Clay formulation, embracing
the concept of a critical state of deformation. Thelandersson suggested that the temperature and moisture-
induced strain components (ε̇Th

ij = ε̇T
ij + ε̇h

ij) could be described by

ε̇T
ij =

(
α(T, h)δij + gij(T, h, σij , sign(Ṫ )

)
ε̇h
ij =

(
κ(T, h)δij + fij(T, h, σij , sign(ḣ)

) (49)

The functions gij and fij were acknowledged as being difficult to determine explicitly, as measurements of
shrinkage and expansion are invariably affected by specimen size and rate of moisture change due to differential
shrinkage cracks forming. Thelandersson restricted his model to treat the response of unsealed specimens
subject to temperatures above 100oC. In this way the moisture content was treated as being independent of
time but uniquely dependent upon temperature. The problem then reduced to one of specifying the function
gij . The simple form

gij = β(T ).σij (50)

was chosen, with two alternative expressions for the dependence of β on the temperature

β(T ) =
β1

fc
α (51)

where α is the coefficient of thermal expansion and β1 = 2.35. The second form was given in terms of a
dependence on the difference between the free thermal volumetric strain in the aggregate εT

a and the free
thermal volumetric strains in the hardened cement paste εT

p

β(T ) =
β2

fc

d(εT
a − εT

p )
dT

(52)

Note that d(εT
p )/dT is contractive over the range 100 → 600oC.

Bazant and Chern [56] presented a convincing argument (largely on the strength of the quality of their coupled
thermo-mechanical diffusion simulations) that the increase in creep due to temperature changes (referred to
as transitional thermal creep by others) is in fact the same phenomenon as the increase of creep due to
changes in pore humidity; known for more than 40 years as the Pickett effect (or the drying creep effect).
Two causes were identified for the stress-dependent creep increase under humidity and temperature changes:
(i) rapid micro-diffusion of water between capillary and gel pores leading to a change in the bond rupture rate
and (ii) the effect of spatially variable tensile micro-fracturing causing a stress-free body to exhibit smaller
strains than the un-cracked material expansion or shrinkage might suggest. Bazant and Chern considered the
following decomposition of the strain rate

ε̇ij =

elastic +

basic creep︷︸︸︷
ε̇ec
ij +

cracking︷︸︸︷
ε̇cr
ij +

transient drying

creep/shrinkage &

stress-induced thermal︷ ︸︸ ︷
ε̇s
ij + ε̇T

ij (53)
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Within the MÆCENAS project, it was decided to adopt the impressive B3 basic creep model [55], although
no data appears to have been measured for multiaxial states under elevated temperature, thus this part of
the model remains uncalibrated. A large research effort will be required to improve knowledge here. The last
two terms in the above equation were expressed as follows

ε̇s
ij + ε̇T

ij = κij .ḣ + αij .Ṫ (54)

where ḣ is the relative humidity rate and κij and αij represent the tensorial shrinkage and expansion coeffi-
cients respectively (see Thelandersson [61]).

κij = −εs
03h2.gs

(
δij − sign(Ḣ)rσij

)
αij = ᾱ

(
δij − sign(Ḣ)ρσij

) (55)

given
Ḣ = ḣ + aT .Ṫ (56)

aT is a coefficient independent of ḣ and Ṫ . εs
0 is a shrinkage constant and gs is a given function of age which

characterises the reduction in shrinkage due to continued hydration. The fundamental coefficient of thermal
expansion (ᾱ) is considered to be independent of stress, ḣ and Ṫ , but Bazant and Chern felt that it probably
depends on h.
Khennane and Baker proposed a biaxial thermoplastic constitutive model using a decomposition of the strain
rate that did not include basic creep effects or an explicit dependency on pore humidity (the laboratory tests
simulated were of small, unsealed, specimens heated relatively slowly).

ε̇ij = ε̇e
ij + ε̇p

ij + ε̇T
ij + ε̇tc

ij (57)

where superscripts e, p, T and tc refer to the elastic, plastic, free thermal and transient thermal creep rates
respectively. In this model, the free thermal strain rate was given by

ε̇T
ij = α.Ṫ .δij (58)

where α is the coefficient of thermal expansion and δij is the Kronecker delta. The transient thermal creep
strains followed the approach used by de Borst and Peters [57]. Written in matrix form for the generalised
three-dimensional case, this strain was given by

{ε̇tc} =
k.α.Ṫ

fc
[Q]{σ} (59)

where

[Q] =




1 −ν −ν 0 0 0
−ν 1 −ν 0 0 0
−ν −ν 1 0 0 0
0 0 0 2(1 + ν) 0 0
0 0 0 0 2(1 + ν) 0
0 0 0 0 0 2(1 + ν)


 (60)

and k and ν were given values of 2.33 (similar to Anderberg and Thelandersson’s coefficient of 2.35) and
0.285 respectively for the concretes under investigation.
While the moisture state is undoubtedly a controlling parameter for transient thermal creep, almost no data
has been experimentally. Until tests have been devised where this can be measured, one is forced to adopt a
simplified approach such as that suggested by Khennane and Baker. In the MÆCENAS project k is treated
as being dependent on the temperature. Here a nonlinear expression similar to that proposed by Khoury
[60] is adopted. Khoury found that the transient thermal creep strains were essentially independent of the
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aggregate type. This seems reasonable, since these transient strains are seated within the cement paste (in
the gel pore structure).
The MÆCENAS multiaxial experiments conducted at Sheffield University have shown for the first time the
damage induced by heating pre-compressed concrete specimens (for example, see Figures 36 and 37). Figure
34 shows the strains observed under two heating rates and different pre-loads. A indicates the free thermal
expansion (plus shrinkage). B decouples the shrinkage strain. C indicates the transient thermal creep under
hydrostatic compression, σ ≈ 0.45fc. D shows the corresponding result under a uniaxial pre-load, and E

shows the strain development following heating at a rate 10 times slower than the earlier tests.

Figure 34: Strain components from different transient thermal creep tests in the mac2T multiaxial rig.

The complete interpretation of these novel tests is only just emerging, but it is already clear that the semi-
sealed conditions in the apparatus and relatively fast heating rate (2oC.min−1 in the initial series of tests)
delay transient thermal creep, and can lead to strength losses of up to 15% (Figure 38). The Sheffield tests
have confirmed that these strains are experienced only on first heating. The final experiments also suggested
that holding the pre-load of 26MPa at 250oC over a period of 4 days, induces basic creep (as expected). But
this is relatively small if transient thermal creep has already occurred. It is as if there were a finite amount
of creep possible which can be partitioned between basic and transient thermal components. This suggests
that transient thermal creep is caused by the same micro-level processes that govern basic creep at elevated
temperature. MÆCENAS tensile creep-rupture tests performed on beams of differing sizes in Nantes (Figure
35) offer valuable additional uniaxial data. Further work is now required under multiaxial conditions.
Figure 39 lists the peak stresses attained after deviatorically cycling at the end of 44 multiaxial experiments.
These results have provided valuable new information on the response under multiaxial load.
A more complete set of results is given in Figure 40. Full test descriptions and interpretation will appear in
a forthcoming academic journal article.

3.6 Coupled Hygro-Thermo-Mechanical Formulation

The analytical framework is constructed within the constraints of classical continuum mechanics. Development
of this area involved a major research effort centred in Padova (and Gdansk); with Prague, Glasgow and Nantes
all making contributions.
The starting point was the establishment of the general balance laws that govern behaviour in a deformable
multi-phase medium. Mass, momentum and energy are conserved in each of the four (solid skeleton with dry
air, water vapour and liquid water) phases. Mass and energy conservation of the fluid takes account of the
change of state under given pressure-temperature conditions. The fundamental conservation equations are
supplemented by a series of material-specific constitutive laws, including generalised relationships by Darcy
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Figure 35: Nantes 3-point bend equipment: servo-controlled displacement apparatus (left) plus dead-weight
creep rigs (right) together with specimens of differing sizes.

Figure 36: Typical results from two mac2T experiments: heat-then-load hydrostatically, followed by hold and
deviatoric cycling (left), load-then-heat hydrostatically, followed by hold and deviatoric cycling (right). The
second sequence induces transient thermal creep.

(advection), Fick (diffusion), Fourier (heat conduction) and the incremental inelasticity expressions written
in terms of Bishop’s effective stress principle.
The fundamental governing balance equations (expressed in the form of partial differential equations) were
transformed into the FE coefficient matrices via the Galerkin weighted residual approach which expresses
the conservation laws (of mass, momentum and energy) in integral forms. The derivation followed the form
commonly used for establishing the Navier-Stokes fluid flow equations. The complete set of expressions are
referred to as the Padova Model. The notes provided here represent a rationalisation (and condensation)
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Figure 37: Deviatoric shear cycling following heat-then-load, or load-then-heat at different heat rates.

Figure 38: PNS shear meridian data from heat-then-load and load-then-heat experiments under different heat
rates.

of those equations as performed by MÆCENAS researchers. An alternative (but essentially equivalent)
set of equations was developed by workers at Glasgow University. Both forms (the Padova and Glasgow
approaches) appear in the FE code SIFEL. Having two teams working on the same problem with slightly
different approaches gave the opportunity for important cross-checking.
Prior to presenting the key equations, a brief summary of the structure of concrete is given in order to clarify
the different phases considered in the analysis.
Hardened cement paste is a hygroscopic material. Using (7) we can see that it comprises approximately 28%
gel pores (≤ 2.6µm in diameter) and up to 40% capillary pores (that is, pores with diameters of the order
of 1µm). At room temperature these pores may be fully or partially filled with free (evaporable) water,
(condensable) water vapour and (non-condensable) dry air. Within the gel pores and on the surface of the
capillary pores the free water exists as adsorbed water, physically bound to the solid, and as such does not
behave as a liquid. The solid skeleton of the paste is composed of various compounds and it includes chemically
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Figure 39: Summary of mac2T peak stress results from tests designed to capture multiaxial transient thermal
creep.

bound water, which may be released upon heating (dehydration) above 353oK. Note that liquid water can
only exist at temperatures below 647oK (the critical point). Above that, only vapour and chemically bound
water can be present.
Coupled heat and moisture mass transport within the porous concrete must be taken into consideration in the
mechanical analysis, together with phase change (evaporation and condensation) and dehydration. The latter
process classifies the overall framework as being chemo-hygro-thermo-mechanical; although the reaction is
treated only empirically (equilibrium conditions are not enforced rigorously). The mechanical deformation of
the concrete is governed by the effective (Bishop) stresses, which depend on the pore pressures acting within
the concrete. The average stresses carried by the water phase depends on the degree of saturation.
Six key assumptions were made in the Padova derivation: (i) the porous medium is considered homogeneous
and isotropic (the latter restriction may be removed if a more general mechanical constitutive model is
adopted), (ii) although temperatures vary spatially throughout the medium, at a material point (REV) all
the phases share the same temperature, (iii) deformations are small and strains are infinitesimal, (iv) the
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Figure 40: Summary of mac2T test data from multiaxial transient thermal creep tests.

density of the solid phase is considered to be constant, (v) the velocity of the solid phase is zero (deformations
are slow), and (vi) the viscous behaviour of the solid phase is neglected (this final restriction did not appear
in the SIFEL code, as several engineering macroscopic creep models are present in the FE library).
Fluid mass transport comprises the Darcian advective flow of capillary free water via a vapour pressure
gradient, plus the advention of the dry air via a dry air pressure gradient and diffusive transfer of the

52



End of Year Report 2003-2004 (Final Report): Progress MÆCENAS

adsorbed water via a water concentration gradient (governed by capillary action and Fick’s law). Fickian
diffusion of the dry air takes place as a result of a dry air concentration gradient. Diffusion of the water vapor
occurs as a result of a concentration gradient influenced by the Knudsen effect in narrow pores. Heat transfer
encompasses conduction (Fourier’s law) and boundary radiation. Latent heat effects are also included as a
consequence of phase changes in the model. These changes include C-S-H and CH dehydration and hydration,
evaporation and condensation, sorption and desorption, the α − β transformation of quartz at 846oK and
decarbonation of calcium carbonate at 846oK.
Dehydration from C-S-H becomes significant at about 383oK, whereas dehydration of calcium hydroxide
takes place at about 873oK. Both reduce the mass of the solid skeleton of the cement paste, but strength
loss is more related to the C-S-H than calcium hydroxide. The release of chemically bound water contributes
moisture to the gas phase and contribute to the vapour pressure. The evaporation of capillary (free) water
from concrete does not have a significant effect on the mechanical properties, but the evaporation of physically
adsorbed water has a major influence.
The system satisfies conservation of mass (of the solid skeleton, the liquid water, the water vapour and dry
air), conservation of energy (heat transfer) and conservation of linear momentum (conservation of angular
momentum is satisfied through symmetry of the stress tensor). Note that solid mass conservation does not
appear directly in the final governing equations, but is incorporated into the dry air and water mass con-
servation equations through substitution of the porosity time derivative. The resultant system of differential
equations is accompanied by the boundary and initial conditions on the boundary ∂Ω surrounding the domain
Ω.
The governing differential equations now follow. Primary variables are chosen to be the three-dimensional
displacement vector {u}, temperature T , capillary pressure pc and gas (water vapour and dry air) pressure
pg.
A set of constitutive equations define the mathematical relationships between the state variables and their
conjugate forces. Inelastic deformation is considered, and thus internal state variables which are not directly
measurable, such as plastic strain, also appear.
Note that the state variables employed in the constitutive relationship are not the same as the primary
variables appearing in the PDEs, but they can be determined uniquely by the primary variables, the initial
boundary conditions (represented by prescribed primary variables, heat and fluid fluxes, heat and mass
convection, and radiative heat, mixed conditions) and the material constants.

3.6.1 Conservation of mass

Mass conservation of the solid (porous concrete skeleton) phase can be expressed as

Ds ((1 − n)ρs)
Dt

+ (1 − n)ρs{∇}T {vs} + ṁdehyd = 0 (61)

where n is the porosity of the mixture, ṁdehyd is the rate of change of solid density due to the dehydration
process and the symbol D/Dt refers to the Lagrangian material (or substantive) derivative operator

D

Dt
=

∂

∂t
+ {v}T {∇} =

∂

∂t
+ vx

∂

∂x
+ vy

∂

∂y
+ vz

∂

∂z
(62)

With the assumption of zero velocity for the solid skeleton, {vs} = {0}, the mass balance simplifies to

∂ ((1 − n)ρs)
∂t

+ ṁdehyd = 0 or ṁdehyd = −∂ ((1 − n)ρs)
∂t

(63)

Mass conservation of the liquid water is given by

Dw(nSw)ρw

Dt
+ (n)Swρw{∇}T {vw} + ṁvap − ṁdehyd = 0 (64)
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where Sw is the volume fraction of water in the pore space (that is, the water saturation), ṁvap is the rate
of change of water density due to liquid water evapouration, representing the reduction of the density of the
solid phase. Equation (64) may be re-written as

∂(nSwρw)
∂t

+ {vw}T {∇}(nSwρw) + nSwρw{∇}T {vw} + ṁvap − ṁdehyd = 0 (65)

Mass conservation of the (binary) gas (dry air plus water vapour) phase is ensured by first considering the
dry air phase

Dga(nSg)ρga

Dt
+ nSgρ

ga{∇}T {vga} = 0 (66)

where Sg is the volume fraction of the gas phase within the pore network. Equation (66) can be re-written as

∂(nSgρ
ga)

∂t
+ {vga}T {∇}(n)Sgρ

ga + nSgρ
ga{∇}T {vga} = 0 (67)

Note that the volume fractions sum to unity

Sg + Sw = 1 (68)

Now mass conservation of the water vapour phase is considered

Dgw(nSg)ρgw

Dt
+ nSgρ

gw{∇}T {vgw} − ṁvap = 0 (69)

or alternatively

∂(nSgρ
gw)

∂t
+ {vgw}T {∇}(nSgρ

gw) + (nSgρ
gw){∇}T {vgw} − ṁvap = 0 (70)

Solving (70) for ṁvap

ṁvap =
∂(nSgρ

gw)
∂t

+ {vgw}T {∇}(nSgρ
gw) + (nSgρ

gw){∇}T {vgw} (71)

We are now in a position to write the mass conservation of the combined liquid water and water vapour phases.
Substituting (71) and (63b) into (65) provides the following mass conservation equation for the combine liquid
water and water vapour

∂(nSwρw)
∂t + {vw}T {∇}(nSwρw) + nSwρw{∇}T {vw} +

∂(nSwρgw)
∂t + {vgw}T {∇}(nSwρgw) + nSwρgw{∇}T {vgw} + ∂((1−n)ρs)

∂t = 0
(72)

3.6.2 Conservation of linear momentum

The mass fractions of the fluid phases (liquid water and gaseous dry air and water vapour) are small, such that
their contributions to the balance of linear momentum is negligible. Concrete body forces are also ignored
here and the solid skeleton is considered to be inviscid. Thus conservation of linear momentum (equivalent
to force equilibrium) may be simplified to

[∇]{σ} = {0} (73)

where [∇] is the matrix form of the partial differential operator and {σ} is the vector form of the second-order
stress tensor.
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3.6.3 Conservation of energy (enthalpy)

Energy conservation takes the following form

ρ
DU
Dt

=
∂W
∂t

− {∇}T {q} + ρ
∂R
∂t

(74)

where U is the internal energy of the system (molecular kinetic and atomic potential) which is proportional
to the temperature. W is the work done by the external forces, {q} are the heat fluxes and R represents the
energy change due to the phase change brought about by hydration and dehydration of the solid phase. We
note that

dU = Cdt
∂U
∂t

≈ ∂T

∂t
where ρ, C, k and µ are treated as effectively constant (75)

C is the thermal capacity of the material and T is the absolute temperature. Consequently

ρ
DU
Dt

= ρ

(
C

∂T

∂t
+ C{v}T {∇}T

)
(76)

As noted previously, the velocity of the solid phase is neglected ({vs} = {0}), whereas the gas ({vg}) and
liquid ({vw}) phase velocities are non-zero. Applying (76) to each of the three phases and summing yields
the following energy balance equation

ρ
DU
Dt

= ((1 − n)ρsCs + n(SwρwCw + Sgρ
gCg))

∂T

∂t
+ n{SwρwCw{vw} + Sgρ

gCg{vg}}T {∇}T (77)

The last term in (74), that refers to the energy associated with the phase change, can be decomposed into

ρ
∂R
∂t

= ṁdehyd∆Hdehyd + ṁvap∆Hvap (78)

where ∆Hdehyd is the energy released by dehydration, per unit density of the solid phase and ∆Hvap is the
energy needed to vapourise a unit density of liquid water. Assuming that no heat sources exist in the system,
the energy (enthalpy) conservation of a unit volume of the solid phase becomes

((1 − n)ρsCs + n(SwρwCw + Sgρ
gCg)) ∂T

∂t + n{SwρwCw{vw} + Sgρ
gCg{vg}}T {∇}T =

{σ}T ∂
∂t{ε} − {∇}T {q} + ṁdehyd∆Hdehyd + ṁvap∆Hvap

(79)

where {ε} is the vector form of the second-order infinitesimal strain tensor. Neglecting the viscosity of the
solid skeleton ({∂ε/∂t} = {0}) we get

((1 − n)ρsCs + n(SwρwCw + Sgρ
gCg)) ∂T

∂t + n{SwρwCw{vw} + Sgρ
gCg{vg}}T {∇}T =

−{∇}T {q} + ṁdehyd∆Hdehyd + ṁvap∆Hvap

(80)

3.6.4 Constitutive relationships

The constitutive equations establish the link between the independent state variables (which are directly
measurable) and their dependent conjugate measures (which generally are not directly measurable). Note
that in the case of an inelastic stress-strain relationship being adopted, those internal state variables associated
with that response (such as plastic strain) are not directly measurable. The state variables employed by the
constitutive expressions are generally not the same as the primary variables appearing in the governing partial
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differential equations, but they can be determined uniquely by the primary variables, the material constants,
and the initial boundary conditions appropriate for the problem.
Fluid fluxes include the advective flow of binary gas (dry air and water vapour), diffusion of the water vapour
in the dry air, advective flow of the free water liquid and the diffusion of the adsorbed liquid water. The
constitutive relationships for these processes are now given.
First, we consider the constitutive relationships associated with mass transport (the advective flow of binary
gas). Using a generalised version of Darcy’s law, to account for the relative permeability, the following
expression may be written

{vg
c} =

k.krg

µg
{−{∇}pg + ρg{g}} (81)

where {vg} is the mass of binary gas passing through a unit area over unit time, pg is the gas pressure, ρg the
gas density, k the intrinsic permeability of dry concrete, and krg the relative permeability of the gas through
the concrete. For dry air and water vapour respectively, the following Darcy diffusive-dispersive fluxes ({Jc})
hold.

{Jga
c } = ρga{vg

c} = ρga k.krg

µg
{−{∇}pg + ρg{g}} (82)

{Jgw
c } = ρgw{vg

c} = ρgw k.krg

µg
{−{∇}pg + ρg{g}} (83)

{Jg
c } = {Jga

c } + {Jgw
c } (84)

{vg
c} = {vgw

c } = {vga
c } (85)

Diffusive flow of binary gas. Neglecting thermal diffusion, but considering Fickian mass diffusion due to
concentration gradients of the binary gas in the concrete pore system

{vga
d } = −Dga

ρga
ρg{∇}

(
pga

pg

)
(86)

{vgw
d } = −Dgw

ρgw
ρg{∇}

(
pgw

pg

)
(87)

where Dga and Dgw are the effective diffusivities for dry air in water vapour and water vapour in dry air
respectively. Subscript d indicates terms associated with a diffusion process. It is assumed here that

Dgw = Dga (88)

Combining (88), (86) and (87), we obtain

{Jgw
d } = ρgw{vgw

d } = −ρga{vga
d } = −{Jga

d } (89)

Collecting together the advective and diffusive flux contributions yields the following expressions for the flow
of gases

{vga} =
k.krg

µg
{−{∇}pg + ρg{g}} +

Dgw

ρga
ρg{∇}

(
pga

pg

)
(90)

{vgw} =
k.krg

µg
{−{∇}pg + ρg{g}} +

Dgw

ρga
ρg{∇}

(
pgw

pg

)
(91)
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{Jg} = ρg k.krg

µg
{−{∇}pg + ρg{g}} (92)

The assumption of ideal gas behaviour is made for the water vapour and the binary gas phase as a whole.
Using Dalton’s law for such a gas, we obtain

ρg = ρga + ρgw (93)

pg = pga + pgw (94)

and

pg = ρg TR
Mg

pga = ρga TR
Ma

pgw = ρgw TR
Mw

(95)

where Mw is the molar mass of liquid water (kg.mole−1), Mg is the molar mass of the gas phase and Ma the
molar mass of dry air. The following values are commonly used

Ma = 29 × 10−3kg.mole−1 and Mw = 18.016 × 10−3kg.mole−1 (96)

R is the ideal gas constant. It takes the value

R = 8.314472 kg.m2.oK−1 (97)

The equivalent molar mass of the gas phase can be expressed as

Mg = Ma +
pgw

pg
(Mw − Ma) (98)

Note that the capillary pressure is defined as

pc = pg − pw (99)

Advective flow of free water. Using the generalised Darcy expression (where the subscript a refers to advective
processes)

{vw
a } =

k.krw

µw
{−{∇}pw + ρw{g}} (100)

Diffusive-dispersive transport of physically adsorbed water. This movement of the (bound) water over the
surface of the hydrated cement paste is controlled by capillary pressures

{vbw
d } = −[Dbw

d ]ρw ∂Sb

∂pc
{∇}pc (101)

where Sb is the degree of saturation of the physically bound water (the subscript b refers to the bound water,
to distinguish it from the free water) and [Dbw

d ] is the effective tensor of surface diffusivity of water on the
concrete skeleton.
Summing the above equations gives an expression for the total flux of liquid water within the porous concrete

{vw} =
k.krw

µw
{−{∇}pw + ρw{g}} − [Dbw

d ]ρw ∂Sb

∂pc
{∇}pc (102)
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Now we consider the constitutive relationship associated with heat transfer. Here we consider the conductive
heat transfer through the solid skeleton (neglecting any heat flux induced by the fluid transport). Using
Fourier’s law

{q} = −χeff{∇}T (103)

where χeff is the effective thermal conductivity

χeff = χdT

(
1 +

4nρwSw

ρs(1 − n)

)
(104)

and

χd = 1.67 (1 + 0.005(T − 298.15)) (105)

Next, we consider the constitutive relationship associated with the deformation of the solid phase. The
following expression identifies the generalised relationship between the effective (Bishop’s) stress, {σ′} and
the displacement vector, {u}, characterising the deformation of the concrete skeleton

{σ′} = [D]{{ε} − {εtherm}} =
1
2
[D]{[∇]{u} + [∇]T {u}} − α(T − T0){I} (106)

Written in terms of the total stresses (rather than the effective stresses) this becomes

{σ} =
1
2
[D]{[∇]{u} + [∇]T {u}} − α(T − T0){I} − (pg − pc){I} (107)

where [D] is the matrix equivalent of the fourth-order material stiffness tensor, α is the coefficient of thermal
expansion and {I} is the vector equivalent of the identity tensor. Note that the above has to be re-expressed
in a rate form if a plasticity-type tangent [D] matrix is used.

3.6.5 Boundary conditions

The following boundary conditions at t = 0 apply

pg|t=0 = pg
0

pc|t=0 = pg
c

T |t=0 = T g
0

{u}|t=0 = {u0}
(108)

Boundary states for t > 0 on ∂Ω, for the primary variables and the three sets of conservation equations
(mass, momentum and enthalpy balance for the different phases) are also specified, in the form of Dirichlet
conditions

pg(t) = p̂g(t)
pc(t) = p̂c(t)
T (t) = T̂ (t)

{u(t)} = {û(t)}
(109)

together with the boundary tractions

[]{σ(t)} = []{σ̂(t)} (110)

Alternatively, the following Neumann conditions may apply
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{
ρg MaMw

M2
g

[Dgw
g ]{∇}(p

gw

pg
) + rhoa k.krg

µg
{−{∇}pg + ρg{g}}

}T

{n} = qga (111)

{
ρgw k.krg

µg {−{∇}pg + ρg{g}} − ρg MaMw
M2

g
[Dgw

g ]{∇}(pgw

pg )+

ρw k.krg

µw {−{∇}pg + {∇}pc + ρw{g}}
}T {n} = qw + qgw − βc(ρgw − ρgw∞ )

(112)

{
ρgw k.krg

µg {−{∇}pg + {∇}pc + ρw{g}}∆Hvap − χeff{∇}T
}T {n}

= qT + αc(T − T∞) + e.σ0((T )4 − (F∞)4)
(113)

where e is the surface emissivity, σ0 is the Stefan-Boltzmann constant, αc is the convective heat exchange
coefficient and βc is the convective mass exchange coefficient.

3.6.6 Constitutive parametric expressions

Total porosity is give by
n = n0 + An(T − T0) (114)

where T0 may be taken as room temperature (≈ 290 oK) and An and no depend on the concrete mix. The
following default values may be assumed for preliminary analyses in the absence of measured data

An = 0.000195 oK−1 (115)

no = 0.06 (116)

The liquid water saturation versus capillary pressure relationship is developed via a chain of empirical ex-
pressions

Sw = h−m (117)

with

m = 1.04 − T ′

22.34 + T ′ T ′ =
(

T − 263.15
T0 − 263.15

)2

(118)

h is the pore relative humidity and T is measured in Kelvin (T0 = 298.15 oK).

h =
p

ps
=

pgw

pgws
(119)

p is the pore water pressure (equivalent to the water vapour partial pressure, pgw) and ps = pgws is the
saturation vapour pressure.

pgw = pgws exp
(
− pcMw

ρwRT

)
(120)

Recall that pc is a primary variable. The water density change with respect to temperature is approximated
by the polynomial expression

ρw = a0 + a1TC + a2T
2
C + a3T

3
C + a4T

4
C + a5T

5
C (121)

where a0 = 1.0151×103, a1 = −0.7575, a2 = 0.0088, a3 = −94.53×10−6, a4 = 0.351×10−6 and a5 = −0.0043.
Beware that in (121), the temperature, TC , must be expressed in degrees Celsius (not Kelvin, as in all other
expressions).
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pgws = exp
(
c1T

−1 + c2 + c3T
1 + c4T

2 + c5T
3 + c6 log(T )

)
(122)

The polynomial (122) operates with temperature T in Kelvin. The coefficients are as follows: c1 = −5800.2206,
c2 = 1.3914993, c3 = −4.8640293, c4 = 4.1764768 × 10−5, c5 = 1.4452093 × 10−8 and c6 = 6.5459673.
It is evident that one may write

Sw = exp
(
− pcMw

ρwRTm

)
(123)

Differentiating (117), we obtain

∂Sw

∂pc
= − Mw

ρwRTm
exp

(
− pcMw

ρwRTm

)
(124)

so we may write
∂pgw

∂pc
= −Mwpgws

ρwRTm
exp

(
− pcMw

ρwRTm

)
(125)

Using (63) and recalling that the solid density is assumed to remain constant

ṁdehyd = Anρs ∂T

∂t
(126)

For thew saturation of adsorbed liquid water, it is assumed that

when Sw < SSSP Sb = Sw whereas when Sw ≥ SSSP Sb = SSSP (127)

In this formulation SSSP is set at 0.6.

3.6.7 Parameter values

The following relationships are used (C are expressed in J.kg−1.oK−1) for the specific heat

Cs = 900 +
2T

3
− T 2

3600
(128)

Cw = 4.184 × 103 (129)

Cg = Cga +
pga

pg
(Cgw − Cga) (130)

The following values of latent heat (of dehydration and evaporation) are given in J.kg−1

∆Hdehyd = 2.5 × 106 (131)

∆Hvap = (2.672 × 105)(T − 647.3)0.8 (132)

where 647.3oK is the critical temperature of water, above which there is no capillary action.
The intrinsic material permeability k (mass conductivity) is expressed as

k = k0.

(
pg

pg
0

)Ap

× 10AT (T−T0)+Ad (133)

where k0 is the value of intrinsic permeability (in m2) at temperature T0, estimated as

k0 = 3.21 × 10−18 for fc = 60MPa and k0 = 2.4 × 10−18 for fc = 30MPa (134)
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d in (134) identifies the mechanical damage variable (zero represents no damage).

pg
0 = 1.01325 T0 = 293.15oK Ad = 5.56 AT = 0.005 Ap = 0.368 (135)

krg is expressed as

krg = 1 − (
Sw

SSSP
)Ag for Sw < SSSP (136)

The parameter Ag takes a value in the range 1 to 3. Here we may set

Ag = 2 (137)

µg gives the viscosity (in Pa.s) of the binary gas, determined as a weighted average of µgw and µga

µg = µga +
pgw

pg
(µgw − µga) (138)

where
µga = (1.717 × 10−5) + (4.73 × 10−8)(T − T0) + (2.22 × 10−11)(T − T0)2 (139)

and
µgw = (8.85 × 10−6) + (3.53 × 10−8)(T − T0) (140)

Gravitational acceleration (acting in the global z direction) is taken as |{g}| = 9.8m.s−2.
The coefficient of diffusivity of the physically bound water (that is, the adsorbed liquid water) is approximated
as

Dbw
d = (1.57 × 10−11) × exp(−2.08

SwT

295SSSP
) (141)

Note that Dbw
d reduces by at least an order of magnitude as Sw increases from 0 to 0.5.

The heat radiation parameters are

e = 0.6 and σ0 = 5.67 × 10−8W.m−2.oK4 (142)

Note that 1 cal.g−1 ≡ 4186.8 J.kg−1.oK−1.

3.6.8 Strong form: Governing equations

Substituting the constitutive relations into the conservation equations, and introducing these into the balance
laws (mass conservation of dry air, then water species, momentum conservation and finally energy conserva-
tion), the following governing equations are obtained

∂(nSgρga)
∂t +

{
kkrg

µg (−{∇}pg + ρg{g}) + Dgw

ρga ρg{∇}(pgw

pg )
}T {∇}(nSgρ

ga)

+nSgρ
ga{∇}T

{
k.krg

µg (−{∇}pg + ρg{g}) + Dgw

ρga ρg{∇}(pgw

pg )
}

= 0
(143)

∂(nSwρw)
∂t +

{
k.krw

µw (−{∇}pw + ρw{g}) − Dbw
d ρw ∂Sb

∂pc {∇}pc
}T {∇}(nSwρw)

+nSwρw{∇}T
{

k.krw

µw (−{∇}pw + ρw{g}) − Dbw
d ρw ∂Sb

∂pc {∇}pc
}

+∂(nSgρgw)
∂t +

{
k.krg

µg (−{∇}pg + ρg{g}) − Dgw

ρgw ρg{∇}(pgw

pg )
}T {∇}(nSgρ

gw)

+nSgρ
gw{∇}T

{
k.krg

µg (−{∇}pg + ρg{g}) − Dgw

ρgw ρg{∇}(pgw

pg )
}

+ ∂((1−n)ρs)
∂t = 0

(144)

[∇]
{

1
2
[D]{[∇]{u} + [∇]T {u}} − α(T − T0){I} − (pg − pc){I}

}
= {0} (145)
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((1 − n)ρsCs + n(SwρwCw + Sgρ
gCg)) ∂T

∂t

+n
{
SwρwCw

{
k.krw

µw ({∇}pc − {∇}pg + ρw{g}) − Dbw
d ρw ∂Sb

∂pc {∇}pc
}

+Sgρ
gCg

{
k.krg

µg (−{∇}pg + ρg{g})
}}T {∇}T

−{∇}T χeff{∇}T + ∂((1−n)ρs)
∂t ∆Hdehydr − ∂(nSgρgw)

∂t ∆Hvap

−
{

k.krg

µg (−{∇}pg + ρg{g}) − Dgw

ρgw ρg{∇}
(

pgw

pg

)}T {∇}(nSgρ
gw)∆Hvap

−nSgρ
gw{∇}T

{
k.krg

µg {−{∇}pg + ρg{g}} − Dgw

ρgw ρg{∇}(pgw

pg )
}

∆Hvap = 0

(146)

Note that the differential operator, ∇, is expressed in both matrix and vector forms in the above equations.

3.6.9 Finite Element formulation

An integral Galerkin Weighted Residual (GWR) approximation is applied to the strong form partial differential
equations. The subscripts g, c, u and T associated with the weight functions refer to the gas and (capillary)
water pressures, the displacements of the solid skeleton and the temperature respectively.
The Galerkin weighted residual expression for dry air mass conservation reads as∫

Ω wg

(
∂(nSgρga)

∂t +
{

kkrg

µg (−{∇}pg + ρg{g}) + Dgw

ρga ρg{∇}(pgw

pg )
}T {∇}(nSgρ

ga)

+nSgρ
ga{∇}T

{
k.krg

µg (−{∇}pg + ρg{g}) + Dgw

ρga ρg{∇}(pgw

pg )
})

dΩ = 0
(147)

The Galerkin weighted residual expression for water mass conservation reads as∫
Ω wc

(
∂(nSwρw)

∂t +
{

k.krw

µw (−{∇}pw + ρw{g}) − Dbw
d ρw ∂Sb

∂pc {∇}pc
}T {∇}(nSwρw)

+nSwρw{∇}T
{

k.krw

µw (−{∇}pw + ρw{g}) − Dbw
d ρw ∂Sb

∂pc {∇}pc
}

+∂(nSgρgw)
∂t +

{
k.krg

µg (−{∇}pg + ρg{g}) − Dgw

ρgw ρg{∇}(pgw

pg )
}T {∇}(nSgρ

gw)

+nSgρ
gw{∇}T

{
k.krg

µg (−{∇}pg + ρg{g}) − Dgw

ρgw ρg{∇}(pgw

pg )
}

+ ∂((1−n)ρs)
∂t

)
dΩ = 0

(148)

The Galerkin weighted residual expression for momentum conservation read as∫
Ω
{wu}T [∇]

{
1
2
[D]{[∇]{u} + [∇]T {u}} − α(T − T0){I} − (pg − pc){I}

}
dΩ = 0 (149)

The Galerkin weighted residual expression for energy conservation reads as∫
Ω wT

(
((1 − n)ρsCs + n(SwρwCw + Sgρ

gCg)) ∂T
∂t

+n
{
SwρwCw

{
k.krw

µw ({∇}pc − {∇}pg + ρw{g}) − Dbw
d ρw ∂Sb

∂pc {∇}pc
}

+Sgρ
gCg

{
k.krg

µg (−{∇}pg + ρg{g})
}}T {∇}T

−{∇}T χeff{∇}T + ∂((1−n)ρs)
∂t ∆Hdehydr − ∂(nSgρgw)

∂t ∆Hvap

−
{

k.krg

µg (−{∇}pg + ρg{g}) − Dgw

ρgw ρg{∇}
(

pgw

pg

)}T {∇}(nSgρ
gw)∆Hvap

−nSgρ
gw{∇}T

{
k.krg

µg {−{∇}pg + ρg{g}} − Dgw

ρgw ρg{∇}(pgw

pg )
}

∆Hvap

)
dΩ = 0

(150)

Employing Gauss-Green’s theorem, the corresponding weak form (WF) equations of the weighted integral
statements emerge.
The Weak Form expression for dry air mass conservation∫

Ω wg
∂(nSgρga)

∂t dΩ +
∫
∂Ω wgnSgq

gadA−∫
Ω{∇}T wg(nSgρ

ga)
{

k.krg

µg {−{∇}pg + ρg{g}} + Dgw

ρga ρg{∇}(pgw

pg )
}

dΩ = 0
(151)
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where

qga =
{

kkrg

µg
{−{∇}pg + ρg{g}} +

Dgw

ρga
ρg{∇}(p

gw

pg
)
}T

{n} (152)

where the vector {n} is the outward surface normal to the boundary.
The Weak Form expression for water mass conservation∫

Ω wc

(
∂(nSwρw)

∂t + ∂(nSgρgw)
∂t + ∂((1−n)ρs)

∂t

)
dΩ

− ∫
Ω{∇}T wc (nSwρw) [∇]

{
k.krw

µw (−{∇}pw + ρw{g}) − Dbw
d ρw ∂Sb

∂pc

}
dΩ

− ∫
Ω{∇}T wc (nSgρ

gw) [∇]
{

k.krg

µg (−{∇}pg + ρg{g}) − Dgw

ρgw ρg{∇}(pgw

pg )
}

dΩ
+

∫
∂Ω wcnSwqwdA +

∫
∂Ω wcnSgq

gwdA = 0

(153)

where
qw =

{
k.krw

µw (−{∇}pw + ρw{g}) − Dbw
d ρw ∂Sb

∂pc

}T {n}
qgw =

{
k.krg

µg (−{∇}pg + ρg{g}) − Dgw

ρgw ρg{∇}(pgw

pg )
}T {n}

(154)

The Weak Form expression for momentum conservation

−
∫

Ω
[∇]{wu}T

{
[D]

1
2
([∇]{u} + [∇]T {u}) − α(T − T0){I} − (pg − Swpc){I}

}
dΩ +

∫
∂Ω

{wu}T {fu}dA (155)

where

{fu} = [n]
{

[D]
1
2
([∇]{u} + [∇]T {u}) − α(T − T0){I} − (pg − Swpc){I}

}
(156)

is the boundary traction vector and [n] is the surface normal matrix that operates on the appropriate stress
components.
The Weak Form expression for energy conservation∫

Ω wT

(
((1 − n)ρsCs + n(SwρwCw + Sgρ

gCg)) ∂T
∂t +

nSwρwCw
{

k.krw

µw ({∇}pc − {∇}pg + ρw{g}) − Dbw
d ρw ∂Sb

∂pc {∇}pc
}T {∇}T+

nSgρ
gCg

{
k.krg

µg (−{∇}pg + ρg{g})
}T {∇}T + ∂((1−n)ρs)

∂t ∆Hdehyd − ∂(nSgρgw)
∂t ∆Hvap

)
dΩ−∫

∂Ω wT qThdA − ∫
∂Ω wT nSgq

gw∆HvapdA +
∫
Ω

({∇}T wT χeff{∇}T+
{∇}T wT

{
k.krg

µg (−{∇}pg + ρg{g}) − Dgw

ρgw ρg{∇}(pgw

pg )
}

(nSgρ
gw)∆Hvap

)
dΩ = 0

(157)

where

qTh = χeff{∇}T T{n} (158)

Equations (151), (153) and (157) may be re-expressed in the simpler forms. First considering (151)

∫
Ω wg

(
cgg

∂pg

∂t + cgc
∂pc

∂t + cgT
∂T
∂t

)
dΩ +

∫
∂Ω wgnSgq

gadA−∫
Ω{∇}T wg {kgg{∇}pg + kgc{∇}pc + kgT {∇}T + {fg1}} dΩ = 0

(159)

where
cgg = nSg

Ma

TR (160)

cgc = nρgaSw

(
Ma

ρwTRm

)
+ nSg

Ma

TRpgw Mw

ρwTR (161)
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cgT = ρgaSgAn − nρgaSw

(
pcMw

ρwRmT 2 + ( pcMw

TRm(ρw)2
)∂ρw

∂T + ( pcMw

ρwTRm2 )∂m
∂T

)
−nSg

Ma
TRpgw

(
pcMw

ρwRT 2 + ( pcMw

TR(ρw)2
)∂ρw

∂T

)
−nSg

Ma
TRpgw(−c1/T 2 + c3 + 2c4T + 3c5T

2 + c6/T ) − nSg
(pg−pgw)Ma

RT 2

(162)

∂m

∂T
= − 44.68

(22.34 + T−263.15
T0−263.15)2

(
T − 263.15
T0 − 263.15

)
(163)

∂ρw

∂T
= a1 + 2a2TC + 3a3T

2
C + 4a4T

3
C + 5a5T

4
C (164)

kgg = −nSgρ
ga k.krg

µg
− pgw nSgD

gaTR
pgMg

(165)

kgc = −nSgp
gw DgaMw

ρwMg
(166)

kgT = nSgp
gw pcDgaMw

ρwMg

(
1
T

+
1
ρw

∂ρw

∂T

)
(167)

{fg1} = nSgρ
ga k.krg

µg
ρg{g} (168)

Now considering (153)

∫
Ω wc

(
ccg

∂pg

∂t + ccc
∂pc

∂t + ccT
∂T
∂t

)
dΩ +

∫
∂Ω wcnSgq

gwdA +
∫
∂Ω wcnSwqwdA+∫

Ω{∇}T wc {kcg{∇}pg + kcc{∇}pc + kcT {∇}T + {fc1}} dΩ = 0
(169)

where
ccg = 0 (170)

ccc = −n(ρw − ρgw)Sw

(
Mw

ρwRTm

)
− nSg

Mw

RT
pgw

(
Mw

ρwRT

)
(171)

ccT = (Sgρ
gw + Swρw − ρs)An+

(ρw − ρgw)Sw

(
pcMw

ρwRmT 2 ( pcMw

TRm(ρw)2
)∂ρw

∂T + ( pcMw

ρwTRm2 ) + ∂m
∂T

)
+

nSw
∂ρw

∂T + pgw
(
( pcMw

ρwRT 2 ) + ( pcMw

TR(ρw)2
)∂ρw

∂T

)
+

nSg
Mw
TRpgw(−c1/T 2 + c3 + 2c4T + 3c5T

2 + c6/T ) − nSg
pgwMa

RT 2

(172)

kcg = −n(ρgwSg)
Dga

pg
+ nρwSw

k.krw

µw
+ nρgwSg

k.krg

µg
(173)

kcc = −n(ρwSw)Dba
d

∂Sb

∂pc
− nSwρw k.krw

µw
+ nSg

Dga

TR
∂pgw

∂pc
(174)

kcT = nSg
Dga

TR
∂pgw

∂T
(175)

∂pgw

∂T
= pgw

(
(

pcMw

ρwRT 2
) + (

pcMw

TR(ρw)2
)
∂ρw

∂T

)
(176)
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{fc1} = −n

(
ρwSw

k.krw

µw
ρw + ρgwSg

k.krg

µg
ρg

)
{g} (177)

Finally considering (157) ∫
Ω wT

(
cTg

∂pg

∂t + cTc
∂pc

∂t + cTT
∂T
∂t

)
dΩ+∫

Ω wT {kTT1}T {∇}TdΩ − ∫
∂Ω wT qThdA − ∫

∂Ω wT nSgq
gwdA∫

Ω{∇}T wT {kTg{∇}pg + kTc{∇}pc + kTT2{∇}T + {fT1}} dΩ = 0
(178)

where
cTg = 0 (179)

cTc = −nρgw∆HvapSw(
Mw

ρwTRm
) + nρgw∆HvapSg(

Mw

ρwTR) (180)

cTT = (1 − n)ρsCs + n(SwρwCw + Sgρ
gCg) − Anρs∆Hdehyd − AnSgρ

gw∆Hvap+
nρgw∆HvapSw

(
pcMw

ρwRmT 2 + ( pcMw

TRm(ρw)2
)∂ρw

∂T + ( pcMw

ρwTRm2 )∂m
∂T

)
+

nρgw∆HvapSg

(
1
T − pcMw

ρwRT 2 − (pcMw

TR ) 1
(ρw)2

∂ρw

∂T

)
nρgw∆HvapSg(−c1/T 2 + c3 + 2c4T + 3c5T

2 + c6/T )

(181)

{kTT1} = k.krgnρgSgCg

µg {−{∇}pg + ρg{g}}+

nρwSwCw
{

k.krw

µw ({∇}pc − {∇}pg + ρg{g}) − Dbw
d

∂Sb
∂pc {∇}pc

} (182)

∂Sb

∂pc
=

−SwMw

ρwRTm
when Sw ≤ SSSP otherwise

∂Sb

∂pc
= 0 (183)

kTg = −nSgρ
gw∆Hvap

k.krg

µg
+ nSgρ

gw∆Hvap
Dga

ρgw
ρgpgw 1

(pg)2
(184)

kTc = −nSgρ
gw∆Hvap

Dga

ρgw
ρg 1

pg

∂pgw

∂T
(185)

∂pgw

∂pc
= −pgw Mw

ρwRT
(186)

{fT1} = nSgρ
gw∆Hvap

k.krg

µg
ρg{g} (187)

3.6.10 Spatial discretization: use of basis functions

We assume the following approximations to the field variables (overbars on the primary variables indicates
the nodal values)

pg = {Ng}T {p̄g} pc = {Nc}T {p̄c} T = {NT }T {T̄} {u} = [Nu]{ū} (188)

where
{Ng} = {Nc} = {NT } = {N} (189)

{N} indicates the nodal basis function vector for pressure and temperature. The basis function for displace-
ments is in matrix form, [Nu]. The weight functions are described in terms of these basis functions and an
arbitrary vector {c}. Thus

wg = wc = wT = {N}{c} and {wu} = [Nu]{c} (190)
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Substituting these into the simplified balance equations gives for dry air mass conservation∫
Ω{N}

(
cgg{N}T { ˙̄pg} + cgc{N}T { ˙̄pc} + cgT {N}T { ˙̄T}

)
dΩ +

∫
∂Ω{N}nSgq

gadA−∫
Ω{∇}{N}T

{
kgg{∇}{N}T {p̄g} + kgc{∇}{N}T {p̄c} + kgT {∇}{N}T {T̄} + {fg1}

}
dΩ = {0}

(191)

For water mass conservation we have∫
Ω{N}

(
ccg{N}T { ˙̄pg} + ccc{N}T { ˙̄pc} + ccT {N}T { ˙̄T}

)
dΩ+∫

∂Ω{N}nSgq
gwdA +

∫
∂Ω{N}nSwqwdA+∫

Ω{∇}{N}T
(
kcg{∇}{N}T {p̄g} + kcc{∇}{N}T {p̄c} + kcT {∇}{N}T {T̄} + {fc1}

)
dΩ = {0}

(192)

For momentum conservation we have∫
Ω
[∇][Nu]T

{
[D]

1
2

[
[∇] + [∇]T

] {ū} − α(T − T0){I} − (pg − Swpc){I}
}

dΩ −
∫

∂Ω
[Nu]{fu}dA = {0} (193)

Finally, for energy conservation we have∫
Ω{N}

(
cTg{N}T { ˙̄pg} + cTc{N}T { ˙̄pc} + cTT {N}T { ˙̄T}

)
dΩ+∫

Ω{N}{kTT1}T {∇}{N}T {T̄}dΩ − ∫
∂Ω{N}qThdA − ∫

∂Ω{N}nSgq
gwdA+∫

Ω{∇}{N}T
(
kTg{∇}{N}T {p̄g} + kTc{∇}{N}T {p̄c}+

kTT2{∇}{N}T {T̄} + {fT1}
)
dΩ = {0}

(194)

The completes the multi-phase theoretical framework. Other details are described in the SIFEL FE manual
attached as an appendix to this report.

3.7 Parallel FE Code SIFEL

As noted above, SIFEL is a 3D NLFE research code for thermo-mechanical, multiphase transport and cou-
pled thermo-mechanical-multiphase transport analyses. It was developed at CTU Prague as a part of the
MÆCENAS project [39]. This software embraces the object oriented programming approach; being written
in C++. SIFEL uses standard message passing interface (MPI) instructions and domain decomposition meth-
ods to enable it to run in parallel on different multi-processor computing platforms (including low-cost but
efficient, PC-based, Beowulf clusters).
The mechanical part of the code, MEFEL, incorporates the usual family of 1, 2 and 3D finite elements. Material
models include: anisotropic elasticity, J2, Mohr-Coulomb, Drucker-Prager and Boer elasto-plasticity, scalar
damage, viscosity and the Bažant B3 creep formulation which can be combined with the above elastic and
inelastic models.
The transport part of the code, TRFEL, is equipped with partner 1, 2 and 3D elements. The material
models for transport analysis (heat and moisture advection and diffusion) include the Bažant formulation
(one unknown per node), Kunzel and Pedersen (two unknowns per node) and the Glasgow MÆCENAS and
Padova models (three unknowns per node). Coupling between the two phenomena (mechanical deformation
and transport) is achieved through the METR code. The linearised system of equations is solved either by an
iterative Krylov technique, or a direct method based on Gaussian elimination.
The set of integral FE conservation equations (191), (192), (193) and (194) can be coupled in the following
matrix form

[C]{ẋ} + [K]{x} = {f} (195)

where

[C] =




[Cgg] [Cgc] [CgT ] [0]
[0] [Ccc] [CcT ] [0]
[0] [CTc] [CTT ] [0]
[0] [0] [0] [0]


 (196)
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and

[K] =




[Kgg] [Kgc] [KgT ] [0]
[Kcg] [Kcc] [KcT ] [0]
[KTg] [KTc] [KTT ] [0]
[Kug] [Kuc] [KuT ] [Kuu]


 (197)

where the vector of nodal primary variables is given by

{x} =
{ {p̄g} {p̄c} {T̄} {ū} }T (198)

and
{f} =

{ {fg} {fc} {fT } {fu}
}T (199)

The sub-matrices are given by

[Cgg] =
∫

Ω
{N}T cgg{N}dΩ (200)

[Cgc] =
∫

Ω
{N}T cgc{N}dΩ (201)

[CgT ] =
∫

Ω
{N}T cgT {N}dΩ (202)

[Ccg] =
∫

Ω
{N}T cgc{N}dΩ (203)

[Ccc] =
∫

Ω
{N}T ccc{N}dΩ (204)

[CcT ] =
∫

Ω
{N}T ccT {N}dΩ (205)

[CTc] =
∫

Ω
{N}T cTc{N}dΩ (206)

[CTT ] =
∫

Ω
{N}T cTT {N}dΩ (207)

[Kgg] = −
∫

Ω
{∇}{N}T kgg{∇}{N}T dΩ (208)

[Kgc] = −
∫

Ω
{∇}{N}T kgc{∇}{N}T dΩ (209)

[KgT ] = −
∫

Ω
{∇}{N}T kgT {∇}{N}T dΩ (210)

[Kcg] =
∫

Ω
{∇}{N}T kcg{∇}{N}T dΩ (211)

[Kcc] =
∫

Ω
{∇}{N}T kcc{∇}{N}T dΩ (212)

[KcT ] =
∫

Ω
{∇}{N}T kcT {∇}{N}T dΩ (213)

[KTg] =
∫

Ω
{∇}{N}T kTg{∇}{N}T dΩ (214)

[KTc] =
∫

Ω
{∇}{N}T kTc{∇}{N}T dΩ (215)
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[KTT ] =
∫

Ω
{N}{kTT1}T {∇}{N}T dΩ +

∫
Ω
{∇}{N}T kTT2{∇}{N}T dΩ (216)

[Kug] = −
∫

Ω
[∇][Nu]T {N}{I}T dΩ (217)

[Kuc] =
∫

Ω
[∇][Nu]T Sw{N}{I}T dΩ (218)

[Kuu] =
∫

Ω
[∇][Nu]T [D]

1
2

[
[∇] + [∇]T

]
[Nu]dΩ (219)

[KuT ] =
∫

Ω
[∇][Nu]T [D]{I}α{N}T dΩ (220)

{fg1} =
∫

Ω
{∇}{N}T {fg1}dΩ (221)

{fg2} = −
∫

Ω
[∇]{N}nSgq

gadA (222)

{fc} = −
∫

Ω
{∇}{N}T {fc1}dΩ −

∫
∂Ω

[∇]{N}nSwqwdA −
∫

Ω
[∇]{N}nSgq

gwdA (223)

{fT } = −
∫

Ω
{∇}{N}T {fT1}dΩ +

∫
∂Ω

{N}qThdA +
∫

∂Ω
{N}nSgq

gw∆HvapdA (224)

{fu} =
∫

Ω
[∇][Nu]T αT0[D]{I}dΩ +

∫
∂Ω

[Nu]T {fu}dA (225)

A finite-difference time-stepping scheme, in conjunction with a Newton-Raphson solver, is used to approximate
the rate terms such that the coupled system of equations can be represented in the classic form [A]{x} = {b}.
All the expressions in this report represent work in progress. The derivation shown above requires further
checking but it is believed to be substantially complete. This represents a major achievement.
The programming effort required by the team in Prague was very significant, with SIFEL totalling nearly a
quarter of a million lines of c++ by the end of the project (see Table 9). Numerous benchmark problems had
been successfully tackled to verify the code prior to undertaking the coupled analysis.

GEFEL 24,458
MEFEL 93,186
TRFEL 72,141
METR 20,557
PARGEF 24,954
PARMEF 2,486
PARTRF 963
PARMETR 1,238
SIFEL 239,983

Table 9: Number of lines of c++ code in the SIFEL suite.

3.8 Reliabiity Framework

Work on developing a reliability approach to assessing the effects of ageing on concrete NPP structures was
an important but relatively small part of the MÆCENAS project. Without first identifying an appropriate
deterministic strategy, any simplified reliability approaches would be almost valueless. Because of the com-
plexity of the coupled, multi-phase approach required when considering the behaviour of nuclear reactor and
containment vessels, no real experience had been gathered on what the dominant mechanisms are. Thus
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it was not possible to simplify the problem without first undertaking parametric analyses. The non-linear
coupled processes do not lend themselves to simple single-line equations of state which could be introduced
into Monte Carlo-type models. Instead, a method of operating with a reduced set of generating data (tens of
results, rather than tens of thousands) was needed.
The solution devised by academics in Rome University involved the use of Latin Hypercube Sampling (LHS)
together with Simulated Annealing (SA). LHS is a type of Monte Carlo simulation, which uses the stratification
of the cumulative probability distribution function (CDF) of each input variable. In generating random
samples of the input variables, LHS has a number of advantages, including: (i) it can be used with any
PDF, (ii) it does not affect the statistical parameters of the input variables, (iii) the regularity of probability
intervals ensures that the multi-dimensional space of random variables can be covered even by a limited
number of sampling points and (iv) it can be simple, effective and robust.
The range of the known CDF FXk(Xk) of each component Xk of X is partitioned into N intervals Ik,n, k =
1, 2 . . . K; n = 1, 2 . . . N . The probability pk,n of each interval is defined as

pk,n = P (Xn ∃ Ik,n) where Σnpk,n = 1 (226)

In the case of intervals of equal probability then pk,n = 1/N .
Each interval is substituted by a value that can be any within the interval, but preferably corresponding to
the centroid of the relevant area of the PDF. A Latin Hypercube Sample is thus obtained as follows.

i the range of each input variable is partitioned into N intervals, and one observation on the input variable
is made in each interval. Thus by stratified sampling, N observations on each of the K input variables
are obtained

ii one of the observations on X1 is randomly selected (each observation is equally likely to be selected),
and matched with a randomly selected observation on X2, and so on through XK . These collectively
constitute X1.

iii one of the remaining observations on X1 is then matched at random with one of the remaining obser-
vations on X2, and so on, to get X2. A similar procedure is followed for X3, . . . XN , which exhausts all
the observations and results in a Latin Hypercube Sample.

In deriving random samples, an undesired correlation may be unwillingly introduced between the random
variables. On the other hand, in some cases, a prescribed statistical correlation between each pair of random
variables, as defined by an user- defined correlation matrix, should be introduced.
SA is a stochastic optimization technique that can be used to solve this problem; that is, to adjust random
samples in such a way that the resulting correlation matrix is as close as possible to a target matrix. The
method makes use of the matrix that collects the rank numbers of the intervals that identify the simulations
generated by LHS.
To follow process, the following elements must be provided.

i a set of possible system configurations (corresponding to the succession of options)

ii a generator of random changes of the system configuration

iii an objective (or cost) function (E), whose minimization is the goal of the procedure

iv a control parameter (T ) and an annealing schedule which tells how it is lowered from high to low values

The problem of imposing a prescribed correlation matrix into a sampling scheme can thus be formulated as
an optimization problem. The difference between the prescribed S� and the generated S correlation matrices
should be as small as possible. In this minimization problem, the target user-defined correlation matrix S� is
assumed to correspond to the state of minimum energy in the analogy with physical annealing.
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In order to fit S� by SA, the rank matrix has to be modified, thus modifying the Latin Hypercube Sample.
A generation mechanism must be implemented, and a cost function must be defined and evaluated in the
configuration space (the set of N × K matrices). The generation mechanism is the rule that governs the
transition from one configuration (described by a rank matrix) to another one.
In the developed procedure, the generation mechanism is the random permutation of the elements of each
column of the original rank matrix. Statistical correlation among the columns of the matrix is described by
the rank correlation matrix S, whose elements Si,j , i, j = 1, 2 . . . K, are the Spearmans coefficients among
columns i and j of S. The cost function assigns a real number to each configuration. The optimization
procedure is thus aimed at finding the minimum of this cost function.
If S� represents the target correlation matrix and S the correlation matrix corresponding to the rank matrix
originated by the generation mechanism, alternative definitions of the cost function are possible.
In the implemented procedure, the assumed cost function is

E =
√

trace[S − S�][S − S�]T (227)

The iterative simulation procedure is based on the following steps.

I the generation mechanism, that is, the random permutation of the elements of each column of the
original rank matrix, is applied, and the rank matrix corresponding to the new configuration is obtained

II the difference ∆E = EjEi is evaluated, where Ei and Ej indicate the values of the cost function for the
original rank matrix and for the generated rank matrix, then

i if ∆E < 0, the new configuration is accepted with probability p = 1 (as the corresponding corre-
lation matrix can be considered as being nearer to the target correlation matrix than the original
one). The generation mechanism is thus applied to the new configuration and the procedure is
iterated. If for a pre-defined number of times ∆E < 0, then the final configuration is assumed as
the final rank matrix for the simulation.

ii if ∆E = 0, then the new configuration is not discarded, but is attributed the probability p =
exp(−∆E/T ), where T is the control parameter. The problem of assuming a starting value for T
is usually solved by trial and error.

iii for the fixed value of T , the sequence of steps is (a) generation, (b) evaluation of the cost function
and (c) application of the Metropolis criterion iterated several times. If a given number of new
configurations is accepted (each of them with a probability following Boltzmanns distribution) the
final accepted configuration can be assumed to correspond to an equilibrium state, for that value
of T .

iv if a lower value of T is assumed, all previous steps are repeated, starting from the final rank matrix.
When lowering T a reduction coefficient of 0.95 could be chosen.

This strategy was applied to an axisymmetric line-analysis (using the Padova code) of the mid-wall of the
nuclear reactor vessel analysed in the next section. By treating a single row of axisymmetric elements, multiple
damage simulations could be performed within a reasonable timescale to generate the statistics needed for the
reliability analysis. While this approach provides a valuable framework for future work, the computational
burden associated with detailed 2 or 3D nonlinear multi-phase FEA necessitate significant computing power
in order to arrive at meaningful results. Arguably, it is only by undertaking 3D analyses (incorporating
no-symmetric features, such as local penetrations) that the structural integrity of the geometrically complex
reactor vessels can be properly assessed. As low-cost multiprocessor systems become more widespread, this
technique (combining advanced FEA with LHS-SA) will be increasingly useful and necessary. As engineering
understanding and experience grows, so certain complexities that play little role in the behaviour may be
omitted. We have not yet reached that position.
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3.9 Illustration of MÆCENAS Ageing Analysis

UK advanced gas-cooled nuclear reactors make use of thick pre-stressed concrete pressure vessels. Such a
structure was chosen for ageing analysis in the MÆCENAS project. The walls of these cylindrical vessels are
internally lined with a steel membrane that forms the primary barrier against the escape of CO2 circulating
the inner chambers at gas pressures of over 4MPa and temperatures of over 700oC. The concrete is kept
at a temperature of ≈ 65oC by means of a series of closely-spaced pipes embedded near the inner surface,
continuously circulating cooling water. During a normal operational life, the plant will have experienced
planned shut-downs and un-planned trips, where the gas pressure and temperature reduced and was then
restored (over a period of either minutes, hours or days) to bring the plant back to power. It is these cycles
of temperature change and pressurisation that are of interest to the structural engineer. The key question is:
do these events alter the material properties and performance of the vessel in an adverse way?.

3.9.1 Quantification of structural ageing

In order to attempt to quantify the effects of structural ageing, it was decided in the MÆCENAS project to
undertake a series of SIFEL Finite Element simulations of the vessel whereby the past pressure/temperature
history was reproduced (including hold periods under high load to capture creep effects). At various pre-
defined stages in the simulation, all data characterising the condition of the material (nodal displacements,
damage state, capillary pressure and vapour content) were stored such that subsequent over-pressurisation
simulations could be performed to seek (by comparison) any changes in the structural response as a conse-
quence of the history. The over-pressurisation analyses represented hypothetical proof-load tests, where the
maximum sustainable CO2 gas pressure (at ambient temperature) was sought. This threshold was taken to
be the level at which force equilibrium could no longer be satisfied to within an out-of-balance force tolerance
of 10−3F̂ (where F is the total applied load).
An idealised representation of a 30-year life of the vessel was followed using the coupled thermo-hygro-
mechanical analysis capability of SIFEL. The sequence included (i) the initial pre-stressing phase, (i) a
simulated proof-load test performed in the vessel prior to heat-up, (iii) first heat-up, (iv) operational conditions
(where the creep response was mimicked) and (v) several shut-downs.
A preliminary step-by-step over-pressurisation (using an iterative Newton-Raphson scheme) was performed
when the vessel was in its idealised, newly-constructed, state. This corresponded to the condition immediately
following pre-stressing, prior to first heat-up. Then the re-start files from the main coupled analysis (the
condition simulation) were used as the starting point for other over-pressurisation trials.

3.9.2 The structure: Mesh, loads and boundary conditions

The specific vessel examined was a representative structure chosen by the industrial partners with the
MÆCENAS project. The 35.6m high, 29m diameter upright cylindrical, pre-stressed concrete vessel had
5m thick walls and numerous perforations. Although a detailed 3D MÆCENAS mesh (with all wall perfora-
tions included) was created for future analyses, an axisymmetric mesh [40] with 5536 isoparametric elements
and 17021 nodes was used, Figure 41. 8-noded quadratic quadrilateral elements were used for deformation
interpolation, whereas the four corner nodes alone were selected for the linear quadrilateral elements in the
transport part of the coupled analysis.
Pre-stressing was achieved in the structure through a series of over 9000 un-bonded tendons wound helically
round the wall. Each tendon sweeps a horizontal angle of just over π radians. The tendons deliver (i) an axial
compression, (ii) a circumferential compression and (iii) a (smaller) radial compression in the wall. In the
FE model these forces were represented by equivalent nodal loads acting on the top and the bottom of the
structure (T and B in Figure 41), and further radial and vertical nodal forces acting on the wall elements.
The uniform internal gas pressure was also represented by nodal forces acting on the inside surface the vessel
as shown in Figure 41. The entire cylindrical vessel was supported on a neoprene layer (S in Figure 41); the
compliance of which was modelled by a series of vertical springs (of differing stiffnesses).
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Figure 41: Axisymmetric SIFEL mesh of PCRV with inset showing nodal force representation of pre-stressing
loads acting within the wall of the vessel.

Temperatures, gas pressures and vapour content are defined on the internal nodes (I in Figure 41) as Dirichlet
boundary conditions. The boundary value of the vapour content was fixed at 0 and the initial pore pressure
set at 0.1MPa. External and internal temperatures followed averaged values obtained from previous thermal
analyses and thermocouple records from the vessel.
The variations in the internal pressure, pre-stressing tendon loads and inner surface temperatures, over 33
years of operation are shown in Figure 42. The temperature factor multiplies the inner-surface temperature
range (which is different for each node); this product being added to a background temperature of 15oC.
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Figure 42: Reactor vessel operating conditions: histories of internal temperature, CO2 gas pressure and
prestressing load variations.

The initial part of Figure 42 represents the construction stage which is simulated by applying gravitational
self-weight. Pre-stressing started at day 1260; with the full pre-stressing load (the lock-off load of 1900kN)
achieved on day 1460. This force corresponds to a pre-stress load factor lambdaps of 1.183. The tendon loads
are assumed to decay with time to λps = 1.027 after 33.57 years. This relaxation history was determined from
both laboratory creep data and site measurements. After day 1223, the vessel was given an internal pressure
test up to 4.89MPa; the proof pressure. This magnitude represented an increase of some 22.5% above the
normal internal working pressure of 3.96MPa. The proof test was carried out over three days, throughout
which time radial deformations of the wall and vertical deformations of the top cap were recorded on site.
Reactor start-up occurred on the 2520th day. The full operating pressure of 3.96MPa was reached after 4
days, whereas the steady-state operating temperature, which varied between 37.2oC and 85.4oC inside the
vessel, was only attained after 2620 days. This start-up sequence was followed by (i) 674 days of steady state
(at operational pressure and temperature), (ii) an outage (where pressure reduced to zero and temperatures
dropped to ambient) and (iii) a further 4100-day period at operational pressures and temperatures.
Note that the parallel SIFEL runs presented here were performed on the Sheffield 8-processor Beowulf cluster
(4× 2GHz dual Athlons, with a total of 8Mb RAM). Access to larger multi-processor systems (in particular,
with larger memory capacity) would enable valuable parametric analyses to be performed.

3.9.3 Findings from the ageing analysis

Note that prior to the coupled analyses, comparisons were made between the recorded displacements under
the proof load test and FE predictions for this isothermal (ambient) state. The SIFEL results showed a
satisfactory agreement with measured values (and earlier analyses performed by British Energy engineers).
Figure 43 shows the variations in vapour content, gas pore pressure and temperature within the concrete
3200 days after construction started (see Figure 42). At this stage in the life of the structure it has been
operational for more than 2 years. The maximum temperature (in the centre of the top-cap on the inside) is
of the order of 85oC. The prediction gives a pore pressure of approximately 0.2MPa and a vapour content of
almost 0.3 in this region. This increase in water vapour is a consequence of the heating driving the moisture
out of the concrete gel pores into the capillary pores. The top cap has many penetrations (for the fuel and
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Figure 43: Operational moisture and temperature distributions in a nuclear reactor vessel at an age of 8 years.

control rods) which cannot be modelled in this axisymmetric analysis. Although the temperature is greatest
in this region, the strains are not so high. It is the corner areas and mid-section of the cylindrical wall that
pose a greater threat to the structural integrity.
Figure 44 shows three sets of distributions (radial and vertical displacements and the scalar damage measure)
at three different stages in the analysis. The upper row of figures corresponds to the maximum pressure
sustained in an over-pressurisation simulation for the vessel in its virgin, newly constructed, state (that is,
without having undergone a heat-up, cool-down cycle, sustained creep and tendon relaxation). The radial
displacement at a predicted peak pressure of 13.6MPa was 6mm. Damage initiates at the mid-wall outer
surface and locally at the top and bottom corners, suggesting a hinge-like collapse mechanism as the vessel
begins to break-up. The damage measure could be thought of an indicator of loss of cohesion: a value of 0
represents an intact, undamaged state, where as 1 signifies a complete loss of strength. It is important to
note that the Glasgow [41] (based on a modified Tenchev [42] formulation including capillary pressure and
the diffusion of physically bound adsorbed water, which is not quite the same as the Padova [43] approach)
transport model and Bažant’s B3 creep model were used in the hygro-thermal analysis, and Mazars isotropic
damage model used in the over-pressurisation simulation. At the time that these runs were made, the more
advanced plasticity model (coupled with the Thelandersson-type transient thermal creep model) had not been
fully coded or incorporated into SIFEL.
The middle and lower rows in Figure 44 show similar plots for the vessel following the operational cycle of heat-
up and sustained creep (at 3200 days). Comparing the plots in the upper and middle rows (where the internal
CO2 pressure is the same), the maximum radial displacement at wall mid-height is nearly three times smaller
for the aged vessel (2.3mm versus 6.4mm). Consequently, the damage in both the wall and the wall-top-cap
junction is smaller in the structure that has undergone several thermal-pressurisation cycles. At first this
might seem counter-intuitive (the aged vessel appears more able to withstand the load) but it can be explained
by the relationship between the pre-stressing forces, the internal pressure and the creep strains acting in the
vessel. The pre-stressing forces in the tendons were chosen to optimally match the conditions under the design
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Figure 44: Deformation and damage states in the reactor vessel in its newly constructed state (upper) and
after experiencing operational conditions (middle and lower).

working internal pressure of 3.96MPa, such that the inner-surface, mid-height, radial displacements would
be almost zero under operational conditions. However, taking into account of tendon relaxation, the initial
pre-stressing loads were calculated such that their long-term state would meet this condition of matching
the operational pressure. After 3200 days, the pre-stressing forces are approximately 10% higher than the
long-term relaxed value (Figure 42), resulting in inward bending of the wall at mid height. A consequence
of this is that the creep strains are also inward, creating greater compression on the external surface of the
wall at the start of over-pressurisation. This state of deformation influences the subsequent damage pattern,
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leading to lower damage in the wall and in the region where the wall meets the top cap. However, greater
damage is seen in the central part of the top cap of the aged vessel. This damage pattern allows an increase
in the load capacity compared to the pressure sustainable in the newly constructed state (14.6MPa against
13.6MPa respectively). The vessel in its newly constructed state was subjected to slightly higher pre-stressing
loads, however it had not experienced sustained creep under elevated temperature. This explains the different
behaviour.
It is relevant to note that during a (pre-operational) proof-load test on a vessel similar to the one analysed here,
there was evidence of a crack propagating at the junction of the cyclinder wall and the top cap. Although the
averaged surface strains in the liner are predicted to be small in the FE continuum analysis, a more detailed
local 3D fracture study (including a better resolution of potential temperature hot-spots) is merited.
These represent just preliminary findings, the analytical framework presented here offers nuclear engineers
with the means of undertaking advanced structural integrity assessments. Future work must couple damage
to permeability and incorporate the generalised MÆCENAS model for load-induced thermal strains (which
had not been incorporated at the time when these final analyses were performed).

4 Final Remarks on MÆCENAS achievements

In the original project documents, five key objectives and 10 innovative features associated with the work
were proposed. The accompanying year-3 (final) MÆCENAS Management Report identifies the work done
by the 8 partners on each of the 7 work packages. That there has been significant innovation, there can be
no doubt.
The collaborators will continue to work together outside of this project. By sharing experience and joining
together to tackle a demanding engineering problem, partners have been able to achieve far more that would
have been possible on their own. All partners are grateful to the EURATOM programme, and the officers
who run it, for enabling this to take place.
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